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Discussion on the Critical Wind Speed for Wind-Wave
Generation on the Basis of Shear-Flow
Instability Theory*

Sanshiro Kawar**

Abstract: Observed critical wind speeds for the generation of wind waves are compared
with those derived from a shear-flow instability theory. The theory predicts that the critical
wind speed depends on the fetch and, for the case of infinite fetch, it is 93cm s~ at 30 cm
above the mean water surface, which agrees well with observations at sufficiently large fetch.
For water containing soap, the much larger critical wind speeds which are observed cannot

be explained by the reduction of surface tension alone. A qualitative discussion suggests that
the elasticity of surface films of soap can effectively increase the critical wind speed.

1. Introduction

It has been shown recently both experi-
mentally and theoretically that wind waves are
initiated by a shear-flow instability mechanism
(KAwAl, 1979). The same theoretical model
is also capable of predicting the critical wind
speed for wind-wave generation. The present
article is aimed at comparing the observed
critical wind speed with that predicted by the
theoretical model.

Observational determination of the critical
wind speed is not so definite, as theoretical one.
Hence, its observed value has some uncertain-
ty, as most observers have noted. Despite this,
no one can deny that the actual critical wind
speed is far smaller than the value of 6.6 m s-!
predicted by the Kelvin-Helmholtz instability
theory. Typical values observed so far are
3.3ms™! (KEULEGAN, 1951) and 2.4 m s~! (Ku-
NISHI, 1957) for laboratory cases and 1.1 ms~!
(JEFFREYS, 1924) and 2ms! (VAN DORN,
1953) for field cases. The disagreement between
these values might be attributable to differences
in experimental conditions, as well as to differ-
ences in the definition of ‘critical wind speed’.
In particular, the observation heights of wind
speed are not necessarily the same. Among
these experiments, Kunishi’s (1957, 1963) is the
most suitable for the comparison of observed
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critical wind speeds with those predicted by the
present theoretical model, since the experimental
conditions, especially the shear-flow profile in
air and water, were described in detail. The
comparison and discussion will be made in
Sections 2 and 3, respectively.

Another subject to be studied in this paper
is the extreme increase in critical wind speed
when soap is added to the water. According
to KEULEGAN (1951) and VAN DORN (1953),
the maxima of the critical wind speeds for
soapy water are 12ms™' and 6ms™!, respec-
tively, It should be noted that they made the
measurements under the same experimental
conditions as they used for ordinary water.
Therefore, the reason for the extreme increase
in critical wind speed must lie in the changes
in the physical properties of water due to the
addition of soap. The physical properties of
water pertaining to the present theoretical
model are density, viscosity and surface tension
(KAawal, 1979). The amount of soap required
to give a significant increase in critical wind
speed is not so much as to change appreciably
the density and viscosity of the water. On the
other hand, the surface tension of soapy water
is considerably less, even if the soapy water is
very dilute. Therefore, the reduction of surface
tension will be investigated as a possible factor
relating to the increase of critical wind speed.
If a different surface tension is assumed in the
present theoretical model, some changes occur
in the dispersion relation and consequently in
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the stability curve that determines the critical
wind speed. The wavelengths of the initial
wavelets are so short (KAWATI, 1979) that the
dispersion relation is strongly controlled by
surface tension. Therefore, the critical wind
speed might be altered to a large extent.

Besides surface tension, we consider other
physical properties related to the surface films
formed by the adsorption of the solute to the
surfaces. The effects of the surface films have
been discussed by many investigators since
REYNOLDS (1880). MILES (1967) expressed
their effects systematically in terms of three
physical properties: (1) the surface elasticity,
(2) the surface viscosity and (3) the solubility
of the surface material. According to MILES
(1967), surface films cause an extreme increase
in the damping rate of surface waves. There-
fore, surface films are also expected to increase
the critical wind speed, In Section 4, we will
examine the possible effects of surface tension
and surface films on critical wind speed.

Detailed descriptions of the theoretical model,
its formulations and the numerical scheme to
solve them are wholly omitted in the succeeding
sections, since they are identical to those in
Kawar (1979). In short, the model predicts
the temporal growth rate f; and the phase
velocity ¢ for a given wave number % of pertur-
bation wave of infinitesimal amplitude, when
the shear-flow pattern in the air and water is
known.

