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ABSTRACT

The Hasselmann kinetic equation describing nonlinear spectrum evolution of gravity surface waves is
investigated for their large periods of time. To solve the problem, the most optimal numerical algorithm
of the nonlinear energy transfer computation is used. The nonlinear spectrum evolution is described by
various features. The numerical results reveal some general details common for all cases of the spectrum
evolution. There are two main domains in the spectrum: a sharply defined peak and a slowly decreasing
high-frequency tail. Using the numerical results, an intermediate self-similar frequency spectrum asymptotic
approximation is proposed. It is confirmed by field observations of swell spectrum propagating at large
distances. This approximation describes the main features of the nonlinear spectrum evolution and provides
a preservation of the total energy and wave action.

1. Introduction

Modern wind-wave models are based on the numer-
ical solution of the energy balance equation. Its right-
hand side describes different physical mechanisms
forming the wind-wave spectrum (Davidan et al. 1985;
Komen et al. 1994). There are at least three physical
mechanisms: wind-wave energy input, energy dissipa-
tion, and nonlinear energy transfer. In the case of swell
propagating from distant storms (i.e., from a wind-wave
generation area), a dissipation of the low-frequency
swell is so small that it can propagate at global distances
without losing any essential energy (Snodgrass et al.
1966; Lavrenov and Pasechnik, 1989). That is why en-
ergy dissipation can be neglected in the energy balance
equation in numerical simulation of swell propagation.
There are two main factors of swell spectrum formation
in the ocean: wave energy divergence and nonlinear
energy transfer. The divergence caused by wave prop-
agation is described by an advective term in the left-
hand side of the energy balance equation. The swell
length and period become larger in wave propagation
due to dispersion. As for the nonlinear swell evolution,
it remaines less investigated. Its mechanism is supposed
to be of less importance because of small wave steep-
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ness, which is a parameter of nonlinearity. However, in
reality it is not quite so. Because of large time of swell
propagation in the ocean, the nonlinearity can influence
swell spectrum formation. So, the time of swell prop-
agation at the large distance L is estimated as T 5 L/
Cg, where Cg is a wave group velocity. In the case of
swell propagation in the ocean, the value of L is esti-
mated as ø107 m. For the wave period t ø 10 s, the
group velocity is estimated as Cg 5 gt/4p ø 10 m s21,
where g is gravitational acceleration. It means that T 5
106 s. Note that it is enough time to produce a nonlinear
effect on swell spectrum formation. According to the
field data (Davidan et al. 1985), the swell frequency
spectrum can be approximated as follows: S(s) ø m0(n
1 1)(sp/s)n 1/s/ exp[(n 1 1/n)(sp/s)n], where m0 is a
zero moment of the spectrum, s is a frequency, sp is a
frequency of the spectrum maximum, and n is estimated
as $5. The spectrum can be approximated as S(s) ;
1/sn11 for s . sp. So, despite wave dispersion and
dissipation, the swell spectrum preserves some stable
form, which could be controlled by nonlinear energy
transfer in the wave spectrum. To clarify this problem,
it would be interesting to estimate this effect by nu-
merical simulation of the kinetic equation, describing
wave spectrum evolution by nonlinear energy transfer.

For the first time the problem of the nonlinear energy
transfer in the wind-wave spectrum was formulated by
Hasselmann (1962, 1963) and Zakharov (1968). Ac-
cording to their theory, the nonlinear evolution of the
wave action is described by the following kinetic equa-
tion:
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TABLE 1. Values of the initial spectrum parameters.

g

2s 5 2

B Dp

nb 5 2

B Dp

nb 5 8

B Dp

1.0
3.3
7.0

0.69
0.34
0.25

0.32
0.32
0.32

0.69
0.34
0.25

0.64
0.64
0.64

0.69
0.34
0.25

1.16
1.16
1.16

where Ni 5 N(k i) is a spectral density of wave action,
T(k, k1, k2, k3) are matrix elements of four-resonance-
wave interaction, and d(k) and d(s) are delta functions.
They describe the resonance condition between the four
wave components:

k 1 k 5 k 1 k , and (2a)1 2 3

s 1 s 5 s 1 s , (2b)1 2 3

The main peculiarity of Eq. (1) is a preservation of
the following quantities:

total wave action,

A 5 N(k) dk, (3a)E
total energy,

E 5 sN(k) dk, (3b)E
and total momentum,

K 5 kN(k) dk. (3c)E
Hasselmann proved the existence of the integral in Eq.
(3) in 1965.

