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Short Contribution

Gravity Torques for Surface Waves
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The effects of the gravity torques acting on the angular momentum of surface gravity
waves ar e calculated theoretically. For short crested waves the gravity torqueis caused
by theforce of gravity on the orbiting fluid particlesacting down the slopes of the crests
andtroughsandinthedirection parallel tothecrestsandtroughs. Thegravity torquetries
to rotate the angular momentum vectors, and thus the waves themselves, counter clock-
wisein the horizontal plane, asviewed from above, in both hemispheres. The amount of
rotation per unit timeis computed to be significant assuming reasonable values for the
along-crest and trough slopes for waves in a storm area. The gravity torque has a
frequency which isdoublethefrequency of thewaves. For long crested wavesthe gravity
torqueactsinthevertical planeof theorbit and triesto deceleratetheparticleswhen they
rise and accelerate them when they fall. By disrupting the horizontal cyclostrophic
balanceof for ceson thefluid particles(centrifugal for cever suspressur efor ce) thegravity
torque accounts qualitatively for the three characteristics of breaking waves: that they
break at thesurface, that they break at thecrest, and that thecrest breaksin thedirection
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of wave propagation.

1. Introduction

Surfacegravity waveshaveorbital angular momentum.
Each fluid particle has angular momentum with respect to
themean positionof itsorbit. For small amplitudeprogressive
wavesin deep water theparticleorbitsareall circular, sothe
magnitude of the angular momentum per unit volume of a
surface particle is, neglecting the constant density, easily
computed to be the angular frequency of the wave timesthe
square of theradius of the particle, or the square of thewave
amplitude, because for surface particles the orbital radius
equals the amplitude (see Eq. (3)).

Since surface waves have angular momentum, then
changes in the angular momentum must be caused by a
torque. Angular momentum can be changed by a torque
eitherindirectionorinmagnitudeor inboth. Waverefraction
by wave-current interaction is a process in which a shear
torque changes the direction of the angular momentum
without changing itsmagnitude (K enyon and Sheres, 1996).
When wave refraction occurs in decreasing mean water
depth, i.e. bottomrefraction, thereisalsoatorque, involving
the bottom depth and slope, that changes only the direction
of the angular momentum.

Do any other torques exist that can change the angular
momentum of surface gravity waves, and if so how do these
changes manifest themselves? What isneeded isalist of all

possible forces that can act on an orbiting fluid particle as
surface waves pass by. The force of friction, for example,
can changethemagnitudeof theangular momentum, leaving
itsdirection constant, in either of twoways. Internal friction
within the medium that transmits the waves produces a
torque which always decreases the angular momentum. A
wind torque at the air-water surface, on the other hand, can
increase the angular momentum of the surface particles,
through a frictional interaction between the air and water,
under the right conditions (the wind must blow faster than
the waves propagate, for example).

If the Coriolis force that acts on the particle velocity
during surface wave propagation isunbalanced by any other
force, it therefore causesatorque on thewaves. However, it
is clear that the Coriolis force (and therefore the Coriolis
torque) cannot change the magnitude of the angular mo-
mentum becauseit actsalwaysat right anglesto thevel ocity
measured relative to the earth’ s surface.

That leaves the force of gravity. A gravity torque can
exist, but what are its effects? This is the subject of the
following brief report, and to my knowledge it has never
been discussed before.

2. Short Crested Waves
Consider asurfacegravity wavewith an amplitudethat
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monotonically increasesto theright, facing in the direction
of wave propagation, parallel to the crests and troughs (see
Fig. 1). At the crest there will be agravitational force F on
afluid particle acting to the left, down the sloping surface,
with magnitude F = gsin@, where g is the acceleration of
gravity and 8 is the angle of the wave surface from the
horizontal. The gravity torque fg onthe surface particle has
magnitude

1_ .
ty :Eagsm20 (2)

whereaisthe magnitude of theradius ' of the particle, and
it is also the wave amplitude since the particle is at the
surface. For convenience the constant density of the fluid
particle has been omitted from (1). The direction of the
gravity torque is opposite to that of the direction of wave
propagation because of therelation fg =F x F andthefact
that I pointsup and F points mainly to the left and also a
little bit down.

At thetrough the magnitude and direction of thetorque
arethe sameasthey areat the crest because the signs of both
thegravity forceand particleradiusarereversed (thegravity

Fig. 1. A surfacegravity propagatesinto the paper parallel to the
wavenumber k and hasacrest sloping up to theright, making
an angle 6with the horizontal . The angular momentum vector
A pointsto theleft. Thereisagravity force F = gsinfacting
along the crest, where g is the acceleration of gravity. The
radiusvector of asurfaceparticleisr which pointsup and has
magnitudea, i.e. thewave amplitude. The gravity torque ty =
r x F pointsout of the paper or antiparallel to the direction of
wave propagation.

Fig. 2. A short crested wave, or a hump, that propagatesinto the
paper. Thegravity torquespoint in oppositedirectionsoneach
side of the hump in such away asto try to rotate the angular
momentum vectors A, which point to the left, counterclock-
wise as viewed from above.
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force aways acts downhill). The maximum value of the
gravity torqueis given by (1). In between crest and trough,
where the wave surface is level, the gravity torque in (1)
vanishes. Therefore, the frequency of the gravity torque is
double the frequency of the wave.

