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Abstract Ocean turbulence on scales of 10–50 km plays a key role in biogeochemical processes, frontal
dynamics, and tracer transport in the upper ocean, but our understanding of these scales is limited because
they are too small to be resolved using extant satellite altimetry products. By contrast, microwave imagery
of the sea-surface temperature field does resolve these scales and can be used to estimate the upper ocean
flow field due to the strong correlation between the surface density field and the interior potential vorticity.
However, because the surface density (or temperature) is a smoothed version of the geostrophic stream
function, the resulting velocity field estimates are limited to scales of 100–300 km in the first few hundred
meters of the water column. A method is proposed for generating superresolved sea-surface temperature
images using direct low-resolution (microwave) temperature observations in combination with an empirical
parameterization for the unresolved scales modeled on statistical information from high-resolution (infra-
red) imagery. Because the method relies only on the statistics of the small-scale field, it is insensitive to data
outages due to cloud cover that affect infrared observations. The method enhances the effective resolution
of the temperature images by exploiting the effect of spatial aliasing and generates an optimal estimate of
the small-scale temperature field using standard Bayesian inference. The technique is tested in quasigeo-
strophic simulations driven by realistic climatological shear and stratification profiles for three contrasting
regions at high, middle, and low latitudes. The resulting superresolved sea-surface temperature images are
then used to estimate the three-dimensional velocity field in the upper ocean on scales of 10–50 km.

1. Introduction

In recent years, upper ocean flows on scales of tens of kilometers have become accessible to field observa-
tions and regional modeling studies. The emerging picture is surprisingly rich in fine-scale flow features
characterized by strong surface intensification, frontogenesis, and enhanced vertical transport of nutrients,
potential vorticity, and buoyancy. These scales strongly modulate biogeochemical processes, pollutant dis-
persal, and turbulent transport in the upper ocean [Thomas et al., 2008] and play a critical role in mediating
the transfer of energy from balanced mesoscale eddies to smaller scales, where it is dissipated by three-
dimensional processes [Ferrari and Wunsch, 2009]. However, direct global observation of the upper ocean
on these scales is challenging: in situ measurements typically lack sufficient geographical coverage, while
sea-surface velocities estimated from satellite altimetry do not currently have the spatial and temporal reso-
lution required to resolve the features of interest.

High-resolution satellite observations of sea-surface temperature also preserve some information about
the embedding turbulent flow. Satellite temperature measurements are of two broad types: infrared
instruments such as the Advanced Very High-Resolution Radiometer provide daily observations on scales
of kilometers but cannot penetrate cloud, and microwave instruments such as the TRMM Microwave
Imager measure sea-surface temperature daily, regardless of cloud cover, with a coarser spatial resolu-
tion of 20–50 km. In either case, feature-tracking algorithms such as the gradient thresholding [Holylr
and Peckinpaugh, 1989] or Maximum Cross-Correlation methods [Emery et al., 1986; Bowen et al., 2002]
have been used to infer advective displacements between sequential satellite images. These techniques
are essentially kinematic in nature—sea-surface temperature is treated as a passive tracer—and so their
accuracy is limited by non-advective surface dynamics. Moreover, feature-tracking cannot be used to
infer subsurface velocities.
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Lapeyre and Klein [2006] introduced an alternate method for reconstructing upper ocean velocities
based upon the surface quasigeostrophic (SQG) model, in which the interior geostrophic stream func-
tion is slaved to the surface temperature anomaly [Blumen, 1978; Held et al., 1995]. The technique
estimates the interior potential vorticity anomaly from surface temperature measurements using an
empirically derived vertical profile function calculated from the large-scale potential vorticity and sur-
face temperature gradients. Once the interior potential vorticity is estimated, the subsurface horizon-
tal stream function can be derived using the potential vorticity inversion principle [Hoskins et al.,
1985]. The resulting stream function can then be used to calculate the horizontal velocity field and,
via the omega equation, the vertical velocity [e.g., Hoskins et al., 1978]. Thus, the SQG method can
be used to derive the three-dimensional velocity field in the upper ocean from individual microwave
observations.

The SQG method estimates the contribution of surface dynamics to the full solution. However, the formal-
ism can be modified to include the effect of interior dynamics through the use of an empirically derived
effective buoyancy frequency [Isern-Fontanet et al., 2006, 2008], additional barotropic or baroclinic modes
[Lapeyre, 2009; Wang et al., 2013], or a new basis set incorporating both surface and interior effects [Smith
and Vanneste, 2013]. The SQG method effectively estimates the velocity field in the upper ocean (typically
the first few hundred meters) when tested against in situ measurements [LaCasce and Mahadevan, 2006;
Isern-Fontanet et al., 2006] and numerical simulations [Lapeyre and Klein, 2006; Isern-Fontanet et al., 2008;
Klein et al., 2009; Wang et al., 2013]

In this paper, we will address a deficiency that is common to all SQG-based methods for reconstructing the
subsurface flow: the need for very high-resolution sea-surface temperature observations. This arises because
the SQG stream function is a smoothed version of the temperature field—high wavenumbers are sup-
pressed relative to low wavenumbers. In consequence, microwave observations are capable of generating
stream function estimates with a resolution of 100–300 km [Isern-Fontanet et al., 2006], comparable with
that of satellite altimetry but insufficient to resolve the features of interest here. By contrast, infrared obser-
vations have spatial resolutions on the scale of kilometers, but these observations are frequently obscured
by clouds and so are of limited utility.

