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ABSTRACT

This paper describes a hydrodynamic maodel with turbulent energy closure that uses a simplified wave~current
interaction model of the bottom boundary layer to compute bed drag coefficients. The coupled model is used
to investigate the interaction of the upper and lower boundary layers with the geostrophic core flow for simple
shelf geometry and forcing, and to evaluate the effects of increased bottom friction on coastal hydrodynamics
for summer and winter stratification. The thickness of the bottom boundary layer predicted by the model ranges
from 10 to 35 m and is consistent with observations from the California shelf. The increased bottom friction
calculated by the coupled model in intermediate water depths increases bottom Ekman veering (leftward in the
Northern Hemisphere ) by as much as 10° if stratification is strong, thus enhancing downwelling and upwelling.
Currents along isobaths in shallow water are uniformly decreased by as much as 25% in the coupled model for

both summer and winter initial stratification.

1. Introduction

A useful model for circulation on continental shelves
consists of a middepth frictionless geostrophic flow,
bounded by sutface and bottom boundary layers ( Ped-
losky 1979), with transport parallel to the wind in the
geostrophic layer, to the right of the wind (in the
Northern Hemisphere) in the surface layer, and to the
left of the wind in the bottom boundary layer. This
flow is exemplified by Ekman’s elementary current
system as it is applied to coastal regions (Neumann
and Pierson 1966) and as depicted in Fig. 1a. If a steady
wind blows parallel to a Northern Hemisphere coast
with land to its right, transport in the upper layer has
an onshorc component that piles water up along the
coast. The resulting pressure gradient drives the geo-
strophic core and offshore transport in the bottom
boundary layer. This flow pattern is called a coastal
downwelling regime. If instead the wind blows with
the coast to its left, surface transport is offshore and
coastal upwelling occurs as bottom water is transported
shoreward.

The development of an Ekman current system in
coastal regions depends on the thicknesses of the
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boundary layers, which are in turn functions of strat-
ification and coastal circulation. If the water column
is homogeneous, the geostrophic core is modified for
water depths less than 2.5 times the thickness of the
upper mixed layer (Fig. 1a). When stratification is
present the three-layer flow structure depends on the
initial stratification and the history of mixing within
the boundary layers. The height of the bottom bound-
ary layer is more dependent on water depth than is the
upper boundary-layer thickness, because of across-iso-
bath transport of bottom water with different proper-
ties, and the effects of decreasing depth on bottom stress
and turbulent mixing at the bed. The one-dimensional,
time-dependent behavior of the bottom boundary layer
in a stratified sea with a sloping bottom has been eval-
uated using numerical models for both upwelling and
downwelling regimes (see Trowbridge and Lentz
1991). These studies demonstrate the dependence of
bottom boundary-layer height on both stratification
and currents along isobaths.

For water depths above wave base, bottom friction
is enhanced by the interaction within the bottom
boundary layer of steady currents and the oscillatory
currents associated with shoaling wind waves. The
time-average interaction of waves and currents within
the bottom boundary layer is described by several the-
ories (e.g., Smith 1977; Grant and Madsen 1979; Dav-
ies et al. 1988). The model of Grant and Madsen
(1979), and a version that includes a suspended sed-
iment stratification correction (Glenn and Grant
1987), have been evaluated for both storm and fair
weather conditions by Grant et al. (1984), Cacchione
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F1G. 1. (a) Current hodographs of the vertical structure of Ekman’s elementary current system in a coastal region during
a downwelling regime, where d = total water depth and D is the depth of the upper frictional layer. Currents at the surface
are marked with an open circle (from Neumann and Pierson 1966). (b) Schematic drawing of the three-layer current system
(after Grant and Glenn 1983) and its representation by the model grid. The divisions of the physical model are not to scale
in the figure. The numerical model is shown on the right, with lines indicating the numerical model representation of the
three-layer current system using k levels of thickness 5 m. The BBLM represents the lowest part of the bottom boundary
layer only and includes the wave boundary layer. (¢) Plan view of relationships between the model basin, wind stresses,

and waves.

et al. (1987), and Drake and Cacchione (1992), and
were found to reasonably predict boundary-layer ob-
servations from the California shelf.

The Grant and Madsen (1979, henceforth referred
to as GM) bottom boundary-layer model (BBLM ) has
been used in conjunction with hydrodynamic models
to evaluate the effects of increased bottom friction on
flow for a range of conditions. Spaulding and Isaji
(1985) simplified the calculation of the physical bed
roughness k;, in the GM model by assuming that bot-
tom velocities are wave dominated and that the bed is
rough during a storm. They coupled the simplified
BBLM to two- and three-dimensional hydrodynamic
models and demonstrated the effects of wave and cur-
rent bottom friction during storm flows. Analysis of
the results for Tropical Storm Delia (Spaulding and
Isaji 1987) revealed an overprediction of bottom
stresses when the effects of suspended sediment strat-
ification were neglected. Cooper and Thompson (1989)
implemented the GM model for Gulf of Mexico hur-
ricanes by first computing drag coeflicients for a range
of wind stresses, steady currents, and water depths, and
then placing them in “lookup” tables. During a model
run, the drag coeflicient Cyis located within these tables
using the parameters at each grid point. The larger bed
stresses decreased downwelling and allowed longer in-
tegration periods. Signell et al. (1990) developed a
simplified model from the GM theory, which calculates
C, for collinear waves and currents. This model was

applied to wind-driven circulation in an ideal bay. The
results showed that transport rates were significantly
modified by the inclusion of wave-current bottom
friction and topographic variations become important
in shallow depths where waves interact with the bottom.
Davies and Lawrence (1993) used the same method
as Signell et al. (1990) for tidal- and wind-driven cir-
culation in the eastern Irish Sea, and demonstrated the
importance of wave-current interaction in decreasing
the magnitudes of currents in shallow water. Davies
and Lawrence’s (1993 ) results did not reveal significant
changes in current directions caused by increased bot-
tom friction. Keen and Slingerland (1993a,b) used the
BBLM of Glenn and Grant (1987) to calculate wave-
current bottom shear stresses during tropical cyclones
in the western Gulf of Mexico. Although the model
system they employed did not couple the BBLM and
the hydrodynamic model, their results do show the im-
pact of enhanced bed stresses on sediment entrainment
and transport during storms.

The result of this previous work is a general under-
standing of the evolution of the bottom boundary layer
on the continental shelf and the influence of combined
wave—current bottom stresses on circulation in shallow
seas and estuaries. A reasonable next step in modeling
continental shelf sedimentation is to develop a general
coupled model for stratified circulation, and to evaluate
its behavior for simple geometry and forcing. With this
task completed it will be possible to evaluate numerical
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hindcasts of historical storms with respect to existing
concepts of storm sedimentation as summarized by
Duke et al. (1991). The work reported here is, there-
fore, preliminary to undertaking such hindcasts for the
Middle Atlantic Bight of North America.

