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Abstract. The negative exponential form of the conditional probability of both 
differences in synthetic aperture radar (SAR) intensity and differences in thickness 
between neighbors is used as the basis of a representation of structural information 
in terms of textural information for sea ice. The analysis is based on a unique data 
set involving airborne SAR flights over the track of a submarine that simultaneously 
profiled ice thickness by means of an upwardly directed sonar. It is shown that 
both sets of data, namely, imagery and thickness, possess an identical conditional 
probability relationship. This probability is composed of both a fractal property for 
spatial separations and a simple negative exponential distribution for intensity or 
thickness differences for fixed separations. These properties allow for the derivation 
of two forms of information: textural and structural. An intercomparison of the 
structural information in terms of the textural information is offered for the same 

ice field as imaged by a SAR and measured from a submarine for its thickness. It is 
shown that the information curves for both the imagery and thickness have a similar 
geometrical form. It is demonstrated that three subranges within the information 
curves correspond to three visibly identifiable ice types and three thickness ranges 
associated previously with these ice types. It is suggested that an understanding 
of the transformation between the two sets of information states might provide 
estimated statistics of Arctic ice thickness from SAR imagery. 

1. Introduction 

One of the objectives of existing satellite systems such 
as ERS 2 and Radarsat is to provide imagery of ice- 
covered areas to allow ships to plan a passage. The 
imagery is often downloaded directly to the ship, where 
it is interpreted by a skilled observer and a path is de- 
termined empirically [Ramsay et al., 1998]. To be able 
to compute such paths automatically, it is desirable that 
the ice thickness, or at least geophysically relevant in- 
formation about the nature of the ice cover, be derived 
from the satellite imagery. 

Previous research [Wadhams and Comiso, 1992] has 
shown that a point-to-point correlation of synthetic 
aperture radar (SAR) image intensity and ice thickness 
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is not meaningful. It is recognized that an estimate of 
ice thickness will require understanding the extended 
spatial properties of an ice field. One method of devel- 
oping estimates of the average thickness of identifiable 
floes is by automatically recognizing ice type [Kwok et 
al., 1992] based on its texture [Holmes et al., 1984; Bar- 
ber and LeDfew, 1991; Shokr, 1991]. Two common tex- 
ture parameters used for ice type recognition are the lo- 
cally averaged variance, as a measure of "energy", and 
the entropy, as a measure of disorder. (The method 
discussed below includes both these concepts.). Em- 
pirical studies [Wadhams and Horne, 1980; McLaren, 
1989] have developed the relationship between average 
thickness and ice type. 

An inherent weakness of textural models is theft in- 

ability to recognize structural aspects of the imagery. 
To some extent, this is ameliorated by the fact that 
structural information may be correlated with the tex- 
tural aspects of ice types. For example, there is addi- 
tional information in the structure or form of certain 

ice types, such as rounded multiyear floes, elongated 

29,721 



29,722 KERMAN ET AL.: SAR IMAGERY AND ICE THICKNESS OF ARCTIC PACK ICE 

leads, and fibrous networks of ridges. Accordingly the 
texture-only technique displays less skill in segmenta- 
tion than the results obtained by human ice analysts. 
It is therefore one of the objectives of this and previ- 
ously reported results by the author and colleagues to 
build a structural dimension into ice type recognition. 

Spatial properties that are visible in SAR imagery 
have an interesting and important property for applica- 
tions; they possess statistics that vary with the separa- 
tion between pairs of pixels [Falco et al., 1996]. This 
so-called scaling or fractal property [Feder, 1988] within 
imagery was shown in an early ice recognition system 
[Pentland, 1984] to be more powerful than a combina- 
tion of textural parameters in identifying ice type such 
as leads and ridges. It is also known that the frac- 
tal property is related to the strength of the ice itself 
on different scales [Duxbury and Li, 1990; Palmer and 
Sanderson, 1991]. The correspondence between fractal 
properties in imagery and in physical properties of ice, 
such as its strength and thickness, has not been hitherto 
exploited. 

