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Expressions for the spectra of infrasonic ocean noise and microseisms induced by nonlinear 
wave interaction are derived theoretically for an ocean environment modeled as a water layer 
overlying a solid half-space. A series of spectral transfer functions relating the source pressure 
field induced by the wave action to the underwater acoustic noise field and that of the 
microseisms this generates in the seabed are defined and calculated. The effect of bottom 
reflections on the transfer function is examined and an estimate of the contribution of the 

Rayleigh wave component of the microseism signal received onshore is also made. 

PACS numbers: 43.30.Ma, 43.30. Nb 

INTRODUCTION 

In an earlier article, • the wave origin ofinfrasonic ocean 
noise in the frequency range of 0.1-1 Hz was confirmed by 
the close relation between ocean-wave spectra and those of 
the noise-pressure field derived from the induced micro- 
seisms. It was also shown that the acoustic-noise field and 

the microseism activity in the frequency range 0.1-5 Hz, 
both arise from nonlinear interactions of ocean surface 

waves. A large number of publications, 2-9 which are re- 
viewed in Ref. 1, have considered the theoretical aspects of 
the generation of microseisms and ocean noise by such pro- 
cesses but their interrelation is not readily appreciated. 

The purpose of this article is to present a somewhat 
more general analysis of the phenomena and draw attention 
to a number of aspects that do not appear to have been wide- 
ly recognized previously. In particular, our analysis builds 
on earlier work by Hasselmann 5 and demonstrates that an 
acoustic field can arise not only from nonlinear interactions 
between ocean-wave components of nearly the same fre- 
quency and opposite directions of travel, but also between 
any two components satisfying certain, but less restrictive, 
conditions. We also examine the implications of some sim- 
plifying assumptions used in Ref. 1, whereby the microseism 
response was attributed solely to the vertical ground dis- 
placement, and the associated acoustic field in the water was 
derived from this by means of a simple impedance relation 
assuming the bottom to be a fluid half-space. The difficulties 
inherent in these assumptions in respect to shear-wave exci- 
tation, propagation outside the active ocean region, and sig- 
nal enhancement through bottom reflectivity, were ac- 
knowledged in Ref. 1 (in Sec. V A) and reemphasised 

23 
recently. ß 

To assist the smooth development of this discussion, a 
condensed derivation of the source pressure field induced by 
the nonlinear interaction of two ocean-wave trains is given in 
the first section of the article. The discussion in Sec. II is 

concerned with the derivation of the resulting acoustic-noise 
pressure field within a finite ocean volume, and that of the 
seabed motion this induces. In this analysis, the real ocean is 

, , 
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modeled as a water layer overlying an elastic half-space, with 
the random source pressure field acting on the mean surface 
of the water layer. The frequency spectra of the source pres- 
sure field, the underwater noise field, and the vertical dis- 
placement of the seabed, for this simple geoacoustic model, 
are developed in Secs. III and IV. Finally, Sec. V is devoted 
to establishing an estimate of the contribution of Rayleigh 
wave energy induced by the source pressure field to the seis- 
mic signal received at a distance, and evaluating the effect of 
any fetch dependence of the wave field. 

In a companion article 4 we review the experimental evi- 
dence presented in Ref. 1 in the light of this theoretical anal- 
ysis. In later articles we will examine the directivity of the 
pressure field produced by nonlinear interactions, establish 
the relative levels of the homogeneous and inhomogeneous 
components, and consider the more general case of a multi- 
layered seabed. 

I. NONLINEAR INTERACTION BETWEEN PLANE 

SURFACE WAVE TRAINS AND THE RESULTING 
SOURCE PRESSURE FIELD 

As was mentioned above, the nonlinear interaction of 
surface waves has been widely proposed as the main mecha- 
nism responsible for the generation of the double-frequency 
infrasonic pressure field and associated microseism activity 
at frequencies below 5 Hz. Several theoretical treatments 5-9 
have been developed since Longuet-Higgin's original contri- 
bution to the subject. lø'• Since these are based on fairly con- 
ventional perturbation approaches, only a simplified sum- 
mary of them is given here before the present analysis and 
discussion is developed. 

By denoting the velocity potential 4 as (here and later, 
we use x to denote a vector and x its modulus) 

v----- X70•, (1) 

the basic equations governing irrotational motion in a fluid 
(water) and the associated boundary conditions can be writ- 
ten as followsl='•: 

momentum equation, 

p____q_ c• 1 V2 P, -•- + -•- +gz= 0; (2) 
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equation of continuity, 

•. •- p•X72• = 0; 
equation of elasticity, 

free surface condition, 

-rG(•) + •+ 2 ]•+g•=O; 
and surface kinematic condition, 

(3) 

(4) 

(5) 

where p is the pressure, v is the particle velocity vector, p• is 
the water density, a• is the sound speed in water, g is the 
gravitational acceleration, • = •'(x,y) is the displacement of 
the ocean surface from its equilibrium plane z = 0, y is the 
kinematic surface tension which is the ratio of the surface 

tension to water density, and G(•) = V2__ •/ 
[ 1 q- (V= •)2] 3/2 is the principal radii of the surface curva- 
ture •2 [note V = (0/&, 0/Oy) ]. Even though it is responsi- 
ble for the generation of waves, the turbulent air pressure 
acting on the ocean surface is neglected when discussing the 
interaction of established surface waves. 