In an effort to gain a greater understanding of the
factors controlling the evolution of flows on stratified
shelves, this paper addresses two related questions: 1)
How do the upper and lower boundary layers interact
with the geostrophic flow and 2) Which hydrodynamic
processes can be expected to be enhanced by the in-
teraction of waves and steady currents at the seafloor?
To investigate these questions a coupled model has
been developed that consists of a hydrodynamic model
for computing the flow field and a BBLM to interac-
tively calculate combined wave and current shear
stresses. Section 2 presents a modified version of the
GM model and describes those components of the hy-
drodynamic model influenced by incorporating wave—
current drag coeflicients into its bed shear stress and
turbulent energy algorithms. Section 3 compares the
numerical results for the uncoupled and coupled model
formulations for different stratification and wind re-
gimes for an ideal shelf geometry with two wave fields.
Section 4 compares the lower boundary-layer thickness
from the model runs to observations and discusses the
effects of increased bottom friction on the Ekman cur-
rent system.

2. The coupled model
a. The wave-current bottom boundary-layer model

The Glenn and Grant (1987, henceforth referred to
as GG) BBLM can be used to model the nonlinear
wave—current interaction in the bottom boundary layer
on the continental shelf. It includes the effects of both
suspended sediment stratification on the flow and the
variable bottom roughness associated with a moveable
bed (Grant and Madsen 1982), which if neglected re-
covers the original GM solution. Input to the unstrat-
ified version for a fixed bottom roughness, as used in
this study, includes the maximum wave velocity 1, and
excursion amplitude 4, at the top of the wave boundary
layer, an observed current speed u, and direction (rel-
ative to the wave) ¢, at a specified height above the
bed z,, and the physical bottom roughness k;. The cur-
rent height z, is assumed to be above the wave boundary
layer but within the current logarithmic layer. The
wave-enhanced apparent bottom roughness and the
time-average shear stress experienced by the current
above the wave boundary layer are then computed.

The solution procedure used by GG was developed
for accurate applications to a time series of inputs at
a single point. When coupled to a three-dimensional
hydrodynamic model, however, the BBLM will be ap-
plied numerous times at each grid point, so streamlin-
ing is required. Simplified schemes for collinear waves
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and currents have been developed by others for this
purpose (e.g., Signell et al. 1990), but in the present
application, it is more realistic to assume the waves are
traveling toward the shore and the currents are directed
nearly along shore. Realizing that the orthogonal limit
is probably more important, a time-efficient version of
the GG model that includes arbitrary ¢, is formulated
to preserve the original form of the model. Details are
discussed in the appendix. Furthermore, the GG model
has been previously applied to conditions in which
waves and currents were of similar magnitude, whereas
the version to be coupled to a shelf circulation model
must work for the broader range of conditions en-
countered during a numerical hindcast. The wave-
dominated and current-dominated limits of the BBLM
are therefore explored in greater detail than previously.

Following GM, the magnitude of the maximum
shear stress 7. is

Tew _ 2 _ 1 2
= Ukew = Ef(;wuba,
p

(1)
where p is the water density, u,.w is a friction velocity,
few is the combined wave and current friction factor,
u,, is the maximum wave orbital velocity at the top of
the wave boundary layer, and « is a nondimensional
function defined as

(2)

2
u u

a=1 _+2—“cos¢c+(—“) ,
Uy Up

where u, and ¢, are the unknown current speed and
direction (relative to the wave) at a height z, above the
bottom. The magnitude of the time-average shear stress
7,18

Tc

= e = 3 fouti}V2, (3)
where u3. is a friction velocity and V; is a nondimen-
sional function used by GM. Here 1, is derived from
the integral over a wave period of the instantaneous
bottom shear stress (see GM for details) and is depen-
dent on ¢, and the ratio u,/up.

For very small currents relative to waves, GM gives
a simplified approximate form for V5:

Vv, = 2t (4 = 3sin’p)' 2, ug<uy;  (4)
™ Up
GG evaluates the complete V, integral for larger values
of u,/uy. To avoid this time-consuming step, the in-
tegral was reexamined for large currents relative to
waves and was found to approach
(ua)z 1 (1 ) s 2
Vy=(—}| +5—|;+4]|sin¢;, u;>up, (5)
Uy 2 4
where the adjustment factor A is initially assumed to
be 0. It is later defined in the appendix. For very large
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values of u,/us, the expressions for « (2) and V> (5)
are dominated by the (u,/u;)> term, and V; and «
converge as U,/ U, increases. Substituting into (1) and
(3), the maximum and average shear stresses both ap-
proach the limit

Tew _ Tec

1
P ;=§fcwu§, Uy > up.

(6)

The bottom stresses remain quadratic, but now depend
only on the steady current velocity, so the time average
is also the maximum. This has an important effect on
the wave-enhanced apparent bottom roughness pre-
dicted by the combined wave and current theory. Fol-
lowing GM, the apparent bottom roughness k. is de-
fined as

. 5, (1ue/uew) 8, \(1=V¥a/)
Ko _ 30— =130 , (N
ks ks ke

where 8, is the height of the wave boundary layer equal
10 2KkU yo/ Uwew/ w, & is von Karman’s constant (0.4),
and w is the wave frequency. Examining the limiting
values: for small currents V, = 0, a = 1, k. = 305,,,
and k. is independent of k,; for large currents V>/«
— 1, kp. = ky, and k. is independent of waves.

The streamlined version of the BBLM described in
the appendix was tested for a broad range of wave and
current conditions. For the example discussed here, u,
=10cms™}, ¢. = 7/2, z, = 250 cm, and k; = 30z,
= (.1 cm. For a 10-s surface wave, values of 0.1, 1, 10,
100, and 1000 cm s™! are assigned for the maximum
bottom orbital velocity 1. Although 1000 cm s~ is
quite high, waves both 100 times larger and 100 times
smaller than the current speed are examined for illus-
tration. The current profiles u(z) are defined by

—* X |n= , Z<¥d,
K Ugew 2o

u z
e ln(—) . Z> 8,
K Zoc

where z,. = kj./30. Solid lines plotted in Fig. 2 rep-
resent the different current profiles, with the change in
slope occurring at the top of the wave boundary layer.
The dashed line locates the z intercept of the current
above the wave boundary layer z,., which is related to
the apparent bottom roughness length felt by the cur-
rent. For 4, equal to 10 cm s~ !, z,. is an order of mag-
nitude greater than z, and an order of magnitude less
than §,,. As the wave velocity increases to 100 and
1000 cm s~!, the wave boundary-layer height increases
and z,. approaches é,,. As the wave velocity decreases
to 1 and 0.1 cm s™!, the wave boundary-layer height
decreases, z,. approaches z,, and the solution ap-
proaches a pure current. The 1, = 0.1 cm s™! case is
indistinguishable from a pure current line between

u(z) =

(8)
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FIG. 2. Model-generated current speed profiles (solid line) for u,
= 1000 cm s~} (8,, = 62.5 cm), u, = 100 cm s™' (8, = 8.26 cm), u,
=10cms™! (s, = 1.21 cm), and u, = 1 cm s~ (8, = 60.47 cm).
The location of the z intercept ( z,.) for the current above the wave
boundary layer is denoted by the dashed line. For this test, », = 10
cms~'at z, = 250 cm, ¢, = 7 /2, and k;. = 0.1 cm.

u(z,) =0and u(z,) = 10 cm s™'

not plotted in Fig. 2.