It can be noticed from (1) that the magnitude of the
gravity torqueisindependent of theangular momentum, and
therefore of thewave frequency, unlike the shear torque for
wave-current interaction (Kenyon and Sheres, 1996), for
example. Below the surfacethe gravity torquewill decrease
until it vanishesat thedepth of waveinfluence. Indeepwater
therateat whichthegravity torquedecreaseswithincreasing
depthwill beexponential, butitwill decreaselikee??, where
k isthe wave number and 0 < z< —. Thisisdueto the fact
that both the particleradius and the crest slope decrease like
ee,

Next consider a short crested wave, a wave hump, in
which the wave amplitude starts from zero, increasesto the
right of the propagation direction, reaches amaximum, and
then decreasesto zero again (see Fig. 2). On the | eft side of
the hump the gravity torque will be directed anti-parallel to
the direction of wave propagation, as deduced above. Tothe
right of the hump the gravity torque will point in the
direction of wave propagation, because the sign of the
gravity force is reversed whereas the sign of the particle
radius remains the same. The net effect of all the gravity
torques would be to try to rotate the hump (and the trough)
counterclockwise in the horizontal plane, as viewed from
above. Thecounterclockwiserotational effect will betruein
either hemisphere.

At first it might be thought that gravity, acting along
and down the crest, would try to make the hump collapse.
This does not happen, however, because the gravity force
actsontherotating fluid particlethereby producing atorque
that tries to change the direction of the angular momentum
vector in the horizontal plane, sincethe torqueitself actsin
the horizontal plane.

Before making any speculations as to possible appli-
cations of the gravity torque to surface waves in the ocean,
however, the magnitude of the gravity torque should be
estimated and compared with that of other torques that are
already available. For example the magnitude of the shear
torque, ts, for thewave-current interaction problem (Kenyon
and Sheres, 1996), which hasbeen knownto beanimportant
process for at least 25 years (Kenyon, 1971), is for surface
particles

Mm?0
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where Aisthe magnitude of the angular momentum, Tisthe
wave period and sisthe magnitude of the current shear. For
the following numerical values: a=1m, T =6 sec, g = 10m/



sec?, and s = 10~4/sec (Sheres et al., 1985), it can be seen
from (1) and (2) that the gravity torque will have approxi-
mately the same value as the shear torque when the surface
slopeis given by sind= 1075, which is quite a small slope,
i.e. about 1 mrise in a horizontal distance of 100 km. It
would seem that most short crested waves have slopes
considerably larger than this, although very few measure-
ments of crest slopesexist, probably. Therefore, the gravity
torque is significant in magnitude compared to the shear
torque and warrants a little more discussion.

Unlikethe shear torque of thewave-current interaction
problem, the gravity torque actsin situ and not following a
wave group. If along wavetrain passes by afixed position,
then the gravity torque will have time to rotate the angular
momentum locally in the counterclockwise direction. The
first wave in awave train will experience very little effect
from the gravity torque, but waves further back in the train
will be affected more.

An estimate can be made of the amount of counter-
clockwise rotation, per unit time, in the horizontal plane of
the angular momentum of short crested waves as follows.
From the angular momentum balance and the definition of
theangular momentum of asurfaceparticleindeepwater we
have

d_A =QA= tg
dt

(3)
A= wa?

where Q = da/dt is the angular rate of rotation in the hori-
zontal plane and the angle a is measured counterclockwise;
w=2mT.

From (1) and (3) we can estimate the amount of rota-
tion, Aa, of the angular momentum vector in the time
interval At

a= gsin26TAt
4ma

A

(4)

where a is the maximum amplitude of the hump. Using the
same numerical valuesashefore, a=1m, T=6sec, g=10m/
sec?, sin@= 1073, then from (4) Aa = 6 x 104 when At = 6
Sec, i.e. one wave period. After atime interval of 10 wave
periods the angular rotation would be 10 times larger, or
Aa =6 x 1073, which is about 0.3 degrees. This amount of
rotation is small and probably insignificant. However for
crest slopes10to 100timesbigger (0*<sin6< 10-3), which
could easily be imagined within a storm, then the angle of
rotation becomes potentially much more important, even
within a single wave period.

The theoretical features of the gravity torque on short
crested waves, that the waves rotate counterclockwise in

either hemisphere, as viewed from above, is qualitatively
consistent with observations by Munk et al. (1963) and
Snodgrasset al. (1966) on swell propagating from the South
to the North Pacific. When projected back from California
along the direction of propagation, assuming no torques of
any kind including that for wave-current interaction, the
source of the waves was found to be consistently to the left
of where the actual storms were by afew degrees or afew
hundred kilometers, and sometimes the projected source
was on land (Antarctica). The gravity torque has the right
sense and possibly the right magnitude to account for the
calculated displacement of the wave sources.