Later on, the algorithm elaboration of the collision
integral estimation in Eq. (1) was carried out for the
study of nonlinear energy transfer. So, some effective
numerical schemes were worked out, and the main in-
tegral features were investigated in papers (Hasselmann
and Hasselmann 1981, 1985; Komen et al. 1994; Ko-
matsu and Masuda 1996; Masuda 1980, Lavrenov
1991a,b, 1998, 2001; Lavrenov and Ocampo-Torres
1999; Polnikov 1989, 1990, 1993; Resio and Perrie
1991; Snyder et al. 1993; Webb 1978, etc.).

However, still not enough attention has been paid to the
problem of analytical and numerical study of the kinetic
Eq. (1) as it is. Among the stationary analytical solutions
the following one is known as ‘‘thermodynamical’’:

21N 5 (a 1 bs 1 ck) , (4)

where a, b, and c are constants. The solution in Eq. (4)
reduces the integral value to zero. However, it is not of
much physical interest when its small disturbances lead
to divergence of the integral value in Eq. (1).

The investigation of the equation solution in Eq. (1)
still remains an important and difficult problem. The
main progress in its analytical study was achieved by
Zakharov and Filonenko (1966), Zakharov and Smilga
(1981), and Zakharov and Zaslavskii (1982, 1983). A
solution of the stationary analytical spectra of Eq. (1)
was derived for the angle isotropic case and the infinite
frequency range [0, `]. In cases in which wave energy
input and dissipation are very widely separated, the
wave spectrum is approximated by the Kolmogorov–
Zakharov dependence. Analytical methods of the equa-
tion solution were developed further in papers (Zaslav-
skii 1989, 2000) based on the ‘‘narrow directional ap-
proximation.’’ According to Zaslavskii (2000), a solu-
tion of Eq. (1) can be presented as a self-similar form.
The frequency spectral dependence is found out to be
equal to S(s) ; s213/2 (for s . sp, where sp is a peak
spectrum frequency), frequency spectral maximum evo-
lution is estimated as sp ; t21/11, and angular narrow-
ness in the vicinity of the spectral maximum is Dp ù
1. However, the simplified equations used by Zaslavskii
(2000) unfortunately do not provide a complete picture
of the whole evolution equation. His self-similar spec-
trum approximation does not satisfy the energy pres-
ervation law.

Note that there are not many papers devoted to the
problem of the numerical simulation of Eq. (1). In Pol-
nikov (1990, 1999), it is shown that the solution is not
dependent on the initial spectral form and the integral
spectral parameters are varied within narrow bands for
a large timescale of the nonlinear evolution. The effect
is considered to be an establishing one of the self-similar
spectral form and is confirmed by analytical estimations
(Zaslavskii 2000).

The problem of a self-similar solution seemed to have
been solved. However, in Komatsu and Masuda (1996)
the numerical solutions are different from the results of
Polnikov (1990) and Zaslavskii (2000). The difference
is not only in another spectral tail frequency depen-
dence, but also in the integral parameters. So, the nu-
merical result provides the following approximation
S(s) ; s24 (for s . 1.5sp). The problem still remains
unsolved, and it can be formulated in such a way: is
there an exact self-similar form of the spectrum? And
then: if the answer is positive, what are the values of
its parameters?

An attempt is undertaken here to solve the problem.
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FIG. 1. Nonlinear two-dimensional spectrum evolution with the initial spectrum values of Eqs. (10) and (11) and g 5 3.3 and n 5 2 at
different time moments: t̃ 5 (a) 0, (b) 103, (c) 105, and (d) 107.

This paper contains the following sections: a timescale
of nonlinear spectrum evolution is considered in section
2. The numerical results for the nonisotropic spectrum
are presented in section 3. A problem of self-similar
frequency spectrum approximations is discussed in sec-
tion 4. Comparison between theoretical and experimen-
tal results is discussed in section 5.