, and for clarity it is

b. The hydrodynamic model

Coastal circulation is calculated using the turbulent
energy closure hydrodynamic model of Leendertse and
Liu (1978), which solves the primitive equations for
turbulent flow as well as conservation equations for
salt, heat, and turbulent energy, on an Arakawa C grid
comprising model levels stacked to represent water
depth (James 1990). As used in this study, the math-
ematical formulation of the model is presented in Keen
and Slingerland (1993a). The bottom shear stress al-
gorithm has been replaced by a quadratic formulation
using either a constant value of C, or one calculated
by the BBLM. Their Ekman depth calculation for the
thickness of the upper mixed layer is not used because
of stratification in the present study. Instead, the wind-
mixed layer is represented by the number of upper
model levels with similar properties. Resolution is re-
stricted to the thickness of levels used in the hydro-
dynamic model.

The bottom shear stress for a steady current is given
by
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(9)

Evaluating (8) for u, at z,, substituting for u, in (9),
and solving for the drag coefficient gives

Tp = puazkc = PCd‘urIur-

Ca=[ (10)

K 2
In(30z,/ k) ] )
Since the uncoupled model runs are designed to sim-
ulate flow in the absence of waves, k;, and k;. are equiv-
alent and are assigned a value of 0.1 cm, as in the study
of Signell et al. (1990). The reference height z, is the
height above the bottom for the computation of cur-
rents by the hydrodynamic model, in this case 250 cm.
Substituting these values into (10) gives 1.27 X 1073
for C;, which is used in all uncoupled numerical ex-
periments.

The vertical exchange of momentum, mass, heat,
and turbulence between levels is calculated from an
eddy viscosity A, = L,E'/?, where L, is a mixing length
and F is turbulent kinetic energy. The conservation
equation for E contains source terms at the bed, within
the water column, and at the surface (Leendertse and
Liu 1977). The rate of turbulent energy generation at
the bed is calculated from

_ ascdu3
h £l
where a; is a constant with a value of 0.08 and /4 is the
thickness of the lowermost model level. The generation
term S}, introduces additional turbulence through the
greater C; calculated by the BBLM; consequently, A4,
increases vertical mixing, starting at the bed and work-

ing upward. Turbulence is generated by shear between
model levels from

S (11)

di?-
S, = %Aze“RZ"f)[E] h, (12)
where R; is a constant equal to 1.4, R, is the gradient
Richardson number, i is the rms velocity in the current
model level, and £ is the average thickness of adjacent
levels. Turbulence is also introduced at the surface as
a boundary condition dependent on wind speed,

2.8 X 1079w+
Sy =—"F,
hy
where W is the wind speed at 20 m and #, is the thick-
ness of the upper model level.

(13)

¢. Modeling approach

When the model is run in the coupled mode, the
circulation model calls the BBLM at each grid point
and passes the current values of u,, z,, up, As, ¢., and
k;. The BBLM computes the wave—current drag coef-
ficient C, from (10) and returns this value. The bed
shear stress is then calculated by the hydrodynamic
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model from (9). The experiments discussed here used
a constant value of k; for all water depths. Such a sim-
plification may not be reasonable for all shelves but
this work is intended to evaluate the coupled model
for conditions such as may be found within the Middle
Atlantic Bight, where the bottom is dominated by relict
sandy sediment (Knebel 1981).

Incorporating the BBLM within the lowermost
model level preserves consistency within the coupled
model; vertical exchange within the hydrodynamic
model occurs at discrete level interfaces and the con-
tinuous eddy viscosity profile calculated by the BBLM
would be inconsistent if it were applied across these
interfaces. Since the bottom boundary-layer is always
thicker than 5 m, the outer part of it is represented by
the levels in the hydrodynamic model. The BBLM thus
acts to increase the vertical resolution within the low-
ermost level present at a grid point. For the level thick-
nesses of 5 m used here, the wave boundary layer will
be entirely contained within the BBLM because the
wave boundary layer is typically from 10 to 30 cm in
height. The relationships between the Ekman flow
model, the hydrodynamic model, and the BBLM are
shown schematically in Fig. 1b.

Deep-water waves approaching a sloping bottom will
be refracted so as to approach the coast almost or-
thogonally, whereas the dominant flow direction of the
steady currents is parallel to the coast. Thus, in many
situations ¢. can be approximately n/2 everywhere.
The wave-current interaction is significant. For small
changes in ¢, near 7/2, the variation of u,. is limited,
SO ¢. is set equal to 7 /2 in all coupled runs as a simple
representation of this physical situation. Because the
wave crests are assumed to be nearly parallel to isobaths
everywhere, refraction will be minor, and shoaling is
the only expected modification of incident wave
heights. Shoaling, however, changes the height of a
10-s period wave by less than 10% for water depths
greater than 10 m, which is the landward limit of the
model domain. Therefore, two wave fields with con-
stant wave heights are used. The first wave field is rep-
resented by a wave height H of 2 m and a period of
10 s. Bottom orbital parameters for different water
depths are found from linear wave theory (Table 1).
The second wave field has a wave height of 4 m and
the same period, with wave parameters double those
from Table 1.

The model runs use a rectangular basin located at
40°N with water depth monotonically increasing from
10 m at the coast to 100 m at the open-sea boundary
and represented by 20 levels with a thickness of 5 m
each. Twenty grid points of 20-km spacing are used
for the north-south axis of the basin. The east-west
dimension is 100 km with 20 grid points of 5-km spac-
ing. The resulting bottom slope is 9 X 10, The upper
boundary condition consists of a uniform wind stress
of 1.5 gcm™' s72 parallel to the coast. Relationships
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TABLE 1. Wave parameters for coupled runs with H = 2 m.