Recently, the statistics of intensity differences be- 
tween neighbors [Kerrnan, 1998a; Kerrnan and John- 
son, 1998] for some SAR imagery of sea ice in the Beau- 
fort Sea [Drinkwater et al., 1991] have been reported. 
Kerman and Johnson [1998] show that the probability 
of a difference in intensity between neighbors (a fixed 
distance apart) follows a (negative) exponential distri- 
bution. This property is called the "Gibbs" property 
because it is possible [Kerman, 1998a] to make an anal- 
ogy between the energetics of a classical, statistically 
defined system of distributed energy and variability in 
intensity in the imagery. Further, it was also shown that 
the probability of finding a fixed intensity difference be- 
tween pixels at a given separation is a simple algebraic 
("power law") function of the separation. This hyper- 
bolic relationship with spatial separation is variously 
referred to hereafter as "fxactal" or "scaling". 

These two results, fractal and Gibbsian, can be writ- 
ten in a combined form as 

pc(A/; !) = [Qi(I)A'•(')]-lexp[-/•(I)AI] (1) 
for the conditional probabihty pc of a given intensity 
difference AI between pixels, the most intense being 
separated from a pixel at intensity I by a given spa- 
tial separation A. It is emphasized that parameters Q1, 
m, and/? are empirical functions of I derived from the 
analysis. 

In another recent paper. Kerman [1999] shows that 
if (1) is subjected to a logarithmic transformation and 
ensemble averaging, i.e., 

_ < > = + < > (2) 

(where Q - Q,A•), the result can be identified as a 
statement. of the decomposition of the entropy - < 
lnpc > within the image. Of the terms constituting 
the decomposition, the expression lnQ is shown there 

to characterize "structural" entropy and the expression 
• < AI > is shown to represent the "textural" entropy. 
Shannon's [1948] famous result allows us to equate in- 
formation and entropy. 

To grasp how this decomposition arises, it is useful to 
consider a simple experiment. A black (I = 0) mask is 
placed over an image of sea ice. As a single pixel is dis• 
played, the "surprise" associated with a nonblack pixel 
will be proportional to the difference in intensity AI. 
The process is nonlinear, and the surprise will decrease 
as the background mask is made more intense. This in- 
formation based on local intensity differences is similar 
in spirit to textural parameters identified by previous 
authors [Barber and LeDfew, 1991; $hokr, 1991] and 
is called textural information, in keeping with the for- 
real identification of -lnpc as a surprise in information 
theory. 

If the experiment is extended and all pixels of a given 
intensity are allowed to appear simultaneously, it is 
clear that because the intensity dusters by ice type, 
there is a tendency to outline a particular structure 
within the imagery. Because these displayed pixels all 
have the same AI, the property that we are viewing is 
both integral and a function of the intensity we wish to 
view. Examination of (1) and (2) reveals that the inte- 
gral properties of the distribution are conveyed by Q. It 
is therefore reasonable to ascribe lnQ to the structural 
information. 

Alternatively, the reader might visualize the decom- 
position of information into the textural information in- 
herent. in a single isolated, say, multiyear, floe and into 
the structural information associated with the spatial 
distribution of such floes. 

Clearly, there is a correlation between local texture 
of an ice type and its structure. If both were the same 
between ice types, there would be no basis on which to 
distinguish them. It has been shown [Kerrnan, 1999] 
that if the structural information is plotted against the 
textural information in what is called an information 

curve, distinct subsections exist within the plot. Such 
subsections represent explicitly the correlation between 
texture and structure. These subsections were identi- 

fied with distinct ice types and form the basis for a 
segmentation by ice type. In summary, a comparison 
of different information properties within an image iso- 
lates individual ice-type substates within the mixture 
of ice types. 