By applying the total derivative, d/dt = 0/Ot + v. I7, to 
Eqs. (2) and ( 5 ) and noting from Eqs. ( 3 ) and (4) that near 
the surface, 

Z aW aW- ' 
we can rewrite the momentum equation, and the boundary 
condition at z = • as 

4v½ = 0½ __0(v Ot • q- c9t 

1 17•. 17[ (17•)2 0• (7) +T ] +g-•-z 
and 

(02• 0 1 17•o 17[ (17•)2] 0•) 0t 2 +•-• (V•)2+T +g-•z z=; 
d G(•) = 0. (8) 

As; is not known a priori, it is inconvenient to express 
the boundary condition at z = •. This difficulty is overcome 
by expanding Eq. (8) about the plane z = 0 as a power series 
of • and introducing the perturbation series (Ref. 6) 

• = S• (1) q- S2• (2) q- ''' and • = s• (1) q- S2• - (2) q- .... 
(9) 

With s an adequately small quantity, this leads to the follow- 
ing series for the different orders of s: 

and 

at z=0, (11) 

(s :)' aV:f ) 

t-g•-- 
Ot 2 c•Z 

6• 2•(2) 
0t 2 

0• (2) 0 (V•(•))2 g'•-z = 

& 

0 (171•(1))2 __ ;(1) 03• (1) 
Ot Oz Ot 2 

_•(')g020½') at z=0, 
Oz 2 

, (12) 

(13) 

in which use has been made of the notation V= -= (0 IOx,O I 
Oy) and the approximation 

dG(;) _ d v2 _ ;= V2 - dz = V 2_ aqb 
dt • dt - - dt - & 

(14) 

The first-order solution •(1) can easily be found as 

•(1) = Q exp[i(q. r -- at) + qz] , 
which decays exponentially with depth, and further using 
Eq. (6) we obtain for •(•) the first-order solution 

•(•(r,t) = (iQq/a) exp[i(q.r- at)], (15) 

where the amplitude Q is a constant, q and r are the horizon- 
tal wavenumber and position vectors, cr is the angular fre- 
quency, with 

02 = gq ( 1 q- yq2 /g ) . (16) 

When yq •g/q (for an air-water interface at 20 øC, y = 74 
½m 3 s- 2, see Ref. 14, p. 176), Eq. (16) reduces to the gravity- 
wave dispersion relation 

d=gq or a=•/gq. (17) 
The second-order field •(2) can be obtained by introduc- 

ing the first-order field •(l) into the right-hand side of Eqs. 
(12) and ( 13 ) and by solving the resulting equations. These 
two equations can be separated, for example, as Brekhovs- 
kikh 6 has done, into the two parts •2• and •(•2•, which satisfy, 
respectively, an inhomogeneous equation with an homoge- 
neous boundary condition and an homogeneous equation 
with an inhomogeneous boundary condition. 

It can be shown without difficulty that both •(•2) and 
•(•2), obtained by simply substituting the first-order solutions 
•(l) and •(•) into the second-order equations will be of the 
form exp [ i2 (q. r - at) + 2qz ], which indicates that the at- 
tenuation rate in the direction of the negative z axis is twice 
that of the first-order field. Neither of these solutions is 

therefore of importance in the generation ofmicroseisms and 
the underwater noise field in the deep ocean. 

The nonlinear interaction between two trains of surface 

waves can, however, produce pressure waves that do not 
decay with depth. In fact, by substituting a first-order field 
•(•) consisting of any two trains of plane surface waves such 
that 

O• (•) = Q•(ql)exp[i(ql ß r - tit ) q- ql z] 

+ Q2(q2)exp[i(q2 ß r - a2t) + q2z] 

= + 

and 
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into the right-hand side of the inhomogeneous boundary 
condition satisfied by •b{o 2), we can finally write after some 
manipulation 

•-,i2Q•(q•)Q2(q2)[ (q•q2 - q•' q2) (rr• q- rr2) 

q- •/ • q•q2(q•3/0'2 q- q23/Oh ) ] 
X exp(i[ (ql q- q2)' r -- (o- 1 -[- rr2)t ]). (18) 

I 

A possible solution of •(•2) is then 

•b {o 2 > = B Q , Q2 

x exp{i[ (q, + q2)' r - (tr, + tr2)t +/•oZ]} ß 
(19) 

By substituting Eq. (19) into Eq. ( 18 ), we get equations for 
/•o and B (Ref. 6): 

-- (Iq, + q2[ 2 + lUo 2 ) - igluo + (oh + tr2) 2 = 0 (20) 
and 

2[ (q,q2-q•' q2) (tr• +tr2) + yq,q2(o',q• 3 + tr2q3• )/(2tr•tr2) ] B= 

•o(g + rlq, + q•l •) q- i(tr, + tr2) 2 
In Eq. (20), we choose the root/•o as 

/•o = -- (1/2a•)(ig + x/4a2• [ (trl + 0'2) 2-- al 2 Iql q- q212 ] --g2 } 

to ensure that the wave-induced pressure field •(b 2) tends to 
zero when z goes to negative infinity. Moreover, as •b(o 2) re- 
presents a downward traveling pressure wave, it follows that 

4a•2 [ (trl + tr2)2-a2• Iql q-q2l 2] --g2>0. (23) 
By denoting q• ' qz = q•q2 cos 0, a o = g/(a•a•), rl• 
= 1 + yq•2/g, •12 = 1 + yq22/g, and Z = tr2/tr•, and solving 

the inequality (23) we can establish the range of crossing 
angles over which two plane surface waves interacting with 
each other will produce such a traveling acoustic wave. It 
follows from Eqs. (23) and (16) that 

-- 1 < COS 0 <. 2• 2 V l V2 2 /•/4 

1 ] _ao2r/•(1 q-•)2 q-•-a•r/• . (24) 

Since ao is the ratio of surface gravity wave velocity and 
the ocean sound velocity, and is generally small for the fre- 
quencies of interest, we can neglect the last term in Eq. (24). 
For the same reason it follows from Eq. (22) that •b{02• will 
still be an inhomogeneous wave decaying exponentially in 
the negative z direction except when the horizontal wave 
vector Iql + q21-•0 (when 0• 180 ø), and O'1,•O' 2. 

