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Spectra of wave-induced microseismic noise are calculated as a function of the distance from the 
center of an active wave region of finite size, to examine the influence of the inhomogeneous 
component of the pressure field arising from nonlinear wave interactions in a shallow water 
environment. The contribution of this component is shown to be very dependent on the 
properties of the bottom structure, especially the rigidity of the top sedimentary layer and the 
shear-wave velocities of the sublayers. Calculations for a typical six-layered bottom with an 
overlying unconsolidated sediment in a shallow water environment (100-m water layer) 
confirms that the inclusion of the inhomogeneous component of the pressure field can raise the 
total seismic spectral level up to 3040 dB, as indicated recently by Schmidt and Kuperman [J. 
Acoust. Soc. Am. 84, 2153-2162 (1988)] in an analysis of "bottom magnification." When the 
bottom is composed of a solid half-space, however, this contribution is found to drop to only a 
few dB. It is also demonstrated that for the multilayered model being discussed the contribution 
from the inhomogeneous component drops quickly and by as much as 30 dB, when the 
observation point is moved outside the active region. These results confirm the interpretation of 
the ULF noise-source levels, reported earlier by Kibblewhite and Ewans [J. Acoust. Soc. Am. 
78, 981-994 (1985)] on the basis of onshore microseismic spectra, and show why they are 
reasonably representative of the wind-dependent ULF noise spectra observed in deep water. 

PACS numbers: 43.30.Nb, 43.30.Ma 

INTRODUCTION 

It is now well established that at ultra low frequencies 
(ULF) the ocean surface wave field, the underwater noise 
field, and the seismic activity at the sea floor are all closely 
related to each other. The central part of this interrelation- 
ship is the nonlinear interaction between components of 
the surface wave field. These interactions generate an 
acoustic pressure field which in turn produces the seismic 
response in the sedimentary structure of the seabed. 1'2 

The literature of the 1960s is rich with accounts of 

associated contributions--see Ref. 3 for a review of these-- 

but a renewed interest in ULF seismoacoustics in the 80s 

has resulted in a series of more recent publications based 
on vastly improved technology. 3-12 Among these was our 
contribution, Ref. 3, reported in 1985. In this experiment 
the seismic response was recorded, not at the seabed, but at 
an onshore site close to the region of wave activity. In this 
respect the experiment suffers in comparison with the ex- 
cellent deep-water measurements, reports of which began 
to appear at about the same time, but the long-term nature 
of the recordings and the quality of the supporting envi- 
ronmental data give the New Zealand experiment a partic- 
ular significance. Among the results reported were a set of 
wind-dependent ULF pressure spectra derived from the 
seismic spectra recorded on shore. The spectral levels re- 
ported were consistent with other measurements reported 
at that time. Further the spectra, and their behavior with 

wind speed, appeared to conform very closely to the pre- 
dictions of wave-interaction theory. 

While satisfying, the significance of this agreement 
with theory was uncertain for various reasons. For instance 
because the observation point in the New Zealand experi- 
ment was, in terms of the dominant acoustic wavelength, 
close to the active wave region, it had been assumed that 
the wave-induced seismic activity as measured on shore 
would not differ significantly from that within the active 
region itself, and that the inversion of the seismic spectra 
recorded onshore would give a reasonable representation of 
the off-shore acoustic pressure field. Further the geoacous- 
tic environment was approximated by a simple two-layered 
fluid model so that the most elementary transfer function 
was used in the inversion. These assumptions required jus- 
tification before the true significance of the New Zealand 
spectra could be properly assessed. 

A first step in providing the clarification needed began 
with a re-examination of the assumptions made in the ear- 
lier analysis. 8'9 In these studies we employed a two-layered 
viscoelastic model and established a revised transfer func- 

tion for the case when the seismic response on shore was 
made up of both a diffracted field and a contribution from 
an interface wave. Transfer functions were calculated for 

two versions of the two-layered model•ne involving an 
unconsolidated and the other a solid half-space. While the 
pressure spectra derived from the seismic spectra using 
these revised transfer functions still showed close agree- 
ment with the predictions of wave-interaction theory, it 
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was clear that uncertainty would persist until the effects of 
near-field propagation and a multi-layered bottom struc- 
ture were incorporated in the transfer function. Other is- 
sues also required attention. For instance most recent 
analyses 5'6'7'1ø'12 have involved deep-water situations in 
which the inhomogeneous component of the wave-induced 
pressure field can usually be ignored. However, restricting 
consideration to the homogeneous component alone needs 
proper justification through a more complete analysis of 
the wave-interaction mechanism. 

The importance of such studies has been highlighted 
recently by Schmidt and Kuperman. 1ø In an analysis of 
surface-generated ambient noise in a horizontally stratified 
environment, they virtually demonstrated the marked in- 
fluence, not previously well recognized, which the inhomo- 
geneous component can have on noise levels at low fre- 
quencies. They argue that a significant part of the spectral 
variation of seismoacoustic noise in shallow water can be 

the result of such propagation effects and the excitation of 
interface waves. They correctly emphasise that the influ- 
ence of such environmental effects should be removed in 

any inter-comparison of ULF noise spectra recorded at 
different sites. In relation to the New Zealand spectra TM in 
particular, they suggest that, as the observed levels may be 
enhanced by as much as 40 dB due to seabed "magnifica- 
tion" alone, the observed peak in the noise spectrum at low 
frequencies may be as much due to propagation effects as 
ocean-wave processes. 

This conclusion, if correct, has obvious implications 
regarding the role of wave-wave interactions as the source 
of the main peak in the ULF seismoacoustic spectrum. The 
New Zealand spectral levels are consistent with ULF noise 
data measured at deepwater sites and show a wind depen- 
dence in line with wave-interaction theory. If the source 
levels interpreted on the basis of the New Zealand experi- 
ment are some 40 dB too high, as Schmidt and Kuper- 
man's analysis suggests, much of the evidence for the 
acoustic role of the wave-wave interaction process is 
placed in question. The overall evidence available does not 
support such a conclusion. 

We believe that the resolution of the question raised by 
Schmidt and Kuperman lies in a better understanding of 
the source, the bottom-response function and of the depen- 
dence of the seismic field on the position of the observation 
point relative to the active wave region. Theoretical studies 
to establish the pressure and seismic field arising from 
wave-wave interactions have usually considered the seis- 
moacoustic response either inside the active region or so 
far from it that only a few interface wave modes are in- 
volved in the propagation of energy. In the first of these 
scenarios the active region is considered infinite in size and 
elegant expressions for the spectra of the pressure/seismic 
fields are established in terms of plane-wave solutions. In 
the second the observation point is considered to be at a 
very large distance compared with the dimensions of an 
active region of finite size, and the formal solution is ob- 
tained by application of the theorem of residuals. The in- 
termediate range situations which are of practical impor- 
tance, particularly in respect of wave activities on the 

continental shelf, have not been examined. To address 
these cases two specific extensions to existing theory are 
still required. The first involves a full discussion of the 
inhomogeneous component of the wave-induced pressure 
field and the second a study which examines the behavior 
of the seismic response of a multi-layered seabed when a 
seismic sensor is moved beyond the boundaries of an active 
region through the near field to the far field outside it. 
Further evidence of this need comes from the recent work 

of Hedlin and Orcutt. l l Reporting on long term averages of 
microseismic spectra recorded at island sites, they show 
that the observed spectral levels of the double-frequency 
seismic noise are usually lower on shore than those ob- 
served nearby in the ocean, the difference appearing to vary 
from site to site. 

