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ABSTRACT

A new approach has been proposed to derive the expressions for three-dimensional
radiation stress using solutions of the pressure and velocity distributions and the coordinate
transformation function that are derived from a Lagrangian description wherein the pressure is
zero (relative to the atmospheric pressure) at the sea surface. Using this approach, analytical
expressions of horizontal and vertical depth-dependent radiation stress are derived at a
uniform depth and for a sloping bottom, respectively. The results of the depth integration of
the expressions agree well with the theory of Longuet-Higgins and Stewart. In the case
involving a sloping bottom, the radiation stress expressions from this study provide a better

balance of the net momentum compared to those from previous studies.
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1 Introduction

Surface gravity waves play an important role in upper oceanic processes, which range
from wave-induced upper-ocean mixing to wave setup and wave-induced currents (Bowen et
al. 1968; Hasselmann 1971; Garrett 1976; Ting and Kirby 1994; Smith 2006; Liu et al., 2017).
Two concepts have been utilized in the literature to represent the effects of waves on
relatively long-term currents. The first is "radiation stress”, which is included in the wave-
averaged equations for the total momentum (i.e., the sum of the mean current and wave
momenta) and can be regarded as the sum of the horizontal Reynolds stress term and the
negative of the form stress term (Mellor 2003; Aiki and Greatbatch 2012, 2013; Ardhuin et al.
2017). The second is the so-called "vortex force", which is included in the wave-averaged
equations only for the current momentum and is used to decompose wave-averaged effects
into a Bernoulli head and a vortex force (Craik and Leibovich 1976; Andrews and Mclintyre
1978; McWilliams et al. 2004; Lane et al. 2007; Ardhuin et al. 2008b; Aiki and Greatbatch
2014). Compared to the concept of radiation stress, the concept of the vortex force is
relatively new. The advantage of the vortex force theory is that more of the mechanisms that
govern wave-current interactions can be explained (Lane et al. 2007; Bennis et al. 2011;
Ardhuin et al. 2017), while it is disadvantageously more complicated than the traditional
radiation stress method (Mellor 2016). In this paper, we aim to improve the capability of the
existing three-dimensional radiation stress (3DRS) formulations, e.g., those of Mellor (2003,
2015), rather than compare radiation stress and vortex force.

Since its concept was first introduced by Longuet-Higgins and Stewart (1962, 1964;
hereinafter LHS), radiation stress has been widely used to render depth-integrated equations,
which have clear physical significance, more suitable for 2D oceanic flows with surface
waves (Phillips 1977). Dolata and Rosenthal (1984) extended the 2D radiation stress into

three dimensions, including variations in the vertical direction, based on the LHS concept.
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However, Dolata and Rosenthal (1984) neglected the impact of the wave pressure, and thus,
their product was unable to return to an LHS form following vertical integration (Mellor
2003). Zheng and Yan (2001) reported a 3D solution of radiation stress, and their results in the
vertical direction were described as functions of three vertical layers from the bottom to the
surface: below the wave trough, the wave trough to the mean, and above the mean water level.
Nevertheless, their method made it difficult to describe the vertical profile of radiation stress,
which is defined as an average variable within wave periods (Xia et al. 2004). To improve the
vertical structures of radiation stress, a number of studies have been conducted involving a
transformation of the vertical coordinate through expression derivations. For instance, Xia et
al. (2004) employed a vertical coordinate transformation that Sheng and Liu (2011)
subsequently revealed as having the potential to induce obvious errors in the definition of
radiation stress. Using an alternative coordinate transformation considering the vertical wave-
induced motion of linear waves, Mellor (2003) derived a set of 3D expressions of radiation
stress. However, those expressions were found to lack self-consistency for a simple case of
waves that shoal over a slope without energy dissipation (Ardhuin et al. 2008a). Mellor (2008)
reported an updated version of 3DRS using a hydrostatic pressure assumption for the surface
layer and a pressure distribution derived from the vertical momentum equation for the
subsurface layers. However, Bennis and Ardhuin (2011) disputed the revised technique since
different averaging methods were used for both the pressure gradient term and for the other
terms. The error in the hydrostatic pressure assumption for the top layer was subsequently
investigated by Mellor (2013, 2015) by integrating the vertical momentum equation to derive
the pressure distribution over the whole water column, and an expression for radiation stress
was consequently obtained with a new pressure distribution. However, this pressure term
could not precisely satisfy a zero pressure (relative to the atmospheric pressure) condition for

the surface, and the derivation lacked a term that integrates over the vertical to a value of zero
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(Ardhuin et al. 2017).