It is of interest to establish the active range of the angle 0 
and the frequency ratio tr2/tr I for which this condition would 
apply. For the sake of simplicity, we restrict discussion to 
gravity waves, assume r/1 mr/2 = 1 and express the right- 
hand side of Eq. (24) as a function of frequency whereupon 

v( a•,a2 ) = V( ao,l') 

: ( - 1/2• 2) [ ( 1 q-/•4) _ a• ( 1 q- •)2]. (25) 
Denoting Z= 1- A, and neglecting terms involving 
AS(s> 2), we find after some manipulation that v has a maxi- 
mum value 

Vma x •' -- 1 q- 2a• at 1' = 1 -- a•/2. 
This value corresponds to an angular limit, 

0m =COS-•(--I+2a•) or 0•=180 ø--0mm2ao. 

(21) 

(22) 

Further, two roots of Eq. (25) can be found for the case 
v = -- 1, viz., Zr-' 1 -+-ao. Figure 1 shows the relation 
between v and Z, and the shadow region represents the do- 
main of the active values of the crossing angle 0 and frequen- 
cy raaio tr2/tr •. 

The vector diagram corresponding to Fig. 1 is shown in 
Fig. 2. We see that, for a given wavenumber vector q•, the 
interacting wave vector q2 will lie in the cone OBCD with its 
head in the shadow region Dg, which can be considered to 
approximate a circular disk. The resultant wave vector 
q• q- q2, will lie in a disk, Dr, centered at point O and having 
the same shape as Dg. 

From the above, it is seen that the nonlinear interaction 
of two trains of plane surface waves can induce a second- 
order potential •b{02>, corresponding to a homogeneous sound 
wave, if the wavenumber vectors of these two waves satisfy 
the condition (24). On the other hand, if the modulus 
Iq, + q21 is greater than the sound Wavenumber co/a•, the 
induced field •b(02> will be an inhomogeneous one decaying 
with depth, but at a rate less than that of the first-order field. 
The effect of •b{02> can be established in terms of a source 
pressure field Po(r,t), acting on the mean surface z = 0, 
which takes the form 

-1+2ao 2 

-1.0 

1.0 

1 - a o ao 2 1 + a o 
1--- 

2 

FIG. 1. Domain of the viable values of the crossing angle 0(v = cos 0) and 
frequency ratio tr2/•r, (Z = tr2/•r, ). 
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2t 

FIG. 2. Vector diagram of interacting waves. 

Po(r,t) = --Pl Ot z=o 
= iB/91Q1Q2 ( O'l -l- o' 2 ) 

Xexp(i[ql + q2) ' r -- (o' 1 -4- cr2)t ]}, (26) 

with B defined by Eq. (21 ). The analysis in subsequent sec- 
tions is based on this concept of a source pressure field. 

II. RESPONSE OF A LIQUID LAYER OVERLYING A 
SOLID HALF-SPACE TO A PLANE-WAVE PRESSURE 
FIELD 

Before proceeding to discuss the wind-wave-induced 
component of underwater noise arising from wave interac- 
tions, in a practical situation, it will be helpful to derive the 
response of a typical ocean environment to a plane pressure 
wave acting on the surface. For this purpose, the ocean is 
modeled as a water layer of depth H, overlying a solid half- 
space. The geometry is shown in Fig. 3 where p• and/92 are 
the densities, a• and a 2 are the compressional-wave veloc- 
ities of the water and seabed, respectively, and/g2 is the 
shear-wave speed in the seabed. 

Let us introduce displacement potentials s'•ø •v and •v 
[in Eqs. (27) and (28), •2 denotes a vector of which the 
modulus is •I'2] (v = 1,2) such that the particle-displace- 
ment vector S v takes the form 

-H 

z 

FIG. 3. Geometry of the geoacoustic model. 

S,•(u,•,v,•co,•) = Vq% + VX•,• (27) 

where u,•, u,•, co,• are, respectively, the x, y, andz components 
of S •. Since water cannot sustain a shear stress, it follows 
from the continuity of stress that no horizontally polarized 
wave component (SH wave) will exist in the solid half- 
space. Accordingly, we can write s •2 = (k/k) Xn•2, (28) 

where k is the horizontal wavenumber vector and n the unit 

vector along the z axis. Here, •v and q•2 (the amplitude of 
vector •2) satisfy the wave equations, 

V2q>• q- (co2/a2•) q%: 0 (29) 

and 

V2•it2 q- (co2/fl 22 ) •it2 = 0, (30) 

where co = 2rrfis the angular frequency. Substituting the as- 
sumed solutions 

(I• 1 = Bl'exp( -- ik '•z) q- C 1 exp(/k 'lZ) 

q)2 = B2 exp( -- ik •z) exp[i(k ß r -- cot) ], 

q•2 = D2 exp( -- ik 2 (31 ) 

into the boundary conditions at z = 0 and z = -- H, we ob- 
tain 

atz=0 

P033: p 133' ,• (0g/1 0 q0, 0col• _ Po(k,co,r,t) ß 
atz= --H 

P, 33 = P233: 

(OqU20q02 Oqco2) 03092 x=-a7+T+ & +2m & 

\Ox +•y-y+ Oz ' 
P223 =P232 = 01 8/92 -• 8032 -- 0; 

& oy 

P231 =P213 =0: 8co2 q- 8//2 =0; 
8x 8z 

where 

(32) 

k = (kx,ky), r = (x,y), 

i•12 X l i•22 __ (2•2 + X2) •2 

and A•, •2 are the elastic constants of the media, Po is the 
source pressure field acting on the water surface, and P•l• is 
the pressure component acting at the interfaces of the two 
media. 