This paper, with its companion, 12 attempts to provide 
this analysis. In Ref. 12 we extended the theory governing 
wave-wave interactions to include, inter alia, an examina- 
tion of the properties of the inhomogeneous component of 
the wave-induced pressure field under various conditions. 
In the present paper we use these developments to examine 
the seismo-acoustic response of a multi-layered environ- 
ment to the wave-interaction process, both inside and out- 
side the active region. The theoretical analysis developed in 
Ref. 12 is used in Sec. I as the basis of an analysis to 
establish an expression for the seismic spectrum inside an 
active region of finite size. In Sec. II we show that this 
expression devolves to the classical formula when the size 
of the active region becomes infinite and the horizontal 
wave number is restricted to (_O/O• 1 . In Sec. III we discuss 
the numerical calculation of the spectral transfer function 
and examine its characteristics in a multi-layered environ- 
ment when the active wave region is infinite in size. In Sec. 
IV the Green's function is used to establish expressions for 
the three components of the microseismic field as a func- 
tion of distance from the center of an active region of finite 
size, for liquid, solid and multi-layered representations of 
the New Zealand environment. We have used this struc- 

ture (and versions of it) to allow straightforward compar- 
ison with the analysis in Ref. 10. In a paper in preparation, 
in which we introduce the general ocean-wave dispersion 
relation into wave-interaction theory, we present wind- 
dependent spectra for deep and shallow-water environ- 
ments using more traditionally accepted models of the geo- 
structure. Section V presents the results of numerical 
calculations of the vertical component of the seismic re- 
sponse for the various models, the results for the two hor- 
izontal components and a discussion of their application in 
bottom property investigations being left to the later paper. 
Section VI interprets the original New Zealand spectra in 
the light of the results for the vertical component and ex- 
amines the question raised in Ref. 10 regarding the source 
levels for the wave-wave interaction process. Confining 
discussion to the vertical component is appropriate given 
the purposes of the present paper. A short summary is 
given in Sec. VII. The errors introduced to make the 
computer-intensive numerical calculations tractable are 
discussed in Appendix A. 
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I. A GENERAL EXPRESSION FOR THE MICROSEISM 
SPECTRUM 

We now consider a modification of the classical ex- 

pression for the wave-induced microseism spectrum to in- 
clude the influence of both the inhomogeneous component 
of the pressure field and an active region of variable size. In 
this context, we consider the idealized situation in which 
the active region is taken to be an area on which a uniform 
ocean-wave field is acting, outside of which the sea surface 
is assumed to be calm. 

By introducing the Green's functions, Gv(r,r0), 
Gn(r,r0), linking the vertical and horizontal displacements 
of an element of the sea floor at a point r to a point source 
at r0, the total vertical/horizontal displacement at r can be 
expressed as: 

Uv, n ( co,r ) = ;s p ( r0 ,w ) Go, h ( r,r0 ) dr0, 
where roeS. It can be shown that the Green's function 
takes the form 

Go, n(r,ro) = f o, n(U)Jo(u•)u du, ( 1 ) 

where u ( = kal/W) is the relative (horizontal) wave num- 
ber, •= I r-- rol W/al is the relative distance, 

ico 1 

fv(u)--2rrpla•l+Rl, X/1--u 2, (2) 
and 

fn(u)=fv(u)Rnv(u), (3) 

where R0= R0(u,co) is the bottom reflection coefficient, 
and Ra•(u) is the ratio of the horizontal and vertical dis- 
placements. 

Since the horizontal component of the particle dis- 
placement at the water/seabed interface does not satisfy 
the continuity condition, the function fn(u) must be de- 
rived from the seismic field in the bottom (a fact critical to 
the derivation of the corresponding Green's functions). 
The ratio Ra•(u) can be established as 

4-2u 2 (-)s Rn•,( u ) .... 

where 

(4) 

nt,=al/[32, na=al/a2, (5) 

) ( • )p= exp • x/n2a -- u 2 • • exp • 4n2a-- U 2 -- al al ' (6) 

s=exp 14-": exp 14-": al • al ' (7) 
Here, a2, B2, and h2 are respectively the compressional and 
shear-wave speed in the sedimentary layer and its thick- 
ness, ev is the ratio of the upward to the downward com- 
ponents of the compressional wave, and es is that for the 

shear-wave components in the top sedimentary layer of the 
seabed. When the seabed can be regarded as an homoge- 
neous half-space, ep=es=O. 

As was mentioned above, we restrict the discussion 
below to the spectra of the vertical displacement. First we 
note that in the case of an elastic half-space, the vertical 
response fo(u) becomes 13 

ko B(u) x/l_u2 ' f v( u ) --2rc•a• A ( u ) 
where 

(8) 

A (u) P2 x/1 u2( 4u2 4( 2 u 2 ) _3_ ( ) =-- - na-- ) (n}-- u 2 n•--2u 2 2) 
Pl 

and 

B(u)=n• x/n2a--u 2. 

In the case of a liquid bottom, fv(u) simplifies to 

fo(u) = 2rrp2a• in2a-- u2' (9) 
Here and later we denote ,On, a n, [•n, Qan, Qbn as the 
density, compressional, and shear-wave speeds, and the Q 
values of the nth layer, noting that the actual attenuation 
values prevailing in sediments at ultra-low frequencies are 
still the subject of investigation. TM 

Assuming some energy-dispersion mechanism, we can 
regard the movement of the sea floor under a wave-induced 
pressure field as a stationary stochastic process, character- 
ized by a variance density spectrum, 15 

F(m2o) (w,r) = 
< I duo(co,r) 12 ) 

1 

X ea'røGo(r,ro)dro I ), 
where 

Ep( k,c-o,--hl ) =Ep( k,c-o,z) I z:-n 

1 +Rt, ea•:'• (z+h•) 1 +Rt, e-ik'iz_ eik[h, 
I+R • I+R 

and 

kl= -k 2 co x/1 U2 ' 

The subscript (2), here and later, indicates the second- 
order wave-wave interaction. By introducing the spectral 
representation of the source pressure field generated by 
wave-wave interactions, 8'12 
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< I dp(k,o) 12 ) 
f.• • ( k,o ) = dk&o 

2 tøPlgaFa I(2)(U'Ok'tO)' (lO) 

where F2a(o/2) is the wave-spectrum level at half the seis- 
mic frequency, and I(2)(U,Ok,O) takes the form shown in 
Appendix B, the above seismic spectrum can be expressed 
more explicitly as 

F(•2o}(w,r)--8,rr2a • Fa • so 

• I•o(u,0•,r) 12 
X 1 (2) (U,Ok,tO) dOk u du, (11) 

where 

F•,(u,Ok,r) = ;s (•,.,(r,ro)eikl'odro, ( 12 ) 
(•v(r,r0) = f f v(u')Jo(•'u')u' du', (13) 

1--Røx/1--u'2 (14) ffv(u') -- 1 +Rt, ' 
In the numerical integration of Eq. (11), the upper 

limit of the relative wave number, Umax, can assume differ- 
ent values depending on the nature of the problem. For 
instance if the water layer is so deep that the factor 

½ Dk'lhl suppresses all contributions from components of 
u 3 1 we can take Umax • 1, as is done traditionally in the 
literature. Since the integrand for u 3 1 has an approximate 
form of u3e -2('ø•'l/'•l)u, in the general case a value of three 
times the corner value, i.e., Um•,,=3Um=4.5al/tohl, can be 
used as a reasonable upper limit in the numerical calcula- 
tions. In any event, Uma x is bounded by an extreme value of 
toal/g for second-order wave interactions. 12 This finite 
limit to the horizontal wave number and the generally non- 
white nature of the factor I(2)(U,Ok,tO) are two notable 
features of the source of the wave-generated noise field. It 
therefore has a finite spatial correlation distance at the 
surface of the order of the wave length of the interacting 
gravity waves. 