2. Timescale of establishing self-similar solution

In this paper, the timescale T of spectral nonlinear
evolution is considered as a value on which the nonlin-
ear energy transfer exchanges fully its spectral form. It
should not depend on the initial spectrum details. To
estimate the timescale T, the total wave action [Eq. (3a)]
is divided by an effective value of the action flux Fn.
The latter is determined by the preservation law of the
total wave action:

]N(k)
1 div F 5 0, (5)k n]t

where Fn is a vector of the action flux. According to
Polnikov (1999), the T value can be estimated with the
help of the ratio of the spectral maximum Np to a max-
imum of the nonlinear transfer (]N/]t)p:

T ù N /(]N/]t) .p p (6)

To get the estimation T, one can transfer from the
wave action spectrum N(k) to frequency–angular spec-
trum S(s, b) using the formula

31 g
N(k)dk } S(k)dk } S(s, b)dsdb, (7)

4s 2s

where s2 5 gk is a deep-water dispersion relation. For
the typical values smax 5 1 rad s21 and Smax 5 0.2 m2

s, it is possible to obtain
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FIG. 2. Same as Fig. 1, but for two-dimensional nonlinear energy transfer function evolution.

5T ù 10 t, (8)

where t 5 2p/smax is a period of the initial spectral
maximum.

Thus, a nonlinear evolution establishing self-similar
spectral form happens at a timescale larger than the
estimation in Eq. (8): t̃ 5 t/t . T/t.

3. Nonlinear evolution of JONSWAP spectrum

a. Initial conditions

Nonlinear energy spectrum evolution should be com-
puted for the most typical initial frequency–angular ap-
proximations S(s, b), such as

S(s, b) 5 S(s)Q(s,b), (9)

where S(s) is the frequency spectrum and Q(s, b) is
the angular distribution.

The frequency approximation is used in the form of

the Joint North Sea Wave Project (JONSWAP) spectrum
(Hasselmann et al. 1973):

45 smax2 25S(s) 5 ag s exp 2 1 2[ ]4 s

2 22exp[2(s2s ) /(2s s )]max J max3 g , (10)

where

0.07 at s̃ # 1; s
s 5 s̃ 5 ,J 50.09 at s̃ . 1; smax

with smax being a frequency of spectrum maximum of
the initial spectrum.

The energy angular distribution is used consecutively
in the form of two approximations, one of them being
an ordinary cosine energy dependence:
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FIG. 3. Frequency spectrum evolution with the initial values of Eqs. (10) and (11) and g 5 3.3
and n 5 2 at different time moments.

21
pG(n 1 1)b nbcos (b 2 b)

n 2b[ ]2 G (n /2 1 1) b


Q(s, b) 5 (11)at |b 2 b | # p/2

0 at |b 2 b | $ p/2,

where is mean (or general) direction of wave prop-b
agation.

The second angular distribution is used in the fol-
lowing form:

2s21 22 pG (s 1 1) (b 2 b)
2sQ (s, b) 5 cos , (12)J [ ] [ ]G(2s 1 1) 2

Nonlinear energy spectrum evolution is computed for
these initial frequency–angular approximations S(s, b).
In the process of computation the following parameters
are estimated: the frequency width B, defined as

B 5 S(s) ds/S(s )s , and (13)E p p

the directional width D, defined as

D(s) 5 S(s, b)/S(s), (14)

where S(s) 5 S(s, b)db and sp is a frequency ofp#2p

spectrum maximum, evaluated in time.

Series of the initial spectrum parameters g, nb, and
2s and initial values B and D defined at the general
direction Dp 5 D(sp) 5 S(sp, )/S(sp) are presentedb
in Table 1.

b. Numerical algorithm

Establishment of a self-similar spectral form, con-
trolled by the nonlinear energy transfer, requires pro-
ducing computations for a timescale larger than the es-
timation in Eq. (8) by at least one or two orders of
magnitude: t̃ 5 t/t . 105. The main problem is that the
numerical computation of the integral in Eq. (1) takes
much CPU time. It means that an algorithm of nonlinear
energy transfer computations should be very fast. To
solve the evolution equation, the integral in Eq. (1) must
be computed thousands of times to reach the estimated
timescale of spectrum evolution. That is why the most
optimal algorithm is used in this study. Lavrenov
(1991b, 1998, 2001) developed such an algorithm with
the help of the numerical method of integration of the
highest precision. The algorithm provides accurate re-
sults using relatively little CPU time.