Here, we propose a method for reconstructing high-resolution sea-surface temperature imagery using
direct low-resolution (microwave) observations in combination with statistical information from high-
resolution (infrared) observations. The method, stochastic superresolution, effectively enhances the resolu-
tion of temperature images by exploiting the fact that unresolved, small-scale temperature features are
aliased into the resolved waveband of the image [Majda and Grote, 2007; Harlim and Majda, 2008; Keating
et al., 2012; Branicki and Majda, 2013]. The method takes advantage of this aliasing effect by comparing the
observed temperature with an empirical model based on the fine-scale statistics. The technique then uses
standard Bayesian methods to generate an optimal estimate of the true temperature field by combining
the observation and the prediction, weighted according to their relative uncertainties. Crucially, the result-
ing estimate has a resolution specified by the underlying empirical model, not the observations; in this way,
it is possible to build ‘‘superresolved’’ temperature images with a nominal spatial resolution given by the
infrared observations. Figure 1 illustrates how aliased, low-resolution observations can be used to recon-
struct a superresolved estimate of the temperature field that optimally reproduces the statistical properties
of the small scales.

It is important to emphasize that stochastic superresolution is not simply an image-processing tech-
nique; it is based upon an empirical stochastic model for the underlying turbulent dynamics that effec-
tively parameterizes the unresolved eddies. The stochastic parameters appearing in the dynamical
model are determined by regression fitting the model to reproduce the correct climatological tempera-
ture variance and temporal decorrelation times. Thus, the method uses statistical information about the
small scales in conjunction with a model for how small-scale temperature features are aliased into the
larger scales by coarse observations. Of course, as with other data assimilating and filtering approaches,
stochastic superresolution does not create new information, but rather combines direct observations of
large scales with fine-scale statistical information to produce an optimal estimate of the sea-surface
temperature on small scales [Wunsch, 2006; Majda and Harlim, 2012]. The enhanced sea-surface tem-
perature images can then be used to estimate upper ocean temperature and velocity statistics on kilo-
meter scales.
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The SQG method for inferring subsurface velocities from sea-surface temperature measurements is outlined
in section 2. In section 3, we discuss in detail the procedure for deriving stochastic superresolved tempera-
ture images using statistical information about small scales. In section 4, we describe numerical simulations
of baroclinically unstable ocean turbulence driven by climatological shear and stratification profiles for three
contrasting regions at high, mid, and low latitudes that are used to test the technique in section 5. In sec-
tion 6, the SQG method is applied using both superresolved and unprocessed observations of the simula-
tions and compared with the results obtained using ‘‘perfect’’ observations of the surface temperature field.
We summarize and discuss our results in section 7.

2. Surface Quasigeostrophic Method

In a geostrophically balanced flow, the stream function anomaly w0ðx; y; zÞ is fully determined by the inte-
rior potential vorticity and surface density anomalies,

q0ðx; y; zÞ5r2w01
@

@z
f 2
0

N2

@w0

@z

� �
; q0ðx; yÞ52
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where f0 is the Coriolis parameter, q0 is a reference density, and g is gravitational acceleration. In addition,
there is the lower surface boundary condition @zw

050 on z 5 – H. Thus, if the interior potential vorticity and
surface density anomalies are known, the interior stream function can be derived using the potential vortic-
ity inversion principle [Hoskins et al., 1985]. Isern-Fontanet et al. [2008] found that, in much of the ocean, var-
iations in surface density are dominated by the sea-surface temperature anomaly h0 so that q0 � 2q0aT h0

where aT 50:1531023 K21 is the thermal expansion coefficient for seawater. The surface boundary condi-
tion for the potential vorticity inversion is then

h0ðx; yÞ5 f0

gaT

@w0

@z
: (2)

Lapeyre and Klein [2006] showed that, when surface dynamics dominate the upper ocean (the first few hun-
dred meters), there is a robust correlation between the potential vorticity and sea-surface temperature
anomalies,

q0ðx; y; zÞ � aðzÞh0ðx; yÞ; (3)

where a(z) is an empirically derived vertical profile function estimated from the large-scale meridional gradi-
ent of the potential vorticity, Qy, and the surface temperature, Ty,

aðzÞ5 hQyðzÞ Ty iX
h T 2

y iX
; (4)

with h�iX representing a horizontal spatial average.

Figure 1. Snapshots of the sea-surface temperature (SST) anomaly in a 500 km 3 500 km subregion of the Subtropical Pacific test case.
From left: true, observed, and superresolved SST anomaly, in degrees Celsius. The low-resolution observation aliases small-scale features
into large scales, while the superresolved estimate optimally reproduces the statistical properties of the unresolved scales.
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The profile function a(z) is easily estimated from hydrography and is remarkably effective at capturing the
correlation between the potential vorticity and sea-surface temperature anomalies in the upper 500 m of
the water column [Lapeyre and Klein, 2006]. This strong correlation means that individual observations of
the sea-surface temperature can be used to derive the interior potential vorticity gradient and, by inverting
(1), the subsurface horizontal velocity anomaly u05 2w0y ;w

0
x

� �
. In addition, the subsurface vertical velocity

w(x, y, z) can be derived by solving the omega equation [e.g., Hoskins et al., 1978],

f 2
0 wzz2N2ðzÞr2w522f0r � Q1bf0vz; (5)

where Q5 ux vz2vx uz; uy vz2vy uz
� �

, and u5UðzÞ1u0 and v5VðzÞ1v0 include both the mean and perturba-
tion velocities in the zonal and meridional directions, respectively.