The spectrum of the pressure field at depth z thus takes 
the form 

F3 2) (O,Z) = • Ct• p lg2Fa I f,012•( u,w } u du, dO 

(15) 

where 

./(U,tO) = I(2)(U,Ok,to)dOk, 

II. THE SEISMOACOUSTIC SPECTRUM INSIDE AN 
ACTIVE REGION OF INFINITE SIZE 

We now consider the seismic response from an active 
region of infinite size as a special case. (This case was 
discussed briefly in Refs. 8 and 9.) We first see that the 
operations in Eqs. (12) and (13) can be cancelled by using 
the property 16 

• Jm(aX)Jm(bX)xdx=5(a--b) 

whereupon the seismic spectrum, Eq. ( 11 ), degenerates to 

F(m2o)(w)= F2a Igol2W(u,o) l l-u2lu du, dO 

(16) 

where 

1--R b ., 
Eo-- e &lhl. (17) 

1 + Rb et2k'lhl 
AS we discussed in Refs. 8 and 9, a set of spectral 

transfer functions can be defined to convert spectra from 
one field to the other. As an example, the transfer function 
Tmp(to) relating the seismic response and the pressure field 
can be defined as the ratio of the measured microseismic 

spectrum to the source pressure spectrum. The pressure 
spectrum defined by Eq. (15), however, is the spectrum of 
the total pressure field including as it does both homoge- 
neous and inhomogeneous components. To be consistent 
with the widely used definition of the surface-noise source 
level, 17 corresponding to the radiating part of the surface 
noise source, we introduce the simplified source pressure 
spectrum of the wave-interaction process by taking 
Umax = 1 and X= 1, tfi--•--0 in I(2)(U,Ok,O), to obtain: 

• 2 2 

F}•) (•) =• a• pldFa I(•), (18) 
where 

I(•)• H(O--Oo)H(O+v--Oo)dO 

and 0o is the wind direction. 
In this case the ratio of Eqs. (16) and (18) 

(•T•), 

1 •Umax = 2 2 2 Iwo12(u,o) 11-u21 u du T•m(•) vI(•)p• a• ao 
(•9) 

and that of Eqs. (15) and (18) 

1 • umax I E• 12W(u,o) u du (20) T•(o)--vI(o) ao 
define respectively the microseismic and pressure spectra 
produced by a radiating noise source of unit level. 

The function I(u,o) is generally not constant in either 
the frequency or wavenumber domain. It is also wind de- 
pendent as is shown by a comparison of Fig. 1 (a) (wind 
speed 30 m s- •) and Fig. 1 (b) ( 10 m s- • ). The decrease 
in the magnitude of the function at low frequencies and 
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TABLE I. Parameters of the geoacoustic models. 

(a) 100 

Comp. Yet. Shear Yet. 
Density Thickness (m/s) (m/s) Q values 

Pn kg m -3 hn m an MDK1 MDK2 Qan Qbn 

1 1000 100 1500 ............ 

2 1700 400 1560 ...... 10 '" 

3 1900 850 2000 700 1154 500 300 

4 2300 1675 3100 1000 1789 500 300 

5 2500 1775 4100 1500 2367 500 300 

6 2500 -'- 5000 2500 2885 500 300 

(b) 100 

FIG. 1. A plot of the term I(u,co) as a function of logarithmic frequency 
and relative wave number: (a) for wind speed 30 m s -• and (b) wind 
speed 10 m s- •. 

high wave numbers results from the reduction in nonlinear 
wave interaction activity. By virtue of the nature of this 
process there is an upper limit to u at any frequency. This 
value corresponds to the value below which the cubic equa- 
tion in X has a single real root. •2 For computational rea- 
sons it is here set at u =0.96coa •/2g. In Fig. 1 (a) this upper 
limit corresponds to the intersection of the function I (u,co) 
with the --30-dB plane. In Fig. 1 it is shown only for 
values of u less than 100, but the intersection curve con- 
tinues to higher wave numbers and frequencies. The sharp 
drop in the function at low frequencies is caused by the 
steep drop which characterizes the ocean-wave spectrum at 
frequencies below the peak. As expected, at the lower wind 
speed this scarp occurs at higher frequencies--Fig. 1 (b). 
At high frequencies and low relative wave numbers the 
function tends to be much flatter in form, the fluctuations 
in level being less than 10 dB. As in other parts of the 
paper the JONSWAP form of the wave spectrum has been 
used in the calculation. 

The wave-number dependence of I(u,co) makes it dif- 
ficult to separate source effects (wind speed) from the me- 
dium response (Ev and Ep). However if the low-frequency 
limit is not allowed to fall much below the peak frequency 
of the pressure field we can set I (u,co) •_ 2z'I (co) and bring 
this term outside of the integral to leave the transfer func- 
tions independent of the characteristics of the source. With 
this approximation Eqs. (19) and (20) become 

(21) 

and 

f Umax IElu du. 
dO 

(22) 
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Apart from the factor 2 2 2 1/p•co a• and the finite integration 
limit, Eq. (21) is equivalent to Eq. (5) in Schmidt and 
Kuperman's paper. m This will be relevant later. 

III. NUMERICAL CALCULATIONS 

To demonstrate the characteristics of these functions 

we use the six-layered model which we have taken as rep- 
resentative of the geoacoustical environment where the 
New Zealand spectra were recorded. For the sake of com- 
parison we use two variants of this model, MDK1 and 
MDK2, differing only in the shear-wave velocities of each 
layer. In MDK1 these are at the lower end of the accepted 
range and the same as those used by Schmidt and Kuper- 
man in their analysis of this model; ]ø in MDK2 the shear- 
wave velocities are at the higher end of the accepted range 
and assigned according to the formula fin=an/X•. The 
values of the parameters used in the two models are shown 
in Table I.' 

Schmidt ]8 has recently provided a useful review of the 
numerical models now available for the study of wave 
propagation in horizontally stratified viscoelastic media. 
The care which has to be exercised in developing such 
codes is well documented in this review and in his paper 
with Jensen describing one of the more recently developed 
techniques. ]9 Because of the complexities involved certain 
models such as SAFARI have become bench marks 

against which the performance of new codes are 
evaluated. 2ø The codes we have developed to carry out the 
studies described below have been validated by demon- 
strating that they reproduce faithfully the results reported 
in Ref. 19 and, of particular relevance to this paper, those 
in Ref. 10. 

The reflection loss ( -- 20 log•0 R0) calculated for the 
two versions of the New Zealand model is presented as the 
bottom of the three plots in Fig. 2 (MDK1) and Fig. 3 
(MDK2). The other two plots in these figures represent 
the reflection loss for two simplified versions of these mod- 
els, MDI(1), MDI(2), MD2(1), and MD2(2). In 
MD1 (1) the water layer overlies a solid half-space with 
the properties of the basement in MDK1, while in 
MD1 (2) the water layer overlies a half-space with the 
properties of the basement in MDK2. MD2(1) and 
MD2(2) are the same (but are reproduced for convenience 
in both figures).. In both the water layer overlies an 
unconsolidated-half space (both will be denoted as MD2 
below). 
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o o 
o 

(b) u•:• _•.• •oC•, ..... 