Depth (m)

10 15 20 25 30 35 40 45

50 55 60 65 70 75 8 8 90 95 100

Ap (cm) 136 102 81 66 54 45 37 31
Uy (cm s7") 86 64 51 41 34 28 23 19

25 21 17 14 12 10 8 6
16 13 11 9 7 6 5 4

W W
w
N

between the wind forcing, waves, and coastal geometry
are shown in Fig. 1¢. No flow is allowed perpendicular
to the landward boundary and the sea surface height
on the open boundary is clamped to 0, with no normal
flow. A damped Neuman boundary condition is im-
posed for water level at the upwind cross-shelf bound-
ary and for horizontal currents, salinity, and temper-
ature at the downwind boundary. These boundary
conditions isolate the model region from deep ocean
currents, and produce a steady flow parallel to the coast.
Stratification extremes occur during summer and win-
ter, and are represented by mean temperature and sa-
linity profiles from the New York Bight for June and
February (Bowman 1977), respectively, as initial con-
ditions,

A total of 25 numerical experiments were completed
in this study. Many of these were required to determine
the combination of boundary conditions and model
parameters that produced steady upwelling and down-
welling flow fields. This paper discusses only eight ( Ta-
ble 2) for which all model parameters were constant
except the wind direction, initial stratification, method
of calculating C; (coupled and uncoupled models),
and wave height H. Each run simulates 60 hours using
3600 model integrations (AT = 60 s). The uncoupled
model requires approximately 130 minutes on a Sun
4/630 MP processor and the coupled model 170 min-
utes, a 30% increase in cpu time.

3. Comparison of model results

The evolution of the Ekman current system, as well
as the effects of increased bed friction, are examined
for summer and winter stratification using the 2-m and
4-m wave fields to compute combined wave—current
drag coefficients. The model results to be used as a
basis for comparison are those from the uncoupled
model, which entirely neglects wave effects. An early
stage of flow development is demonstrated using model
output from hour 12, at which time none of the runs
kad reached equilibrium, as indicated by momentum
balance. Model results for hour 48 are used to illustrate
the evolved flow in the following discussion. The up-
welling regime is investigated using the uncoupled and
coupled models with summer stratification only. The
results are summarized in Table 2.

a. Summer stratification
1) DOWNWELLING REGIME WITH H = 2 M

The uncoupled model referred to below is run 16
and the coupled model is run 17 (see Table 2). The
results are compared for hours 12 and 48 so as to ex-
plain the evolution of several aspects of the flow fields
common to all of the model runs to be discussed later.
The combined bottom shear stresses above the wave
boundary layer u,. oppose the bottom currents cal-
culated by the hydrodynamic model and are, therefore,
decomposed into along- and across-isobath compo-
nents. Since the BBLM reduces to a steady current
solution for very small 4, and u;, the bottom stresses
at hour 12 (Fig. 3a) are similar for both models in
deeper water. By hour 48 the flow field is fully devel-
oped and bed stresses along isobaths (Fig. 3b) are uni-
form with distance from shore in the uncoupled model,
whereas this component decreases steadily offshore in
the coupled model. The magnitudes of the across-iso-
bath components, however, are greatest in both models
between 45 and 65 km from the coast at hour 48.

Stratification is evaluated in terms of o7 = (p — pg)
X 103, where po is the standard density of water (1
g cm™?). The coupled and uncoupled o7 profiles (Fig.
4a) for stations located at 20, 50, and 80 m are identical
at hour 12, with vertical mixing evident only at 20 m.
By hour 48 (Fig. 4b), mixing has occurred at all water
depths and stratification has been eliminated at 20 m.
At 50 and 80 m, the o profile has been modified by
mechanical mixing and the introduction of lighter wa-
ter transported offshore in the bottom boundary layer.
Changes in stratification are also dependent on the dis-
tribution of turbulent kinetic energy E in addition to
advection within the boundary layers. Turbulence in
the uncoupled model (Fig. 5a) increases steadily up-
ward for depths less than 50 m at hour 48, and it has
contributed significantly to mixing in shallow water.
Turbulence is restricted to the upper and lower bound-
ary layers in deeper water, but in the coupled model
(Fig. 5b), higher turbulence extends to the surface as
far as 60 km offshore. '

The characteristic flow field at hour 48 (Fig. 6a) for
the uncoupled model reveals large currents along iso-
baths where turbulence is low (see Fig. 5a) and mini-
mum current speeds in the bottom boundary layer,
with a maximum in the upper boundary layer. Flow
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TABLE 2. Conditions for numerical experiments and summary of Ekman flow results.

Run Regime? C, Strat. Hb

Currents at hour 48%¢

16 0.00127 summer

BBLM summer

24 BBLM summer

21 0.00127 summer

23 BBLM summer

19 0.00127 winter

22 BBLM winter

25 BBLM winter

d = 20, total Ekman veering ~15°
d = 50, mixed layers overlap at middepth, total Ekman veering ~40°
d = 80, geostr core, total Ekman veering ~35°

d = 20, ~20% decr., <5° offsh. rot. from run 16
d = 50, ~10% decr., <5° offsh. rot.
d = 80, geostr. core, <10° offsh. rot. at bot. only

d = 20, ~23% decr., <5° offsh. rot. from run 16 (bot. only)
d = 50, ~10% decr., <5° offsh. rot. at top, ~10° at bot.
d = 80, ~18% incr. geostr. curr., ~10° offsh. (bot.)

d = 20, total Ekman veering ~1°
d = 50, thin geostr. core, total Ekman veering ~20°
d = 80, thick geostr. core, total Ekman veering ~30°

d = 20, ~9% incr., total Ekman veering incr. ~10° from run 21
d = 50, ~15° onsh. rot. (bot.), ~5° offsh. rot. (top)
d = 80, ~15% incr. (bot.) no rot.

d = 20, total Ekman veering <1°
d = 50, total Ekman veering ~10°
d = 80, bound layers overlap, total Ekman veering ~30°

d = 20, 20% decr., slight incr. in Ekman veering from run 19
d = 50, ~12% decr., total Ekman veering <20°
d = 80, no change

d = 20, ~25% decr., <1° rot. from run 19
d = 50, <5% decr., total Ekman veering <20°
d = 80, no change

@ D: downwelling, U: upwelling.
b H: wave height (m).
¢ d: total water depth (m).

4 Total Ekman veering is the angle between the surface and bottom currents.

in the upper boundary layer is onshore and decreases
in shallow water. Downwelling occurs seaward of 20
m with maximum across-isobath bottom currents lo-
cated 50 to 70 km from the coast. A geostrophic core
can be identified by increased flow along isobaths at
middepth where across-isobath currents are negligible.
The alongisobath currents calculated by the coupled
model (Fig. 6b) are reduced uniformly by more than
5 cm s~! near the coast. This is a 25% reduction for a
water depth of 10 m. The differences decrease steadily
in a seaward direction until a depth is reached at which
the upper and lower boundary layers separate. At that
depth the currents in the coupled model are reduced
most within the bottom boundary layer.