Various uncertainties remain within 3DRS studies, including (1) the expression of the
vertical pressure distribution in the water column, especially within the top layer, where the
pressure is zero at the sea surface and (2) an explicit description of the complex vertical flux
of the wave momentum. The former is a minor concern since a mismatch of higher-order
terms will not alter the dynamics of the system (Ardhuin et al. 2017), while the latter is
regarded as a fundamental issue within 3DRS problems (Bennis et al. 2011; Ardhuin et al.
2008a, 2017). A relatively complete wave momentum flux requires an asymptotic expansion
of the first order to account for the wave steepness, bottom slope, vertical current gradients
and temporal scales of the amplitudes, and it is difficult to include such a variety of effects in
the analytical 3DRS expressions at present. Ardhuin et al. (2008a, 2017) noted that finding a
first-order analytical solution for the bottom slope is a fundamental step toward improving the
3DRS formulation. Therefore, in the present study, we attempt to derive an expression of the
vertical wave momentum flux over a sloping bottom as the first step toward improving the
3DRS equations.

The linear wave theory, in which the treatment of pressure at the surface is ambiguous
(Mellor 2003, 2008, 2015), has commonly been used in the derivation of 3DRS. In fact, a
zero pressure at the free surface at any instantaneous time can be accomplished with a
Lagrangian description (Chen 1994, Chen and Hsu 2009a, 2009b, Chen et al. 2010, Chen et al.
2012). Furthermore, first-order analytical solutions for wave motion in the bottom slope have
been derived by Chen et al. (2012). Therefore, the wave solutions developed using a
Lagrangian description are chosen to derive the 3DRS equations in this study. The velocity
and pressure distributions and the coordinate transformation function, which are derived
following their transformations into Eulerian descriptions, each utilize the Lagrangian

solutions of progressive waves by Chen et al (2010, 2012).
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Before addressing the vertically dependent radiation stress, we briefly introduce the
Lagrangian solutions in Section 2. In Section 3, the derivation of 3DRS is presented. The
formulations are evaluated using the test case proposed by Ardhuin et al. (2008a) in Section 4.

The conclusions of this study and recommendations for future work are found in Section 5.

2 Lagrangian solutions of progressive waves
a. Lagrangian solutions at a uniform water depth

Chen (1994) and Chen et al. (2010) reported a set of Lagrangian solutions for vertical 2D
progressive waves at a uniform water depth with the coordinate origin at the still water level.

The formation of the general solutions can be described as follows:

0

X=a+ ég” [f,(a,b,ot)+ f/(a,b,o)] (1a)
- b+nZ::g” (9, (@b, 0. t)+ . (a,b,ot)] (1b)
p- —pgb+n§1:5”Pn (@,b,o.1) (10)

o = ggna” (a.h) =2T—” (1d)

where & is an ordering parameter that can be set to 1 in the final solutions; x and z are
the horizontal and vertical particle positions, respectively; a and b are two characteristic
parameters in the Lagrangian system; P is the pressure (relative to the atmospheric

pressure); o, is the angular frequency of the particle motion; and T is the period of the

motion of a particle reappearing at the same level. The first-order Lagrangian solutions are
described as

coshk(b+d) sinhk(b+d)
f=-a-——""Jsiny, =a ——— ~’cos 2a,b
B LT v (2a,0)
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R sinh kb
—=- cos 2d
5 9 Ghkdcoshkd Y (2d)

o? =gk tanhkd (2e)
where w =ka—o,t is the phase function in the Lagrangian system; k=2z/L is the wave

number; a, represents the wave amplitude; and d is the water depth. The second-order

solutions are

—§a2k cosh2k(b+d)

] 1 1 )
f, = sin 2y + —a’k sin 2 3a
2= g T sinh* kd V% Sinntka Y (33)
1 cosh 2k(b+d)
fl=—a’k———— 25t 3b
2 = 5% Ttk (30)
3, sinh2k(b+d) 1, sinh2k(b+d)
=Sk cos2y +—atk——M—— 7 3c
9= 3 sinh* kd VA% Ginn2kd (3¢)
9;=0 (3d)
P _ sz _cos?Zk(b+d) _§smh_2k§b+d)_§ _ 1 }cosZw
o, 4 sinh”kd coshkd 8  sinh”kd 4 sinh kd cosh kd (3¢)
1, [cosh2k(b+d) sinh2k(b+d) 1
+=0ga,k| — - — +—
4 sinh kd cosh kd sinh® kd sinh kd cosh kd