FIG. 2. Reflection loss for three typical ocean models using shear-wave 
speeds based on MDK 1: (a) solid half-space; (b) an unconsolidated half- 
space; (c) a multilayered half-space. 

FIG. 3. Reflection loss for the models depicted in Fig. 2 but with shear- 
wave speeds based on MDK2. 

From these plots it is dear that in the case of MDK2 
most of the structure in the reflection loss is restricted to 

the region 0•u•2. In contrast, in MDK1 the structure 
extends through the range 0•u•3 (although the plot is 
restricted to 0• u •2). The explanation for this structure in 
terms of the model parameters proves to be very 
interesting, 21 but in the interests of brevity a full discussion 
of this subject is deferred to a later paper. We simply point 
out here that the bottom properties which produce the 
main characteristics of the reflection loss behavior can be 

well identified in the pictures shown in Figs 2 and 3. 
The integrals of the functions I'12 and I',12 for the 

models MDK1 and MDK2 are plotted as functions of the 
relative wave number, u, and frequency, 'm Figs. 4 and 5. 
The peaky nature of the functions clearly emphasises the 
need to use very small increments at low values of u (say 
u •3) in the numerical integration of the transfer and spec- 
tral functions. To emphasize this point we select from Figs. 
4 and 5 the profile corresponding to the frequency 0.22 Hz 
[a value close to double the peak frequency of the JON- 
SWAP form of the wave spectrum in the New Zealand 
environment at a wind speed of 30 m s- 1 (Ref. '22) ] and in 
Figs. 6 and 7 present this profile as a function of u for 

models MDI(1), MD2, MDK1, and MDK2--over the 
range 0 < u•3 in Fig. 6 and over the range 3 < u• 100 in 
Fig. 7. The dependence of the microseism spectral levels 
(for the same models) on the sampling interval used in the 
calculations over the range 0 c u• 3 is demonstrated in Fig. 
8. For each of the models, the three spectral levels shown, 
corresponding to the cases u•l, 3, and 100, demonstrate 
the relative importance of the different wave-number com- 
ponents. In the case of model MD1 ( 1 ), for instance, the 
inhomogeneous component (u > 1 ) contributes little to the 
total level, as is to be expected from the corresponding 
plots in Figs. 6 and 7. In contrast, in the model with the 
unconsolidated half-space (MD2), the inhomogeneous 
component can lift the spectral levels as much as 40 dB 
above those arising from the homogeneous component 
alone. In the case of MDK1 the inhomogeneous contribu- 
tion is again large (25 dB), reflecting the fact that most of 
the surface wave modes have horizontal wave numbers 

greater than tO/al. This contribution drops to about 10 dB 
(at sufficient integration accuracy) in MDK2, reflecting in 
turn the higher bottom rigidity characterizing this model. 

These figures show that inside the active region the 
bottom response to a source pressure component of unit 
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FIG. 4. The functions I Ep(u,c•)12 and I Ev(u,c•)12 for a bottom structure 
with low shear-wave speeds (model MDK1 ). 

level at this frequency, depends critically on the geoacous- 
tic model, and particularly on the presence or absence of an 
upper unconsolidated layer associated with an adjacent 
layer of low shear-wave velocity. Also obvious is the im- 
portance of the sampling interval used at low wave num- 
bers in the numerical calculations. To ensure a reasonable 

accuracy for u<3 a value of/Su =0.002 has been used in all 
later calculations to be described below. This resolution 

FIG. 5. The functions I •',,(.,•)12 and I •'.(.,•)I • for a bottom structure 
with high shear-wave speeds (model MDK2). 
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provides a reasonable compromise between accuracy and 
computation costs. 

Figure 9 presents the transfer function, Tpp(co), relat- 
ing the source pressure spectrum to the ULF pressure spec- 
trum expected near the bottom (in this case leo m below 
the sea surface), for the two models MDK1 and MDK2. 
Curves 1, 2, and 3 represent, respectively, the contributions 
of all wave number components up to u< leo, u<3 and 
u<l. Figure 10 shows the same plots for the function 
Tpm (co). The upper limit of the integration has been set at 
Umax=COCL1/g if the value of coa]/g is less than leo and at 
Uma x-- le0 if it is greater than leo. 

The plots in Figs. 9 and 10 show the relative impor- 
tance of the inhomogeneous component as a function of 
frequency. Figure 11, on the other hand, shows the varia- 
tion of the transfer function, T•m(co), with model type. 
Curve ( 1 ) shows the behavior of T•,m for the solid bottom 
models MD 1 ( 1 ) and (2); curve 3 for the six-layered mod- 
els MDK1 and MDK2; and curve (4) for the six-layered 
structure when the top unconsolidated layer is absent. Of 
immediate note is the role played by the unconsolidated 
layer in determining the behavior of the total transfer func- 
tion. In its absence the transfer function is suppressed at 
low frequencies, enhanced at high frequencies and modu- 
lated by the deeper layers. In the environment of the New 
Zealand experiment in particular, the upper unconsoli- 
dated sediment of 4e0-m thickness appears to effectively 
mask the influence of all substructure on the pressure and 
seismic fields for an active region on the continental shelf 
(h]• leo m). In this case the seismic response can appar- 
ently be evaluated adequately by representing the seabed as 
a liquid half-space--see curve (2). At very low frequencies 
the unconsolidated layer becomes "thin" and the inhomo- 
geneous component can have significant levels at much 
greater depths. In this situation deeper structures, not rep- 
resented in the present models, will have an important 
influence on the transfer function. A more complete eval- 
uation of such effects based on earth models incorporating 
deeper structures will be included in a paper in prepara- 
tion. 

It is also of interest that in both model MDK1 and 

MDK2, the transfer function displays a sharp peak at a 
very low frequency around 0.05 Hz. This peak is more 
clearly seen in Fig. 12 where a logarithmic frequency scale 
is used. Figure 13 shows the sensitivity of the whole trans- 
fer function, and this peak, to an increase in the thickness 
of the water layer from leo to 500 to 1000 m. The high 
peak is caused by the combined effects of the upper limit of 
the horizontal wave number, kmax =co2/g, and the exponen- 
tial decay embodied in the factor e -2u•'h'/'•l in the inte- 
grand I 2 (or levi 2) of Eq. (19). As a rough estimate of 
the transfer function in the low-frequency region we can 
write Eq. (19) as the sum 

Tprn ( co ) = Tprn l ( co ) -J- Tprn2 ( co ) , 
where 

Tpml(co)-- 2 2 2 
Plco CZ 1 

1 --R b 2 
(1--U2)U du 

1 + Rbeik• l:l 
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FIG. 6. The botto-m response at the frequency 0.22 Hz for the -models MD1, MD2, MDK1, and MDK2 described in the text, as a function of relative 
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and 

2 føCtl/g Tp m2(cO)-- 2 2• 
p•co a• J • 

1 

X e -2(røhl/al) u•'•- 1 (it2_ 1 )u du 

(at higher frequencies, if coa•/g> 100, //max--100 as men- 
tioned earlier). In shallow water environments with an 
unconsolidated layer of finite thickness, the term Tpm 2 is 
roughly proportional to 

2A ftøCtl/ge_2tOhlU/al(U2 1)U du. Tpm2(ø))'"'" 2 2 2 -- 
p•co a• j • 

Evaluating 6•Tpm/OW -- 0 we establish that the peak in the 
transfer function will occur around fm = (0.4/rr) gx••, so 
that the small decrease in fm with increasing water depth 
h•, shown in Fig. 13, is to be expected. 