As an illustrative example, consider the case when a(z) projects onto the first baroclinic mode, N is constant,
and H!1. The Fourier transform of the stream function ŵ5ŵklðzÞ is then,

ŵðzÞ52
aðzÞ ĥ

K 21K 2
1

1
gaT ĥ

NK
eNKz=f0 (6)

where K5ðk21l2Þ1=2 is the isotropic horizontal wavenumber and K1 is the first baroclinic wavenumber. The
second term in (6) is a ‘‘surface mode’’ that ensures that the stream function satisfies the inhomogeneous
boundary condition at the upper surface, namely wzð0Þ5ðgaT=f0Þh. Thus, the stream function (6) is a
smoothed version of the sea-surface temperature anomaly h, since small scales (large K) will be suppressed
by the K-dependent denominators. This motivates the need for higher-resolution sea-surface temperature
images for use with the surface quasigestrophic method.

There are a number of additional caveats that limit the skill of the surface quasigeostrophic method in
reconstructing the subsurface flow. The technique assumes that the surface density can be estimated from
SST images alone, and, while this is appropriate in many regions of the ocean [Isern-Fontanet et al., 2008]
this will not always be the case. The vertical profile function a(z) is calculated from hydrography and this
might not accurately represent the correlation between the interior potential vorticity and SST anomalies in
real time. Likewise, the presence of interior dynamics with little or no surface expression will lead to errors
in the reconstruction. In this article, we compare the skill of the subsurface flow reconstructions estimated
from SST images with both the true subsurface flow and the subsurface flow estimated from ‘‘perfect’’
observations of the SST. This latter case provides a useful benchmark with which to distinguish errors in the
superresolved SST estimate and errors arising from the surface quasigeostrophic method itself.

3. Stochastic Superresolution of Sea-Surface Temperature Images

Majda and Grote [2007] and Harlim and Majda [2008] describe an efficient algorithm for estimating unre-
solved small-scale features from sparse, noisy observations of turbulent systems. The method exploits the
fact that a low-resolution image will alias high-wavenumber modes into the resolved waveband. To illus-
trate this, consider the temperature field h(x,y) evaluated on a high-resolution grid with grid spacing
d 5 L=N, where L is the length of the domain and N is the number of grid points along each dimension. For
simplicity, we will assume that the domain and observational grid are square and doubly periodic. Then the
discrete Fourier transform on the high-resolution N 3 N grid is defined as

ĥðk; lÞ5 1
N2

XN21

m;n50

hðmd; ndÞ e22pi km1lnð Þ=N; (7)

with nondimensional wavenumbers k, l taking integer values in (–N=2, 1N=2]. By comparison, the same
temperature field evaluated on a low-resolution M 3 M grid with grid spacing D 5 L=M has a discrete Fou-
rier transform given by

~hðk; lÞ5 1
M2

XM21

m;n50

hðmD; nDÞ e22pi km1lnð Þ=M; (8)

where now the nondimensional wavenumbers k, l take integer values in the narrower waveband (–M=2,
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1M=2]. Let us assume that D 5 Pd where P 5 N=M is an even integer. Then it is straightforward to show
that the high-resolution and low-resolution Fourier transforms are related by

~hðk; lÞ5
XP=211

i;j52P=2

ĥðk1iM; l1jMÞ (9)

That is, the low-resolution Fourier transform samples, with equal weight, all Fourier modes in the same alias-
ing set, i.e., that are aliased into the same resolved mode k, l (Figure 2).

More generally, an observation will sample the temperature over a footprint that can be described using a
sampling weight G(x, y),

hobsðx; yÞ5
ð

Gðx0; y0Þ hðx2x0; y2y0Þ dx0dy0: (10)

Here, x 5 mD, y 5 nD for m; n50; 1; � � �M21 as before, while x0; y0 are allowed to vary over all space. By the
convolution theorem (see Appendix A), the Fourier transform of the coarse observations is given by

~h
obsðk; lÞ5

X1
i;j521

Ĝðk1iM; l1jMÞ ĥðk1iM; l1jMÞ; (11)

where ĥ now represents the continuous Fourier transform of the temperature field.

The spectral transfer function Ĝ is the Fourier transform of the sampling weight G. As a simple example,
consider a Gaussian sampling weight of width ‘. Then,

Gðx; yÞ5 1

2p‘2 e2ðx21y2Þ=2‘2

; Ĝðp; qÞ5e22p2ðp21q2Þ‘2=L2
: (12)

Thus, high-wavenumber aliased modes are weighted less than low-wavenumber modes, particularly for
sampling weights with a wide footprint (‘�D). Conversely, for a narrow sampling footprint (‘�D), all
aliased modes are weighted equally, Ĝ � 1.

Spatial aliasing is often undesirable, especially when there is significant energy in the unresolved scales
leading to a spurious modulation in the low-resolution image. Even so, the low-resolution image does con-
tain information about the unresolved small scales in admixture with other wave modes. The problem of
separating each resolved mode k, l from its aliases involves multiple unknowns and a single, integrated
measurement (9). Underconstrained inverse problems of this kind arise frequently in oceanographic appli-
cations such as ocean acoustic tomography [Munk et al., 1995], Lagrangian float trajectories [Kuznetsov

(k, l) (k+M, l)

(k, l+M) (k+M, l+M)

Aliasing

(k, l) (k+M, l)

(k, l+M) (k+M, l+M)