The substitution ofEqs. ( 31 ) into (32) leads, after solv- 
ing the system of algebraic equations for coefficients B•, B2, 
C•, and D2, to an expression for the ve•ical displacement of 
the seabed; viz., 
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W_ • (k,co,r,t) = o• 
8z 

1 x/co2/a• -- k • 
= Po 

p•co 2 J(k 2,E02) 
X exp [i(k ß r -- cot) ], (33) 

where 

J(k 2,w2) = sin (k • H) 

+ i• [ (k 2 -- k•'2) 2 
k • (_D4pl 

+ 4k :k' k "] cos(k' H) (34a) 2 2 1 ß 

Equations (33) and (34a) can also be derived directly by 
using the bottom reflection coe•cient R& so that 

J(k :,w:) = sin (k • H) 

+i[(1 +R&)/(1--R&)]cos(k•H). 
(34b) 

In the same way, we can establish an expression for the pres- 
sure field in the water layer, 

P(k,w;r,z,t) -- [J(k :,wa,z)/J(k :,w:) ]Po(k,w;r,t) , 
(35) 

where 

J(k :,wa,z) = sin [ k• (H + z) ] 

. +i• o• -- [(k -k k2 

+4k2k'k"]cos[k ' (H+ z) ] (36a) 2 2 1 

and 

J(k 2,092) = J(k 2,(_.02,j) z = 0 , 
or, more generally, 

J(k 2,(_.02,j) 
J(k 2,092 ) 

exp[ -- ik • (H + z) ] + Rb exp[ik• (H+z) ] 
•'exp ( -- ik • H) + R b exp (ik • H) 

(36b) 

III. THE UNDERWATER INFRASONIC NOISE FIELD 

INDUCED BY NONLINEAR INTERACTIONS IN 

SURFACE WIND WAVES 

Our discussion relating to the underwater pressure field 
produced by two trains of plane surface waves can be ex- 
tended readily to the case of a real sea in which wave compo- 
nents are distributed over a certain range of frequencies and 
directions. As is usually done, we suppose that a real surface 
can be described as a time-stationary and space homoge- 
neous stochastic process, so that the first-order velocity po- 
tential •tll and the surface displacement •tll (later in this 
article we will be mainly interested in surface gravity waves) 
can be expressed in terms of Winer's generalized harmonic 
analysis 5'•2'15 as 

4{1}(r,z,t): f exp[i(q' r -- at) + qz]dQ(q) (37) 

and 

•{1}(r,t) = f exp[i(q ß r -- at) ]dZ(q), (38) 
where, according to the boundary condition Eq. (18), 

dZ(q)--i(q/0-)dQ(q), 0-= x[gq. (39) 
The two-dimensional, variance-density spectrum of the sur- 
face displacement is then 

fc(q) = <ldZ(q)l> - <ldZl> (40) 
dq q dq dO 

with ( ) denoting the ensemble average. 
In Sec. I, we show that two interacting trains of plane 

surface waves satisfying certain conditions will induce a 
source pressure field acting on the mean surface of the sea 
given by 

Po(r, t) = iBp•Q,(q•)Q2(q2)(0-, + 0-2) 

xexp{i[ (q, + q2)' r - (0-1 + 0-2)t ]}. 
(41) 

If consideration is restricted to gravity waves only, then 
from Eq. (21), 

B = 2(q•q2- ql ' q2) (0-1 s t- 0-2)/L/log-Jr- i(0-1 -[-0'2) 2] , 
(42) 

or, alternatively, using the definition of/to given by Eq. (22), 

B = [2(qlq 2 --ql ø q2) (0-1 q- 0'2)/ 

•/(0'1 q- 0-2)4 -- g2(ql q-q2) 2 ] exp(ie) , (43) 

where e is a phase factor. 
For the case of a real sea, the source pressure field in- 

duced by any two of the stochastic wave components with 
nearly opposite propagation directions and nearly equal fre- 
quencies, can then be expressed as a Stieltjes integral, i.e., 

Po(r,t) 

=ffM(ql+q2)exp{i[(ql,q2)'r--(0'• + 0-2)t ]} 
X dZ1 ( q 1 ) dZ2 ( q2 ) , ( 44 ) 

where 

M(ql,q2): [,ol(qlq2- ql' q:t)(0-1 q- 0'2)20'10'2 / 

qlq2x/(0'1 q- 0'2)4 -- galql +q=l ] 

X exp(ie'), (45) 

with e' = e- « rr. 

Further, if the pressure field is a zero-mean process, the 
wavenumber frequency spectrum of the field is then estab- 
lished as the Fourier transform of the covariance function of 

the source pressure field R (0,r)' 

f• (k,co) = f f R(0,r)exp[ --i(k' 0 -- or)]d O dr 
= flM(q,,k - ql)l 2 

xa[( 14T,I + ilk - qll) -- co]fg (ql) 
xf; (k -- q,)dq,, (46a) 
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in which use has been made of the orthogonality 

0, for q•:q', (dZ(q)dZ*(q'))= ([dZ(q)12) ' forq-q'. 
By substituting ql + q2 = k, •r I + •r 2 = co, •r2/•r 1 = Z, and fs (qv) = g2F, (•%)H(0•/(2•r3• ) into Eq. (46a) we obtain, 

after some manipulations, 

1 •op• [ 1 - cos (0• - 0•) ]•f f• (k,w) -- -•- (1 4- •/)•(1 -- • •) Ix • -- (•7 + 1) z + (1 -- • •) ] 

x•( • )•(%).(o,) .(o•)•Ol 1+• 1 ' 

where & = 2kg/co 2, • = cos (01 -- {9k )' and 0•, 02, and 0k 
are, respectively, the angles of the wave vectors ql, q2, and k. 
Also, H(0) and F, (•r) are defined by Eq. (49). For the case 
of homogeneous waves, i.e., when k<cO/al, we can use the 
"double frequency" and "opposite-direction" approxima- 
tion in the calculation of Eq. (46b), and put 

ql + q: •0 and •r• + a: •2al ß 

Noting fu•her that, 

A (•1)6(2•1 -- w)d•l = • A 
and that 

we obtain from Eq. (46b) that 

= 3• h (q,)f; ( -- q,)dO. (47) 
Equation (47) can be expressed alternatively as [see Ref. 5, 
Eq. (2.15)] 

L (k,•) = •a•g•. (• •)•(•), (48) 
by use of the following definitions and relations: 

fc (ql) •gv. (•1)H(0)/2f, 
(49) 

fc( --ql)•F.(vl)H(O+ •)/2f, 
and 

I(•) = H(O) H( 0 + •) dO, 

, I 

(46b) 

I 

where H(O) is the normalized spreading function of the 
wave spectral energy, and is defined as 

1 G(0) and Ho = G(O) dO. H({9) = Ho - ,• 
Integration of the wavenumber spectrum fp (k,co) with 

respect to the wavenumber vector k establishes the frequen- 
cy spectrum of the source pressure field Fv (co) as 

Fp (co) = fp (k,co)k dk dOk . 