Figure 14 presents the transfer functions for two other 
simplified (but idealized) models, one involving shallow 
and the other deep waters. Each model is characterized by 
a solid basement with a3--5000 m s -•,/33 = 2500 m s -•, 
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FIG. 7. The bottom response at the frequency 0.22 Hz for the -models MD1, MD2, MDK1, and MDK2 described in the text, as a function of relative 
wave nu-mber 3< u < 100. 
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and an unconsolidated middle layer of thickness 
0<h2<1000 m, with a2=1560 m s -• and Qa•=10. The 
water depths are, respectively, 100 m (shallow) and 
4000 m (deep). The different curves show the variation of 
the transfer function with the thickness of the unconsoli- 

dated layer, h•=0, 50, 100, 200, 500, and 1000 m. [To 
show the variation with h• in more detail, three more 
thicknesses, h•=5, 10, and 20 m, are plotted in Fig. 14(a).] 
It is seen that in the shallow-water case significant changes 
occur at small values of h• (from 0-50), that the transfer 
function stabilizes at higher values of h2, and that the peak 
frequency follows the relationship given above. In the case 
of the deep ocean, on the other hand, the seismic response 
is proportional to the thickness h• for frequencies less than 

0.07 Hz, but inversely proportional to the thickness above 
this frequency. We will discuss the significance of this be- 
havior to the ULF spectrum below 0.05 Hz in a later pa- 
per. 

IV. THE GREEN'S FUNCTIONS 

Having discussed the special case of an active region of 
infinite size, we now examine how the microseismic re- 
sponse to wave-wave interaction varies as the observation 
point is moved from the center of to outside an active 
region of finite size. As a first step we calculate the required 
Green's functions, according to Eq. (13), for the models 
discussed above. Although straightforward, the calculation 
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FIG. 9. Plots demonstrating the influence of the inhomogeneous component on the pressure-pressure transfer function for the multilayered models 
MDK1 and MDK2. 

can be very complicated in some cases. For example, when 
the top layer of the bottom structure is an unconsolidated 
medium R b tends to a constant value (less than one) when 
kh2 is much greater than one and the integration of Eq. 
(13) may not converge. Actually in the ideal case Of a 
model involving two liquid layers no poles exist in the 
wave-number plane and the Green's function takes the 

characteristic of a • function in space. This behavior, in 
turn, makes the calculation of Fv(u,0k) critically depen- 
dent on the size of the grid used and the position of the 
observation point relative to the grid. If, in this case, the 
size of the grid is chosen too small, the calculated value for 
the point r nearest to the source point r0 can become very 
large. To make the calculation numerically proper, it is 
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FIG. 10. Plots demonstrating the influence of the inhomogeneous component on the pressure-ground displacement transfer function for the multilayered 
models MDK1 and MDK2. 
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FIG. 11. Plots demonstrating the dependence of the pressure-ground displacement transfer function (linear frequency scale) on the bottom structure. 

necessary to set an upper limit to the relative wavenumber 
U•a x in Eq. (13). A reasonable approximation is to take 
U•a x equal to the physical upper limit Umax used in Eq. 
(11). The size of the spatial grid used in the 2D-FFT 
processing of Eq. (12) can be related to U•nax through the 
Nyquist theorem. While this truncation introduces a cer- 
tain error into the calculation, it can be shown that this 
error decreases with increasing size of the active region 

when the observation point is inside it, and quickly reduces 
with distance for observation points outside the region-- 
see Appendix A. 

Figures 15 to 18 present the amplitude of the Green's 
functions for the models MD1 (1), MD1 (2), MD2, 
MDK1, and MDK2, calculated over the range interval 
0.01 to 30 km. Several features can be noticed: (i) In the 
case of the solid-bottom models [MD 1 ( 1 ) and MD 1 (2) ] 
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FIG. 12. Plots demonstrating the dependence of the pressure-ground displacement transfer function (logarithmic frequency scale) on the bottom 
structure. 
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FIG. 13. Plots demonstrating the influence of the water depth on the pressure-ground displacement transfer function in multilayered environments. 

the curve for MD 1 (2) is some 20 dB higher than that for 
MD1 ( 1 ) (see Fig. 15) and the maximum value of the 
Green's function in both is much lower (down by around 
70 dB) than those in the other models--Figs. 16-18. This 
is simply because, in the case of a hard bottom, the reflec- 
tion coefficient R b is very close to unity for u' > 1, and the 
inhomogeneous component of the seismic displacement 
cannot be excited strongly. (ii) The oscillations apparent 

in Fig. 15 at short ranges are the result of the wave-number 
truncation. The average distance between peaks, L, esti- 
mated from Fig. 15, is about 135 m, a value which approx- 
imates the wavelength/• = 2•ra l/(Umax' •) • 140 m corre- 
sponding to the value Umax (=48.2) used. The oscillations 
in the far field, on the other hand, can be recognized as a 
manifestation of the Rayleigh wave, which has a wave- 
length of about 10 km at 0.22 Hz. (iii) Figure 16 shows 
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function for a three-layered ocean model: (a) shallow water; (b) deep ocean. 
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FIG. 15. The amplitude of the Green's function as a function of range for model MDlma solid half-space. 

that the Green's function for MD2 has a high level near the 
source point. This is a consequence of the fact that Rb takes 
a nonzero finite value (about 0.37) at large u', for reflec- 
tion from the unconsolidated half-space. The oscillations in 
the near field again result from the truncation of the wave- 
number axis. In the far field the large negative logarithmic 
values are thought to correspond to the zeros of the lateral 
wave propagating along the interface? Since there are no 
poles in the case of two contacting liquid half-spaces, no 
acoustic interface wave mode will be excited. As a conse- 

quence the Green's function decays with distance much 
faster than is the case for the solid bottomwsee Fig. 15. 
(iv) While Figs. 17 and 18 show the Green's functions are 
more complicated in the multilayered case, the near-field 

characteristics are seen to be similar to those of the sim- 

plified model, MD2, involving an unconsolidated half- 
space (Fig. 16). This is to be expected since in a shallow- 
water environment the seismic field at large horizontal 
wave numbers is determined mainly by the properties of 
the top sedimentary layer. (v) Finally, the Green's func- 
tions for the two multilayer models (MDK1 and MDK2) 
differ from each other in the far field because of the effects 

of interface wave modes. In the case of MDK2 (Fig. 18) 
the shear-wave velocities of each sublayer are high (com- 
pared with those of MDK1), and most interface wave 
modes have horizontal wave speeds close to that of the 
basic Rayleigh wave mode. In the case of MDK1, on the 
other hand, the interface wave velocities are more widely 
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FIG. 17. The amplitude of the Green's function as a function of range for the multilayered model (MDK1) with low shear-wave velocities. 

distributed and, as is shown in Fig. 17, the interference 
effects become more complicated. 

While Figs. 15-18 are restricted to a range of 30 km 
the Green's functions for the three models were calculated 

out to 106 m in steps of 10 m to meet the requirements of 
the far-field calculations, which are discussed in the next 
section. 