2. Comparison between observed and predicted

critical wind speeds

The experiment by KUNISHI (1957, 1963) was
performed in a wind-wave tunnel 75 cm wide,
21.6 m long and 100 cm high, with water up
to a depth of 50 cm. The two main factors
measured were the air flow profile in the steady
state and the time sequence of the developing
water flow profile driven by the wind. These
measurements were taken at a fetch of about
7.5m. The number of experimental cases was
six (Table 1). In the table, Uy, s represents the
wind speed at 30 cm above the still water level
and u, the friction velocity of air. In the
following discussion, #, will be used to represent
the wind conditions and will be referred to as
‘wind speed’. Among the six cases, wind waves
were observed only for the case of the highest

Table 1. Wind conditions of the experiment
by KUNISHI (1957).

1 I I ) v W

Ups(ems™) 54 73 94 109 170 277
ug (cm ™) 2.3 31 42 4.7 6.8 10.3
wavyes no  no no no

no appear

wind speed. These waves appeared about a
hundred seconds after the onset of wind. The
wave height was about 1 mm. On the basis of
these observations, KUNISHI (1957) reported the
critical wind speed Upgeris as 2.4 m s72.

As stated in the previous section, detailed
measurements of the shear-flow profile in the
air and water were made by KUNISHI (1957).
The air flow was aerodynamically smooth. As
a functional form to represent the smooth flow
profile, we will use a modified form of the
pattern proposed by MILES (1957), in which the
wind speed U at the height ¥ is represented by

Uy =C(us?/vyy+Us, for 0<y<<yy (1)

in the viscous sublayer and by

Uly)=U: +(u*/ﬁ>(a—tanh%) + U,
for 1<y (2)
outside this sublayer, where « is determined by

sinh a=2k uye /L) y—vy1) (3)

& is the von Karméan constant with a constant
value of 0.4, g, the thickness of the viscous
sublayer, Ui+ U, the velocity at y=y1, U the
surface velocity, 4 the friction velocity of air
and v the molecular kinematic viscosity of air.
The surface velocity Uy is related to the water
flow discussed later. A nondimensional para-
meter r for the thickness of the viscous sub-
layer, defined by

r=yity/v=U1/ty (4)

remains to be decided. The calculations are
made for two wind profiles represented by
r=5 and 8. Most of the profiles chserved by
KunisHI (1957) lie between these two profiles.
These expressions of the air flow profile are
identical to those of KAWAI (1979).

As for the flow pattern in water, KUNISHI
(1957) reported the following functional form;



Critical Wind Speed for Wind-Wave Generation 181

U= Uslexp(—£D+ vV {1+ 0(O}]
for <0 (5)

where the surface velocity Us is expressed by

2 \/ t

Vo= D

£ is the dimensionless vertical coordinate de-
fined by

(6

t=y= 1)

N
@ the error function defined by

2 (¢

D)=\ exp{—a)dx (8)

v 0
t the time from the onset of the wind, v the
molecular kinematic viscosity of water and
4w the friction velocity of water. Since the
shearing stress must be continuous at the sur-

face, there is a relation between the two friction
velocities,

(9

where p and p» are the densities of air and
water, respectively. Equality (9) was also ex-
amined by KuUNIsHI (1957). These expressions
of the water flow are essentially identical to
those of KawAT (1979).

Although these time-
dependent, computations are performed under
The ef-
fect of this assumption on the computational re-
sults is negligible, as discussed by Kawar (1979).
In the present calculation, the time ¢ in equa-
tions (6) and (7) is taken as the time when the
ohserved flow profile in the experiment by
Kunisal (1957) begins to deviate from the
functional form (5). The above arbitrary choice
of the time z has little effect on the stability
curve or the relation between the growth rate
and the wavelength of perturbations (KAWAT,
1979).

