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The historical development of the theory governing the generation of ULF ocean noise by
random surface fluctuations is reviewed. Emphasis is directed at the intrinsic relation between
the two main theories currently in vogue, the perturbation procedure and that using an integral
procedure based on Lighthill’s equation. The relative contributions to the underwater pressure

field from the direct radiation of turbulent air motion and the interaction of surface waves is
examined. It is shown that even though the direct radiation can approach or even exceed the
contribution from wave interactions in the early stages of sea development, overall it is much
smaller than the latter. The use of the perturbation expansion in the theoretical analysis of
wave interactions at low frequencies is justified. An estimate of the contributions from wave
interactions of different order shows that the spectral levels decrease rapidly with increasing
order, an increase in the order from m to m + 1 (m>2), resulting in a decrease in the spectral
peak level by about 25 dB. At the same time the peak frequency shifts from mo, to

(m + 1)o,, where o, is the peak frequency of the ocean wave spectrum. With the basic
importance of the second-order wave-wave interactions in the generation of the noise field
confirmed, the formulas currently used to describe this interaction are reexamined and
extended to include other wave effects including the contributions of the inhomogeneous
component. This leads finally to a more comprehensive expression for the wave-generated

ULF noise spectrum.

PACS numbers: 43.30.Nb, 43.20.Bi

INTRODUCTION

The acoustic noise field in the ocean at low frequencies
has been the subject of a large number of investigations over
the past 50 years. One of the most significant features estab-
lished has been a dependence on wind and sea state over most
of the spectrum.' Many complementary theoretical stud-
ies within this period have explored the nature of the phys-
ical mechanisms responsible for this wind and sea-state de-
pendence of the observed noise field, and it is now well
recognized that at low frequencies turbulent air motion con-
tributes to the underwater noise field through two different
processes. In the first the fluctuations in the air flow are
considered to couple directly into the ocean through the air—
sea interface, while in the second energy is transferred indir-
ectly through the action of ocean waves. The first process is
basically a linear one, but the second involves nonlinear in-
teractions within the wind-induced wave field.

Because of the complexity of the processes involved it is
not surprising that the various theoretical treatments plac-
ing different emphasis on these two basic mechanisms can
lead to different and even contradictory conclusions. At this
stage in the development of the subject, it is thus of interest to
examine existing analyses in respect of the ultra-low-fre-
quency (ULF) spectrum below 1 Hz and extend these where
possible to account for new experimental data relating to the
upper layer of the ocean. This paper attempts to do this.

We begin in Sec. I with a review of past work and then
proceed to examine a suggestion relating to the relative sig-
nificance of air turbulence and second-order wave-wave in-
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teractions to the generation of the ULF noise field. It is
shown that in well-developed sea states the noise field is basi-
cally dominated by nonlinear wave interactions, and that
only in the early stages of the sea development is the other
source important. The application of the perturbation ex-
pansion at the frequencies of interest is also justified.

In Sec. II we begin by examining the effects of the high-
er-order nonlinear wave interactions. This analysis shows
that the spectral peak level of the acoustic field decreases by
about 25 dB with each increase in order, and justifies the
usual neglect of the high-order interactions in practical cal-
culations. Section I1 then continues with the derivation of a
more comprehensive expression for the noise spectrum re-
sulting from the second-order wave interactions. It incorpo-
rates for the first time the contributions from all wave inter-
actions, and examines the nature of the inhomogeneous
component of the wave-induced noise in the upper levels of
the ocean. A short summary is given in Sec. I1L

A comparison of the theoretical noise spectra so derived
with published data, and a further theoretical extension to
incorporate the shallow water case, will be presented in sub-
sequent papers.

I. THEORETICAL TREATMENT OF ULF NOISE
GENERATION

A. Review of earlier work

The generation of underwater noise by turbulent air mo-
tion above the sea surface is a very complicated physical
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process. Energy within the air flow cannot only pass directly
into the water but can also be transmitted indirectly through
the mechanism of surface wave-wave interactions. Further-
more the generation of surface waves is itself a complex fetch
and duration-dependent process* requiring for its descrip-
tion equations and boundary conditions which are nonlin-
ear. It is not surprising therefore that the treatments used to
establish the wind dependence of the surface generated noise
field at low frequencies have been diverse. The central step in
all theoretical treatments, however, is the linearization of the
nonlinear fluid mechanical equation and the associated
boundary conditions on the perturbed sea surface. Two main
procedures have been developed. The first is the perturba-
tion expansion in which the basic equation and boundary
conditions are expanded as a power series and then re-
grouped to form a set of linear equations and boundary con-
ditions according to the order of smallness of the quantities
involved.>” The second is that introduced originally by
Lighthill® in which the hydrodynamic equation is organized
as a linear acoustic wave equation, all the nonlinear terms
being confined to the right-hand side of the equation as an
inhomogeneous (source) term.

In the first analysis the solutions to the linearized equa-
tions of different order are usually found by determining the
amplitude and phase of each plane-wave solution for a speci-
fied frequency and wave-number vector. In the second pro-
cedure the solution is usually constructed in the form of a
Helmbholtz integration involving the corresponding Green’s
functions and source distributions. The relation between
these two approaches is thus analogous to that between the
spectral (frequency or wave-number vector) response and
impulse (time or space) response of a linear system. They
can be adopted to serve different purposes. For the noise
field arising from an infinite distribution of (overhead)
sources, the perturbation procedure with plane wave solu-
tions is the more convenient to use, though both procedures
lead to the same result. When dealing with distant and finite
sources, on the other hand, the Lighthill-Helmholtz equa-
tion has definite advantages. In addition to these two, other
procedures have been developed for particular purposes.
These too will be discussed briefly in the review that follows.