At hour 12 the currents at 50 and 80 m (Fig. 7a)
display three-layer patterns similar to the deep water
example from Fig. 1a and bottom Ekman veering in-
creases by less than 5° at all water depths in the coupled
model. At hour 48 (Fig. 7b), coupled-model currents
are uniformly reduced and reveal weak Ekman veering
at 20 m, and at 50 m greater overlap of the upper and
lower boundary layers is indicated. A geostrophic core
is present at 80 m, but it is closer to the surface than

at hour 12, suggesting thickening of the bottom
boundary layer betw_een 12 and 48 h.

2) DOWNWELLING REGIME WITH H =4 M

This section discusses the uncoupled results from
run 16 and the coupled results from run 24 (see Table
2) for hour 48 only. The alongisobath bottom shear
stresses (Fig. 8) are larger at all depths in the coupled
model but the across-isobath components are larger in
shallow water only. These shear stresses are also greater
than those from the 2-m wave experiment (Fig. 3).
The o7 profiles (Fig. 9) indicate that turbulent mixing
has not destroyed the pycnocline at 50 and 80 m, de-
spite the greater bottom stresses. In fact, the density
profiles are identical to those from run 17 (coupled
model with 2-m waves). The excess turbulence gen-
erated through (11) is decreased because of reduced
currents at the bottom and is partly balanced by dis-
sipation.

A geostrophic core is recognizable in a cross section
(Fig. 10) of the circulation field from the coupled
model. This flow is well developed as indicated by the
25 cm s~ contour. Alongisobath currents at the bottom
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are smaller than in the uncoupled model (compare to
Fig. 6a). The coupled model currents (Fig. 11) at hour
48 are very similar to those from the coupled model
with lower waves but they are further reduced at
20 m.

3) UPWELLING REGIMEWITH H = 2 M

The model results for hour 48 are discussed in this
section. The uncoupled model is run 21 and the cou-
pled model is run 23 (see Table 2). The upwelling
regime 1is simulated using a north-directed wind stress
of the same magnitude as in the previous experiments.
Stratification (Fig. 12) has been modified at 20 m in
both models but a pycnocline persists in the coupled
model because of shoreward transport of cold bottom
water. Stratification remains at 50 and 80 m as in the
downwelling regime. Because of the persistent strati-
fication, the characteristic flow field (Fig. 13a) for the
uncoupled model contains strong upwelling in depths
as shallow as 40 m, although flow is uniformly along
isobaths near the coast. Currents along isobaths are
very similar in the coupled model (Fig. 13b) but are
slightly higher near the surface on the outer shelf. This
result is like that for the downwelling case from
Fig. 6b.
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Currents at 20, 50, and 80 m (Fig. 14) are consistent
with the Ekman current system from Fig. 1a. The angle
between surface and bottom currents (total Ekman
veering in Table 2) has increased by approximately
10° in the coupled model at 20 m, and by about 20°
at 50 m. This increase arises primarily from offshore
deflection of surface currents in shallow water, but is
partly due to landward rotation of bottom currents at
50 m. Bottom currents are deflected slightly landward
at a water depth of 80 m. A three-layer current system
persists at 50 and 80 m because of the maintenance of
stratification by cold upwelled water, as has been dem-
onstrated elsewhere ( Trowbridge and Lentz 1991).

b. Winter stratification

1) DOWNWELLING REGIME WITH H = 2 M

The uncoupled model results discussed below are
from run 19 and the coupled results are from run 22
(see Table 2). The comparison focuses on hour 48
except for an analysis of current hodographs that also

a. Hour 12
Ot Ot Or
24. 25. 26. 24. 25. 28. 24. 25. 28.
O b L Ly Lo e b 0.
20.- ®
—~ ~
\8/40.— \'E/
fa] =]
-2 — -+
B )
A 80— - a
go. 4 20 m - 50 m
R e e  m o o e
b. Hour 48
ot or ot
24. 25. 26. 24. 25. 26. 24. 25. 286.
[N RN DAY NN MRPUNN HPUR AU PR
0. & 4 0.
N
20 4 % .
~_~ ~~
) )
40, .
Kol e
- — -2
§ i
n 60 B a
B B &
80. - 20 m . 80 m L 80m &' 80.
T T T

L L A I

FIG. 4. The downwelling regime with summer stratification and
2-m waves. Profiles of o for a cross section at the center of the basin
for water depths 20 m, 50 m, and 80 m at (a) hour 12 and (b) hour
48. The solid line represents the initial distribution, the crosses are
the uncoupled model (run 16), and the open triangles are the coupled
model (run 17).
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after 48 h for the coupled experiment (run 17). The contour interval
is 10 cm? 572,

evaluates hour 12. The initial winter stratification is
weak (Fig. 15) and the o profiles for both models at
20 and 50 m are nearly identical at hour 48, whereas
at 80 m, a pycnocline is located 45 m below the surface
in the uncoupled model, and 35 m below the surface
in the coupled model. Here E increases steadily upward
(Fig. 16a) in the uncoupled model, because both tur-
bulence generation by shear, and turbulent mixing, are
uniformly distributed. Turbulence above the bottom
boundary layer (Fig. 16b) is reduced in the coupled
model for water depths less than 60 m.

Flow across isobaths (Fig. 17a) is weak landward of
60 m in the uncoupled model, but downwelling occurs
within the bottom boundary layer seaward of 60 m.
The alongisobath currents calculated by both models
increase smoothly from the bed to the surface, but the
increased bottom friction in the coupled model has
produced weaker flow along isobaths (Fig. 17b) in wa-
ter depths less than 60 m. Hodographs at hour 12 (Fig.
18a) reveal a geostrophic core in both models at 80
m. Surface currents at 20 m are approximately 10%
lower in the coupled model, whereas bottom currents
are reduced by approximately 15%. Reductions are less
at 50 m but currents near the bed are rotated slightly
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offshore. At hour 48 (Fig. 18b) neither model predicts
a three-layer current system. The current pattern at 20
m is unchanged but the currents at 80 m have evolved
and resemble the Ekman current system ford = 1.25D
(Fig. 1a).