In Fig. 1 the relationship between the tempo-
ral growth rate of amplitude 8; and the wave-
length L of perturbation waves, is shown for
the case #=5. The curves for the four higher
wind speeds are from KAWAI (1979). The
portion close to the neutral condition (8,=0) in
Fig. 1 is enlarged in Fig. 2, for a detailed ex-

Prex’ = Pwtbsn”

flow patterns are

the assumption of a quasi-steady state.
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Fig. 1.
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Stability curves for various friction

velocities ux of air, for the case of r=3.
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Fig. 2. Enlargement of Fig. 1.
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Fig. 3. Stability curves for various friction veloc-
ities uy of air, for the case of »=8. Dashed
line represents the damping rate caused by the
viscosity of water.

amination of the critical wind speed. The
theoretical value of the critical wind speed is
defined as the minimum wind speed for which
the corresponding stability curve has no positive
growth rate for any wavelength. The critical
wind speed (u,) for the present case lies be-
tween 4.7cms™! and 4.2cms™!. Regarding the
stability curves for the case »=8 (Fig. 3), the
non-monotonous variation of curves makes it
necessary to include an additional curve for
u,=3.7cm s ! in order to make a detailed ex-
amination of the critical wind speed. The
dashed curve represents the damping rate given
by LamB (1932) for the particular case when
mean motion in the air and water vanishes.
The stability curves approach the dashed curve
asymptotically, as the air flow approaches zero.
For this case of =8, the critical wind speed
(2y) lies between 4.2 cm s7! and 3.7 cm 572,
Before comparing the theoretical results with
the observations of KUNIsHI (1957), let’s ex-
amine the results of MILES (1962) in which
similar stability curves were obtained in a some-
what different manner. Although the critical

Table 2. Critical wind speed predicted by
the present theoretical model.

U erit Uo.a erit Ujo eriy

(ems™) (ems7Y) (ems™h)
r=>5 4.5 93 133
=8 4.0 93 129

wind speed was not clearly distinguished by
MIiLES, the diagrams in MILES seem to show
that the critical wind speed #y cri1 is smaller than
6 cm 57! and 4.5 em 57, respectively, for the case
of =5 and »=8. These values are consistent
with the present results. The non-monotonous
behavior of the stability curves asin Fig. 3 was
explained by MILES (1962), as a resonance
phenomena between the surface waves in which
we are interested, and Tollmien-Schlichting
waves, The resonance conditions for the case of
r=8 are uy=4.5cms™! and L=4.7 cm (MILES,
1962). Although these values are nearly equal
to those of the present case, the present growth
rate is much smaller than that of MILES (1962).
For the case of r=5, Miles’ (1962) diagrams
showed the occurrence of resonance at w,=4.8
cm 57!, but the present results differ remarkably
from Miles’ in the monotonous nature of the
stability curves. With an analysis similar to
that of the present paper, VALENZUELA (1976)
also reported monotonous stability curves, for
r=5. Hence, the discrepancy between the
present results and Miles” (1962) can be inter-
preted as due to some inadequate assumptions
in the analysis by MILES (1962), as pointed out
by VALENZUELA (1976) and TAKEMATSU (1978).

In any case, it is shown that theoretical value
of the critical wind speed is much smaller than
the values observed by KUNISHI (1957), as shown
in Table 2. In the table, Uq3eric and Ulgeris
represent the critical wind speeds at the heights
of 30 cm and 10 m, respectively. They are com-
puted from #, criv by use of the above functional
form for the air flow. In the next section, a
discussion will be given of the reason for the
above discrepancy.

3. Interpretation of the discrepancy between
predicted and observed values of the critical
wind speed
The critical wind speed predicted by linear

instability theories such as the present one

signifies that, for higher wind speeds than the
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critical one, there is a range of wavelengths
where any perturbations, however small they
are, grow exponentially with time. On the
other hand, some perturbations of finite ampli-
tude may grow with time, even if the wind
speed is smaller than the critical value. In this
connection, it may seem strange that in the
experiments by KUNISHI waves were not gener-
ated even when positive growth rates are ex-
pected from the linear theory. However, this
discrepancy may be accounted for by the fact
that the present theory assumes a spatially
homogeneous field. The real process in the
experiments by KUNISHI (1957) does not neces-
sarily fulfill this condition, as will be shown
later.