It can be shown •6'•7 that for the second-order interaction 

discussed here kma x is 02/g and that co2/(2g) can be used as a 
reasonable numerical limit. Defining r lir (co,z) as the ratio of 
the inhomogeneous [ integrating co/a • -• co2/(2g) ] and the 
homogeneous (integrating O-,.co/a l) components, we can 
write 

f02• fw/a, F•o• = [1 + Vir•O,O•] f•,o•ididO• 
Jo 

• a ß = [1 +•ir(W,0)] 2a• F• co I(w) 
(50) 

The spectrum of the noise-pressure field arising from the 
wave interactions can then be expressed as 

F•(•o,z) = [• + 
2 3 2 

x (•rp,g%/a, )F•. ( « (o)•r(eo)•r•, (5•) 
where 

•ir ((D,Z) = 
œ•,• c•o:/(2g)ij(k2,co2,z)/j(k2,co2)12fp (k, co)k dk dOk a •o/ct • 

œ• c•/•. j(k 2,co2,z)/j(k 2,co2)12fp (k,co)k dk dO•, .•0 

I 

(52) 

and 

Is (co) =fo • J( k 2,co2,z) 
J(k 2,(o2 ) 

2 

in which K = kal/O.). 

(53) 

Equation (50) with r/ir (('0,0) = 0 can also be derived 
from Hasselmann' s Eq. (2.15 ) ,5 Brekhovskikh's Eq. ( 53 ) ,6 
and Hughes' Eq. (33) 7 if due allowance is made for the use of 
a single- or double-sided spectrum. Equation (51 ) is the ex- 
act solution of the medium response for the model assumed 
and incorporates the effects of seabed reflection and en- 

hancement. 7'9 As expected, Eq. (51) reduces to Eq. (50) 
when z = 0. 

It has been shown 16'17 that rhr(CO,z) decreases rapidly 
with increasing depth and frequency. For a shallow depth, 
say at 100 m, the quantity 10 log rhr can be as high as 25- 
30 dB at 0.2 Hz, dropping to less than 5 dB at 1.0 Hz. At a 
depth of 1000 m these values reduce to 0 and -- 40 dB, re- 
spectively. The implications of this depth dependence in re- 
spect of the New Zealand experiment (and others) has been 
examined. It has been established that the wave-induced 

pressure field described in Refs. 1 and 2 is not seriously in 
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error even though consideration was restricted to the homo- 
geneous component only. However, a detailed discussion of 
this question is deferred to our companion article. 4 

By a similar procedure, we can also establish the fre- 
quency spectrum of the vertical displacement of the seabed. 
This leads finally to the expression 

FM (w) = (rrg2w/a•) [ 1 q- r/jr ((.0, -- H) ] 
XF, 2 (w/2)I(w)IM(w) , (54) 

where 

fo • (1 --•) I•(•o) = ij(sa,•o2) [2 tcdtc. (55) 
IV. THE SPECTRAL TRANSFER FUNCTIONS AND 
THEIR APPROXIMATIONS 

A. The transfer functions 

We can now define a series of spectral transfer functions 
for this two-layered model. For simplicity, the transfer func- 
tions are expressed in terms of the homogeneous component 
only. To obtain the full transfer function, the factor 
[ 1 q- •/ir (W,Z) ] should be included. 

( 1 ) Troy (w), the transfer function relating the spectrum 
of the source pressure field to that of underwater noise field: 

Troy ((-o) = F,v ( (.o,z ) /Fv ((.o) . (56) 

By referring to Eqs. (50) and (51 ) we obtain 

1 j(K2,(_02,2 ) 2 Troy(W) = 2 j(K2,(D2 ) tC die. (57) 
(2) T•,•4 (w), the transfer function relating the spectrum 

of the source pressure field at the surface to that of the micro- 
seism response, the seabed displacement spectrum: 

Tr• (w) =F• (w )/Fv (w ) . (58) 

Recalling Eqs. (50) and (54) it follows that 

Tv• ( (.o ) = 2 fo • ( 1 -- s a) (P•ø)a•) 2 [j(K2,(.O2) [ 2 K' MK' . (59) 
(3) T• (w), the transfer function relating the seabed 

displacement spectrum to that of the underwater noise field: 

TM•v ((.o) = F•v ((.o,z)/F• ((.o) . ( 60 ) 

Since F•v(W,z) = Fv(w) Tv•v(w,z) and F•(w) = Fv(w) 
X Tv• ((o), we can write 

Tv•v ( W,z ) 
T•v((.o) = 

Tv• ((.o) 

__ (p•O)al) 2 fo l IJ(tc2,o)2,z)/J(tc2,o)2)12to ds; . 
(61) 

1. Steep angle and fluid-bottom approximations 

In the situation when/32 = 0, Eq. (36) becomes 

J(•,w2,z) = sin(---w x/1 'ff(z q- H)) 
q-i tax/1 -- • cos(W__ x/1 -- • (z q- H)), 

(62) 

where H is the water depth, n = a•/a2, and the other sym- 
bols are as previously defined. 

Further, from Fig. 4, the variable •c, defined as the ratio 
k(o)/o• l ), is seen to be just the sine of the incident angle of the 
plane pressure wave, so that •c = sin ©. If•c < n, we can there- 
fore write 

lJ(•,r. o2,z)12= ( l q- R•' ) 2 '1--•' 

x[l_ 
(63) 

where 

rn cos © - x/n2 -- sin 2 •) 
Rt, • 

m cos © + x/n2 -- sin 2 © 
is the plane-wave reflection coefficient of the seabed. 