In this paper we wish to extend the concept of Gibbs 
informational properties to a one-dimensional analysis 
of the thickness of ice. The basic question we wish to 
answer with such an analysis is as follows: "Is there 
evidence of information states in the under-ice topogra- 
phy?". Further, because we have access to data where 
there is coincident radar imagery over a track where 
the thickness is known, we can further ask "Are there 
any commonalities between the information in imagery 
and that in the thickness field?" As shown below, the 
analysis demonstrates an unexpectedly high degree of 
similarity in the information in the two fields. 
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2. Ice Thickness 

In this section we wish to examine the informational 

properties of the topography of the underside of an 
ice field. Primarily, we wish to examine the possibil- 
ity of a Gibbs structure for thickness, the existence of a 
multifractal characteristic, and most important whether 
there is evidence of information states in the ice topog- 
raphy. 

2.1. Measurement and Some Basic Statistics 

For almost 4 decades nuclear submarines have been 

able to travel extended distances under the Arctic ice 

cover. The draft of the ice has been measured from 

these platforms by using an upwardly pointed echo 
sounder to measure the difference in range between the 
ice bottom and the submarine. A number of data sets 

are now available which provide one.dimensional tran- 
sects under the ice. In this study we will confine our- 
selves to an analysis of the USS Gurnard data taken 
during the Arctic Ice Dynamics Joint Experiment (AID- 
JEX) experiment [Wadhams and Horne, 19801 and 
of the HMS Superb data taken during the 1987 Air- 
craft/Submarine Sea Ice Project (ARCTIC87) experi- 
ment [ Wadhams et al., 1991; Comiso et al., 1991; Wad- 
hams and Comiso, 1992]. The details of these experi- 
ments will not be repeated here. 

From these experiments and other similar studies, 
two important statistical properties of the thickness 
field have been established. The first is the nega- 
tive exponential probability distribution of ice thickness 
at deep drafts where only deformed ice exists [Wad- 
hams, 1981], and the second is the scaling or fractal na- 
ture of the field [Key and McLaren, 1991; Bishop and 
Cheilis, 1989; Kerman and Wadhams, 1990; Wadhams 
and Davis, 1994]. Below, it is shown that the analyses 
reported to date represent averages of these properties 
over all ice types and that it is possible to find the same 
structures for various ice types in the entire ensemble. 
Specifically, it is useful to extend previous studies by 
testing whether the exponential property extends to the 
probability of thickness differences between neighboring 
drafts. 

2.2. Gibbs Property 

As discussed above, it is known that the conditional 
probability of thickness itself, given that our reference 
depth is the water level, is exponential [Wadhams, 
1981]. As shown in Figure 1, the (conditional) proba- 
bility distributions of thickness differences for both the 
Gurnard and the Superb data sets are also negatively 
exponential. However, the distributions are a function 
of the depth from which local thickness differences is 
computed. It is clear from this analysis that Wadhams' 
result for the probability distribution of ice depth can 
be seen as a special case that uses the waterline as a ref- 
erence level compared to a generalized reference depth. 

The starting depth, which in Figure I was 4.8 m, was 
chosen for display because it exceeded a depth where 

undeformed, or at least weakly fractured, ice would be 
considered to exist. It is important to point out that 
the result presented in Figure 1 is also a function of the 
horizontal spatial separation; a long enough separation 
along the submarine's track is required to minimize the 
serial correlation created in the original data where the 
sampling distance is smaller than the sonar beam aver- 
aging distance. 

The existence of a depth dependency to the thickness 
difference distributions is important because it essen- 
tially leads us to expect that different information exits 
at different depths. Otherwise, there would be no basis 
for discrimination of ice type in the topography record. 
The existence of a negative exponential form for the 
conditional probability given by 

-lnpc(Ah; h) -- lnQ + •Ah (3) 

allows us to expect that an information decomposition 
is possible. The symbolism is the same as that chosen 
for (1) and (2) but it is understood that parameters refer 
implicitly to ice thickness only. As before, the structure 
or partition function Q is determined from the intercept 
of the empirical data of Figure I and /• is calculated 
as the slope of the conditional distribution at a given 
depth. The two parameters are necessarily functions 
of the depth at which the (conditional) distribution is 
computed. 