For the five cases of lower wind speeds in
the experiment by KUNISHI (1957), waves did
not appear, even after the wind blew for 100
seconds or more. In the later stage of the
process, effects of the windward coast cannot
be neglected. Then, spatially growing waves
must be considered, rather than temporally
growing ones. A steady field may attain after
so long a time. According to GASTER (1962),
the spatial growth rate B. and the temporal
growth rate 8; are related to each other by

where ¢, represents the group velocity of the
perturbation waves. Since the group velocity
is positive in the present problem, the sign of
the growth rate remains unaltered by conver-
sion (10). Therefore, the conversion itself can-
not solve the above discrepancy between the
predicted and observed values of the critical
wind speed, since the former value is decided
by the sign of the growth rate. However, the
discrepancy can be cleared up to some extent,
if the finiteness of the fetch in the experiment
is taken into account, as discussed below.

If we express the amplitude of disturbance
waves at x==0 with a,, then the amplitude a(z)
at a fetch x is expressed by,

alx)=aq exp (f.x) an

Even if the growth rate jB. is positive, the
perturbation waves cannot be measured and the
situation is judged as of ‘no wave’, if the
amplitude (11) is smaller than the lower limits
of the measuring device. Thus, the critical
wind speed at a finite fetch can be greater than
that expected from the present theory.

Let’s discuss further the equation (11) under
two assumptions: (1) the initial disturbance a,
is constant and (2) the lower limits of the

measuring device are constant. When a positive

Bs=Pi/cy, (10) growth rate 8, is given, (11) indicates the ex-
40
+ Scott Russel
301 » Jeffreys
'E I —-=Stanton
L * Roll
~ 20}
!
10r
0 5 0 15

Uggst m g1 )
Tig. 4. Wavelengths L of observed waves as a function of wind speed U.ss at 35 cm above
water surface and of the observed fetch z. Isopleths are drawn, based on the observed
values shown with various symbols. A reproduction of Roll’s figure (1951: fig. 2).
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istence of a critical fetch; no wave is detectable
for fetches smaller than the critical value. Since
B: depends on the wind speed, the critical fetch
also depends on it. This is the case in Fig. 4,
which is a reproduction of Roll’s figure (1951:
fig. 2), where the wavelengths of the observed
waves were shown as a function of the observed
fetch as well as the wind speed U35 at a height
of 35cm. When a fetch is fixed in the figure,
the minimum wind speed required for the
appearance of waves can be designated, and for
a fixed wind the minimum fetch can be desig-
nated in the same manner. Thus, these obser-
vational results support the existence of the
critical fetch, despite a lack of strict assurance
that the above two assumptions are fulfilled
in these observations. This might show that
actual conditions do not extremely deviate from
the two assumptions, if observations are made
with the naked eye under natural wind con-
ditions, as those observations in the figure were.

Next, an ideal case of infinite fetch is dis-
cussed. In this extreme, the critical wind speed
predicted by the theory of temporally growing
waves should coincide with that of the spatially
growing ones, as expected from equations (10)
and (11). On the other hand, if we attend only
to the original data (not to the smooth curves)
in Fig. 4, the minimum wind speed for the
appearance of waves is about 90 cm s™!, which
corresponds to the case of virtually infinite
fetch. If we adopt this value of the minimum
wind speed as the observed critical wind speed
at a sufficiently large fetch, it is consistent with
the theoretical value listed in Table 2. The
minimum wind speed along the smooth curve
for the infinite-fetch case in the figure is about
70 cm s~!, However, it appears inadequate to
adopt it as the critical wind speed, since no
observations were made near the critical value
and the smooth curve was drawn under the
assumption that the wavelength of the most
preferred waves is 1.7 cm, as stated by ROLL
(1951). There is no firm base for this assump-
tion. Moreover, it conflicts with the present
results shown in Figs. 1to 3. Hence, the above
adoption of the value Us 35 ¢ri:=90 cm s™! as the
observed critical wind speed at a sufficiently
large fetch seems more reasonable.

In conclusion, the critical wind speed depends
on the fetch, and the present model predicts it

as Upserts=93 cm s (Up g5 eric=95 cm s71) for
the infinite-fetch case which is in close agree-
ment with observations.