It is of interest to the results obtained by Kibblewhite 
and Ewans 1.2.4 to now consider the transfer function relating 
the microseism wavenumber frequency spectrum to that of 
the noise-pressure field, i.e., 

T• v (k, co ) = fly (k,cø ) /f M (k, co ) . 

From Eq. (51 ), we have 

(64) 

J( k 2,02,z) 
J( k 2,(D2 ) 

2 

which when combined with the equivalent expression for 
f•4 (k,w) and Eq. (63) gives 

T•4•v (k,w) 

(65) 

(plO:lW)2(1 q-Rt,) 2 , . 

cos © 1 - Ro 

X[1- 4Rb 2 sin2(W ( )] (1 +Ro) • H+z)cos© . 
In the case where ©-•0, and the whole water-seabed inter- 
face moves in phase, it follows that 

T•4•v (k,co) 

(66) 

= (plO•IO) 2 1 + Ro , 

1 

(1 Ro)2 sin2 __w (H + z) , -- \•gl 

and that the corresponding inverse transfer function relating 
the pressure field to the microseism field will be 

k 

FIG. 4. Geometry of the incidence of 
the pressure field on the seabed. 

1941 J. Acoust. Soc. Am., Vol. 85, No. 5, May 1989 A.C. Kibblewhite and C. Y. Wu: Infrasonic ambient noise 1941 

Downloaded 07 Mar 2013 to 134.246.166.168. Redistribution subject to ASA license or copyright; see http://asadl.org/terms



T•v• (k,w) 

( _ 1 1 
, 

(plO•lW) 2 1 + Ra 

X 1 -- sin 2 • (H+z) . (67) 
( 1 + R• )2 ka 1 

Equations (66) and (67) reduce to the transfer functions 
proposed by Urick 9 and used by Kibblewhite and Ewans 1 
when, as a first step approximation, R • is taken as 0. 

It is also of interest to establish an approximate expres- 
sion for the transfer function Te• (•), in the case where 
•2 •0. By using the approximation, 

(cO/al)Hx/1 -- • •1 , 

it can be shownl8'16 that, in this case, the approximate trans- 
fer function becomes 

TeM(co) •,a/(plO•lCO) 2 , (68) 
with 

a = ( 1/2m 2) ( 1 - 2n 2 + 2n 4) . (69) 

Plots of TeM (co) for a selection of geoacoustic models 
typical of the New Zealand region are given in Fig. 7 of our 
companion article. 4 The curves were calculated numerically 
using the full expression, while the straight lines correspond 
to Eqs. (68) and (69). Within the limitations of the simple 
two-layered model, and accepting the restriction to the ho- 
mogeneous component only, it appears that over the fre- 
quency range of present interest (0.1 <f< 1.0 Hz) the ap- 
proximate transfer function as used by Kibblewhite and 
Ewans I adequately reflects the frequency dependence in- 
volved, but that, as expected, the absolute levels are in- 
fluenced by the geoacoustic properties of the environment. A 
detailed discussion of these questions and their significance 
in respect of the source field arising from wave-wave inter- 
actions, is given in our companion article. 4 

V. THE SHEAR-WAVE CONTRIBUTION 

In previous sections, we have discussed the spectrum of 
the pressure/microseism field as it would be observed on the 
seafloor inside the active region. A more important case in 
practice is that considered in Ref. 1 when the sensor is a 
(vertical) seismometer installed outside the active region. 
The purpose of this section is thus to establish a preliminary 
estimate of the microseism field at a distance from the source 

region, where the shear-wave components are expected to 
make important contributions. This analysis is again based 
on the simple two-layered model. It is recognized, however, 
that a more realistic statement must await the multilayered 
analysis that is in progress. 

It is difficult to obtain an exact assessment of this contri- 

bution in the experiment described in Ref. 1, since the vibrat- 
ing interface is partly covered by water and partly in contact 
with air; moreover, while the observation point is not inside 
the storm region, it is not very far from it. Some simplifica- 

I 

-Lx j 

FIG. 5. The geometry for the active storm region and the onshore observa- 
tion point. 

tions have to be made to obtain even a rough estimate and we 
first assume that the active ocean region can be modeled as a 
viscoelastic half-space in contact with the air at the plane 
boundary z = --H, on which is acting a source pressure 
field of finite size. The justification for using this Rayleigh 
wave model 5 is based on the fact that the depth of the water 
layer within the active region is sufficiently small compared 
with the wavelengths involved that its effect on the pressure 
field can be neglected. Furthermore, based on Fig. 1 of the 
earlier article, l we describe the active region as a rectangular 
area and set the negative x and positive y axes to coincide 
with the coastline as shown in Fig. 5. Finally, in spite of the 
close proximity of the active region and the measurement 
site, we shall still use the farfield asymptotic expression of 
the Hankel function in the subsequent calculations, noting 
that this is sufficiently accurate when the propagation dis- 
tance is larger than 1 wavelength. The problem now becomes 
one of solving the homogeneous wave equations governing 
the displacement potentials, with inhomogeneous boundary 
conditions, the calculation being based on the diffraction 
theory approximation. 19 

From Sec. II, we can establish the governing equations 
and approximate boundary conditions for the displacement 
potential at point R within the solid half-space (r lies on the 
interface). Using a cylindrical coordinate system 2ø centered 
at point r', letting I r -- r' I = p' and noting that 2; is that part 
of the plane z = -- H excluding S (see Fig. 5), we can substi- 
tute the suggested solutions 

ß 2(R,r') = A exp[ r/, (z + H) ] Jo(•P')• d•, 
(70) 

W2(R,r') = B exp[ r/o (z + H) ] Jo(•P')• d•, 

into the boundary conditions. After some manipulationl8'16 
we obtain solutions of •2 and W2 as 

(i)2(R) _ 1 f pz(r,)dr, foøø 2- 27r/-t 2 
(fl/,B2)2]exp[r/,, (z + H)] Jo(•'p')•'d•' 

D(•') 
(71) 
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and 

q•2(R) = 1 •s pzz (r,)dr, fo © •r/•2 D(•) 

X exp[ •/0 (z + H) ]Jo(•P')• d•, (72) 

where 

a(•) = [2ff 2-- (•/•2)2] 2 --4•2•a•o, 

and we have used the assumption a] = 3fl •. In both Eqs. 
(71 ) and (72) the integrands of the inner integrations are, 
apart from a multiplying term •, even functions of •, so by 
use of the formula 

I 

J'o(•'P') = '• [-H'o(l' (•'P ') -J- H'o(2'(•P') ] , 
they can be converted to path integrals containing the whole 
real axis. 