The variability of these two parameters is shown in 
Figure 2 as functions of depth for the two experiments. 
In Figure 2, the texture information is almost identical 
between the two experiments, but there is significant 
variation between the structural information. Physi- 
cally, the AIDJEX experiment was conducted in the 
Beaufort Sea in transitional ice from nearshore to open 
ocean pack ice, whereas the ARCTIC87 experiment rep- 
resents open ocean conditions. A comparison of the 
joint properties of the intercept and slope with depth 
as a parameter is presented in section 4 in conjunction 
with the discussion of information in the thickness field. 

As with the analysis of Kerman [1999], (3) allows for 
a decomposition of information. Consider an ensemble 
of thickness differences averaged at depth h by multi- 
plying both sides of (3) by the conditional probability 
and dividing by the probability density of that depth. 
The result is 

< -lnpc >-- lnQ -•-/• < Ah > (4) 

As with (2), the two right-hand terms represent struc- 
tural and textural contributions to the total informa- 

tion in the one-dimensional thickness profile. For con- 
venience, here in terms of ice topography and elsewhere 
when referring to imagery, the average differences in 
thickness and intensity are incorporated in the defini- 
tion of/•. The result is that we can consider /• and 
lnQ as the (average) textural and structural informa- 
tion. We now wish to examine the under-ice topog- 
raphy for potential fractal characteristics and, particu- 
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Figure 1. Example of the Gibbs property for thickness of ice. The probability of thickness 
increments from 0 to 10 m below a depth of 4.8 m for both experimental data sets is a negative 
exponential. 

10 

laxly, whether there is evidence of a depth dependence 
for the fractal property. 

2.3. Scaling (Fractal) Property 

As mentioned earlier, a number of studies have shown 
that the ice thickness field has a scaling/fractal prop- 
erty [Bishop and Chellis, 1989; Key and McLaren, 1991; 
Kerrnan and Wadhams, 1990; Wadhams and Davis, 
1994]. The study by Kerman and Wadhams identified 
that the topography was multifractal in terms of an 
energy-related variable (singularity strength) [Feigen- 
baurn et al., 1986] but did not ascribe any physical sig- 
nificance to that variable. We next wish to examine the 

scaling properties of Q and/• derived from ice thickness 
profiles. 

Consider an analysis of the conditional probability for 
different (horizontal) separations A for a single initial 
depth for all Ah )_ 0. The results of such a calcula- 
tion are presented in Figure 3. Clearly, the integrated 
conditional probability Pc has the scaling property in 
that it varies as )•-m for all thickness variations and 

for separations of 10 to 100 m. Because this integrated 
property is inversely related to Q, it is concluded that 
a multifractal property, Q • A -"•(h), exists for the par- 
tition function of the ice topography. It is further ar- 
gued that /? is invariant in A because the results (not 
shown) for conditional probability for different Ah re- 

main parallel in A (see Figure 4 for the similar property 
for SAR imagery, discussed below). Accordingly, it is 
concluded, just as was found for SAR imagery, that Q 
has a scaling property but/• is scale invariant. In other 
words, the structural information has a scaling (fractal) 
characteristic but the textural information is the same, 
irrespective of scale. In order to understand this result 
intuitively in terms of imagery, note in Figure 5 that 
the texture of, say, multiyear floes is the same indepen- 
dent of floe size but that there is a size distribution and 

spatial arrangement of such floes. 
The Gibbs and multifractal properties of ice thickness 

can be summarized by 

pc(Ah; h) = [Q•(h)Am(h)]-•exp[-/?(h)Ah] (5) 
where Q1 is the structure function for A = I as implied 
in (4). 