V. THE SEISMIC RESPONSE OUTSIDE AN ACTIVE 
REGION 

Using the Green's functions discussed in the last sec- 
tion, it becomes a straightforward matter to establish the 
microseismic response as a function of the distance from 
the center of the active region. The size of the active wave 

region used in the numerical calculation, 80 X 80 km 2, was 
chosen as a compromise between computation cost and the 
dimension necessary to demonstrate clearly the main char- 
acteristics of the wave-induced seismic response in the 
transition region. It can be shown, however, that all the 
characteristics demonstrated below become even more pro- 
nounced when the size of the active region is further in- 
creased. 

We first examine the simplest model, MD2, with the 
unconsolidated (liquid) bottom. The decay of spectral 
level (at 0.22 Hz) with distance from the center of an 
active area of finite size is shown by curve ( 1 ) in Fig. 19. In 
this figure the horizontal lines (2) and (3) indicate respec- 
tively the seismic response to the total pressure field (in- 
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FIG. 18. The amplitude of the Green's function as a function of range for the multilayered model (MDK2) with high shear-wave velocities. 
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cluding both the inhomogeneous and homogeneous com- 
ponents) when the active region is infinite in size (using 
the high sampling rate described in the last section) and 
that to the homogeneous component alone. A wind speed 
of 30 m s-1 and the JONSWAP form of the ocean-wave 

field are assumed. The plot simply confirms that, for this 
model, the inhomogeneous component dominates the seis- 
mic response inside the active region. However the plot 
also demonstrates that the influence of the inhomogeneous 
component reduces rapidly as the sensor is moved beyond 
the bounds of the active region. Just outside the active 
region the seismic response arises primarily from the dif- 
fracted field associated with the homogeneous component 
of the pressure field. Since the wavelength of this compo- 
nent (--• 7 km) is comparatively large compared with the 
size of the active region, the diffracted field persists out to 
several hundred kilometers, dropping a further 40 dB at 
this range- see Fig. 19. [This behavior suggests that when 
a storm passes over an OBS site in shallow waters charac- 
terized by a soft bottom, the seismic response will display 
dramatic changes as the inhomogeneous component comes 
in and out of play. When it is inside the active region the 
OBS will respond to the action of the incident inhomoge- 
neous field as particles close to the interface move in an 
elliptical orbit. When outside the active region, however, 
the driving force for the vertical movement no longer exists 
(we are not dealing here with free internal gravitational 
waves ), and the displacement associated with the inhomo- 
geneous component will quickly die out in a distance of the 
order of a wavelength.] 

Figure 20 presents the same information for the model 
involving a solid half-space•MDl(1). Since for this 
model the pole of the bottom-response function is located 
in the homogeneous wave region, the inhomogeneous com- 
ponent of the pressure field generates only a weak response 
at the interface and the difference between level (2) 
(-94.5 dB) representing the response to the total pressure 

field, and level (3) (-94.6 dB) corresponding to the homo- 
geneous component alone, (equivalent to the bottom 
"magnification" for the vertical geophone defined in Ref. 
10) is only 0.1 dB in this case•see also the plot for 
MD 1 (1) in Fig. 8. The calculated spectral level for a re- 
gion of finite size is again given by curve (1). Inside the 
active region the seismic response appears to be some 
10 dB lower than that for a region of infinite size, level (2). 
This is however simply a consequence of the size assumed 
for the finite active region. Because the dominant contri- 
bution in this model comes from the homogeneous com- 
ponent, the size of the active region used in the present 
calculation is not sufficiently large, compared with the 
wavelengths involved in the homogeneous field, to produce 
a closer agreement. This contrasts with the case of the 
liquid bottom discussed above. 

The symbols "q- q-" in Fig. 20 indicate the range de- 
pendence of the spectral level, predicted on the basis of the 
far-field approximation: 

F(f• ) =•4 (f ,r) l Eo( ur) l •'e-•'•r/r 

in which only a single Rayleigh pole is considered. Here, r/ 
is the attenuation coefficient of the Rayleigh wave, 
rl - (to/2Cr) Q;- l, Q•- 1 is the linear combination of Q• 1 and 
Q•, i.e., Q•- 1 = BQ• l q- ( 1 - B) Q• l, Cr is the Rayleigh 
wave phase velocity, and B a constant determined by the 
model parameters. 24 The term A(f,r) involving the wave 
spectrum and bottom impedance can be readily established 
by using the residual theorem. •3 As expected, curve (1) 
tends to the far-field approximation at large distances. 

Figures 21 and 22 present the results for the multilay- 
ered models (MDK1 and MDK2), assumed to approxi- 
mate the limits of the real environment in the New Zealand 

experiment. In both cases the calculated response to the 
total pressure field inside the restricted active region [curve 
( 1 )] is close to that estimated in Sec. II for an active region 
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FIG. 20. Decay of the vertical seismic spectral level with distance from the center of the active region, above an elastic half space. 

of infinite size [curve (2)]. The level again drops quickly as 
the observation point is moved just outside the region, to 
decay more slowly at larger distances. The difference be- 
tween levels (2) and (3) again demonstrates the relative 
importance of the homogeneous component in the two 
models. As mentioned earlier MDK1 represents one model 
extreme, in which the shear-wave speed in the bottom is 
taken to be very low, while MDK2 represents the other 
extreme with high shear-wave velocities defined by the 
compressional wave-speed profile (see Table I) established 
from actual geophysical survey data. The difference can 
obviously be significant, and, as Fig. 21 shows, is nearly 
30 dB for this model. In the transition zone outside the 

active region, the spectral levels in the two models differ by 
about 10 dB. This is also a result of the difference in the 

bottom rigidities. 

Vl. TRANSFER FUNCTIONS AND SOURCE LEVELS 
ASSOCIATED WITH WAVE-WAVE INTERACTIONS 

We now return to the question raised by Schmidt and 
Kuperman •ø relating to the influence of the "magnifica- 
tion" effect on the New Zealand spectra and the implica- 
tion this has for the actual source level associated with the 

3,4 wave interaction process. 
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FIG. 21. Decay of the vertical seismic spectral level with distance from the center of the active region for a multilayered bottom characterized by low 
shear-wave speeds. 
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The theoretical analysis presented in Sec. I shows that 
the noise source levels defined in Ref. 10 are essentially 
those associated with the homogeneous component of the 
pressure field arising from the wave-wave interaction pro- 
cess. In this case the "magnification" defined in Ref. 10 is 
simply the ratio of the response to the total pressure field 
(both the homo- and inhomogeneous components) to that 
of the homogeneous component alone. This analysis has 
also confirmed the point however, that the inhomogeneous 
component of the source can become dominant in many 
practical situations involving shallow-water environments. 
Accordingly, in deriving noise source levels from seismic 
measurements it is necessary to make the appropriate al- 
lowance for the "magnification" arising from the contribu- 
tion from the inhomogeneous component. It has been 
shown, moreover, that in doing so considerable care must 
be taken in ascribing values to the relevant model param- 
eters, and in ensuring that adequate numerical accuracy is 
used. [As we noted earlier the levels of curve (3) for mod- 
els MDK1 and MDK2 differ by as much as 15 dB, only 
because of the difference in the shear-wave velocities allo- 

cated.] 
In Sec. II we discussed the spectral transfer function 

relating the seismic spectrum measured outside the active 
region to a specified source pressure field within it. This 
transfer function is here defined as the ratio of Fmv(O,r), 
Eq. (11 ), to F•,r(tO), Eq. (18), i.e., in terms of the homo- 
geneous component of the pressure field: 