As D(•) has a zero point • = •R = fl/(0.9194/5'2) cor- 
responding to the wavenumber of the free Rayleigh wave. •ø 
by neglecting the contribution from the cutlines, the path 
integration can be carried out in terms of the residue 
theorem. •ø Since 

D'(•R ) = 8•R [2• -- (fl//5'2) 2 -- 4.93r/a•r/b• ], 
the vertical displacement of the seabed vibration W_ n (r,t) 
can now be expressed in terms of the potentials (I)2 (R) and 
ß 2(R) as 

W n (r,t) = exp( -- il•t)( .O•(I)2 - 8 2kI/2 1 8q•2.) 8r a r 8r z = - n 

fl'27qaR fs P= (r') 8x/2•r•e $t2fl 22 (2• • -- (fl//5'•) • -- 4.93•/ae •/bR ) 
exp[i(•p'-- D,t 3- •r/4) ] dr' 

0.183.• • /• r' 1 exp[i(•io'-fltq-3)]dr'. (73) "' (2rr) Pzz( ) 
We have up to now been considering a simple harmonic source. For the case of wave-wave interactions, the term 

x/•'R Pzz (r')exp(i[ •p'-- fit ] ) in Eq. (73) should be replaced by the stochastic integral: 

of ' ' ' ' ß r' r' Pn (r',r,t) = •'nM(ql,q• )exp(i[ (q[ 3- q• )' r' 3- •;n ß 0'-- (trl 3- tr2 )t ])dZ(ql ) dZ(q• ß ), 

where gR = • WI0'l, if we assume that the wave field has 
local stationarity, so that position dependent spectra exist. 
The autocorrelation function of the vertical displacement 
(which is assumed to be a zero-mean value process), 

Rw(r,r) = ( W_. (r,t) W*_ .(r,t -- r)) , 
is then 

Rw(r,r) = 0'033-----•5 fs f• 1 /•222•r x/P'P" 
Rp (/3, r,r) dr' dr" , 

(74) 

where 

Rv(O,r,r) = (P• (r',t,r)P.• (r' -- b,t -- r,r)), 

j , 
and 

fc (ql,r') = 2cr• Fa co,r' . 
By referring to Fig. 5 and assuming that the wave spec- 

trum depends only on the coordinate y, the integral involved 
in Eq. (75) can be written as 

fs F2• (« co'r')dr , ;Y (-}- p, = F2• co,y' 

o dx' X dy' 
- L.,, XJ (X X,)2 3- (y __ y,)2 

with 0 = r'-- r" 
The frequency spectrum of the microseisms, as the 

Fourier transform of the autocorrelation function, takes the 
form (for the detail see Ref. 18)' 

, 

= ø.ø33, ;; 2 rqu 2 2 -•- • • 4p • rr• f c ( q , , r ' ) 
Xfc( - ql,r')fc ( - ql,r')6(co -- 2c,) 

X ( 20•1/Z ) dO do- 1 

_ 0.0091 g2co2i(co) of F2• (« co,r') -- rrm2fl i P' dr', (75) 
in which we have used the relation it2 = P2• •, with the defi- 
nitions rn = ,02/,0 l, and 

I(co) = H(O)H(O + rr)dO 

--=Ly F2• («co), (76) 
where 

F2• 1 1 2 

is defined as the square of the wave spectrum averaged over 
the fetch Ly, and we have 

I(y') = ln[ (x 3- L,,) 3- x/(y-- y') 2 3- (x 3- Lx) 2 ] 

-- ln[x + x/(Y -- y,)2 + x 2] . 
The spectral function of the microseism field then becomes 

F•t (co,r) = (0.0091/rrm2/5'•2)gaco2I(co)Ly F2• (« co). 
(77) 

By recalling Eq. (50), the spectral transfer function of 
the Rayleigh wave can be established as 
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Tv•ta ( co,r ) = F•t ( co,r )/Fv ( co ) 
, 

= O.018a•Ly•7(s,o)/rr2m2p•/•o, (78) 
where r/(s,o ) is the ratio of the fetch average of the square of 
the wave spectra to the square of the local wave spectrum, or 
simply the ratio of the wave spectrum square; i.e., 

rl(s, co) = F2a (« co)IF 2 (« co,y) (79) a ø 

The transfer function for the Rayleigh wave, 

rv•tR •' a• p i- 2/• œ s co - 1, 
thus differs from that defined by Hasselmann (Ref. 5, p. 
185). 

•,r 509 

by an extra factor a• co-2. This is because, here, we have used 
as the denominator the frequency spectrum Fp (co) •p• g2co3 
[ see Eq. (50) ] instead of the wavenumber frequency spec- 
trum used by Hasselmann, Fp ( k,co ) •.p• g2co . 

Figure 6 shows the ratio r/(s, co ) as a function of frequen- 
cy for theparticular case where the size of the storm region is 
taken as L,•Ly = 100 000X 400 000 m, with x = 1000 m, 
and the fetchy used in calculating the local spectrum is taken 
to be the y coordinate of the observation point of the wave 
field in the New Zealand experiment (y = 194 000 m) under 
southeasterly conditions. • The curves seem to suggest that, 
in this case, the ratio for wind speeds from 5-30 m/s and for 
frequencies higher than 0.2 Hz tends to a constant value, 
r I (s, co) .-. 1.26 ( 10 log•o r/• 1 dB). This result is not surpris- 
ing in view of the proximity of the recording site to the active 
ocean region. It also explains why the use of the standard 
version of the Maui wave spectrum, in the analyses reported 
by Kibblewhite and Ewans, • was a reasonable simplifica- 
tion. 