A numerical solution of Eq. (1) is carried out using
the semi-implicit method (WAMDI Group 1988; La-
vrenov 1998). It should be noted that a traditional
method of numerical integration usually leads to nu-
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FIG. 4. Same as Fig. 3, but for the evolution of parameter D.

merical instabilities at the high-frequency spectral
range. It requires a use of a small time step of nu-
merical integration and special limits on a numerical
solution and on a value of the source function (La-
vrenov 1998; Tolman 1992). These methods unfor-
tunately can violate energy preservation, leading to
misinterpretation of physical results. However, a uti-
lization of the semi-implicit numerical method does
not produce any instabilities for relatively large time
steps of numerical integration (Lavrenov 1998), and
there is no need to use any limits.

The numerical accuracy and the preservation of the
main integrals in Eq. (3) are controlled in the process
of computation. So, a numerical error of the total energy
preservation does not exceed 10% and the error of the
total momentum estimation does not exceed 25% in
comparison with its initial values.

c. Numerical results

Numerical results for initial conditions of Eqs.
(10)–(11) with g 5 3.3 and n 5 2 for four different
time moments, t̃ ù 0, 10 3 , 10 5 , and 10 7 , respectively,

are presented in Figs. 1–4. Numerical simulation re-
sults of the relative frequency–angular spectrum val-
ues in the polar coordinate system, where a radius
vector is a relative frequency value 5 s/sp , ares̃
presented in Figs. 1a–d. The spectrum time evolution,
resulting in a moonlike form, is shown. The spectrum
becomes more narrow in the vicinity of the spectral
maximum and wider at the high- and low-frequency
range.

Two-dimensional nonlinear transfer values for the
same steps of wave evolution are presented in Figs.
2a–d. The nonlinear evolution changes the spectrum
form, shifting frequency of spectrum maximum to
lower-frequency range. The nonlinear energy transfer
function is changed to a larger extent in comparison
with the spectrum. It becomes narrower with concen-
tration intensity in the vicinity of the spectral maxi-
mum.

The frequency spectrum for the same evolution time
steps is presented in Fig. 3. The spectrum is proportional
to about s16.3 at the low-frequency range sp . s and
it is proportional to about s26.1 within the range sp ,
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FIG. 5. Nonlinear two-dimensional spectrum evolution with the initial values of Eqs. (10) and (12) and g 5 3.3 and 2s 5 2 at different
time moments: t̃ 5 (a) 0, (b) 103, (c) 106, and (d) 107.

s , 1.5sp (where sp ø 1.5sp). The spectrum decreases
as about s22.6 at the larger frequencies s . sp.

An evolution of the parameter D[Eq. (14)] for dif-
ferent time moments is presented in Fig. 4. The param-
eter D becomes larger and is equal to 1.33 in the vicinity
of the spectral maximum, and it gets smaller at low-
and high-frequency ranges. It is evidence of spectral
isotropization within these frequency ranges.

The similar results for the initial frequency–angular
spectrum of Eqs. (10) and (12) with g 5 3.3 and 2s 5
2 for the following steps of evolution: t̃ ù 0, 104, 106,
and 107 are presented in Figs. 5–8. It is interesting to
note that at the time moment t̃ # 104 the frequency–
angular spectrum (see Fig. 5) is varied and it becomes
more isotropic as mentioned in Lavrenov and Ocampo-
Torres (1999). It becomes more smooth and round.
However, later on (at t̃ $ 105) it is transformed into a

more directional form. The two-dimensional spectra
could not become isotropic, as follows from the total
momentum preservation law of Eq. (3c). So, the pre-
vious suggestion about the spectrum becoming isotropic
with initial angular approximation [Eq. (12)] is dis-
proved. The spectrum becomes more narrow in the vi-
cinity of its maximum and is wider at low and high
frequencies.

