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1. Introduction

Bottom boundary layers in shallow waters on the in-
ner continental shelf are invariably under the influence
of propagating surface gravity waves. Wave-induced os-
cillatory currents superimposed on the mean current
alter the velocity profile in the water column and in-
crease the roughness felt by the mean current. The ap-
parent roughness z0a is given by

z0a

z0
� 1 � F� ub

u*c
,
Ab

ks
,��, �1�

where z0 is the roughness scale without wave-induced
currents, ub is the magnitude of the wave-induced bot-
tom current, u*c is the mean friction velocity due to the
mean current, ks � 30z0 is the Nikuradse equivalent
roughness, � is the angle between the mean current and
wave propagation direction, and Ab � ub/�, with �
being the wave frequency. Of the parameters that affect
function F, the most important are ub/u*c and Ab/ks;
parameter � has a somewhat weaker influence.

Mellor (2002, henceforth M02) has applied a second-
moment closure-based turbulence model (Mellor and
Yamada 1982) to oscillatory bottom boundary layers.
He simulates a purely oscillatory boundary layer and
demonstrates that the resulting numerical model veloc-
ity profiles compare reasonably well to the laboratory
data of Jensen et al. (1989). He then applies the same
method to oscillatory flows superimposed on a mean
flow and plots z0a /z0 as a function of ub/u*c for various
values of A/z0. However, he does not compare his re-

sults with published data on apparent roughness. In-
stead, he compares them with the analytical results of
Grant and Madsen (1979, 1986, henceforth GM) plot-
ted the same way (his Fig. D1). He concludes that his
curves are shifted to the right vis-à-vis GM curves. This
of course means that for the same values of ub/u*c and
A/z0, M02 underestimates the increase in roughness due
to wave-induced motions by roughly an order of mag-
nitude. For example, for ub/u*c � 20 and � � 0, M02
yields z0a /z0 �3.4, whereas GM yields z0a /z0 �69 for
z0/Ab � 10�4. If z0/Ab is decreased to 10�6, M02 value
is substantially unchanged while GM yields z0a /z0

�693.
The study raises several questions. First, how do M02

results compare with published data? Does GM theory,
the accepted standard for the past two decades, per-
form better? Is there anything that can be done to im-
prove the agreement with data? This note is an attempt
to answer these questions.

Considerable effort has gone into determining the
form of function F in Eq. (1). Because it is hard to
estimate z0 from field experiments and hence z0a /z0,
only laboratory experiments (Kemp and Simons 1982,
1983; Asano et al. 1986; van Doorn 1981, 1982; Sleath
1990) have provided a reliable means of estimating
z0a /z0. Figure 1a shows z0a /z0 plotted against ub/u*c;
Fig. 1b shows z0a /z0 plotted against (ub/u*c)(Ab/ks)

1/2.
Sleath (1991) has suggested the following empirical

relationship:

z0a

z0
� 1 � 0.19� ub

u*c��Ab

ks
, �2�

which is also shown plotted in Figs. 1a and 1b. It is
evident that Eq. (2) is a reasonable fit to the data, which
have Ab/ks values ranging from 0.5 to over 100. Note,
however, that when the waves propagate against the
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current (� � 180°) the apparent roughness appears to
be higher than when they propagate with the current
(� � 0°) (see Kemp and Simons 1982, 1983) and the
data points for � � 180° (inverted triangles) fall signifi-

cantly above the Sleath curve in Fig. 1b. Nevertheless,
the Sleath empirical law Eq. (2) provides a decent fit to
the available experimental data. For a typical 12-s swell
of 15-cm amplitude propagating through a region with

FIG. 1. (a) Plot of z0a /z0 against ub /u*c. Thick curves show Grant and Madsen (1986, hereinafter GM86) theoretical solutions [Eq.
(7): � � 0], and thin curves show Sleath (1991) values [Eq. (2)] for Ab /ks � 1 (red), 10 (green), 100 (blue), and 1000 (light blue).
Observational data points are shown in black: small circles show data for Asano et al. (1986; � � 0°, Ab /ks �1.14–1.21), circles are from
Kemp and Simons (1982; � � 0°, Ab /ks �0.45–0.85), inverted triangles are from Kemp and Simons (1983; � � 180°, Ab /ks �0.42–0.98),
triangles are from van Doorn (1981; � � 0°, Ab /ks �4.2–4.3), squares are from van Doorn (1982; � � 0°, Ab /ks �4.9–17.2), diamonds
are from Sleath (1990; � � 90°, Ab /ks �6.8–7.5), and pluses are from Sleath (1990; � � 90°, Ab /ks �94–101). The data are taken from
Nielsen (1992). (b) Plot of z0a /z0 against (ub /u*c)(Ab/ks)