1. The perturbation approach

Historically the study of the wave-induced pressure
field began when the contributions of Miche® and Longuet-
Higgins® led to an understanding of the origin of microseis-
mic ground motion. In his paper Longuet-Higgins began
with the basic fluid dynamic equation and boundary condi-
tions,
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and their first- and second-order perturbation approxima-
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In the above (and later) a, is the sound velocity of sea
water and g the gravitational acceleration, z = £ is the sea-
surface displacement and z = 4 the depth of the sea floor, p,
u, and ¢ are, respectively, the pressure, the velocity, and
potential of the wave-induced particle motion, while ¢; and
&, are the potential and surface displacement of order j. He
then calculated the nondecaying pressure field contained in
the standing gravity wave field as a second-order effect. He
also considered the seismic response of an elastic bottom that
supports propagating Stoneley waves, and without naming it
used what is essentially a Green’s function technique to cal-
culate the far-field displacement of the seabed, placing the
sources of the acoustical field at the base of the “gravity
layer,” half a gravity wavelength down from the surface.’
This enabled him to calculate the main component of the far
field. Further Longuet-Higgins introduced a random direc-
tional wave field and its spectrum in calculating the order of
magnitude of the seismoacoustic response of the wave activ-
ity. He also calculated the effects of an elastic sea bottom on
the pressure field and introduced the well-known form of
wave directivity that is critical to all later calculations in the
subject. His analyses and Hasselmann’s later work (see be-
low) have since been adopted as a standard procedure in the
calculation of wave-induced pressure and microseismic
fields.

In the early 1960’s, Hasselmann® treated the problem
statistically. Based on spectral transfer functions and the lo-
cal energy balance equation, he derived an expression for the
spectrum of the wave-induced pressure field and discussed
the effects of seismic wave propagation. Although he too
restricted consideration to the homogeneous component he
noted that any interacting wave components, which gener-
ate a pressure wave with a phase velocity greater than the
sound velocity in water, will contribute to the noise field. He
alsodiscussed the direct radiation from the turbulent motion
in the air (using Lighthill’s equation), as well as the first-
order (primary frequency, PF) wave-induced pressure field
in the ocean.

In a later analysis Brekhovskikh'® also investigated the
ULF noise field in the ocean. He adopted the same perturba-
tion procedure and obtained results consistent with those of
Longuet-Higgins and Hasselmann. Brekhovskikh also es-
tablished an explicit expression for the condition under
which two interacting surface wave trains will produce a
nondecaying or homogeneous acoustic pressure field.

Further evidence of the growing interest of the acoustic
community in low-frequency noise predictions was provided
when Hughes'' re-examined nonlinear wave interactions as
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a generation mechanism of the ocean noise field below 10
Hz. The basic equations and the perturbation procedure
were again used (although the pressure was chosen as the
main variable) and the calculated noise spectra were com-
pared with measured data. It is notable that, in his predic-
tions, Hughes used well established and explicit forms of the
developed ocean-wave spectra. He obtained reasonably good
agreement with available noise data below 10 Hz, which sug-
gested that it was sufficient to use the second-order perturba-
tion approximation to predict the ULF noise field in real
situations. This result is consistent with that of Marsh,' who
had found good agreement between the Knudsen’s noise
spectrum and that calculated using Longuet-Higgins® ex-
pressions and a classical form of the wave spectrum.

There have been several more recent studies. As part of a
long-term investigation of the wind-wave spectrum and mi-
croseismic noise measured on land nearby, Kibblewhite and
Ewans,™'” established a set of ocean-noise pressure spectra
in the frequency band 0.1-2.0 Hz for wind speeds varying
from 7.5 to 35 m/s. Comparable spectral levels and charac-
teristics were soon reported in other published hydrophone
and seismic data,'*"* all being in reasonable agreement with
the theoretical predictions based on the perturbation proce-
dures.'*'® Adair'* and Webb and Cox'® have also made
theoretical assessments of the ocean noise and microseismic
fields, based on the second-order perturbation, with similar
success.

On the basis of these studies over four decades, the per-
turbation procedure, involving the second-order approxima-
tion, has been shown able to provide a reasonable explana-
tion for the ocean noise observed below 10 Hz. However an
intrinsic uncertainty remained, relating to the significance of
the contribution of the higher-order terms. An analysis that
addresses this question and leads to a more comprehensive
description of the acoustic effects of nonlinear wave interac-
tions is presented in the next section. However before this is
presented we pause to examine the generation of ocean noise
by the direct radiation of turbulent air motion, to consider
other treatments differing slightly from the classical pertur-
bation procedure, and to look at the application of the
Lighthill procedure in the investigation of the ocean-noise
field.

2. Air turbulence and other treatments

In his 1963 analysis, Hasselmann® included a treatment
of the direct energy transfer from atmospheric turbulence to
the underwater-noise field. He reduced the problem to the
evaluation of the source-pressure spectrum at the free sur-
face of a layered elastic space. The pressure field was as-
sumed to be induced by nonlinear interaction in the turbu-
lent boundary layer above the surface, where the air motion
is described by the Lighthill equation:

13 g &

at at? ax; dx,
with ¢, and p the sound velocity and density of the air, re-
spectively. From a comparison of his theoretical estimation
with the observed microseism spectra generated by storms,
Hasselmann concluded that the direct contribution of atmo-

(Puiu,')
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spheric turbulence is generally negligible. In his calculation
the interaction between the air turbulence and the wave sur-
face was neglected.