Superresolution

Figure 2. Spatial aliasing and superresolution in spectral space. (left) Wavenumber (k, l) (in blue) is observed on a low-resolution M 3 M
grid with a resolved waveband indicated by the pale blue box. The observation will sample the resolved wavenumber (k, l) as well as
aliased wavenumbers in the same aliasing set (in yellow). (right) An observation of the resolved wavenumber (k, l) is used to estimate the
aliased modes (in red). When this is repeated for the entire resolved waveband, the resulting estimate has an effective resolution double
that of the original observation in each direction.
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et al., 2003], and satellite altimetry [Keating et al., 2012]. As in these examples, we adopt a two-step predic-
tion–correction approach: (i) a forecast model makes a prediction of the full-system state at a future time, at
which point (ii) an observation is made of some subset of the system and used to constrain (or correct) the
prediction. The resulting updated estimate then forms the initial state for the next forecast step. An addi-
tional smoothing step (iii) can be retroactively applied to the entire time series to further optimize the state
estimate. Below we describe how these steps are applied to derive superresolved sea-surface temperature
images from low-resolution observations.

3.1. Forecast Step
Each complex-valued mode ĥ5ĥðki; ljÞ is modeled as a Gaussian random variable governed by the linear
stochastic differential equation

@t ĥ52 c2ixð ÞĥðtÞ1r _W ðtÞ; (13)

where c is a linear damping rate, x is a linear frequency, and r is a stochastic noise strength. The complex
white noise forcing _W 5ð _W 11i _W 2Þ=

ffiffiffi
2
p

is defined in terms of independent real-valued white noise forcings
_W n such that h _W i5h _W ni50 and hj _W j2i5h _W

2
ni51. Equation (13) is perhaps the simplest possible parame-

terization of a turbulent signal and has found wide application in turbulence modeling [DelSole, 2004; Har-
lim and Majda, 2010]. The Gaussianity of the initial state is preserved by the linear stochastic model, so the
predicted state is determined solely by the predicted mean hĥi and covariances hĥpĥ

�
qi, which can be calcu-

lated analytically from (13).

The stochastic parameters c, x, and r are determined offline mode-by-mode by tuning (13) to reproduce
the correct time-mean temperature variance H5hĥ2i and the first-crossing time and e-folding time of the
autocorrelation function RðsÞ5H21hĥðtÞĥ�ðt1sÞi. For the linear stochastic model (13),

H5
r2

2c
; RðsÞ5e2cs cos xs1i sin xsð Þ; (14)

so the first-crossing time is p=2x and the e-folding time is 1/c.

Because the forecast model (13) generates a prediction for each mode on the high-resolution N 3 N grid,
the stochastic parameters c, x, r must also be estimated using high-resolution observations, i.e., infrared
temperature images. Since these parameters only depend upon the statistics of the small scales (the tem-
perature variance and correlation function), they will not be very sensitive to occasional data outages from
cloud cover, as we shall demonstrate.

3.2. Update Step
The forecast model (13) generates a prediction for the temperature on the high-resolution N 3 N grid at a
future time. At this point, an observation is made on the low-resolution M 3 M grid. For each resolved mode
~h5~hðk; lÞ, the observation returns a sum over the aliasing set of k, l plus some observational noise ~n5~nðk; lÞ,

~h5Gĥ1~n; ĥ5fĥðk1iM; l1jMÞg (15)

where G is the P231 observation operator representing the weighted sample (10) and ĥ is the 13P2 vector
of modes aliased into k, l. In this article, we will consider the simplest case of G5 1; 1; � � � 1f g, which is equiv-
alent to assuming a small sampling footprint (‘� D) in (10). However, the method proceeds in exactly the
same manner if this assumption is relaxed and a broader sampling footprint is considered.

Notice that, although the observation couples all modes in the same aliasing set, each set is disjoint. Thus, if
the aliasing sets are initially uncorrelated, they will remain so under the action of the forecast model (13)
and the observation operator (15). This leads to a dramatic simplification of the full N2-dimensional inverse
problem, allowing us instead to deal with separate P2-dimensional inverse problems for each of the M 3 M
resolved modes [Harlim and Majda, 2008]. If P 5 2, for example, this means that we only need to calculate
the inverse of M2 different 4 3 4 covariance tensors instead of a single 4M234M2 covariance tensor, a sig-
nificant reduction in the computational overhead.

The inverse problem can then be stated as finding the optimal state estimate ĥ1 given the forecast ĥ2 and
the observation ~h. A compelling advantage of the idealized linear stochastic forecast model (13) is that the
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optimal estimate is provided by the Kalman [1960] filtering solution: the forecast and observation are Gaus-
sian random variables with mean hĥ2i and h~hi and covariance R2 and Ro, so the updated state estimate is
also a Gaussian random variable with mean and covariance satisfying

hĥ1i5 I2KGð Þhĥ2i1K~h; R15 I2KGð ÞR2; (16)

where K5R2GT GR2GT 1Ro
� �21

is the Kalman gain matrix [e.g., Wunsch, 2006; Majda and Harlim, 2012]. The
updated state estimate is then used as the initial state for the next forecast step.

3.3. Smoothing Step
The Kalman filter will generate the optimal estimate of the current temperature field given all observations
up to that point. However, this results in a time series that can have unphysical jumps in the state estimate.
In the present application, an additional Kalman smoothing operation is applied after the Kalman filter has
been run forward through the time series that further optimizes the temperature estimate at every time
step. We use the efficient Rauch et al. [1965] smoother to calculate the mean hĥsi and covariance Rs of the
smoothed state estimate. The calculation proceeds backward in time using the recursive relations,

hĥsiðtÞ5hĥ1iðtÞ1HðtÞ½hĥsiðt1DtÞ2hĥ2iðt1DtÞ�;

RsðtÞ5R1ðtÞ1HðtÞ½Rsðt1DtÞ2R2ðt1DtÞ�H�ðtÞ;
(17)

where D5diagðexp 2ðc1ixÞDt½ �Þ and HðtÞ5R1ðtÞDR21
2 ðt1DtÞ.