2) DOWNWELLING REGIME WITH H = 4 M

The uncoupled mode! compared here is run 19 and
the coupled model is run 25 (see Table 2). The dis-
cussion is limited to hour 48. The pycnocline at 80 m

- persists with the larger waves used in the coupled

model, and turbulent energy is distributed as in the
coupled model with H = 2 m. The differences between
the alongisobath currents (Fig. 19) computed by the
coupled and uncoupled models are greatest near the
bed and decrease upward. Since the currents are not
uniformly reduced, it seems that the increased bottom
friction associated with the 4-m waves is not being ef-
fectively mixed upward, despite the lack of stratifica-
tion. This may be caused by the limitation of turbulent
mixing by the mixing length L,, which is used to cal-

Depth (m )
-y
3

@
<

Ill|lll‘!ll]|ll|lll
Ill[lllllll[”]lll[

<
n
(=]
'
o
@
2
@
f=l
-
Q
(=]

FN
<

@
o
LLLL[X[!HI]IIIIH[

Depth (m )

[=]
n
Q
>
[}
@
i
c
)
b
o
Q

Distance Offshore (km)

FIG. 6. The downwelling regime with summer stratification and
2-m waves. (a) The flow field for the uncoupled model (run 16) at
hour 48. The alongisobath velocity is contoured using an interval of
5 cm s™!, with solid lines for currents out of the page. The vertical
velocity component has been multiplied by 100 for clarity. (b) Cou-
pled (run 17) minus uncoupled (run 16) alongisobath current mag-
nitudes at hour 48. Solid contours indicate larger currents out of the
page in the coupled model. The contour interval is 1 cm s™'. The
wind blows out of the page.
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culate the vertical eddy viscosity, in addition to tur-
bulence dissipation in the turbulent energy closure
scheme. Thus, changes in the currents decrease with
time, being constrained by the turbulent transfer of
momentum. In fact, the current hodographs at hour
48 (Fig. 20) reveal a vertical structure very like that
for 2-m waves but with lower magnitudes at all depths.

4. Discussion

The evolution of an Ekman current system depends
on total water depth d relative to the thicknesses of the
upper (D) and lower (D*) boundary layers. In order
for a three-layer current system to develop d must be
greater than D + D*. For stratified seas the thickness
of the boundary layers depends on the eddy viscosity,
wind stress, and latitude, as well as the initial density
profile. Changes in the density profile occur at the sur-
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face and bottom as the upper and lower boundary lay-
ers evolve and thicken. Eventually, they can overlap
and eliminate the three-layer system.

The following discussion is applicable to shelf- or
basin-scale problems for which high resolution in the
upper and lower boundary layers is not required. A
realistic goal of these studies is to predict the surface
water level and the currents at several depths within
the water column. The turbulence closure model used
in this study incorporates vertical mixing and, if level
thicknesses are chosen carefully, the upper part of the
lower boundary layer as well as the entire upper
boundary layer, can be adequately resolved.

a. Boundary-layer thickness

Lentz and Trowbridge (1991 ) define the lower mixed
layer height (herein called D*) as the maximum height
above the bottom at which the temperature is within
some range of the temperature at the bottom. In the
following discussion D¥* is estimated in a similar man-
ner from the distribution of o7, E, and alongisobath
currents from the model results.

When summer stratification is present in the down-
welling experiments, the lower mixed layer, as inferred
from the o7 profile, is 20 m thick for both models at
hour 48. The thickness is more difficult to determine
from the vertical structure of alongisobath currents but
it is in the range of 25 to 35 m. From the distribution
of E, however, D* is 25 m in the uncoupled and 30
m in the coupled model. Analysis of data from CODE-
2 reveals a correlation between near-bottom, along-
isobath current speed and bottom boundary-layer
height (Lentz and Trowbridge 1991). Using a model-
calculated current of 18 cm s~' at 7.5 m above the bed
(for d = 80 m), the CODE-2 data suggest a height of
approximately 20 m for a downwelling regime. This is
in excellent agreement with the model results for the
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FIG. 11. The downwelling regime with summer stratification and 4-m waves. Hodographs of currents for water depths
20 m, 50 m, and 80 m at hour 48. The uncoupled model (run 16) results are indicated by crosses and the coupled results
(run 24) by open triangles. Positive U is east and positive V is north. Surface currents are labeled with an S. The wind

blows to the south.
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thickness inferred from the density profile, and it is
consistent with the current- and turbulence-based es-
timates.

The upwelling model results for the height of the
bottom mixed layer are different for the coupled and
uncoupled models. Estimating D* from o7 gives values
of 10 and 15 m for the coupled and uncoupled models,
respectively, at 80 m. The thickness inferred from den-
sity and momentum distributions are 10 and 15-20
m, respectively, in the uncoupled model. The CODE-
2 data suggest a value of 5-10 m for an alongisobath
current speed of 10 cm s™!, as taken from the model
results. Based on the variability of the observations,
and differences in stratification between the model and
the California shelf, the discrepancies are thought to
be acceptable. This is encouraging since the model
equations do not include a bottom slope term that
would contribute to reducing the height of the bottom
boundary layer.

The upper boundary layer, as identified by the o
profiles, is initially 10 m thick for summer stratification,
but at hour 48, there is no distinctive pycnocline in
deep water. Instead, the density gradient decreases
smoothly in the upper water column. As inferred from
the currents in the cross sections, however, D would
appear to be approximately 20 m for all model results.

Boundary-layer thickening in the model does not
continue uninhibited for realistic situations because of
feedback in the turbulent energy computations. As
currents within the boundary layer become more uni-
form, turbulent energy production by current shear is
reduced and dissipation rates, which are a function of
E, come to equilibrium with production. Although the
density profile will become vertically uniform, given
enough time, the rate of mixing slows appreciably as
indicated by models of the bottom boundary layer (see
Trowbridge and Lentz 1991).
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b. Evolution of Ekman flow

The increased bed drag calculated by the BBLM will
eventually decrease currents throughout the water col-
umn through momentum exchange if stratification is
weak, as in shallow depths for all of the downwelling
experiments. Increased turbulence generation at the
bed by (11) improves vertical exchange of not only
momentum, but also heat, salt, and turbulence through
the vertical eddy viscosity. Vertical mixing is also en-
hanced by turbulence generated by shear between
model levels through (12). A balance between turbu-
lence generation and vertical mixing and dissipation
was maintained near the bed, resulting in lower mag-
nitudes of turbulent energy at the bed in the coupled
model but with increased turbulence within the water
column (see Figs. 5 and 16). As the density profile
near the bottom is modified by this mixing, the bottom
boundary layer progressively thickens and erodes the
geostrophic core. The upper boundary layer is insen-
sitive to increased bottom friction and thickens with
time in response to the constant wind stress.
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F1G. 13. The upwelling regime with summer stratification and 2-
m waves. (a) Flow field at hour 48 for the uncoupled model (run
21). The alongisobath velocity is contoured using an interval of 5
cm s~!. Solid contour lines indicate currents into the page. The vertical
velocity component has been multiplied by 100 for clarity. (b) Cou-
pled (run 23) minus uncoupled (run 21) alongisobath current mag-
nitudes at hour 48. Solid contours indicate larger currents into the
page in the coupled model. The contour interval is 1 cm s™!. The
wind blows into the page.
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After 12 h in the downwelling experiments with
summer stratification, the upper and lower boundary
layers do not overlap at a water depth d of 50 m, and
the current system (Fig. 7a) is similar to that for d
= 2.5D from Fig. la. Using D = 20 m, as estimated
from the ot profile, the model result is consistent with
the ideal current system. As expected, there is no change
in this structure in going to deeper water. By hour 48,
turbulence (and hence A4,) in the model is high
throughout the water column at 50 m and the hodo-
graph (Fig. 7b) reveals a current structure like that for
d = 0.5D. At 80 m the turbulent energy distribution
is similar to the eddy viscosity profile used in Ekman’s
elementary current system (Neumann and Pierson
1966), and the resulting currents resemble those for d
=2.5D.