However the discrepancy in projected sourcedirection
was found by Munk et al. (1963) to be larger for higher
frequency waves, which is inconsistent with the gravity
torque mechanism, as applied to swell, because the amount
of angular rotation of the angular momentum vectorsin (4)
increases asthewave period increases. But both thebending
of theraysand itsfrequency dependence have already been
shown to be consistent with the wave-current interaction
process (Kenyon, 1971).

Onthe other hand, if wind wavesin or near astorm are
considered, then it is generally accepted that there is a
relationship between the significant wave height and the
significant waveperiod. For example, Toba(1972) proposed
that the significant wave height is proportional to the three
halves power of the significant wave period. Accepting this
proportionality, and inserting it into (4), the result emerges
that the amount of rotation per unit time of the short crested
waves decreases with increasing wave period. Now some
consistency between the gravity torque mechanism and the
observations of Munk et al. (1963) has been obtained, at
least for thoserecording stationsthat were sufficiently close
to the storm that thewind wave model ismorevalid than the
swell model.

3. Long Crested Waves

For long crested surfacegravity waves, or waveswhose
amplitude is constant in the direction parallel to the crests
and troughs, there still exists agravity torque, which isdue
to the acceleration of gravity acting in the vertical plane of
the particle orbits. This torque is directed parallel to the
angular momentum and so hasthe capability of accelerating
or decelerating the orbital velocity of thefluid particles, i.e.
changing the magnitude of the angular momentum.

L ook inthedirection of theangular momentum and see
the clockwise motion of the particles as a surface gravity
wave propagatesfromleft to right. For the moment consider
only particles at the surface. At the position where the
vertical velocity of asurface particleisup, gravity actsdown
and causes atorgue that tries to decelerate the particle. The
oppositehappenswheretheparticlemovesdown, thegravity
torque tries to accelerate the particle.

Over acomplete wave cycleit is presumed that the net
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effect of this gravity torque is zero, because the amount of
deceleration on the rising particle is made up when the
particle accel erates on the way down. However, the gravity
torque causes an asymmetry with respect to the center of the
orbit, which may turn out to beimportant. Theasymmetry is
expected to increase as the wave amplitude increases, for a
given wave period, and also to increase as the period
increases, for a given amplitude. The reason is that the
accelerating and decelerating effect of gravity on the fluid
particle hasalonger timeto operate under these conditions.

Now surface gravity waves break in an asymmetric
way. They break at the surface and not below the surface.
Thecrest breaksbut not thetrough. Thecrest breaksforward,
in the direction of wave propagation, but not backward,
assuming contrary winds are not blowing. What does the
gravity torque have to say about the way surface waves
might break?

First of al, for small amplitude waves progressing in
deepwater, for whichtheparticleorbitsarecircular, thereis
a balance of forces on each fluid particle at all positions
around the orhit. It is called the cyclostrophic balance
(Kenyon, 1991), and it involves the outward centrifugal
force and the inward pressure gradient.

At the front face of the wave the fluid particles are
rising and also decelerating because of gravity. For small
amplitudes and high frequencies this deceleration will be
negligible and not enough to destroy the cyclostrophic
balance of forces. However, for large amplitudes the de-
celerationwill decreasethevertical velocity to the point that
the outward centrifugal force becomes less than the inward
pressure force. In other words the inward pressure force
overbalances the centrifugal force and causes the fluid
particles to accelerate in the direction of wave propagation
at the wave crest. By anal ogous reasoning, on the back side
of the crest thefluid particle has accel erated to the point that
the outward centrifugal force overbalances the pressure
force, and the net result is again to accelerate the fluid
particles at the crest forward in the direction of wave
propagation.

Insummary, thegravity torquecanaccount qualitatively
for all three observed characteristics of breaking surface
gravity waves, that they break at the surface, that they break
at the crest, and that the crest breaksforward inthedirection
of wave propagation. The fact that waves break at the
surface and not below the surface is due to the the radius of
the particles orbits being largest at the surface, no matter
what the depth of water is, and to the vertical accelerating
and decelerating effect of gravity on the particles in the
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plane of the orbit. That the crests break and break forwardis
due to the horizontal inbalance in the cyclostrophic pair of
forces, whichiscaused inturn by the changesinthevertical
velocity of the particles by gravity.

When surface waves shoal, that is enter water of
gradually decreasing mean depth, it is theoretically pre-
dicted and al so observed that the wave amplitude increases
while the wave period remains constant. Therefore the
shoaling process is a mechanism for increasing the wave
amplitude to the point that the breaking mechanism men-
tioned above can take over.

It must benoted that the cyclostrophic balanceof forces
still takes place in shallow water even when the particle
orhits are ellipses (Kenyon, 1995). So the transformation
from circular to elliptical shape orbitsduring shoalingisnot
enough by itself to cause the waves to break. However, the
same reasoning discussed above applies equally well to the
elliptical orbit. That is when the amplitude becomes suffi-
ciently large, the gravity torque, acting in the vertical plane
of the elliptical orbit, makes the wave break by disrupting
the horizontal cyclostrophic balance which causes the crest
to accelerate forward.
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