Note that the end result of this process—the smoothed state estimate—is a Gaussian random variable char-
acterized by its mean and covariance with a nominal resolution equal to that of the infrared observations.
We will refer to this as the superresolved estimate.

4. Numerical Simulations

We test the method using quasigeostrophic simulations forced by mean shear and stratification profiles
obtained from the Ocean Comprehensible Atlas [Forget, 2010]. This 3 year climatology for the period
December 2003 to November 2006 assimilates altimeter, sea-surface temperature, and Argo float data using
the adjoint of the MITgcm [Marshall et al., 1997]. The resulting hydrographic data are available on a 1

	
31

	

grid with 50 vertical levels.

Figure 3 shows the zonal and meridional velocity profiles for three regions characterized by strong fronts
and eddies on scales of 10–50 km: (i) the Antarctic Circumpolar Current (101	W 58	S), (ii) the Gulf Stream
(68	W 38	N), and (iii) the Subtropical Pacific (154	E 23	N). In the Antarctic Circumpolar Current (ACC), the
flow is dominantly zonal with a deep, baroclinic mode-1 structure, and strong shear throughout the upper
ocean. This region, which is the subject of a field campaign to study diapycnal and isopycnal mixing in the
Southern Ocean [DIMES; Sheen et al., 2013], exhibits sharp fronts and relatively small deformation scales
that are challenging to observe using altimetry. The velocity profile in the Gulf Stream region is also sheared
throughout the upper 500 m due to strong lateral density gradients associated with the convergence of
subtropical and subpolar waters. The recent Lateral Mixing field campaign [LatMix; Shcherbina et al., 2013]
has targeted this region to study eddy mixing on submesoscales (100 m–10 km). The third region, the west-
ern Subtropical Pacific, has strong stratification and a shallow pool of potential vorticity with negative
meridional gradient beneath an eastward surface current. Flows of this kind are susceptible to small-scale
Charney instability near the surface with large variance in the temperature field at small scales [Tulloch
et al., 2011; Roullet et al., 2012].

The numerical model evolves the quasigeostrophic potential vorticity,

@q
@t

1u � rq5DðuÞ; q5f ðyÞ1r2w1
@

@z
f 2

N2ðzÞ
@w
@z

� �
(18)

where w5VðzÞx2UðzÞy1w0 is the perturbed geostrophic stream function, u05 2w0y ;w
0
x

� �
is the horizontal

velocity anomaly, and f(y) 5 f0 1 by is the Coriolis parameter. A quadratic drag DðuÞ52Cdh21ð@x jujv2@y juj
uÞdðz1HÞ acts on the bottom boundary at z 5 – H, where Cd is the quadratic drag coefficient and h is the
bottom boundary layer thickness.
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Equations (18) were solved numerically on a horizontally periodic domain using a leap-frog time-step-
ping scheme with a Robert-Asselin filter, finite-differencing in the vertical, and a dealiased, pseudo-
spectral method to compute the nonlinear terms. The vertical grid-spacing was chosen to match the
Forget [2010] hydrographic data (up to 50 vertical levels) and the horizontal grid was 1024 3 1024, corre-
sponding to a horizontal grid spacing of less than 1.5 km. The quadratic drag coefficient Cd5331023 and
the bottom turbulent boundary layer thickness h 5 50 m. An additional exponential filter dissipated ens-
trophy on small scales. The model parameters for each test region are shown in Table 1.

5. Sea-Surface Temperature Reconstruction

Daily synthetic sea-surface temperature observations were generated over a 90 day period for each test
region with both infrared and microwave resolutions, or approximately 5 km (N 5 256) and 40 km (M 5 32),
respectively (Table 1). The high-resolution observations were used to estimate the model parameters in the
empirical forecast model (13), while the low-resolution observations provided the input data stream for the
Kalman filter. Observational noise was distributed uniformly across all Fourier modes, so the observational
error covariance matrix for each aliasing set was diagonal. The total observational error covariance was 10%
of the time-mean temperature variance. For each observed wavenumber, the resolved mode plus seven

Figure 3. Zonal and meridional velocity profiles from the Forget [2010] hydrographic atlas: (a) Antarctic Circumpolar Current (101	W 58	S), (b) Gulf Stream (68	W 38	N), (c) Subtropical
Pacific (154	E 23	N). Isopycnal depths in increments of 0.1 g/cm3 are shown on the right-hand axes.
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aliased modes in each direction were filtered, so
that 8 3 8 5 64 modes were filtered per observed
mode. The resulting superresolved estimate of
the sea-surface temperature field therefore has a
nominal resolution eight times that of the original
microwave observations.

Snapshots of the true, observed, and super-
resolved estimates of the sea-surface temperature
field for one of the test cases, the Subtropical

Pacific, are shown in Figure 1. Note that the superresolved estimate is actually a single realization of a Gaus-
sian random field, generated using the mean and noise covariance of the smoothed state estimate. This
accounts for its noisy appearance. The superresolved estimate does not resolve all of the small-scale fea-
tures, but it does capture the statistics of the unresolved scales. This is particularly notable in the lower left-
hand corner of the image, where several small eddies are aliased into a large eddy by the observations. The
superresolved estimates reproduce the approximate scales and energies of these eddies. The superresolved
estimate also recreates the convoluted front between the warm and cold regions of the flow that are other-
wise smoothed out by the raw observation.