3. SAR imagery 

It was shown by Kerman and Johnson [1998] that a 
sca•ing, Gibbs property exists in wintertime C and L 
band SAR imagery of sea ice taken over the Beaufort 
Sea. Figure 4 jointly presents the essence of those re- 
suits for a given scene of •8 by 10 km with pixel sizes 
of •10 m on a side. The hyperbolic, power law be- 
havior both at individual intensity differences and all 
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differences (Figure 4, top curve) confir• the scaling 
properties at a given intensity. Further, it is noted that 
the (logarithmic) spacing between the intensity differ- 
ence distributions remains constant for different spatial 
separations. This constant spacing is related to the ex- 
istence of an exponential distribution for the intensity 
differences between neighboring pixels. This leads to 
the conclusion, mentioned in section 2.3, that the textu- 
red parameter/3 is scale im•riant whereas the structural 
parameter Q is scaling. 

In the ARCTIC87 experiment, imagery was collected 
by an aircraft-borne SAR operating the X band STAR 
2 system of Intera Technologies. Two images, one taken 
over Arctic pack ice west of Greenland and another 
taken near the northern tip of Greenland, are presented 
in Figure 5. As shown in Figure 6 for one of these im- 
ages, there is strong support for the existence of a Gibbs 
property in this data as in previous imagery analyzed. 
Although not shown, the scaling property (see Figure 4) 
is also present in the X band imagery of this experiment 
as it was for the C and L band Beaufort Sea imagery 
reported earlier. 

4. Informational Equivalence 

As discussed above, (2) and (4)imply a decompo- 
sition of the total information at a given value of in- 
tensity or thickness into structural (lnQ) and textu- 
ral (fi) information. Further, it was mentioned in the 
introduction that subranges exist in sea ice imagery 
[Kerman, 1999] where the structural and textural in- 
formation derived from the imagery is correlated, with 
relatively distinct points of demarcation between these 
ranges at points called "phase-transitions". We now 
wish to jointly examine the covariational properties of 
the structural and textural information for both the 

one-dimensional thickness data and the simultaneous 

two-dimensional imagery. 
The various information types for both the imagery 

and ice thickness taken during the Arctic pack ice and 
north Greenland Sea legs of ARCTIC87 are presented 
in Figure 7a,b. (The textural information for the thick- 
ness data has been arbitrarily amphfied by a factor of 
2.5 to place it in the approximate range of that from the 
imagery.) Several subranges with phase transitions are 
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Figure 5. X band imagery taken in ARCTIC87 (a) over the Arctic pack ice and (b) in the 
northern Greenland Sea. 

evident in the SAR information comparison: a steeply 
descending branch for small textural information, an 
approximately constant branch for medium /?, and a 
weakly decreasing branch at higher textural informa- 
tion. 

To understand the physical significance of each branch, 
consider one of the SAR images, say, Figure 5a. The 
tonal dynamic range divides into essentially three ice 
types, which can be roughly categorized as black (open 
water/new or first-year ice), gray (mostly thick mul- 
tiyear ice) and white (ridged first and multiyear ice), 
with a darkened swath across the upper part of the 
image. From the corresponding information curve (Fig- 
ure 7a) for this imagery, it is also apparent that there 
are three subranges. It was verified that the apparent 
ice types seen in Figure 5a correspond to the different 
states implied in Figure 7a by varying the threshold 
in an image viewer near the critical intensities (phase 
transitions) between each subrange in Figure 7a. We 
thus conclude that the information states correspond 
to open water/new ice, multiyear, and ridged ice. 

From the thickness information curves of Figure 7a 
the phase transition points at the apparent end of the 
two descending branches for low and high textural infor- 
mation occur at depths of •-1 and 4 m. These depths are 
significant in terms of an analysis of the Gurnard data 
conducted by Wadhams and Horne [1980], and sub- 
sequently by McLaren [1989] for other thickness data 
from submarine platforms. They identified approximate 
boundaries between ice types by ice thickness which can 

be summarized as follows: thin, young ice (h < 0.7 m), 
medium, young ice (0.7 m < h < i m); thick, young 
(first year)ice (1 m < h < 2 m); level, second-year, and 
multiyear ice (2 m < h < 4 m); level, multiyear, and 
ridged, deformed ice (3 m < h < 8 m). 