(Plal(.Ol) 2 
rmp (O,r) = C(o,r) ' (23) 

where 

C ( cø ' r ) = 4 rr3 ot 4• I ( co ) J o 

x I I'o(u,0•) 12i (2) 

X (u,O•,co) dO• u du. (24) 

The factor C(o, r) is a function of the geoacoustical 
structure and the distance from the active region. The 
transfer functions for the models MDK1, MDK2, and 
MD2 (based on this definition ) are plotted in Fig. 23. 
Also shown is the simplified transfer function, KE, used by 
Kibblewhite and Ewans to establish the wind-dependent 
noise-pressure spectra in Ref. 3. Since the size of the active 
region used in the calculation was sufficiently large, the 
curves presented for these three models can be taken to 
represent a reasonable approximation of the real situation. 
The figure can be explained simply in the following way. 
Let us assume a given value of the seismic spectrum level is 
measured outside the active region. Then if the bottom is a 
liquid (MD2) the source level of the pressure field must be 
relatively high to generate the observed seismic response 
and the high value of the transfer function for this model at 
a given range reflects this fact. In the case of the multilay- 
ered structures MDK1 and MDK2 on the other hand, 
many interface and body-wave modes carry energy to the 
seismic sensor so that a lower source level is required to 
generate the observed seismic response. The values of the 
transfer function are accordingly lower. Further since 
MDK2 is acoustically "harder" than MDK1 the higher 
values of the transfer function for this model are to be 

expected. 
We next turn to the question of source level and first 
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FIG. 23. Variation of the spectral transfer function with distance from the center of the active wave region for various models. 

recall that the transfer function KE( = 126.3 dB) was that 
used in Ref. 3 to establish the wind-dependent pressure 
spectra from the seismic response measured on shore, just 
outside the active region. We next note that in this exper- 
iment the seismic level recorded (around 0.22 Hz) for a 
wind speed of 30 m s-1 was --85.5 dB re: m2/Hz [--34.5 
dB re: (/tm)2/Hz]. This level is 25 dB lower than the 
theoretical response predicted for this wind speed inside an 
active region with a water depth of 100 m (•-60 dB re: 
m2/Hz). This difference in level is in line with the behavior 
presented in the plots in Figs. 21 and 22 and confirms that 
the measured response outside the active region is not 
markedly influenced by the inhomogeneous component. 
However using the measured seismic level with the value 
126.3 dB for the transfer function leads to a source pres- 
sure field inside the active region of about 40 dB re: 
Pa2/Hz, which is some 10 dB higher than the deep-water 
value (corresponding to the homogeneous component of 
the pressure field) expected for this wind speedisee Fig. 
6(a) of Ref. 12. This is not surprising given the simplicity 
of the model and the fact that no propagation effects are 
included. The situation improves with the multilayered 
models MDK1 and MDK2. At a nominal distance of 10 

km outside the active region, the transfer function ranges 
from around 115 to 125 dB (close to the KE value). For 
the observed seismic level (--85.5 dB re: m2/Hz) the pre- 
dicted source pressure field at 0.22 Hz then ranges from 
about 30 to 40 dB re: Pa2/Hz. 

The geophysical data for the region do not allow the 
properties of the seabed to be defined with certainty. How- 
ever it is clear that an inversion based on the more likely 
model MDK1 (low shear-wave speeds) leads to a value 
very close to the theoretical pressure field predicted at the 
frequency (0.22 Hz) and wind speed (30 m s- 1) involved, 
namely 32 dB re: Pa2/Hz/see Fig. 6(a) of Ref. 12. Vari- 
ation in the water depth over the active region can however 
also effect the interpretation. The active region lies on edge 

of the continental shelf and 100 m is a nominal depth only 
for the region. 

Even given these uncertainties it can be concluded 
that: 

(i) The effects of "magnification" discussed in Ref. 10 
are incorporated in the calculation of Trnp(to,r). Using the 
appropriate value of the transfer function thus reliably es- 
tablishes a source level from seismic spectra measured at 
any observation site relative to the active region. 

(ii) Because the simple transfer function originally 
used in Ref. 3 does not differ significantly from that estab- 
lished by the detailed analysis outlined above, the New 
Zealand wind-dependent pressure spectra are, albeit fortu- 
itously, not significantly distorted by the effects outlined in 
Ref. 10. 

(iii) The fact that the wind-dependent source spectra 
established in Ref. 3 agree closely in level (to within 10 
dB) and in form with those predicted theoretically for the 
classical wave interaction process, and almost exactly using 
model MDK1, is further significant evidence that this pro- 
cess is indeed the source of the peak in the ULF noise 
spectrum. This conclusion is reinforced by predictions 
based on other theoretical developments recently presented 
by Cato 25,26 and Lindstrom. •7 

We acknowledged in an earlier paper 8 that any con- 
version between pressure and seismic spectra should prop- 
erly involve transfer functions based on the complete 
multi-layered structure and must reflect any effects the fi- 
nite size of the active region might have in the near field. 
The nature of these effects has been established above, but 
before this evaluation was available it was only possible to 
make the rough approximation using simplified models, as 
reported in Refs. 3, 8, and 9. The approximation used in 
Ref. 3 is the simplest possible, assuming as it does an un- 
consolidated half-space. We can now see why the inversion 
based on this model agrees with the theoretical predictions 
for the more complex model to within a few decibels. The 
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subject is however indebted to Schmidt and Kuperman for 
highlighting the importance of these issues. 

Another factor, which can influence the theoretically 
derived noise source levels, is the wave-spreading function, 
included in the factor I(2)(u,O•:,co). We made a limited 
analysis of the influence of this parameter in Ref. 9 but 
acknowledge it requires further attention. We note how- 
ever that the spreading function is not dependent on the 
environment and it is the environmental influences which 

have been of concern in this paper. Accordingly we have 
used the traditional representation of the spreading func- 
tion in this analysis. The neglect of the dependence of 
I(2)(u,O•:,co) on the wave number, u, when u is close to its 
upper limit, COal/g, will introduce some errors at very low 
frequencies, but we believe the general thrust of the anal- 
ysis presented in the previous sections cannot be substan- 
tially altered by the spreading function. In a subsequent 
paper we will discuss these points in more detail, including 
a discussion of the properties of the spatial correlation of 
the generated ULF noise field. 

VII. SUMMARY 

This paper was prompted by the apparent implications 
of an analysis recently reported by Schmidt and Kuper- 
man. In this they draw attention to the enhanced noise 
spectral levels which can arise at low frequencies in shal- 
low water environments due to bottom interaction effects. 

On the basis of these results they questioned whether the 
characteristics of wind-dependent noise spectra reported 
from a New Zealand experiment were not due simply to 
this bottom magnification rather than nonlinear wave- 
wave interactions as claimed. This paper addresses the is- 
sues raised. 

The theoretical basis of the microseism response in- 
duced by the nonlinear interaction of surface gravitational 
waves has been carefully examined. A general expression 
for the seismic spectrum as a function of the size of the 
active region and the range from the region is established 
for a multi-layered viscoelastic environment. When the size 
of the active wave region tends to infinity this general for- 
mula is shown to simplify to the classical form derived for 
an active region of infinite size. The relative importance of 
the homogeneous and inhomogeneous components of the 
source and the nature of the medium response are exam- 
ined in detail for typical geoacoustical models. 