0,=0 (3f)
b. Lagrangian solutions for a sloping bottom
Chen et al. (2012) also derived asymptotic solutions in a Lagrangian description for
nonlinear water waves propagating over a sloping bottom. The first-order asymptotic
solutions can be obtained as follows (Chen et al. 2012; Li et al. 2013):

x=a+f +e,f, (4a)
z=b+ U0 t€,011 (4b)

P=-pgb+ Poté&hR; (4c)

7
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where the ordering parameter ¢, represents the bottom slope. The solutions have the
following forms:

f1,0= fl v G0~ 01 s Pl,o = Pl (5a-c)

_a, b+d K(b+d)+— 1 coshk(b+d)
Rsmh 2kd R tanh kd sinh kd

k(b+d) 2k(b+d) 1}sinhk(b+d)}cosy/

(5d)

tanh kd Rsmh 2kd sinh kd

b d inhk(b+d
+ K(b+d)+— 1 sm.(+ )
Rsmh 2kd R“ tanh kd sinh kd

(5e)
{ (b+d)  2k(b+d) 1}coshk(b+d)}sinw

R?tanhkd Rsinh 2kd sinh kd

0

2 2 .
Ra_, k (b+d) “k(b+d) coshk(b+d)+ kz(b+d) sinhk (b+d)
Y Rsinh 2kd cosh kd R“tanhkd coshkd

[k (b+d) (brd)s— L sinhk (b+d)
Rsinh 2kd R*tanhkd | sinhkd

[ k(b+d) 2k(b+d) _|coshk(b+d)]| .
- = +— -1 : siny
| R°tanhkd  Rsinh 2kd sinhkd

(5f)

2kd

R=1 5
" sinh 2kd (59)

c. Lagrange-Euler transformation

To successfully transform a set of given Eulerian solutions into completely unknown
Lagrangian solutions, Chen and Hsu (2009a) used a successive Taylor series expansion for the
water particle path and the period of particle motion. These transformed Lagrangian mean
level and wave period expressions, which account for all of the water particles at different
elevations, represent generic expressions compared with those in Longuet-Higgins (1979,
1986), which describe only particles at the free surface. Subsequently, Chen and Hsu (2009b)

identified the corresponding reversible process (i.e., the transformation method from a

8
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Lagrangian into an Eulerian description), and thus, the second-order transformation can be

written as

oF oF
F (a,b,ot)=|&'F —&?| f,—"+ T 6
R L (e R ] ®

where F_ represents the general expression; &’ is an ordering parameter that can be set
equal to 1; and o is the Eulerian angular frequency of the waves.
It should be noted that only the formulations used in the present study are reviewed.

Details regarding the derivation of higher-order Lagrangian solutions can be found in the

abovementioned corresponding studies.

3 Derivation of three-dimensional radiation stress (3DRS)
a. Momentum equations

Consider a classical problem involving 2D progressive waves in which the x-axis
parallels the direction of wave propagation. Following Mellor (2003, 2015, 2016), the
dependent variables ¢ are divided into both current variables ¢ (whose temporal and
spatial scales are large compared to those of the inverse wave frequency and wave number)

and wave variables ¢ as follows:

n=n+i (7a)
u=u+d (7b)
wW=W+W (7¢)
p=p+p (7d)

A

where 7 is the free surface elevation; 7 is the phase-averaged surface elevation; u and
w are the horizontal and vertical velocity, respectively; and p is the pressure. The vertical

coordinate transformation proposed by Mellor is written as
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z=s(x, ¢, t)=n+¢D+5§ (8)
in which s is the coordinate transformation function, and § is expressed as

sinh kD (1+¢)

§= —FF—FFF = CO0S 9
% " Sinh kD ¢ ©)

where ¢ =kx—ot is the phase function; the coordinate ¢ ranges from -1 (z=-h) to O
(z=n=n+n);and D=n+h isthe mean water column depth (h is the bottom depth).