This additional interaction was treated later by Isako-
vich and Kur’yanov,'® who used a slightly different ap-
proach calling on experience gathered from surface rough-
ness studies. Based upon the fact that when an air flow passes
over asolid rough surface, the normalized spatial correlation
function of the pressure fluctuation has a universal form and
the radius of correlation is determined by the ratio of the
flow velacity to the frequencies involved, they expressed the
time-space spectrum of the wind-pressure field in terms of
the parameters of the ocean surface-wave spectrum and then
calculated the noise spectrum in the air and water. Their
calculation (later improved slightly by Wilson?®) also
showed that the sound power radiated from the air turbu-
lence to the water is very small, being nearly five orders of
magnitude less than that radiated into the air. However, as
Adair*' comments, in their calculation Isakovich and Kur-
’yanov employed the same source function to describe both
the generation of wind waves and the underwater noise field.
We agree with him that this is inappropriate since the
growth of a developing sea is controlled largely by nonlinear
processes.

In another analysis during this period, Harper and
Simpkins®? calculated the wave-induced noise field by divid-
ing the water body into an inner region (scale dimension of a
surface wavelength below the surface) and an outer region,
and matching the acoustic field in the outer region with the
perturbation solutions of the inner region. In another analy-
sis, Kuo®® modeled the sea surface as patches of capillary
waves riding on the forward faces of the longer carrier waves
and expressed the high-frequency noise spectrum as the con-
volution of the spectrum of the carrier waves and the high-
frequency random radiation. In this way he avoided the diffi-
culty encountered at higher frequencies of restricting the
perturbation procedure to the second-order only. In another
development Goncharov,® by converting the Lighthill
equation to an Helmholtz integration, calculated the nonlin-
ear interaction between surface waves and the turbulence in
the adjacent surface layer in the water. All these develop-
ments have greatly enriched our understanding of the phys-
ical processes involved.

3. The Lighthill formulation

We now return to the 1950°s. In 1952 Lighthill pub-
lished his famous paper,® which has since been widely recog-
nized as the foundation of sound generation and propagation
by fluid motion. In this theory the basic fluid mechanical
equation is expressed as an acoustic wave equation with an
external stress term as the source:

2 2

Ip _ ajVp = 9 T

ar’? Ix; x; v

where
T, =pu,u; +p; — aéP‘sij
and a, is again the sound velocity in air. This approach laid

the foundation of sound generation by turbulent motion.
Later, in 1955, Curle® extended the application of Light-
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hill’s equation to include the case where interfaces are pres-
ent, by expressing it in the form of the Helmholtz integra-
tion. In a subsequent development involving the introduc-
tion of the generalized function theory, Ffowcs-Williams
and Hawkings®® further extended the Lighthill-Curle analy-
sis 10 include arbitrary convective motion and moving
boundary surfaces. This development has proved to be very
effective in handling situations encountered in the case of the
real ocean-noise field.

Although Lighthill’s equation has been used widely for

nearly 30 years to estimate the ocean-noise field associated
with atmospheric turbulence, its application to the noise
generated by surface wave action was considered only re-
cently. In 1981, Lloyd,?” using Ribner’s modified version of
the Lighthill theory in which the overpressure was chosen as
the field variable and — (1/a2)(3%p,/3t?) as the source
term, calculated the noise field induced by wave-wave inter-
actions and obtained a far-field acoustic spectrum of the
same form as that established by Hughes.'' More recently, in
one of a series of papers dealing with wind and wave-induced
noise, Guo,”® in an analysis based on the Lighthill-Ffowcs-
Williams theory, compared the ocean noise generated by at-
mospheric turbulence with that produced by weak nonlinear
interactions of surface waves. About the same time Cato®®
reported similar investigations using the Lighthill-Curle ap-
proach. In both these treatments, the noise field is finally
expressed in terms of a distribution of quadrupole, dipole
and monopole sources, corresponding respectively to the di-
rect radiation of air flow turbulence, the second-order wave
interactions and first-order pressure fluctuations. The
Green’s functions Guo used are more general in that they
include the effects of gravity and thus resonant wave genera-
tion. Cato’s expression however will be more convenient in
treating nonsteady-state cases.

Guo also discussed the relative importance of the under-
water noise field arising from the second-order interactions
of the surface-wave field produced by the air flow (for the
case of low wind speeds) and that generated by the direct
radiation from the turbulence in the air motion into the wa-
ter. The small value of the ratio so obtained, and the addi-
tional consideration that at higher wind speeds the surface
waves will depart progressively from the assumed conditions
of single-value and small slope required by the “weak-inter-
action” process, led him to conclude that such nonlinear
interactions in the ocean-wave field are probably not signifi-
cant sources of underwater sound. This conclusion seems to
be in conflict with many of the other theoretical and experi-
mental investigations,” and it will be appropriate to examine
it before proceeding,

B. Wave-wave interactions vs air turbulence

To resolve this inconsistency we first establish the value
of Guo’s ratio in a real situation where the sea is developed
and can be well described by one of the widely recognized
forms of the ocean-wave spectrum. We follow Eq. (5.5) of
Ref. 28, which represents the sound power, W, arising from
an area of the sea surface in unit frequency band, as:
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W, = p,w/12mc) (2m)?