From their analysis it is reasonable to relate the (left- 
most) lowest textural information subrange for thick- 
ness in Figure 7a, corresponding to 0 < h < i m, with 
young and medium ice. This identification is consis- 
tent with that of new ice for that branch corresponding 
to the lowest textural information in the SAR imagery. 
Further, it is appropriate to identify the (rightmost) 
highest textural information subrange corresponding 
to thicknesses greater than 4 m with ridging, from 
the look-up tables of Wadhams and Horne [1980] and 
McLaren [1989]. It is noted that ridging ice type iden- 
tification was also given to the corresponding branch 
of the information curve based solely on the i/nagery. 
The midtextural information region (1 m < h < 4 m) 
by the thickness association procedure corresponds to a 
number of identifiable ice types (thick first year, second 
year, and multiyear), all of which, while having a signif- 
icantly richer texture than new ice, display their texture 
approximately uniformly compared to ridging. Accord- 
ingly, it is concluded that the middle subrange of both 
the ice information curves for imagery and thickness 
corresponds to a thick fiat, homogeneously textured ice 
type in general. 

The two critical thicknesses, i rn and 4 m, correspond 
physically to a real division between three modes of for- 
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mation of the ice. Multiyear ice grows to a maximum 
thickness of -•4 m after many years, so ice thicker than 
4 m is overwhelmingly ice that has gained its thickness 
through deformation into ridging. New ice that begins 
to grow at the beginning of winter will have reached a 
thic•kness of a little more than I m by April (Gurnard) 
or May (Superb) of the following year. Therefore ice 
between I m and 4 m thick is mainly composed of un- 
deformed first-year and multiyear ice that has grown 
thermodynamically, although some ridged ice, of neces- 
sity, falls into this thickness range. Ice less than I m 
thick began to grow more recently than the start of the 
current winter, by the refreezing of leads, which were 
themselves opened by the mechanical action of the frac- 
ture and divergence of the ice cover. Therefore ice less 
than I m thick, although it may be undeformed, is the 
end product of a mechanical process in the ice rather 
than a purely thermodynamical process. The fact that 
the curves of Figure 7 show phase transitions at thick- 
nesses which correspond to real physical transitions in 
the nature of the ice cover is a highly significant result. 

A similar analysis (Figures 5b and 7b; northern Green- 

land Sea) indicates again that there are three ice types. 
Overall, there is a tendency in the imagery of Figure 5b 
for more open water/new ice in less linear features than 
in Figure 5a. The information curve (Figure 7b) for this 
image resembles that for the Arctic pack ice. We note 
that there exists a well-defined extension of the new ice 

substate (low textural information) below that of the 
multiyear ice substate. The latter appears as a nearly 
constant state of structural information. The extension 

of the young ice substate can be perceived also in the in- 
formation curve for the thickness data. No explanation 
has been found yet for this feature. 

In conclusion, there exist identifiable ice types in the 
imagery, which have associated information states. Fur- 
ther, information states in the thickness data can be 
identified with ice type on the basis of the ice depth cor- 
responding to the phase transitions; and, importantly, 
the two sets of information states separate the ice field 
into the same kinds of identifiable ice types. In the sense 
of identifying identical ice types, the information from 
the imagery is equivalent to that from the under-ice to- 
pography. 
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5. Discussion 

The analysis described above has provided a number 
of usetiff results. It is clear that both the SAR im- 

agery and ice topography possess the Gibbs property; 
that both can have this GibbsJan property parameter- 
ized in terms of basic variables (intensity and thickness); 
that a multifractal scaling relationship of these param- 
eters exists for both data sets; and, most importantly, 
physically meaningful information states for each mode 
of data can be identified with common ice types. Of 
these, the important result operationally is that there 
is an equivalent relationship between the structure in- 
formation of subclasses of a limited range of texture in 
both (X band) imagery and the thickness profile of the 
sea ice. 