1/2. Thick (thin) curves show GM86 original (modified) theoretical solutions
[Eq. (7): � � 0] for Ab /ks � 1 (red), 10 (green), 100 (blue), and 1000 (light blue). The black curve shows Sleath (1991) values [Eq. (2)].
The observational data points are as in (a). (c) Plot of z0a /z0 against ub /u*c. The observational data points are as in (a). Red points
correspond to the modified GM theory, and blue points correspond to the Sleath law for the same values of Ab/ks and ub /u*c as the
observational data points. (d) Plot of z0a /z0 against (ub /u*c)(Ab/ks)

1/2. Observational data points are as in (a). Red points correspond
to the modified GM theory, and blue points correspond to the Sleath law for the same values of Ab/ks and ub /u*c as the observational
data points.
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a rough bottom (z0 � 1 cm), Ab/ks � 0.5. If z0 � 1 mm,
Ab/ks � 5. Thus the values in the field are well within
the range of these experiments. Note, however, that F
does not go to zero as ub /u*c approaches zero and
hence this law is invalid for the mean-current-only case.

The M02 studies were conducted only for Ab/ks val-
ues of 333, 3333, and 33 333, which are well outside the
range covered by the experimental data. As a conse-
quence, it is impossible to compare his results with ex-
perimental data. The GM results can be, as is shown
below.

2. Comparison of GM analytical results with data

M02 details the GM analytical approach for comput-
ing z0a /z0. We repeat it here for reasons that will be
clear shortly.

When oscillatory motion due to waves is superim-
posed on the mean current, there exists a wave bound-
ary layer embedded within the bottom boundary layer
so that the mean velocity profile can be written as

u�z� �
�c

�u*cw
ln� z

z0
� for z � �cw and

u�z� �
�c

�u*c
ln� z

z0a
� for z � �cw, �3�

where z0 is the physical roughness parameter and z0a is
the apparent roughness felt by the mean flow; 	c is the
shear stress, and 
cw is the thickness of the wave bound-
ary layer, assumed to be much smaller than the bottom
boundary layer.

Matching the two velocities at z � 
cw gives

z0a

z0
� ��cw

z0
�1��

; � �
u*c

u*cw
; �4�

GM assume

�cw �
2�u*cw

�
and �5�

u*
2
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ub
2 �
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2�1 � 2� u*c

u*mw
�2

cos� � � u*c

umw
�4�

1

2
;

u*
2

mw �
fw

2
ub

2, �6�

so that

z0a

z0
� �60��Ab

ks
��u*cw

ub
��1��

, �7�

where

fw � 0.23�Ab

ks
��0.62

for �Ab

ks
� 	 12.5 and

fw � 0.13�Ab

ks
��0.40

for �Ab

ks
� 
 12.5. �8�

Equations (4)–(8) must be solved by an iterative pro-
cess. For � � 0°, however, no iteration is necessary and
one gets

z0a

z0
��60��Ab

ks
��fw

2
�

u*
2

c

ub
2 �1�2�1��

;

� � � fw

2
ub

2

u*
2

c

� 1��1�2

. �9�

These are also plotted in both Figs. 1a and 1b. It is clear
that GM theory as presented in M02 significantly un-
derestimates the apparent roughness scale.

A very slight modification is sufficient to improve the
agreement, however (see also Madsen and Wikra-
manayake 1991). Because there is no justification for
including the von Kármán constant � in Eq. (5), we
propose that it be omitted so that Eq. (7) holds but
without � in the square brackets. As seen from Fig. 1b,
this approach leads to some improvement in the agree-
ment between GM theory and data. To demonstrate
this further, we plot in Figs. 1c and 1d, the z0a /z0 values
given by GM theory for the values of Ab/ks and ub/u*c

that correspond to observed data points. The points
given by the Sleath law are also plotted. It is clear that
the agreement between GM theory and the data is im-
proved. Note also that the agreement between data and
GM theory for � � 180° (inverted triangles) is better
than that for the Sleath law. The agreement is by no
means perfect, however. See Madsen (1994) and
Mathisen and Madsen (1999) for more recent studies of
the wave-current boundary layer.

3. Concluding remarks

It is noteworthy that for the same value of Ab/ks,
M02 estimates of apparent roughness are smaller than
the values from even the original GM formulation,
which, of course, underestimates the increase in appar-
ent roughness relative to experimental data. The reason
for this underestimate by M02 of the apparent rough-
ness is not clear. It could be that the wave boundary
layer within the bottom boundary layer was not re-
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solved well. Also, M02 studies must be carried out for
Ab/z0 values of 15–3000 before a definitive statement
can be made as to whether M02 produces results in
substantial agreement with experimental data. It should
be pointed out, however, that M02 results do agree well
with Jensen et al. (1989) data for which u*c � 0 and
regular channel data for which ub � 0.
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