XJ ﬁ(q,tf)ﬁ( — q,0 — 0)q dq df do, N
where
E7(x,0) = (zﬂ)aj-[l(q,a)dq do.

By referring to Hasselmann’s expressions [see Egs.
(2.6) and (2.7) of Ref. 9]

£(x,1) =ffe""[d2+ (Qe~“"+dZ_ (q)e]
and

(@) =2(dZ, |)/dq, o=\gq
it is easy to see that

fl(q.0) = 2m)*f, (@8(o —zg),
where £, (q) is the surface-wave spectrum satisfying
Je (@) = (8/20°)F,(0)YH(9).

Here F, (o) is the frequency spectrum of the surface wave
field and

H(B)EG(B)/ G(0)do

is the normalized distribution function of the wave energy.
By substituting

fi(q.0) = (47°¢/0°)F, () H(8)5(0 — zq)

into Eq. (1) we obtain after straightforward manipulations
W, = (47, w8 /3¢ ) F2 (0/2) H(w), (2)

where
H(w) EJ H(OYH(O + 7)do

=7~ 22751 [[(s+1)/T(s+0.5)]

and I'(x) is the gamma function,*®*' describes the effect of
the angular distribution of the ocean wave energy on the
noise field and follows the form cos®(é /2). By using Guo’s
Eq. (5.4) for the second-order field arising from air turbu-
lence, W,(w) [but noting that in Guo’s Egs. (5.4) and
(5.8), ®* and »'° should properly be »” and w"?, respective-
Iy], and Eq. (2) above for W, (@), we obtain for the case of
@>g/U (U is the wind speed) the ratio corresponding to
that Guo did using his Eqgs. (5.4) and (5.8), namely,

1 /P Y 12A%4
Moy =——|— E) p) 3 :
8\ p, / AF2(w/2)(w)
Substituting the PM spectrum,*? F, (o) = ag’c 3
Xexp{ — B(g/Uo)*], it follows that

(w) =_1_( Pa )2__12A2“4
T =52\ b ) Edaliw)

“(5) erle ()]

Further, taking (p,/p,)>=10"% ¢2 =10° m%/s% a
=8.1X1073 8=0.74, I~A =g/0?, u~U,/0.003
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= 0.055U,® the value of exp[2(2g/Uw)*] at the peak fre-
quency, and a value of 0.05 as an estimate of I(w), the ratio
of the two pressures around the spectral peak will be

(p./p)'" <10~ ‘0 U>

This is obviously very small for the frequencies and
wind speeds of present interest (actually it can be as small as
10 ~°wU?, here we have taken w/2 in the expression of / and
exaggerated the term U) and contrasts markedly with the
ratio Guo calculated using his model [Eq. (5.11) of Ref.
28],

(p./p.) P =10"L ~'U ~ %,

where L is the fetch. For instance, if we invoke the usual
units and take w=1, U=10, and L =10° then
(p,/p,)® ~10% while (p,/p,)" is less than 10~ *,

This analysis suggests that, even if the direct radiation
from air turbulence can cause ULF noise levels in the water
as high as those induced by the second-order wave interac-
tions at the early stages in the sea development (U <10 m/s)
as Guo claims, in the important case of a developed sea the
contribution from air turbulence becomes negligible in com-
parison. The findings of many investigations are therefore
substantiated and the nonlinear wave-wave interaction pro-
cess is reaffirmed as the more important noise generation
mechanism at very low frequencies when the sea is devel-
oped.'"7 Cato’s? recently reported lake measurements are
the latest to show a good agreement between prediction
(based on Lighthill’s procedure in this case) and measured
wave and noise data.

The questions left then are (i) whether in real situations
involving developed sea states it is proper to use the pertur-
bation expansion and (ii) if the expansion is justified
whether it is sufficient to take into account terms up to the
second order only.

Considering the first question, if we are prepared to ac-
cept some relaxation in mathematical rigor, we can justify
the perturbation expansion of the surface boundary condi-
tions by recognizing that even in real situations the average
slope of the sea surface is still reasonably small. For instance,
when fetch and duration are both unlimited, energetic seas
when fully developed can be well described by the Pierson—
Moskowitz (PM) spectrum at frequencies below 0.5 Hz.
This spectrum predicts the average slope, defined as the ratio
of the significant wave height, H, 5, and the wavelength at
the spectral peak frequency, L,,,***? to be

slope = H,,,/L,, = (2.14X7.54) X 10~ /27 ~0.026.

Before the second question can be answered it is neces-
sary to discuss some general properties of nonlinear wave
interaction. These are examined in the next section.