Throughout this paper, we denote phase average variables with an overbar, that is,

— 27zn

( ):(27m)71 jo ( )de, wherein n is an integer equal or greater than 1. Thus, the phase

average of z canbe expressedas Z=7+¢D.
Neglecting buoyancy, Coriolis forces, and mixing and viscous effects, the horizontal
mean momentum in Mellor (2003) [his Eq. (34a)] in which motion is restricted to the vertical

plane is given as

oDU aDU’ QU
+ +
ot ox  oc

on
+ gD& =F,+F, (10)
where U is the mean drift velocity (i.e., the Lagrangian mean current), which contains both
the quasi-Eulerian current (Jenkins, 1989) and the Stokes drift, and Q is the vertical mean

velocity. On the right-hand side, the first term denotes the horizontal divergence of the

horizontal flux of the wave momentum and is expressed as

Fo :_% :_i DG? + f)§ (11)
OX OX og

Meanwhile, the second term denotes the vertical divergence of the vertical flux of the wave

momentum:

oS 0| .08
F —_ X3 — 12

10
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b. Derivation of the horizontal radiation stress S,
Throughout this paper, we assume that the timescales of the variations in the quantities

are small compared to the timescales of the waves (i.e., |(da,/at)/(c3, )|, ‘(ad/at)k/az‘

and ‘(8D/8t)k/a‘ < 1). We also neglect the effects of vertical current shear (‘(80/82)/0‘ <1).
These hypotheses allow us to employ the Lagrangian solutions of Chen et al. that were

discussed in Section 2. Furthermore, the wave slope ka, and bottom slope ‘(0D/8X)‘ are

stipulated to be small, and the respective fourth-order (ka, )4 and second-order (8D/8x)2

terms are consequently neglected during the derivation.

The derivation consists of three steps. We first develop a modified transformation from a
Lagrangian to an Eulerian description based on the method of Chen and Hsu (2009b). Then,
we transform the wave solutions from a Lagrangian to an Eulerian description. In the third
step, we derive the radiation stress expression in Eulerian form based on the transformed
velocity and pressure distributions and the coordinate transformation function.

Step 1:

For the first-order Lagrangian approximation, Eq. (1b) can be written as?

sinhk(b+h)
z=b+a,————~cos(ka—o,t 13
% " SinhkD (ka-ayt) (13)

where the Lagrangian variable b ranges from —h (z=-h)to 5 (z=#7). Chen and Hsu

(2009b) developed a transformation from a Lagrangian to an Eulerian system, which is
demonstrated in Eq. (6). The first-order approximate transformation for the phase part

cos(ka—o,t) is reproduced here:

1 The mean surface elevation ﬁ =0 in the investigations of Chen et al. (2010, 2012); however, ﬁ is considered in

the present paper for completeness and for consistency with the investigations of Mellor (2003, 2015).

11
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F.(@b,ot)=(F,). (14)

The parameters a and o, in Eq. (13) are transformed using Eq. (14), and the parameter

b remains unchanged here:

sinhk(b+h)
=b — >  ’‘cos(kx—ot 15
2= kD (kx=ot) (15)

Combining Egs. (8), (9) and (15), the following algebraic relationship can be given:

b=An+¢cD (16)
Following Chen et al. (2010) and Chen and Chen (2014), the Lagrangian variable b is equal
to the wavelength-averaged (or phase-averaged) z of the vertical displacement z. Based
upon this physical definition, Eq. (16) is evidently true and exact. Using Egs. (14) and (16),
we develop a modified transformation from a Lagrangian to an Eulerian system (Fig. 1a):

I:m (a1 b’ O-Lt) = (Fm)a:x (17)
b:rz;gD

Step 2:
The expressions of the wave velocity and pressure terms in a Lagrangian form are

reproduced as follows:

U= % =8,0, WCOS (18)
ot sinh kD
_ coshk(b+h) sinhk(b+h)
= — cos 19
P=9 [ coshkD sinhkD v (19)

Using Eqg. (17), both Egs. (18) and (19) can be converted into an Eulerian description

as follows:
~ coshkD(1+¢)
U= ——————2°C0S 20
) (20)
hkD(1 inhkD (1
- CoS ( +g)_sm | (1+¢) c0s g 1)
coshkD sinhkD

12
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where the pressure p =0 at the free surface (¢ =0).
Step 3:
Inserting Egs. (9), (20) and (21) into Eq. (11) yields

S :Da2+p?:kDE[F Fo+(FoF —FoFy)] (22)

XX Cs” cC
3

where a set of convenient definitions are as follows:

F - sinhkD(1+¢)
® sinh kD
_ coshkD(1+¢)
® sinhkD (23a-4)
_sinhkD(1+¢)
* coshkD
_coshkD(1+¢)
“ " coshkD
Eq. (22) is easily extended into 3DRS with the following transformation:
kK.
S; =kDE {k—z‘ FoF. +9; (F.F, —F.F, )} (24)

where the wave number k =|k|,> E =ga;/2 is the wave energy, and the subscripts i and

j denote the horizontal coordinates. Eq. (24) is identical to the expression of the horizontal

radiation stress of Mellor (2003, 2015, 2016), but the pressure term at the surface is

guaranteed to be equal to zero. When Eq. (24) is integrated from the bottom (¢ =-1) to the
free surface (¢ =0), we can obtain the classical 2D radiation stress of LHS.