4, The critical wind speed for soap-water case

Two speculations were made on the cause of
the increase of the critical wind speed for the
case of soapy water, in Section 1. The first
involved the reduction of surface tension and
the other the formation of surface films. The
two phenomena have the same cause, that is
the adsorption of solute to the surface, There-
fore, it is impossible experimentally to isolate
these two kinds of change in the physical prop-
erties of the fluid. But it is possible for the
theoretical model to analyze them separately.

First, the effect of the reduction of surface
tension will be analyzed. Fig. 5 shows the
stability curves near the critical wind speed,
corresponding to the case when the surface
tension is reduced to half that of ordinary water,
for the case r=8. The other conditions are
identical to those of ordinary water. These
stability curves are nearly the same as those
in Fig. 2, and no significant change in critical
wind speed is seen. As a result, it is concluded
that physical properties of the surface films
described in Section 1, have to be taken into
account, in order to explain the extreme in-
crease of the critical wind speed.

As stated in Section 1, MILES (1967) proposed
a model to analyze the effect of surface films
on the damping of surface waves. His model
can be incorporated with the present analysis
of shear-flow instability. However, we do not
do so, since there are no obhservations available
to examine quantitatively the combined theo-
retical model. Hence, the discussion in the

1 T T
— ug=47cm *
7, 0
‘g / 42
1]
"-“9 -1 4
Syl ¥ =36.25 dyne cm* |
Upfue=50
_3 1 1
0 5 10 15
L(cm)

Fig. 5. Stability curves for the case of »=5,
with a reduced value of surface tension 7.
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remaining part of this paper is limited to rather
qualitative arguments, based on a comparison
between the growth rates predicted in Fig. 1
and the damping rates predicted by the Miles’
(1967) model. In the calculation of the latter,
the surface viscosity and the solubility of the
surface material are neglected and the surface
elasticity X alone is considered for the sake of
simplicity. Under these conditions, Miles’ (1967)
model predicts the temporal damping rate — g,
of the wave amplitude, as

—8 =%k N (12)

S S
C—1F+1

where { is the nondimensional value of the
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Fig. 6. Stability curves (thick solid lines) pre-
dicted in Fig. 1 and damping rates (thin solid
lines) predicted by Miles’ (1967) model for four
possible values of surface elasticity and y=72.5
dyne cm™*. The damping rates are shown with
positive sign. Thick dashed line represents the
damping rates caused by the viscosity of water.
Thin dashed line represents the damping rates
predicted by Miles’ (1967) model for X=50

dyneem™ and 7=236.25dyne cm™.

surface elasticity defined by
1 -1/2
(= (Epw"’uwa"‘) kx (13)

where k is the wave number and ¢ the angular
frequency of waves. In the calculation, ¢ is de-
termined from the dispersion relation of surface
waves for the case of no mean motion in the
air and water,

The comparison is shown in Fig. 6, where
the thick solid lines represent the growth rates
predicted in Fig. 1, the thin lines the damping
rates expected from Miles’ (1967) model for
several possible values of X, and the thick dashed
line the damping rates given by LaMB (1932)
for the case of no mean motion in the air and
water. For the calculation, the viscosity v, and
the surface tension 7 are taken as 0,0l em?s™!
and 72.5 dyne em™!, respectively, and these re-
main equal to those of Figs. 1 to 3. For the
case X=>50 dyne cm~*, the results with y=236.25
dyne cm™! are also shown with a thin dashed
line, which reveals that the change of surface
tension has no significant effect. In the figure,
the values of B: calculated by Miles’ (1967)
model are shown with positive sign, for the
sake of easy comparison. It can be seen that
the growth rates of the initial wavelets, which
correspond to the waves whose growth rate is
maximum for a given wind speed, as shown by
KAawal (1979), are comparable to or smaller
than the damping rates caused by the surface
elasticity. Hence, the initial wavelets observed
by KAWAI (1979) at least are expected to dis-
appear under the existence of surface films with
these values of surface elasticity. Although the
behavior of these curves for longer waves is
not clear in the figure, it is also expected that
the theoretical value of the critical wind speed
is significantly increased in the presence of
surface films. In conclusion, the increase in the
actual value of the critical wind speed is pre-
sumably caused by surface films, although this
statement has to be examined quantitatively on
the basis of precise experiments.
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