The physical upper limit of the horizontal wave num- 
ber, Umax, is introduced for the first time into the theoret- 
ical expression for the wave-induced microseismic spectra. 
At very low frequencies and near the surface this limit has 
the value COal/g, while at high frequencies it assumes 
the value of 4.5al/cohl. In the general case Uma x 
=min[coal/g,4.5al/cohl]. The first of the two limits is con- 
trolled by the wave number of the interacting surface 
waves and the second by the factor describing the expo- 
nential decay of the inhomogeneous field with increasing 
water depth, hi. The existence of such an upper limit to 
the relative horizontal wave number, u, establishes a high 
peak in the spectral transfer function relating the source 
pressure field to the microseismic field, at around 0.05 Hz. 

The relative importance of the homogeneous and in- 
homogeneous components to the seismic response is shown 
to be critically dependent on the geoacoustic model, espe- 
cially on the values of the geoacoustical parameters of the 
top sedimentary layer. When the top layer is an unconsol- 
idated sediment (or one of low rigidity) the total spectral 
level can be up to 40 dB higher than the spectral level 
produced by the homogeneous component alone. The 
shear-wave speeds in the sublayers and the thickness of the 
water layer are also shown to have a significant influence 
on the relative importance of these two components. 

The Green's functions for four representative models 
have been calculated numerically to reasonably high accu- 
racy. Based on these Green's functions the seismic re- 
sponse in the near-field region to nonlinear interactions in 
the ocean-wave field is calculated for the first time. It is 

found that high spectral levels are associated with the in- 
homogeneous component in a shallow water region with a 
soft bottom, but that these quickly decrease as the obser- 
vation point moves outside the finite active region (or as a 
storm region moves away from a sensor sitting on the bot- 
tom). In the case of an unconsolidated half-space it is 
shown that the total level can drop by as much as 40 dB in 
crossing the boundary of the active region, and that there- 
after it decays approximately as r -2 (spherical spreading) 
to large distances. In this case the seismic field outside the 
wave region can thus be recognized as the diffraction field 
of the homogeneous component, which is insonifying a 
bottom "plate" of finite size. In the case of a solid bottom 
the near-field spectral level is shown to decay more slowly 
and to tend to that predicted by the far-field approximation 
based on the free Rayleigh wave mode. In the multilayered 
case the spectral level in the transition region decays as 
r-1 and shows the effects of the interface wave propaga- 
tion. The extreme cases of high and low shear speeds differ 
in spectral level by about 10 dB in this region. 

The suggestion made in Ref. 10 that the wave interac- 
tion source spectrum levels derived in Ref. 3 may be 40-50 
dB too high is examined in the light of these results, and 
the general validity of the New Zealand spectra is con- 
firmed. It is shown that the value of the transfer function 

used in Ref. 3 is (albeit fortuitously) a reasonable approx- 
imation of the real transfer function, so that the general 
conclusions reached in Ref. 3 relating to the wave interac- 
tion noise generation process can be confirmed. However, 
while the New Zealand spectra are no doubt correct in 
their general form, changes in detail can be expected with 
changes in frequency, wind speed, ocean-wave spectral 
form and the wave spreading functions. Further, convinc- 
ing as the analysis of the New Zealand situation appears to 
be, it must not be overlooked that the geophysical structure 
of Cook Strait is very complex and not well known. While 
the deep structure does not appear to influence the seismic 
response greatly, it will be pleasing to see the close agree- 
ment between theory and experiment confirmed by similar 
results from deep-water sites. 
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APPENDIX A: THE ERROR TERM 

In the calculation of the microseismic spectra in terms 
of Eq. (11), the error term caused by truncation of the 
wave number in the calculation of the Green's function can 

be written as: 

H(u) S(o) 

X H(•)ffv(•)Jo(g•) •d• 

2 

X e/•gø d•o I u du, (A 1 ) 
where H(u) and H(•')=I when O<u, ff •Umax, H(•') 
=I--H(•'), •o=row/al, and g=rw/al. The term 
I(u,Ok, w) has been assumed to be constant. We first con- 
sider the case when the observation point is at the center of 
the active region. By introducing expressions •(u--u') 
= • u' f•øJo(pu')Jo(pu) p dp, and H(u) = H2(u) into 
(A 1 ) and assuming the active wave region to be of infinite 
size with a Gaussian weight exp[--(•O/•e) 2] we can write 

fo • (to)=4• a A(o•) II(p) I•p dp, 

where 

I(p)= H(u)H(•) Ep(u) f f o(•) g(u,•) 

X Jo (pu) u• du d• (A2) 

and 

g( u,•') = Jo(•o•')Jo(•ou )e-(gø•ge)2•o d•o 

=« •e z Io(« •2 e u•')e -•(u2+•2)/4. 
The integration of (A2) in the shadowed region (see Fig. 
A1 ) corresponds to the error term. It is seen that when the 
size of the region (the equivalent radius •e) tends to infin- 
ity, g(u,•') becomes a 6 function of (u--•), and the error 
te• is zero. In the case of a region of finite size and an 
observation point located in the center of the source region, 
it can be shown that the dominant term in the integration 
over • in Eq. (A2) [assuming ffv(•) • •, viz., 

Iu=• Io • •2 e U e- d• 

Z(u,• 

FIG. A1. Sketched plot of the function g(u,•) on the plane (u•). 

is [through using the relation Io(X),•,exp(x)/(2,rrx) 1/2 
• exp(x) large x, and carrying out the integration] 

1 U)]} c(x/-•/2) ffeU2{1--(I)[2 ffe(Umax-- 

for 

•e Um>• 1 

while the integration along the whole axis (•'-0 to c• ) can 
be estimated as [if we take ffv(u)-const] 

Iu=-• - Io • • u• e du 

-- •e [Io(•U2•)+II(l•u2•2e) e(3/8)u2• 
vc 3/s 

ß 

The ratio Iu/Iu will thus decay exponentially with increas- 
ing u and the size of the active region. When the observa- 
tion point is separated from the center by a distance r by 
using the addition theorem for cylindrical functions, we 
can write 

gr(U,•') •Jo(•rt7)g(u,•') q-2 • imJm(•r•)gm(U,•'), 
m=l 

where 

gm(U,•') =« •e 2 Im( « •2 e •u)e •e(u2+•2)/4. 

Since for m > 1, I m (x) is equal to zero when x =0, and has 
the same asymptotic expression for x>• 1, we can write 

gr(U,•) •g(u,•) Jo(•) + 2 • imJm(•) 
m=l 

=g( u,•)e g•/ 4•. 

This means that in Fig. A1 the exponential function be- 
comes oscillatory with short periods in the shadowed re- 
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gion. It is thus anticipated that the ratio In/[ u, will keep decreasing as the distance r increases. 

APPENDIX B: THE EXPRESSION 

As derived in Ref. 12, we have 

rr [ 1 --COS(01-- 02) ]2• 2 I(2)(U'Ok'rO) = 2( 1 j•/2)[•2 (l ]•.q_ 1 )•'q- ( 1 1 1•) ] (I+x) 1 

Fa[o/( 1 +•) ]Fa[•(o/( 1 +•) ] 
ß H( 02 -- Oto)H ( 02 -- Oo•)dO1, 

where 

rh = 2kg/to 2, 

•= COS ( 01 --Ok) 

02=01 - (•r- O)sgn[sin(O1- Ok) ] 

( lt•/•(lq- )2 
1-• X 

lP :cOS--1 •2 ß 
Here, 0o• is the wind direction, H(O) is the normalized 
wave directional energy distribution, and X is the solution 
of a cubic equation ( 
X (1 +X)=0. In the above sgn(x) =x/Ix I . 
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