Perhaps the most surprising result of the entire anal- 
ysis is that the information curve diagram for the thick- 
ness data has a form very similar to that for the imagery. 
The comparison holds for both images used here. The 
similarity in form between the information plots implies 
that the information is equivalent in the mathematical 
sense that a transformation can be found to represent 
one function in terms of another. It is important to 
note that a priori there is no reason to expect such a 
result. For example, if another radar fi'equency and/or 
polarization had been used to interrogate the ice field, 
a different information curve [Kerman and Johnson, 
1998; Kerman, 1999] would have been observed which 
might not be obviously similar in form to that of the 
thickness analysis. However, as long as one can find a 
group of affine transformations to map one segment in 
the imagery curve to another in the thickness analysis, 
it is consistent to speak of informational equivalence. 

While the existence of apparent equivalence is in- 
teresting in itself, several cautionary notes need to be 
made. The first is that there is no reason to believe that 

the entire information curve for, say, thickness, can be 
recovered from that of imagery of any arbitrary radar 
frequency. Since the thickness profile results primarily 
from the fracture associated with alternating compres- 
sion and tension in the ice field, to capture most of the 
thickness information requires a sufficiently long radar 
wavelength which penetrates the ice in order to sense 
fracture within the ice, as opposed to another which 
senses mostly surface roughness changes. Because the 
current radar imaging satellites (Radarsat, ERS) use a 
longer wavelength than the X band system described 
here, there exists the possibility of improved sensitivity 
with these systems for determining information states 
in SAR imagery. 

The equivalence of information suggests that the staffs- 
tics of the thickness of an ice field may be estimated 
from radar imagery in a number of possible ways. This 
is of significant importance since there is an operational 
need to be able to synopticaJ]y map sea ice thickness 
in the polar regions; yet direct sounding of sea ice by 
electromagnetic means from satellites is not possible 
because of the ice's electrical conductivity. The first 

method for exploiting the results of this paper recog- 
nizes that the cumulative probability distribution of ice 
type in the image must be that of the under-ice prob- 
ability. A simple way to proceed is to determine the 
phase transition points from imagery, note the cumu- 
lative probability to which their intensities correspond, 
and ascribe the abundance of underwater ice type and 
thickness properties accordingly. If a simulated realiza- 
tion is required, the empirical conditional probability 
distribution (equation 5) for different ice types offers 
the possibility of a Monte Carlo simulation. Another 
possible simulation method could be built around the 
generation of networks within the scene associated with 
ice types [Kerman, 1998a,b]. To extend this work to 
other imagery, it is desirable to develop a set of empiri- 
cal arline transformations to map the information states 
of the imagery to those of ice thickness. 

The medn unanswered question associated with the 
equivalence of the information is "What aspect of the 
imagery is providing the information that is equivalent 
to that for thickness"? This questions begs another, 
"Is there some variable within the imagery that car- 
ries information equivalent to the thickness field"? The 
answer appears to be quite simple. 

Consider the analogy of a (defoliated) forest viewed 
from above. Consider the collection of trees making 
up the forest as an ensemble of fractal networks. It is 
reasonable to expect that the extent of the (invisible) 
root structure of each tree will have some relationship 
to the tree's (visible) size and fractal network. By anal- 
ogy, it is plausible that the ice thickness profile (" roots" 
of the ice field) will be related to the fractal networks 
("trees") identified in SAR imagery analyzed by Ker- 
man and Johnson [1998]. Those networks of similitude 
in the imagery are a surface manifestation of the same 
compressive and tensile forcing of the ice field that pro- 
duces the ice. 

This analogy between ice thickness and network length 
has been examined further [Kerrnan, 1998b,c]. It was 
shown that the lengths of individual networks, defined 
using a measure derived from the Gibbs property of the 
imagery, have the same negative exponential distribu- 
tion as the thickness data. It is argued there that the 
energy associated with pushing fractured ice down fur- 
ther against buoyancy and the energy required to fur- 
ther lengthen existing fracture have an identical nega- 
tive exponential form in terms of thickness and fracture 
length, respectively. The answer to the above questions 
appears to be that what is Gibbsian, and multifrac- 
tal and possesses equivalent information between SAR 
imagery and the ice thickness is the fossil evidence of 
fracture in networks within the imagery. 
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