1l. SECOND-ORDER WAVE-WAVE INTERACTIONS AS
A SOURCE OF ULF NOISE

In the previous section we saw that, in considering the
ULF noise field, it was mathematically reasonable to expand
the boundary conditions imposed on the random surface of
the developed sea as a power series of the sea surface dis-
placement. Since this series has hitherto only been treated up
to the second order in the literature, it is appropriate to seek a
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justification for this restriction. In this section it will be
shown that the contribution to the acoustic field from high-
er-order interactions is usually negligible and can be neglect-
ed. We will then proceed to the development of a generalized
expression describing the acoustical effects of nonlinear in-
teractions between ocean-gravity waves, which was present-
ed without detailed discussion in an earlier paper.'®

A. The relative importance of higher-order interactions

It is easy to see that the solution of the perturbation
equation and boundary conditions for the mth (integer) or-
der will contain the term of the form

II expli(qir—o;0)]
=1

=exp|i Y qu—i( Sy Uj)t] ,
j=1 =1
where q, and o, are the wave vectors and angular frequencies
of the surface wave trains satisfying, in the case of gravity

waves,the dispersion relation,
o} =glg,|-

Because of this dispersion relation, it can be shown that
two gravity waves cannot produce another gravity wave
through nonlinear interaction. In fact, if this were not so it
would follow that g|q, +q,| = (0, +0,)* so that,
(0} + 05 — 20703 cos ) = (0, + 0,)*, which leads to the
impossible expression, cos 8 = — (3 + 20,/0, + 20,/0,).
Instead, the result of such an interaction is a kind of inhomo-
geneous wave, characterized by a speed higher than that of
the gravity waves from which it arises and a subsurface pres-
sure field which decays more slowly with depth than occurs
in the case of ordinary gravity waves. Only when the ampli-
tude of the resultant wave vector is sufficiently small that the
phase velocity (0, + ,)/|q, + q,| becomes greater than the
sound velocity in water, does the resultant wave become an
acoustic wave. The same argument applies when more than
two gravity waves interact with each other.

Accordingly, since the sound velocity in water is much
greater than the value g/o at the frequencies of interest, in
the following analysis of the relative contributions of interac-
tions of different order we can approximate the resultant
wave vector as 2,q; = 0. Further, since the wave spectrum
for a given wind speed displays a single peak, the maximum
of the acoustic field arising from the interaction of the order
m will appear when all these interacting waves are of the
same frequency o; = o, (the frequency of the spectral
peak). The peak values of the potentials of different order
thus take the form

¢ (a,) ~F (g, )e T (m>D),

where ¢, is the sound velocity in water. Since the frequency
spectrum of the surface displacement, F, (g,), has the di-
mension L 27, the proper form of the spectrum of the mth
order pressure field will be

Fy™(0,)|> =B, (80,.a,) [ (0;/8)F,(5,)]".

If the Pierson—-Moskowitz spectral parameters are as before,
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a = 8.10X 10~ 3 and 8 = 0.74,>? the ratio of the peak values
of two successive orders is then

n=(0,/8")F,(0,) =ae #=3.86X10""

This suggests that the peak value decreases by about 25
dB with each unity increase in the order. At the same time
the peak of the noise spectrum shifts to ma,, where o,, is the
frequency of the wave spectral peak. Furthermore, since a
wave spectrum usually has a sharp front before the peak, the
highest order which can make a significant contribution to
the noise at a given frequency o is defined by the integer
M = (a/a,), where g, depends on wind speed. Therefore,
for an angular frequency o < mo,, = mg/U,,, the mth order
interaction can be neglected (U, is the wind speed at 10 m
above the sea surface). For example, at frequencies lower
than 0.5 Hz the third-order interaction will contribute little
to the noise field.

The above discussion shows clearly that, for frequencies
of present interest, nonlinear wave interactions of order
higher than 2 will make little contribution to the noise pres-
sure field. For the sake of simplicity, they can thus be omit-
ted from any calculation without introducing significant er-
ror. In the next section, calculations based on the
second-order interaction only will be extended to include the
contributions from both homogeneous and inhomogeneous
waves. The interacting waves will no longer be restricted to
diametrically opposite directions and identical frequencies.
For convenience we will call this analysis the “generalized
standing-wave solution™ to distinguish it from the tradition-
al analysis mentioned earlier.

B. The generalized standing-wave solution

Having justified the application of the perturbation pro-
cedure to the analysis of the ULF noise field associated with
developed sea states, and the truncation of the expansion
series to the second-order, we now reexamine the calculation
of this field. Since we are mainly interested in the wave gen-
erated noise the effects of turbulent motion in the water will
be neglected. As in all developments,®'®'!1¢ we start with
the second-order equation and associated boundary condi-
tions,

2 £(2) {2)
a2V a°¢ —g g -0,
a?

dz
a2¢(2) a¢(2) a 53¢(l)
= _ 2 (w2 _ g
o’ t Jz at( -4 9z dt?
32¢“)
¢ , =0. 3
(4 pe z (3)
Substituting the first-order solution
'V = Qexpli(qr — ot) + q2] 4)

into the right-hand side of Eq. (3) we can find the second-
order solution of the form

explila, + @,) v — (0, + 02)1 + p21} (5)
and the resulting pressure field
Py(r,t) = ip (0, + 02) BQ,Q; explilq, + @) °r
— (o, + o)t +p2]}, (6)
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where
Ho= — (1/2‘1%)
X{ig+\/4af[(a,+crz)2—af|q,+q2|2] _gz}
(7
and
B— 2(q:9, — 4,9;) (0, + 0,) o (8)

\/(01 + 0'2)4 _gzl(h + QZ|2

In the above, p,, a;, and g are, respectively, the ocean
density, sound speed, and gravitational acceleration, and €
is a phase factor.

Equation (6) simply says that the second-order pres-
sure wave will have a horizontal wave number q =q, + q,
and angular frequency o = 0, + a,, and that when gy, has a
nonzero real part Ry, and satisfies the relation

(Rpo)? + |4y + @)* = (0, + 0,) Y/}
the result is an ordinary acoustic wave, while when Ry, =0
the pressure wave becomes inhomogeneous and decays in
the z direction.