An important feature of the nonlinear energy transfer
(see Fig. 6) is the presence of an area with positive values
at the direction opposite to the main one of the wave
propagation. Because of the action of the nonlinear energy
transfer, the spectrum becomes more isotropic at the first
stages of the evolution. Later on, this nonlinear energy
transfer positive area disappears, with the spectrum be-
coming more directional and moving to the low-frequency
range.
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FIG. 6. Same as Fig. 5, but for two-dimensional nonlinear energy transfer function evolution.

The frequency spectrum is proportional to S ; s17.0 at
the low-frequency range sp . s (see Fig. 7). The spectrum
is proportional to ;s26.2 within the range sp , s , sp.
It decreases as ;s23.67 at the high-frequency range, similar
to the isotropic power spectrum. The function D (see Fig.
8) describing the angular narrowness is increased in the
vicinity of the spectral maximum as is seen in the previous
case (see Fig. 4), its value is smaller.

The numerical solutions for all initial spectra (see
Table 1) are obtained for time duration up to t̃ 5 10 7–
10 8 . Results are presented in Table 2. The frequency
of spectrum maximum evolution sp 5 sp (t) for all
these cases is presented in Fig. 9. The frequency of
spectrum maximum shifts to the lower-frequency
ranges as follows: sp (t) ; t 20.11 . Time evolution of
the parameter B 5 B(t) for all initial conditions is
presented in Fig. 10. The most important feature of
the parameter B 5 B(t) is the fact that it approaches

to the same similar value for all initial conditions. It
is approximately equal to B ø 1/3. (the ‘‘law of 1/
3’’). As shown by the numerical results, not only the
parameter B, but also the parameter Dp , approaches
to some constant value for all initial spectra. The dig-
ital final values of the parameters B and Dp for all
initial spectra conditions are presented in Table 2.

4. Intermediate self-similar frequency spectrum
asymptotic approximation

As shown by the numerical result, the spectrum re-
veals itself as a self-similar solution at large time of its
nonlinear evolution. From this result, one can assume
that the frequency spectrum does not depend on the
features of the initial spectrum but should depend on
the frequency of spectrum maximum sp, transition fre-
quency from main frequency domain to high-frequency
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FIG. 7. Frequency spectrum evolution with the initial values of Eqs. (10) and (12) and g 5
3.3 and 2s 5 2 at different time moments.

FIG. 8. Evolution of the parameter D in time with the initial
values of Eqs. (10) and (12) and g 5 3.3 and n 5 2 at different
time moments.

TABLE 2. Final values of the parameters B and Dp for all initial
spectra conditions.

g

2s 5 2

B Dmax

nb 5 2

B Dmax

nb 5 8

B Dmax

1.0
3.3
7.0

0.358
0.342
0.342

0.988
0.899
0.963

0.328
0.320
0.313

1.31
1.32
1.31

0.330
0.321
0.326

1.29
1.12
1.09

range sp, time t, total energy E, and wave action A.
Thus, the frequency spectrum S can be presented as a
function of these parameters:

S 5 S(s, s , s , t, E, A).p p (15)

Using the P theorem (Barenblatt 1984), it is possible
to define a self-similar approximation as a function of
four nondimensional parameters in the following form:

AssS(s) s s p
5 F , , ts , , (16)p1 2E s s Ep p

where F is a function to be defined. It describes the
main features of the obtained numerical solutions.