The bottom boundary-layer height in the experi-
ments with summer stratification is smaller during up-
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FI1G. 15. The downwelling regime with winter stratification and 2-
m waves. Profiles of o for a cross section at the center of the basin
for water depths 20 m, 50 m, and 80 m at hour 48. The solid line
represents the initial distribution, the crosses are the uncoupled model
(run 19), and the open triangles are the coupled model (run 22).

welling than downwelling, in agreement with the ob-
servations of Lentz and Trowbridge (1991). Thus, at
hour 48 the upwelling current system at 50 m (Fig.
14) is the same as for d = 1.25 D, while the deep-water
pattern is present at 80 m. The persistent pycnocline
at 20 m allows a current pattern appropriate to d
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FiG. 16. The downwelling regime with winter stratification and 2-
m waves. (a) Cross-shelf distribution of turbulent kinetic energy den-
sity E for the uncoupled model (run 19) at hour 48. The contour
interval is 10 cm? s72. (b) Coupled (run 22) minus uncoupled (run
19) E at hour 48. Solid contours indicate greater turbulence in the
coupled model. The contour interval is 5 cm? s72,
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FIG. 17. The downwelling regime with winter stratification and 2-
m waves. (a) Flow field at hour 48 for the uncoupled model (run
19). The alongisobath velocity is contoured using an interval of 5
cm s~!, and solid contours indicate flow out of the page. The vertical
velocity component has been multiplied by 100 for clarity. (b) Cou-
pled (run 22) minus uncoupled (run 19) alongisobath current mag-
nitudes at hour 48. Solid contours indicate larger currents out of the
page in the coupled model. The contour interval is 1 cm s™'. The
wind blows out of the page.

= 0.5D to develop in the coupled model, instead of d
=0.25D.

The primary result of increasing drag coefficients
when stratification is weak is to decrease currents at
all depths, with weak Ekman veering near the bed.
From experiments with winter stratification, between
hours 12 and 48 the currents in deeper water evolved
toward the shallow water limit. There was no change
at 20 m and very little at 50 m. The currents at 80 m
resembled the Ekman system for d = 1.25D at hour
12, but by hour 48 they are like that for d = 0.5D.

5. Summary and conclusions

This paper introduces a coupled model for appli-
cation to circulation in stratified coastal seas. The hy-
drodynamic model includes a turbulent energy closure
scheme and vertical mixing of momentum, heat, mass,
and turbulence. A time-efficient version of the Grant
and Madsen (1979) wave—current bottom boundary-
layer model is used to calculate bottom drag coefhicients
for use in the hydrodynamic model. By implicitly in-
cluding the surface and bottom boundary layers the
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model is able to simulate the development of Ekman’s
elementary current system in coastal regions (Neu-
mann and Pierson 1966), and the results have been
presented for a transect across isobaths at the center
of a rizctangular basin with a bottom gradient of 9
X 1074,

This study set out to identify interactions between
the upper and lower boundary layers and the geo-
strophic core for Ekman’s elementary current system,
which are affected by increasing bottom friction be-
cause of combined wave—current drag coefficients.
Changes in Ekman flow predicted by these numerical
experiments are summarized in Table 2, and several
statements can be made concerning the questions stated
in the introduction.

1) The thickness of the bottom boundary layer cal-
culated by the model for both upwelling and down-
welling regimes is consistent with observations from
the California coast for similar water depths (Lentz
and Trowbridge 1991). The predicted heights are 20—
35 m for downwelling and 10-20 m for upwelling.

2) The model-calculated coastal current system is
similar to Ekman’s elementary current system, with
the depths at which different current structures are pre-
dicted to occur in the model differing from Ekman’s
theory because of stratification and variable eddy vis-
cosity profiles. The elementary current system is a first-
order approximation to coastal flows, which the model
is able to improve by allowing the boundary layers to
evolve.

3) With increasing wind duration the upper and
lower boundary layers thicken and overlap in shallow
water, causing the geostrophic core to migrate offshore.
After 48 h, a three-layer current system is located at a
water depth of 65 m when strong stratification is present
during an upwelling event, and at a depth of 80 m
during downwelling. It is absent when stratification is
weak. .

4) Turbulent kinetic energy near the bed is lower
in the coupled models because the wave—current drag
coefficients reduce bottom currents sufficiently to de-
crease turbulence generation, which is dependent on
u>. However, turbulence above the bed is increased by
greater current shear and enhanced vertical mixing,
resulting in thickening of the bottom boundary layer.

5) When stratification persists, as in the summer
upwelling experiment, Ekman veering within the bot-
tom boundary layer is increased at all water depths.
This additional rotation enhances both upwelling and
downwelling.

6) The currents calculated in shallow water (less
than 30 m) are as much as 25% less in the coupled
model. This disparity decreases offshore. Because of
effective vertical mixing at shallow depths there is little
difference between strong and weak stratification.
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FiG. 18. The downwelling regime with winter stratification and 2-m waves. Hodographs of currents for water depths
20 m, 50 m, and 80 m at (a) hour 12 and (b) hour 48. The uncoupled model results (run 19) are indicated by crosses
and the coupled results (run 22 ) by open triangles. Positive U is east and positive ¥ is north. Surface currents are indicated

by S. The wind blows to the south.

7) The variability of currents associated with wave-
current bottom stresses in stratified seas cannot be
simply described, because nonlinear interaction be-
tween the boundary layers and the geostrophic core,
and turbulent mixing within the boundary layers, pro-
duce complex responses, even for simple bathymetry
and forcing.

These results show that the general coupled model
presented in this paper reasonably predicts several im-
portant processes and interactions that occur in strat-
ified coastal seas. They further demonstrate the im-
portance of wave—current interaction for evolving Ek-
man flows in coastal regions. The coupled model
addresses several problems related to sedimentation on
continental shelves discussed by Keen and Slingerland
(1993a), such as spatially variable and evolving strat-
ification during storms and the inclusion of wave—cur-
rent bottom stresses in the hydrodynamic calculations.