In the derivation based on the first-order Lagrangian solutions, the wave solutions are
given in terms of the order & =ka,, and the expression of the pressure term is equivalent to

that of Mellor (2003), which is incomplete (Mellor 2008, 2015). Following Steps 1-3, the

subsequent derivation is based on a second-order Lagrangian approximation, and it includes

2 The equation k =|K| isavailable only for Egs. (24), (31) and (39).

13
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terms of the order & in the wave solutions.

The derivation process is similar, and thus, we directly derive the 3DRS equations here.
The detailed second-order solutions can be found in Egs. (3a)—(3f). Eg. (1b), which is a

general Lagrangian solution, can be re-written as

z=b+g,+0,
sinhk(b+h) 3 , sinh2k(b+h) 1 , sinh2k(b+h) (25)
=b —— CO0S —ak————~c0s?2 g 7
TSmO T g% it kD V% 2 kD

The algebraic relationship b=7+¢D remains unchanged, and thus, the second-order

transformation method of Chen and Hsu (2009b) is written as (Fig. 1b)

oF,
F @b =R ~(F- 622 ), -
b= n+§D

By using Eq. (26), Eq. (25) can be converted into a coordinate transformation expression
within an Eulerian system:

S|nh_kD(1+ S) cosg+ §a§k S|nh_2kli)(1+ S)
sinh kD 8 sinh® kD
1 2k sinh2kD(1+¢) 0520 3 2%k’ coshkD(1+¢)sinh 2kD(1+¢)

4a0 sinh? kD 4 sinh® kD

z=1n+sD+a, COS2¢

(27)

sin 2¢psin @

and
s—a, smh_kD(1+ S) cos 3 2’k smh_2k[4)(1+ S) c0s 20 1 2’k S|nh_2k[2)(1+ S)
sinh kD 8 sinh® kD 4 sinh“ kD
3 a3k coshkD(1+¢)sinh2kD(1+¢)
sinh® kD

(28)
XC0S2¢p——

sin 2¢psin @

The wave velocity and pressure terms in Eulerian form are taken to be

_k {ao coshkD(1+¢) 3, cosh2kD(l+g)0082¢

CoSQ+— k
sinh kD P 7 T G kD
1 alok : COSZ¢+1 5 kcosh_2kl23(1+g)
2 sinh” kD 2 sinh“ kD

cosh’kD(1+
-a’ok prre: IED g)sn go}+0(gl)3

(29)

14



10

11

12

13

14

15

16

17

18

19

. coshkD(1+¢) sinhkD(1+¢) 3,
= - cos @ —— gka; ————C0S2
P ga{ cosh kD Sinh kD ?72 %% Gimako Y
a2 sinhkD(1+¢) coshkD(1+¢) |coshkD(L+¢) in?
sinh kD cosh kD sinh kD v (30)
3, , cosh2kD(1+¢) 3, ,sinh2kD(1+¢)
+— cos2¢p —— gka cos2
4 9% Sinh®kDcosh kD ¥ 780 T sinh* kD v
lgkag _ 1 +1 okaZ cosh_2kD(1+ ) 1 ka2 S|nh_2kI23(1+ ) +O(81)3
2 sinh2kD 2 sinh 2kD 4 sinh“ kD

where the pressure term also satisfies p =0 at the free surface (¢ =0). Inserting Egs. (28)—

(30) into Eq. (11) and neglecting the terms of the order and higher than &', we obtain

Cs” cC

kK,
Sij =kDE F FoFe + é‘ij (ch I:cc - Fss ch) (31)

We can determine that Eq. (31) is identical to Eq. (24).