The number of variables in Eq. (16) can be diminished
using the dependence between frequency of spectrum
maximum and time sp 5 sp (t). To satisfy the numerical
results, the function F can be defined in the following
way:
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 n ns sn 1 1p pF 5 (n 1 1) exp 2 for s # s1 p1 2 1 2[ ]s n s
F 5 (17)

n n 2n nps ss n 1 1p ppF 5 (n 1 1) exp 2 for s . s , 2 p1 2 1 2 1 2[ ]s s n sp

where n and np are new nondimensional parameters that
are functions of the nondimensional value Asp/E. As
shown by the numerical results, the value n is estimated
as n 5 6.0 6 1.0 and np ø n/2. Note that integrating the
spectrum Eq. (15) with Eq. (17) within the frequency range
results in the total energy value E, which is equal to

nsn 1 1 npE 5 m 1 1 2 105 1 2 1 2n s np p

nsn 1 1 p
3 exp 2 , (18)1 2 6[ ]n sp

where m0 5 s21F1(s) ds.
`

#0

To estimate the value n, the total wave action A can
be defined as a spectrum moment of the 21 power:

`

21A 5 m 5 s S(s) ds21 E
0

21/nn 1 1 1
215 m s G 1 10 p 51 2 1 2n n

n11 ns sn 2 n n 1 1p pp1 exp 2 ,1 2 1 2 1 2 6[ ]s n 1 1 n sp p p

(19)

where G(n) is the gamma function.
Thus, the nondimensional value Asp/E can be written

as follows:

21/n n11 ns sn 1 1 1 n 2 n n 1 1p ppG 1 1 1 exp 251 2 1 2 1 2 1 2 1 2 6[ ]n n s n 1 1 n sp p pAsp
5 . (20)

n nE s sn 1 1 n n 1 1p p1 1 2 1 exp 25 1 2 1 2 1 2 6[ ]n s n n sp p p

It can be estimated that A /E ø 0.8572 for the JON-0s p

SWAP initial spectrum with its peakness of g 5 1.0
and n 5 4. The value sp/ as a function of np is0s p

presented in Fig. 11.
Self-similar analytical spectrum approximation Eq.

(15) with Eqs. (17) and (20) is shown in Fig. 12 for
different stages of evolution. It is seen that the spectrum
consists of two main domains: an energy-containing
range, 0.5sp , s , 1.5sp, and a slowly decreasing tail,
s . 1.5sp.

Another useful relationship is coming from the fact
that the parameter B is approximately equal to 1/3. It
can be written as

S s n 1 1 n 1 1p pE 5 5 m exp 2 . (21)0 1 23 3 n

Using Eq. (18), it can be estimated that n ø 7. This
value is in correspondence with the above-obtained nu-
merical estimations.

This estimation corresponds to the numerical results
obtained earlier in this paper. So, it can be assumed that
Eq. (16) with Eqs. (17)–(20) describes the intermediate

self-similar approximation of the frequency spectrum.
It preserves the total energy and the wave action.

5. Discussion

As shown by the numerical results, some general
spectra features are established in the process of the
nonlinear evolution. There are two main domains: a
sharply defined peak and a slowly decreasing high-fre-
quency tail. In the low-frequency range s , sp, the
spectrum grows quickly, being approximated by the de-
pendence S(s) ; s16.061.0. Within the range sp , s ,
1.5sp, the spectrum is decreased and approximated as
S(s) ; s26.560.5. The frequency spectrum slowly de-
creases as S(s) ; s23.160.6 at the high-frequency range
s . 1.5sp. Using the obtained numerical results, a sim-
plified intermediate self-similar frequency spectrum ap-
proximation is proposed. The approximation describes
the main features of the nonlinear spectrum evolution
and provides a preservation of the total energy and wave
action.

To provide a physical explanation of the obtained
results, note that the frequency spectrum of swell, prop-
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FIG. 9. Frequency maximum evolution in time for different initial
spectra parameters (logarithmic scale): 1) g 5 3.3, angular distri-
bution cos8b; 2) g 5 1.0, angular distribution cos2b; 3) g 5 1.0,
angular distribution cos2(b/2); 4) g 5 3.3, angular distribution cos2b;
5) g 5 7.0, angular distribution cos8b; 6) g 5 7.0, angular distribution
cos2b; 7) g 5 3.3, angular distribution cos2(b/2); 8) g 5 1.0, angular
distribution cos8b; and 9) approximation smax 5 15.85t20.117.

FIG. 10. Same as Fig. 9, but for parameter B time evolution for
different initial spectra and for 8) g 5 7.0, angular distribution cos2(b/
2) and 9) g 5 1.0, angular distribution cos8b.