Comparison with the approximate spectral transfer 
function for the local compressional wave given in Eqs. (68) 
and (69) allows us to establish the ratio of the two transfer 
functions: 

60 

-/,0 
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I I I I I I l] i I ! I I [ III I I I I I I I I I 
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FIG. 6. The ratio of the"wave spectrum square" for wind speeds from 5-30 

r/r (co) = Tv•tR __ Tv•ta p• a• co2 
T•t a 

0.036a• Lyco 
rr 2 (1 -- 2n 2 -4- 2n 4) /• 2 s 

rl ( s,o ) , (80) 

in which we have used (69) for the factor a. 
Equation (80) indicates that the ratio of the two trans- 

fer functions depends on the size of the storm region, the 
elastic properties of the medium, and the frequency. To es- 
tablish some feel for the value of r/r(co) we consider two 
geoacoustical models. In both cases, we take Ly = 400 000 
m and r/(s, co) • 1. For case 1, we assume values of n = 0.19 
and/•2 = 4560 m/s (Ref. 20, Sec. 4.4) as an extreme situa- 
tion, and, for case 2, we take n = 0.55 (a 2: 2,727 m/s), 

f12 = a2/xf•: 1,575 m/s, which are representative values 
for the area involved in Ref. 1. Equation (80) then estab- 
lishes the range of r/r (co) for the two cases over the frequen- 
cy range 0.1 <f< 1Hz, as 2.5 X 10 -3 < fir(co) < 2.5 X 10 -2 
and 0.8 < fir(co) < 8.0, respectively. 

In case 1, the Rayleigh component of the induced 
ground motion is apparently some two orders of magnitude 
lower than the compressional wave. This case probably rep- 
resents the extreme if the true basement in the Maui area 1 is 

the significant interface but the situation in the New Zealand 
experiment proves to be more realistically represented by 
case 2. Certainly horizontal ground motions could be detect- 
ed. 22 

A detailed examination of the influence of the interface 

wave component on the seabed displacement based on the 
simple geophysical model assumed, is deferred to our com- 
panion article. 4 It will be shown there that no significant 
errors appear to have followed from the approximations 
used in Ref. 1 to estimate the acoustic noise field from the 

compressional component of the seabed displacements. 
However, a frequency-dependent contribution from a shear- 
wave component, at the level indicated for case 2, together 
with an adjustment for multiple sea interactions, does ap- 
pear to resolve the minor ambiguities described in the earlier 
article. 

VI. SUMMARY 

In an earlier article • evidence was presented to establish 
nonlinear interactions between ocean-surface waves as the 

dominant source of the infrasonic noise field in the ocean 

and of wave induced microseisms. The experimental data 
confirmed the essential characteristics predicted by the var- 
ious theoretical treatments then available, but the analaysis 
was frustrated to some degree by uncertainties in the various 
transfer functions involved. The resulting uncertainties so 
introduced in the comparison of the experimental and theo- 
retical spectral levels were discussed in Sec. V A of that arti- 
cle. 

Some progress in resolving these residual difficulties 
was reported subsequently 23 but a full understanding had to 
await a more comprehensive theoretical treatment of the 
phenomena involved. This artilce attempts to provide a step 
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towards that situation. The ocean is modeled as a water layer 
of finite depth overlying an elastic half-space. The first step 
in the analysis is to establish the source pressure field at the 
ocean surface, created by nonlinear interactions of ocean 
waves. The solution of the wave equation using appropriate 
boundary conditions leads from this to expressions for both 
the underwater acoustic noise field and the vertical displace- 
ment of the seabed (the microseism field). The spectra of 
these wave fields are then derived by assuming that the mo- 
tion of the ocean surface is a space homogeneous and time 
stationary process. Expressions identical to those of pore- 
vious treatments are established, but the analysis is extended 
to develop a set of spectral transfer functions relating the 
source pressure field, the underwater noise field, and the 
microseism field in a variety of geophysical situations. For 
the particular case of a water layer overlying a solid half- 
space, it is shown that when compressional wave compo- 
nents only are involved the transfer function relating the 
microseism spectrum to that of the source pressure field, 
TMv (co) lies very close to p• a• co2/a, where a is a parameter 
dependent on the geoacoustical properties of the medium. 
This formula can be regarded as an extension of the transfer 
function p• a• co2 proposed by Urick, 9 which, as a first-order 
approximation, neglects the effect of reflection from the 
seabed. 

An expansion of the theoretical analysis then examines 
the consequences of shear-wave excitation in this simple 
geoacoustic model. This establishes that the transfer func- 
tion linking the observed microseism field to its underwater 
noise equivalent must be modified when both compressional 
and shear-wave components are present in the ground dis- 
placement. 

In a companion article, 4 we review experimental mea- 
surements and theoretical predictions in the light of our cur- 
rent understanding of the processes involved. This analysis 
includes a discussion of the influence of the transfer func- 

tions, the role of the spreading function describing the angu- 
lar distribution of wave energy, and the influence of interac- 
tions within single and multiple seas. The overall agreement 
is shown to be good and previous anomalies appear now to be 
better understood. 

However, the apparent agreement between the absolute 
values of the theoretical and experimental pressure spectra 
in the present case must still be regarded as somewhat fortui- 
tous, as this analysis is restricted to a simple two-layer geoa- 
coustic model. Subsequent work to be reported is extending 
the analysis to a multilayered model, and also examines in 
detail the influence of the inhomogeneous component of the 
source field on the seismoacoustic response of the environ- 

ment. Until this work is complete, some uncertainty must 
remain. 
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