A simple description of this process has been presented
in Refs. 16 and 18 but discussion was restricted to the case
where Ry, 7#0. We now remove this restriction. For conven-
ience we develop the discussion by seeking to determine the
wave vectors for two interacting surface-wave trains when
the acoustic frequency w and the horizontal wave vector k
are defined.

Since any pair of interacting vectors must satisfy the
relations

2l =5 j=12, ©)
g to=0, (10)
q,+a=k (11)

they can be represented geometrically in a three-dimensional
@ — k space, as shown in Figs. 1-5. To appreciate these fig-
ures it is helpful to first recognize the significance of the cone
OBCDERB centered on the w axis — see Fig. 1. Any point
within the surface of this cone defines an ordinary plane
acoustic wave satisfying the dispersion relation

O<e<1. (12)

The cone is a representation of the relation X = w/a, when
e=1.

The two horn-like surfaces whose apexes Q@ and O are
also centered on the @ axis, represent, respectively, the two
dispersion surfaces describing the relations o, =+/g¢, and
o, = \gq, for the case k = 0, when the additional constraint
o, + g, = w is also applied. (If q, + q, = k0 then O and
O’ donot both lie on the w axis, and in Fig. 2 the more general
case of k #0 is considered.) The intersection of these two
rotational surfaces is indicated by the spatial curve L, the
projection of which in the k plane is the curve L’. Corre-
sponding to each pointon L *, say G’ in the lower part of Fig.
1, there are two diametrically opposed vectors q, and q,
which add to give k = 0.

In the more general case where k#0, the induced acous-
tic wave is propagating in a direction other than normal to

k| = ew/a,,
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=)

plane

L

FIG. 1. The representation of the nonlinear interaction of two surface gravi-
ty waves inducing a plane acoustic wave with horizontal wave-number vec-
tor k fork =0.

the surface of the sea. We first consider the case of a homoge-
neous wave (Fig. 2), where the end point of k lies inside the
surface of the cone defined by Eq. (12). In this situation the
apex of the upper horn is displaced as shown and the projec-
tion L', of the intersecting curve L in the k plane, is slightly
different from a circle. The two interacting vectors q,, q.,
associated with point G ', now differ slightly in magnitude
and direction.

When (k| equals the acoustic wave number w/a,, the
induced pressure field becomes a traveling plane wave prop-
agating horizontally. For |k|> w/a, the acoustic response
degenerates to an inhomogeneous wave decaying with in-
creasing depth (distance from the surface). The intersection
curve L and its projection L' gradually change from the
dumbbell-like shape of Fig. 3 to the situation in Fig. 4 where
two closed curves centered in O and O’ exist. In both situa-
tions it is clear that for each point G’ on L', up to three pairs
of interacting vectors q,,q, can lead to the resultant k. This is
indicated in exaggerated form in Fig. 4. For a given k and a
defined direction for q, three possible pairs of vectors
exist—(i) q, = OG’, q, = G'O’; (ii) q, = OF, q, = FO’;
and (iii) q, = OH, q, = HO'. Finally when k reaches a val-
ue k = w?/g, the only points remaining common to the two
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=Y

k plane

FIG. 2. The representation of the nonlinear interaction of two surface gravi-

ty waves inducing a plane acoustic wave with horizontal wave-number vec-
tor k for 0< |k|<w/a,.

FIG. 3. The representation of the nonlinear interaction of two surface gravi-
ty waves inducing a plane accustic wave with horizontal wave-number vec-
tor k for k>w/a,.
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FIG. 4. The representation of the nonlinear interaction of two surface gravi-
ty waves inducing a plane acoustic wave with horizontal wave-number vec-
tor k for k» w/a,.

curved surfaces are O and O . In this critical case, represent-
ed in Fig. 5, we have 0, =0, 0, =0, or 0, =w, 0,=0,
whereupon ¢, =0 and ¢, = @¥*/g or q, = w*/gand q, = 0.
Beyond this point the two dispersion curves separate com-
pletely from each other and the wave-wave interaction
ceases.

The geometrical description outlined above shows that
the horizontal wave number of the induced pressure field
cannot become infinite but is limited to the value w?/g
uniquely determined by the frequency. This is a property of
the noise source induced by the wave interactions. This fea-
ture is markedly different from conventional point source
distributions.

C. Calculation of the total spectrum

Having established an appreciation of the physical pro-
cesses involved we now turn to the quantitative calculation
of the spectrum of the pressure field induced by the second-
order wave interactions. Starting from Eq. (6) and repeating
the procedures related to correlation and Fourier transfor-
mation, we can write the spectrum of the induced pressure

1 2

=0
a 2
|k1l= %

FIG. 5. The representation of the nonlinear interaction of two surface gravi-
ty waves inducing a plane acoustic wave with horizontal wave-number vec-
tor k for k = w?/g.

field in the frequency-horizontal wave-number domain,
J0(k,®), as an integration of dq, (see Refs. 16 and 18):

foo () =L |M(auk —q)*5(Jgq, +Velk —q,] —w)

xfg(‘l])f;(k_ql)d%, (13)
where
207 (w0 — 0,)*(1 — cos 6,,)2
M(q,.k — 2=P11 1 12 ’
[M(q, q)| 1 — gk e
F,(0)H(6 — 9,
fg(q)zgz (o) H( )