FIG. 11. Values of sp/ as a function of np.0s p

agated from a distant storm, can be approximated as
follows: S(s) ø m0(n 1 1)(sp/s)n1/s exp[(n 1 1/n)(sp/
s)n], (where m0 is a zero moment of the spectrum) with
n $ 5 (Davidan et al. 1985). So, for s . sp, the spec-
trum can be estimated as S(s) ; 1/sn11. There is a good
correlation between theoretical and experimental results
within the main frequency domain (sp , s , 1.5sp)
containing more than 90% of the total energy. Thus, it
is possible to conclude that the field swell spectrum
preserves a stable form because of nonlinear energy
transfer.

There is some difference between theoretical and ex-
perimental results in the frequency range s . 1.5sp,
with the theoretical frequency spectrum being slowly
decreased, providing preservation of the total energy
and wave action. This discrepancy can be explained by
the fact that high-frequency dissipation is not taken into
account in numerical simulations.

As shown in a weak turbulence wind-wave theory, the
Kolmogorov–Zakharov spectra are established because
of nonlinear energy transfer (Zakharov and Zaslavskii
1982). The spectra are approximated by the power law
S(s) ; s2x. The spectrum with x 5 4 is realized in the
case of constant energy flux directed from low to high
frequency. The flux is provided by energy source input
located at the low-frequency range and by dissipation
located at the high-frequency range. In another case, if
wave action flux is directed from high to low frequency,
the spectrum is approximated as S(s) ; s211/3.

Note that in our case, it is not quite so. The results
presented in this paper are obtained as a solution of the

kinetic equation with only nonlinear energy transfer, that
is, without any wave energy input and dissipation. This
solution preserves the total energy, action, and momen-
tum of the wave system, but there are no appropriate
constant fluxes as in the case of the Zakharov–Kol-
mogorov spectrum.

6. Conclusions

The problem of nonlinear spectral evolution based on
the Hasselmann equation is solved for a large evolution
time. The numerical results reveal some general features
common for all cases of the spectrum evolution at large
evolution time. They are as follows.
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FIG. 12. Analytical self-similar spectrum approximation for the following stages: t̃ 5 1) 103, 2)
105, and 3) 107.

1) An impact of the nonlinear energy transfer for all
frequency–angular spectra approaches (in time)
some general forms depending on the initial integral
values: wave energy action and momentum.

2) The most definite features are revealed for frequency
spectrum S(s) and function of the angular narrow-
ness D(s).

3) The spectrum grows quickly in the low-frequency
range s , sp, being approximated by the depen-
dence S(s) ; s16.061.0, whereas within the range sp

, s , 1.5sp, the spectrum is decreased and is ap-
proximated as S(s) ; s26.560.5.

4) The frequency spectrum slowly decreases as S(s) ;
s23.160.6 at the high-frequency range s . 1.5sp, with
the frequency power depending on the angular en-
ergy distribution of the initial spectrum, the wider
initial angular distribution giving a larger negative
value of the power, so the isotropic initial spectrum
providing the frequency dependence as S(s) ;
s23.67.

5) Spectrum maximum shifts in time to a low-frequency
range as sp ; t20.1160.02.

6) The frequency narrowness of the value B is estab-
lished as 0.33 6 0.02 (the law of 1/3) and is prac-
tically not dependent on an initial spectral form.

7) The function of the angular narrowness D(s) reveals
a sharp maximum in the vicinity of the frequency
spectral maximum, with its value becoming smaller
at the low- and high-frequency ranges.

8) The maximum of the parameter Dp is established

within the range 0.9 # Dp # 1.3, depending on the
initial angular narrowness Dp(t 5 0).

As shown by the numerical result, the self-similar
spectrum is established in the process of the nonlinear
evolution. It is revealed as an establishment of the pa-
rameter values B and Dp and a total form of the spec-
trum. There are two main domains: a sharply defined
peak and a slowly decreasing high-frequency tail. Using
obtained numerical results, a simplified intermediate
self-similar frequency spectrum approximation is pro-
posed. The approximation describes the main features
of the nonlinear spectrum evolution and preserves the
total energy and wave action.
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