Figure 4 compares time series of the true, observed, and superresolved temperature anomaly for a single-
resolved wavenumber and the first three modes in the same aliasing set. This particular wavenumber
(216,15) lies near the edge of the resolved waveband 216
 k,l
 16 and so has an amplitude similar to
that of its aliases. This means that the observations (black circles) are not dominated by any one mode and
are strikingly different from the true temperature anomaly at that wavenumber. Even so, the filter produces
an estimate of the mean (solid gray line) and standard deviation (gray-shaded region) of both the resolved

Table 1. Model Parameters for Test Regions

Region Name ACC Gulf Stream
Subtropical

Pacific

Location 101	W 58	S 68	W 38	N 154	E 23	N
Domain depth 4446 m 3422 m 4834 m
Domain length 1352 km 1298 km 1473 km
Deformation radius 56 km 65 km 184 km
Observation grid size 42 km 41 km 46 km
Superresolved grid size 5.3 km 5.1 km 5.8 km

Figure 4. Time series of the true (black line), observed (black circles), and superresolved (gray band) estimate of the sea-surface tempera-
ture anomaly in the Antarctic Circumpolar Current region. Shown are the real parts of the Fourier components for resolved wavenumber
(216,215) and the first three aliased modes in the same aliasing set: (16,215), (216,17), and (16,17). Observations are available only for
the resolved mode. The shaded region shows one standard deviation about the (smoothed) superresolved estimate. The inset figures
show the PDF of the true (black bars), observed (dashed gray curve), and superresolved (solid gray curve) fields.
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and unresolved modes that accurately reconstructs the energy and even some of the temporal variability of
the signal. This is also apparent in the PDFs of the sea-surface temperature estimates, shown in the inset
graphs in Figure 4 (measured with respect to a 7 day moving window average). The observations do a poor
job of capturing the mean and variance of the true sea-surface temperature PDF of the resolved mode
(216,215) and are not available at all for the unresolved modes. By contrast, the superresolved estimates
are able to reproduce the PDF of both resolved and unresolved modes.

The skill of the filter in reconstructing the sea-surface temperature at each isotropic wavenumber is meas-
ured in Figure 5 using the temperature variance spectra, RMS error (normalized by the true temperature var-
iance at that wavenumber), and cross-correlation,

Figure 5. Temperature variance spectra, normalized RMS error, and cross-correlation for (a) Antarctic Circumpolar Current (ACC), (b) Gulf Stream, and (c) Subtropical Pacific.
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RMSEðKÞ5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hjĥest2ĥj2iK
hjĥj2iK

s
; (19)

XCORRðKÞ5 hĥest ĥiKffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hjĥestj2iKhjĥj

2iK
q : (20)

where ĥest is the observed or superresolved temperature estimate and h�iK are averages over all wavenum-
bers satisfying k21l25K 2. To facilitate comparison, the observations were interpolated to the same resolu-
tion as the superresolved estimate by padding the Fourier transform with zeros. The observations tend to
overestimate the temperature variance near the limit of resolution (approximately 40 km) due to the effect
of aliasing of unresolved modes, while the superresolved estimate correctly redistributes this energy to
small scales. The superresolved sea-surface temperature has consistently lower RMS error and higher cross
correlation than the observations. In particular, the effect of spatial aliasing near the limit of resolution
results in a peak in the RMS error in the observation that is absent in the superresolved estimate. At very
small scales, the RMS error of the observed and superresolved estimates tend to one because the magni-
tude of ĥest becomes very small.

In principle, the accuracy of the small-scale statistics (temperature variance and correlation function) calcu-
lated using the high-resolution observations can be impacted by clouds or the observing period of the
infrared observations. To test the filter performance with intermittently cloudy observations, we modeled
the effect of clouds by discarding a random selection of frames (between 0% and 90%). These frames were
then substituted with images generated by linearly interpolating between neighboring cloud-free frames.
Likewise, the length of the observing period used to calculate the small-scale statistics was varied between
10 and 90 days. In each case, the resulting series of daily high-resolution sea-surface temperature observa-
tions was used to calculate the empirical stochastic model parameters and the filter was applied as before
to the entire 90 day interval of daily coarse-resolution observations. Figure 6 shows the total RMS error ver-
sus the fraction of cloud-free days and the length of the observing period for the Antarctic Circumpolar Cur-
rent test case. (Results for the other two test cases are essentially the same.) The filter skill is found to be
relatively insensitive to both clouds and observing period as long as roughly 25 days of cloud-free observa-
tions are available to train the empirical stochastic model. Filter skill for both the observed and super-
resolved estimates improves with observing time, perhaps due to more accurate estimate of the time-mean
temperature field.