It can also be used to evaluate the applicability of the
storm sedimentation model most frequently used by
earth scientists (Duke et al. 1991). Although it is first
necessary to evaluate the model’s predictions under
more difficult conditions for which verification data
are available, it is feasible to apply the coupled model
to more realistic shelf geometries using hindcast winds
and waves in order to evaluate circulation and sedi-
mentation patterns during strong forcing events such
as tropical and extratropical cyclones. By using a model
that directly incorporates more physical processes, new
insight can be gained into the question of sediment
transport processes and paths, and the textural evo-
lution of continental shelf sediments.
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APPENDIX
BBLM Modifications

The most computationally intensive sections of the
original GG BBLM are (a) calculation of the time-
average shear stress; (b) solution of the combined wave
and current friction factor equation; and (c) iterating
to find the proper current velocity to use in calculating
the friction factor and time-average shear stress. The
BBLM was modified as discussed below to reduce run
time.

a. Time-average shear stress

Equations (4) and (5) for V, are compared to the
full V, integral in Fig. Al for collinear (¢, = 0) and
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orthogonal (¢, = w/2) waves and currents. The small
current approximation (4) is applicable for values of
U,/ u, as large as 0.4 for the collinear case or 0.2 for
the orthogonal case. The large current expression (5)
is a good approximation to the V, integral for values
of u,/ u; as low as 0.8 for collinear waves and currents.
Comparisons for other values of ¢, showed that the
greatest discrepancy between (5) and the V; integral
occurs when waves and currents are perpendicular, in
which case (5) does not work as well for values of u/
u, below 1 (Fig. A1b). The difference between (5) and
the V, integral increases exponentially as u,/u, de-
creases. A convenient functional form for the adjust-
ment factor 4 in (5) that eliminates much of the ex-
ponential difference is

A =043 exp[—1.2(%‘5 - 0.85)] . (AD
b

Substituting (A1) into (5) gives the adjusted large cur-
rent result shown in Fig. Alb, and it is good for values
of u,/ 1, as low as 0.6. The adjustment factor A4 is mod-
ulated by the sin%¢. term in (5) and so does not affect
the collinear case.

For collinear waves and currents (Fig. Ala) the 1,
integral is not closely approximated by either small or
large current approximations when the value of u,/u;
is between 0.4 and 0.8. For orthogonal waves and cur-
rents (Fig. A1b), neither the small current nor adjusted
large current approximations are valid for values of u/
up between 0.2 and 0.6. Furthermore, it was found that
the 0.4-unit range of u,/u; for which neither approx-
imation was valid varied almost linearly with ¢, be-
tween 0 and #/2. Rather than evaluate the complete
V, integral for this intermediate range of u,/u,, a linear
interpolation between the large and small current limits
was found to match the integral well; therefore, a
¢.~dependent intermediate range of u,/u, is defined.
Equation (4) is used to find V, when u,/ u; is less than
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P 20. 20 m | L 50 m ' L. 80 m | - 20. —~
"n 1 B ' B - ‘n
20 N SR T S E
5 l 3
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FI1G. 20. The downwelling regime with winter stratification and 4-m waves. Current hodographs for water depths 20
m, 50 m, and 80 m at hour 48. The uncoupled model results (run 19) are indicated by crosses and the coupled results
(run 25) by open triangles. Positive U is east and positive ¥V is north. Surface currents are labeled by S. The wind blows

to the south.
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F1G. Al. Plot of ¥, and « as a function of u,/u, for (a) ¢, = 0
and (b) ¢. = n/2. Key: «, thin solid line; integral solution for V5,
heavy solid line; small current approximation for ¥, small dashed
line; large current approximation for V,, large dashed line; adjusted
large current approximation for ¥, dotted line; model approximation
to V,, crosses.

the value of 0.4-0.2[¢./(7/2)], while (5) is used with
the function 4 given by (A1) when u,/u, exceeds 0.8-
0.2[¢./(7/2)]. Here V, is obtained by linear inter-
polation between these limits for intermediate values
of u,/u,. Results using this approximation (plotted as
crosses in Fig. A1) differ by less than a few percent
from the full integral for V,. This error is considered
acceptable because the approximate version used here
is nearly 30 times faster than evaluating the integral.

b. Wave—-current friction factor

The expression for f,, in GM is a complicated func-
tion of u,/up, ¢., and the relative roughness k/ A4,
where A, is the excursion amplitude of the wave at the
top of the wave boundary layer. Any attempt to ap-
. proximate the friction factor equation with simple
functions is hampered by its dependence on these three
variables. Grant and Glenn solved the expression for
Jew iteratively by the Newton-Raphson method, which
requires two initial guesses for the solution before this
rapidly convergent technique can be applied. The
number of iterations required to find £, has been re-
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duced by using simple functions to generate the initial
guesses.

The wave—current friction factor f, can vary over
several orders of magnitude, with most variability
caused by orders of magnitude variation in the relative
roughness, whereas much less variation is due to u,/
up or ¢.. Therefore, the value of the friction factor in
the pure wave limit £, is estimated first, and since it is
a function of k;/ A, only, it can be approximated by a
power law of the form f,, = B(k,/Ap)¢. The parameters
B and ¢ have been determined for each decadal vari-
ation in k;/ A, (Table A1). To account for decreasing
Jfew With increasing u,/ u;, the pure wave friction factor
is adjusted to obtain a first guess:

Sos Ug/up < 0.2

| Sl (U (e uy — 0.2)/1.9),
Jowm = 0.2 < 1)ty < 4.0
Ful (1 + Vil up), 4.0 < e/ tty.

(A2)

This approximation is a good upper limit on f, for
values of 1,/ 1, less than 4. A lower limit for u,/u, less
than 4 that makes a convenient second guess is

fcw2 =fw/[1 + (ua/ub)l,Z]’

For larger currents the second guess is found by halving
or doubling the first guess, depending on whether it is
too large or too small, respectively. Using the initial
guesses from (A2) and (A3), and a tolerance of a few
percent of the true value, improves convergence from
typically 5-15 iterations to about 1-5.

u./up < 4.0. (A3)

¢. Iteration to find u,/ uy

The third time sink in the GG model is the procedure
to find a value of u,/u;, such that u,. and z,. = kp./

30 satisfy
u, = 22 ln(ﬁ) )
K Zoc

Execution time is again reduced by improving the two
initial guesses for u,/u; used in the Newton-Raphson
solution. A good first approximation of u,/u; for ar-
bitrary currents is

(A4)

TABLE Al. Pure wave friction factor approximation.

k[,/Ab B 4
1.0-10 ! 0.2361730 0.617881
107!-1072 0.1588940 0.445759
1072-1073 0.0927407 0.328840
1073-107* 0.0549209 0.252996
1073-107% 0.0345843 0.202781
1075-0.0 0.0231884 0.168060
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U/ uyp, U/ up > 1

(u,/ up)?,

If the first guess is too small or too large it is doubled
or divided by 10, respectively, to find the second guess.
Using (AS) to find the two initial guesses, and stopping
the iterations once the solution is found within a few
percent, convergence typically occurs in 1-3 iterations
instead of 4-20.

Ua/ Up = [ (A5)

u,/up < 1.
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