20° ’
&(x) is the § function, 8,, is the angle between q, and g5, 8,
is the bearing of the prevailing wind, and 2 is the defined
domain of the integrand in the q, planc. By denoting
X = 0x/0,,m =2kg/o? t = cos 0,,,and dq, = q,dq, db,,
we obtain from the Appendix that

{1 — cos(8,,)]1%*

2T
k, = — = X AN
Jra ) = a’p’gzjo A+ 0 (I— ) [ — Gmi+ Dy + (L — 350 ]

XF, [0/ (1 + ) 1F, [yo/(1 + ) 1H(8, — 6,)H(8, — 0,,)dB,,
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where
0, =0, — (m—¢) sgn[ sin(0, — 6,)],
¥=cos~'{[1—4mt(1+ 1)*]/¥*}
and y is the root of the cubic equation

W+ D =D = A1+ ) + A1 +x) =0,
(15)
Equation (14) appears as Eq. (46b) in Ref. 16 but its full
derivation was not presented there.
From a handbook of algebra we can find the solution of
Eq. (15). It is of interest to note that the cubic equation
reflects the fact that, when £ is sufficiently large, three pairs
of interacting waves can exist for a given k and @ — see Fig.
4. It is also well known that Eq. (15) can have only one real
root under certain conditions. This in turn corresponds to
the case when k is sufficiently small and only one pair of

interacting waves contributes to the induced field defined by

@ and k. From algebraic manipulation we establish the con-
dition & > 1 (§is defined below) for which Eq. (15) will have
a single root

Yy=§&—5b/13a,

where
§=(—+V8)"+ (-y-V8)",
5=+ (4p)°, p= (3ap*—2bp+c)/a,
qg=(bp* —ap’ —cp +d)/a,
p=>b/(3a), a=(1-1im?), b= —(Gm>+1),
c= (1= +mn), d=(mr—im>—1).

In the last section we established that the maximum val-
ue of |k| is w’/g, so that 0<m<2. It can be shown that when
m is less than a certain value 71, ( ~0.98), for all 7 and t the
cubic equation will be positive and then y has only one real
root. The region in which & is negative and y can have three
different real roots is very narrow around r=1 (ie.,
0, = 4,). This can be well explained by Fig. 4 where we see
that only in a narrow sector (i.e., 8, — 8, =0) can there be
three pairs of interacting wave trains for a given q,; and that
this sector becomes narrower with increasing 7. On the oth-
er hand when £ is less than the value for which the curves L
and L’ retain the single closed form, there will only be a
single pair of interacting wave trains. Moreover, since the
value of f,, (k,w) is proportional to (1 — cos 6,,)” [see Eq.
(14)], it will become smaller as /m increases and the angle
0, decreases. Therefore we can take k,,, = w?/(2g) (and
thus 7 = 1) as the upper limit of k, without introducing
significant error. Then by direct integration of the wave-
number—frequency spectrum f,, (k,w) over the k plane we
can obtain the frequency spectrum of the total noise pressure
field

F,(w,2)
=F, (0,2) + F,(w,2)

w?/2g

w/ 27 27
=f fo (k) d6, dk + J fo (k@)
0 0 0]

xexp[ — 2k — (w/a,)?|2|1k d6, dk  z<O.
(16)

w/a,
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Ifwesety=1,k=0,6,=m2and 8, =6, + 7inEq.
(14), Eq. (16) degenerates to the conventional result,

Fp(@) = (mpige*/2a} ) F. (Jo) (@), (17)
where
I{w)= H@)H(6 + m)do

as derived in the literature by different authors.%°-!"'¢

The spectra numerically calculated from Eq. (16), us-
ing the JONSWAP form of the wave spectrum®* but with
parameters appropriate to the New Zealand sea conditions,’

F,(0) =ag*(2m) ‘o exp[ —{(0/0,,) ~*]
% yﬂxP[ ~(0/0,, — 1)3/(2&)]’
where
a=0.07(U3,/gx)*?,

0, = 2.59(g°72/ U X "),

y=239,
¢=0.10, for o<o, (18)
=0.13, for o>0,, (19)

are shown in Fig. 6(a) for the selected observation depths of
z= —10, — 50, — 100, — 500, and — 1000 m and a wind
speed of 30 m/s. Similar spectra based on the Pierson-
Moskowitz formalism of the wave spectra are given in Fig.
6(b).

a0 T T

eo} 7 ~o ]
: /AN ]
) /// ASONEAN
20| ’l// \\\\\\ \ ]
./ \\\\ AN

P I P \ R

DF Pressure Spectrum(JANSWAP) dB re 1 Pa*2/Hz

(b}

DF Pressure Spectrumy(PM) dB re 1 Pa°2/Hz

Frequency—Hz

FIG. 6. Spectra of the wave-induced pressure field for a wind speed 30 m
s~ ' at the observation depthsof (1) z= —10m, (2) z= — 50 m, (3)
z= —100m, (4) z= — 500m, (5) z= — 1000 m, (6) z= infinity. (a)
For the JONSWAP spectrum, (b) For the PM spectrum.
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In these figures curve (6) represents the spectrum of the
homogeneous component of the noise field. This compo-
nent, which is independent of depth, corresponds closely to
the spectrum we presented earlier in Ref. 17. (A normaliza-
tion factor, 2, of the power spectrum has been adopted
here.) However it is also apparent from Fig. 6 that, while the
inhomogeneous component decreases with depth and fre-
quency, it augments the induced pressure field substantially
in the upper levels of the ocean. Accordingly, as has been
pointed out by Schmidt and Kuperman,® in certain circum-
stances this component will be significant and must be taken
into account in considering the total noise field. It appears
however that at great observation depth in deep water, the
peak of the wave-induced ULF field can still reach levels of
about 30-40 dB re:1 Pa’/Hz. The points they raise clearly
require examination. A more-detailed discussion of the over-
all noise field, its various components, and their relation to
the spectra already presented in Refs. 2, 16, and 17 and else-
where?” will be given in other papers in preparation.***°