6. Subsurface Flow Estimation

The SQG method described in section 2 and its variants rely upon the strong correlation of the surface den-
sity (or temperature) with the interior potential vorticity. Clearly this will only be valid to a certain depth
that will vary regionally. This is illustrated in Figure 7, which shows the time-averaged potential enstrophy

Figure 6. Total RMS error (normalized by total temperature variance) versus fraction of cloud-free days (left) and length of observing
period for Antarctic Circumpolar Current test case. Error bars show one standard deviation.
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profile hjqj2i=2 calculated using the true stream function, compared with the potential enstrophy estimated
from (3) using high-resolution (‘‘perfect’’) SST observations, the low-resolution (microwave) SST observa-
tions, and the superresolved SST estimate. In each region, the potential enstrophy profile estimated by pro-
jecting the three SST observations are very similar at all depths (they are essentially superimposed in Figure
7) because they use the same empirical vertical profile a(z) to project the SST to depth; however, they differ
from the true potential enstrophy in all regions. In the Antarctic Circumpolar Current test case, the projected
SQG estimate closely matches the true potential enstrophy down to depths of up to 700 m. In the Gulf
Stream and Subtropical Pacific test cases, the skill of the SQG method decreases much more rapidly with
depth. (Notice the different vertical scales in each panel.) Even with perfect observations of the SST, the

Figure 7. (left column) Potential enstrophy profiles for the three test regions: (a) Antarctic Circumpolar Current (ACC), (b) Gulf Stream (GST), and (c) Subtropical Pacific (STP). Also shown
is the potential enstrophy profile estimated using the SQG method using ‘‘perfect’’ observations of the SST field (green) as well as the low-resolution (microwave) observations (blue) and
the superresolved SST field (red). (middle column) Normalized RMS error for the reconstructed stream functions. (right column) Cross correlation for the reconstructed stream function.
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stream function estimate loses accuracy around 500 m in the Gulf Stream and around 100 m in the Subtrop-
ical Pacific.

Snapshots of the true and estimated potential vorticity anomaly at 200 m in the Gulf Stream test case are
shown in Figure 8. The SQG estimates capture the dominant positive-PV anomaly at the center of the snap-
shot, because this feature has a large vertical extent. However, the surrounding negative-PV anomalies seen
in each of the SQG estimates are much weaker than is the case for the true PV snapshot.

We found that the SQG method tended to overestimate the depth to which surface features extended, par-
ticularly in the Gulf Stream and Subtropical test cases, where surface dynamics are dominated by strong
shear in the upper few hundred meters. By comparison, in the Antarctic Circumpolar Current, the water col-
umn is weakly stratified and the flow is dominated by a deep first baroclinic vertical mode that closely
matches the SQG mode.

Using the estimated potential vorticity field, (1) is then inverted to calculate the subsurface stream function.
Details of the kinetic energy spectra, normalized RMS error, and cross correlation for the estimated horizon-
tal stream function w are shown in Figure 9, at 500, 200, and 50 m for the Antarctic Circumpolar Current,
Gulf Stream, and Subtropical Pacific regions, respectively. These depths are indicated by the horizontal-
dashed lines in Figure 7 for reference. The SQG estimates predict too much energy at large scales in all
regions. This is particularly striking in the Subtropical Pacific case, where the true KE drops quickly with

Figure 8. Snapshots of the potential vorticity (PV) anomaly at 200 m in a 500 km 3 500 km subregion of the Gulf Stream test case: (a) true
PV anomaly, (b) PV anomaly estimated using the SQG projection of ‘‘perfect’’ SST observations, (c) PV anomaly estimated using low-
resolution (microwave) SST observations, (d) PV anomaly estimated using superresolved SST observations.
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depth compared with the SQG estimates. We suspect that this is due to the fact that at low K, the surface
mode is very close to barotropic, resulting in too much large-scale energy at depth. Even so, in all three
regions, the superresolved SST field results in an estimate of the kinetic energy at depth that is as good as
that obtained using the true SST. However, the RMS error and cross correlation of the perfect SST observa-
tions is typically better than the superresolved estimate at small scales. This is because, although the super-
resolved estimate correctly redistributes aliased energy to small scales, it does so in a random, noisy way.

The noisy nature of the superresolved estimate of the subsurface stream function strongly impacts the
vertical velocity estimated from the omega equation (5). We found little skill in reconstructing the verti-
cal velocity field at depth in the Antarctic Circumpolar Current region (Figure 10) and none at all in the

Figure 9. Kinetic energy spectra, normalized RMS error, and cross correlation for the true and estimated horizontal stream function, for each of the test regions.
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Gulf Stream and Subtropical Pacific (not shown). One reason for this is that the true vertical velocity
field is very fine scale and is organized along filaments and fronts in the temperature field [Roullet
et al., 2012]. This makes the subsurface vertical velocity field extremely difficult to estimate using low-
resolution surface temperature observations. Even with perfect SST observations, only the broad features
of vertical velocity field are captured using the SQG method. The superresolved estimate produces the
correct scales and magnitudes for the vertical velocity field, but is unable to reproduce the overall struc-
ture. By comparison, the unfiltered observations are completely unable to estimate the vertical velocity
field. In the Gulf Stream and Subtropical Pacific cases, the SQG method fails, even with perfect observa-
tions of the sea-surface temperature field. Again, this is possibly due to a decoupling between the sur-
face dynamics and the interior flow at depth for these regions. In all cases, the stream function
estimated from superresolved SST images results in vertical velocities estimates that are dominated by
small-scale noise, and so should be viewed as unreliable.

7. Conclusions

In this article, we have described a method for combining low-resolution (but cloud-penetrating) micro-
wave temperature observations with an empirical model for the small scales derived from high-resolution
(but intermittently cloudy) infrared measurements. The method, stochastic superresolution, extracts informa-
tion about ‘‘unresolved’’ scales that nonetheless project some energy onto the resolved wave modes due to
the effect of spatial aliasing. The resulting temperature estimates, which have a nominal resolution given by
the underlying empirical model rather than the observations. These are then used to estimate the velocity
field in the upper ocean on scales of 30–100 km using the surface quasigeostrophic method of Lapeyre and
Klein [2006].

Figure 10. Snapshots of the vertical velocity at 500 m in a 500 km 3 500 km subregion of the Antarctic Circumpolar Current test case: (a)
true vertical velocity, (b) vertical velocity estimated using ‘‘perfect’’ SST observations, (c) vertical velocity estimated using low-resolution
(microwave) SST observations, (d) vertical velocity estimated using superresolved SST observations.
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The method is tested in quasigeostrophic simulations of three regions with strongly contrasting dynamics:
the Antarctic Circumpolar Current, the Gulf Stream, and the western Subtropical Pacific. All of these regions
are characterized by strong fronts and eddies on scales of 10–50 km, though for different dynamical rea-
sons. In the case of the Antarctic Circumpolar Current, the deformation wavelength is O(50 km) but the cor-
responding vertical scales extend to 1000 m. In the Gulf Stream and Subtropical Pacific regions, the small-
scale flow features are generated by frontal dynamics and Charney-type instabilities that have a much shal-
lower vertical extent and do not necessarily reflect the interior dynamics.

This regional variation has a strong impact on the depth to which the SQG mode can be projected,
even with perfect observations of the sea-surface temperature field. In the Antarctic Circumpolar Cur-
rent, the superresolved temperature estimate results in reasonably good subsurface flow reconstruction
down to depths of up to 1000 m, whereas in the Gulf Stream and Subtropical Pacific the method loses
accuracy at roughly 300 and 100 m, respectively. When compared with the subsurface flow estimated
using the raw temperature observations, the superresolved temperature effectively reconstructs the sta-
tistics of features on smaller horizontal and vertical scales. This is particularly notable near the edge of
the resolved waveband (approximately 40 km), where spatial aliasing has a strong effect on the
observed signal.

Clearly, this is a limitation of the SQG projection itself and is present even with perfect observations of
the sea-surface temperature. As such, the performance of the SQG method in the Gulf Stream and Sub-
tropical Pacific regions argues strongly for the inclusion of additional barotropic or baroclinic modes to
model the interior dynamics [Lapeyre, 2009; Wang et al., 2013] or a new basis set incorporating both
surface and interior effects [Smith and Vanneste, 2013]. This is beyond scope of this study, however.
Within the domain of validity of the SQG method, we find that the superresolved sea-surface tempera-
ture estimate results in consistently more accurate upper ocean stream function reconstruction when
compared with the raw observations. This is particularly striking at wavenumbers close to the limit of
resolution, where the effect of spatial aliasing gives rise to spurious energy at those wavenumbers.
Since the SQG mode projects SST anomalies to a depth that depends upon wavenumber, spatial alias-
ing in the horizontal results in surface features that are overextended in the vertical. Stochastic superre-
solution effectively corrects this issue by accurately redistributing this energy to smaller horizontal—and
vertical—scales.

The use of stochastic superresolution is not limited to sea-surface temperature observations. The method
has already been applied to satellite altimetry [Keating et al., 2012] and we anticipate that the method could
profitably be applied to satellite observations of other oceanic variables such as salinity or chlorophyll. The
performance of the filter is contingent on two requirements: first, that significant variance is present at
unresolved scales resulting in an aliased signal in the resolved wave band, and second that a forecast model
can be derived for the unresolved scales. In the present case, high-resolution infrared observations were
used to derive the parameters in the stochastic forecast model, which had the advantage that it was insen-
sitive to intermittent clouds. Moreover, the forecast model itself was ‘‘dynamics-free’’, in that it did not rely
on an a priori model for the temperature field but instead derived it empirically. In the more general frame-
work, the forecast model could be based upon some reduced mean-field representation of the unresolved
scales. Alternatively, the stochastic model parameters could be learned adaptively from the observations
themselves [Harlim and Majda, 2010; Majda and Harlim, 2012]. These extensions will be taken up in future
studies.

In this article, we have described a method for using superresolved SST images to reconstruct the features
in the upper ocean on scales below the resolution of current-generation satellite altimeters. These scales
are of critical importance for resolving outstanding questions about the transport pathways, biogeochemis-
try, and climate sensitivity of the ocean. It is hoped that this work will contribute toward our understanding
of these scales and to the design of planned wide-swath satellite altimetry missions (SWOT, COMPIRA) as
well as the next generation of high-resolution ocean climate models.

Appendix A : Spectral Transfer Function

We provide here the derivation of (11) in one dimension; the extension to two dimensions is straightfor-
ward. The discrete Fourier transform of the coarse observation (10) is
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where xm5mL=M;m50; 1; � � �M21 are the observation grid points. The true temperature field can be
expressed in terms of its continuous Fourier transform via

hðxÞ5
ð21

1
ĥðpÞe2pipx=L dp: (A2)

The nondimensional wavenumber p will be aliased into resolved wavenumbers p0 in (–M=2, M=2] if p5p01jM
for any integer j. Therefore, we can rewrite (A2) as

hðxÞ5
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ĥðp01jMÞe2piðp01jMÞx=L dp0: (A3)

If we now introduce the spectral transfer function
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Gðx0Þe22pipx0=Ldx0; (A4)

then (A1) becomes
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where we have used the fact that e2pijm51 for integers j and m. Finally, we make use of the identityX
m

e2piðp02kÞm=M5Mdðp02kÞ to obtain

~h
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j521

Ĝðk1jMÞĥðk1jMÞ: (A6)

This is the one-dimensional analogue of equation (11).
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