. SUMMARY

An examination of the historical development of the
subject has shown that while a general agreement exists be-
tween the observed ULF ocean- noise, pressure-field, and
theoretical predictions based on the second-order wave—
wave interactions, questions still remained about the validity
of applying the perturbation procedure to real ocean situa-
tions and the justification of restricting the expansion series
to the second-order terms only. These uncertainties had re-
cently compounded a debate about the dominant mecha-
nism of ULF ocean-noise generation.>

A review of the various theoretical treatments presented
to date has been made to demonstrate the particular virtues
of the two main analysis procedures, the classical perturba-
tion expansion and the integral equation based on Lighthill’s
equation.

Numerical calculations have shown that in the deep
ocean the average slope of the developed wave surface at the
peak frequency of the Pierson-Moskowitz spectrum is suffi-
ciently small to justify the main assumptions adopted in the
perturbation analysis at the frequencies of present interest.

The relative importance of the pressure field resulting
from the direct radiation of air turbulent motion in the atmo-
sphere and that generated through the interaction of surface
waves, has also been examined. The analysis shows that even
though the direct radiation can be equal to and even more
important than that produced by the interaction of ocean
waves at the very early stage of sea growth, it is much smaller
than the latter when the sea is even moderately developed.
The dominance of the wave—wave interaction process as the
source of ULF noise in realistic sea states is thus confirmed.
Further an estimate of the peak values of the noise spectra
generated by wave-wave interactions of different order m
has shown that the noise spectrum level generated by these
interactions will be (m — 1) X25 dB less than that of the
second-order interaction, and occur at a frequency mo,
where g, is the peak frequency of the surface wave spectrum.
It follows that the truncation of the perturbation series o the
second order is acceptable for most practical purposes.
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With the second-order interaction confirmed as the
most dominant mechanism of ULF noise generation, the
currently used formula for the noise spectrum has been ex-
tended to include an exact expression for both the homoge-
neous and inhomogeneous components of the noise field re-
sulting from second-order interactions. The analysis
includes a geometrical description of the wave-wave interac-
tion process. The more comprehensive expression estab-
lished seems to provide for a more complete understandmg
of the processes involved.

ACKNOWLEDGMENT

This work was supported by the U.S. Office of Naval
Research under contract No. N00014-89-J-3130.

APPENDIX: DERIVATION OF dq,/dw

By denoting y = 0,/d,, it = 2kg/w? t = cos 6 ,,and
carrying out the integration of (o, + o, — @) by setting
dq, = (dq,/dw)dw we get

fpo(k)w)
1 [1- 005(0 )1?
(A1)
XH(6; —6,)H(8,— 0, )‘h(%ql)dal- (A2)
w

Further, from the trigonometric relations between k, q,, and
q, (see Fig. 2)

¢ =qi +k? —2kq, cos 8,
oy =w/(1+y) and q, = 0*/g(1 + ¥)?,

where 8,, = 8, — 0, is the angular difference, we can denote
t= cos &, and write-

qf 4
k3@ +y)*  2kg(1+ )
ot B o? ’

(' = 1) =12+ ) = Ar(l + )% (A3)
P+ Dy —1) =10+ )+ Mt +y) =

A careful examination of the geometrical relations between
k, q,, and q, in Fig. 2 shows that 8, can be expressed in terms
of 9, through the following relations:

0,=0,—mr+¢, ford, <0,<0, + m,
0,=06,+mr—1, forf, —m<, <0,

or simply,
8, =0, — (m— 1) sgn[ sin(8, — G,)],
wheresgn(y) = y/|x|- Theacuteangle i can be obtained by

using the trigonometric relations ¢? + ¢> — 2¢,g, cos ¥
=k? and ¢° + k®>—2q,kcos(8,—0,) =¢>,  where-
upon

cos = [1 — At(l + ¥)°/21/¥~
Finally to get the explicit form of the term (dg,/dw) we start
from the equation:
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n 2
X4=(1—&t+k—2),
q 0

so that

3 2
4X3d_l’:2_’“~2]‘_:ﬂ(t k)’

d, @ q q g,

dg, 20/g(1 + x)°

d__k (';_.ﬁ)

dq, 2y 3‘]% 71
The required derivative dg,/dw can be obtained as follows:
dg, 2w —2 &’ 34y dq
—=—+y) *-2—U+y A
do g X g X dg, do
or
2w

By using the relations

k m , w?
—q—l=7(1+,1’) and ‘h—‘—m
or
a)z/ql=g(1+x)2
we establish
dq, _ 20/g
do (147 + (1+ )y *(k/g) (i —k/g))
20y’

T g+ P[P — Gt + Dy + (1 — i)
in which use has been made of the equalities (22). Substitu-

tion of the expression for dgq,/dw into (21) leads straightfor-
wardly to Eq. (14).
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