c. Derivation of the vertical radiation stress S,
The vertical radiation stress S, in Eq. (12) represents the pressure-induced flux

through the sloping iso-surfaces in the vertical plane, and it is considered representative of the
fundamental problem concerning the wave-averaged equations for the total momentum.
Either utilizing an inappropriate approximation of the vertical radiation stress (Mellor 2003)
or omitting the term entirely (Xia et al. 2004; Mellor 2008, 2015) will produce incorrect
wave-induced forcing profiles for steady shoaling waves over a sloping bottom. This problem

was first noted by Ardhuin et al. (2008a), who suggested that p and § must be estimated
to the first order in the bottom slope ¢&,, for which the linear wave theory is insufficient.
Furthermore, Ardhuin et al. (2008a, 2017) estimated S, , using a numerical method with a

series of modes, but it required an enormous amount of computational power (Magne et al.
2007). In this subsection, we focus on this particular issue.
Since the vertical flux of the wave momentum must be estimated to the first order in the

bottom slope, we derive the expression using the Lagrangian solutions for waves propagating
15



along a sloping bottom.® Inserting Egs. (5b) and (5e) into Eq. (4b), we obtain

z=b+ Q10+ 6,01,

sinhk(b+h) k?(b+h)’ 1
—b+a,————¢os —— 2 _k(b+h)+———| (32
"% Sinh kD l//+82a°{Rsinh2kD b+ mramnio | €2

sinhk (b+h) k(b+h)  2k(b+h) coshk(b+h)| .
X - + +— -1 - siny
sinh kD R?tanhkD Rsinh2kD sinh kD

Combining Egs. (4c), (5¢) and (5f), the expression of the wave pressure term can be written

as

) coshk(b+h) sinhk(b+h) k?(b+h)’
= - ————__k(b+h
P ga"[ cosh kD shkD |V 9% Reinnakp < (0N

—k(b+h) (33)

coshk(b+h) k(b+h) sinhk(b+h) [k?(b+h)’
X + -
cosh kD R%tanhkD cosh kD Rsinh 2kD

1 }sinhk(b+h) k(b+h)  2k(b+h) coshk(b+h)| .
+— _ - = +— -1 . siny
R tanh kD sinh kD R°tanhkD Rsinh2kD sinh kD

Egs. (32) and (33) can be converted into an Eulerian description using Eq. (26):

. sinhkD(L+¢) k?D?(1+¢)’
z=hH+¢cD+a,————22¢cosp+ — 2/ _kD(1+¢)+
T+eR+ & o hkD i ‘92&0{{ Rsinh 2kD (1+)

R? tanh kD]

 SinhKD(1+¢) J{ kD(1+¢) , 2k (1+¢) _1} coshkD(1+¢) (34)

sinh kD R?tanhkD Rsinh2kD sinh kD

coshkD(1+¢)

o T sinhkD

}sin @+, (S,+8S,)sing+(C,+C,)cospsing

3 Upon using the Lagrangian solutions for waves propagating along a sloping bottom to derive the horizontal radiation

stress S, in Eqg. (11), we find that the final expression is identical to Eq. (22) because the bottom slope ¢, is included

inthe O (52 )2 terms, which are neglected. Thus, the wave solutions at a uniform depth are sufficient to estimate the

horizontal radiation stress. This conclusion is consistent with Ardhuin et al. (2008a, 2017).
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) coshkD(1+g) sinhkD(1+¢) k?D?(1+¢)’
= - FE L) o
b= 0% { cosh kD smkD |50 80 Ronnap e

—-kD(1+¢)

coshkD(1+¢) kD(l+¢) sinhkD(1+¢) | k?D?(1+¢)°
X + _
coshkD R*tanhkD  coshkD Rsinh 2kD

+ 2 H 2 R - (35)
R tanh kD sinh kD R“tanhkD Rsinh2kD sinh kD

coshkD(1+¢)
sinhkD

1 }sinh kD(1+g){ kD(L1+¢) +2kD(1+g)_1} coshkD(1+¢)

+g }singo+ 93, [ (S;+S,)sing+(C,+C,)cospsing

where S;, S,, C,, and C, are terms of the order ¢;; S,, S,, C,, and C, are terms of
the order ¢e¢,; and the bottom slope &, =—0D/ox. Combining Egs. (8) and (34) yields

the following:

.. sinhkD(+¢) k?D?(L+¢)° 1
§=a,————22C0sQ+&,8,4| —————2—kD(1+¢)+ ————
% " Sinh kD P °{[ Rsinh 2kD 1+ )+ R annio

><sinth(lJrg)+ kD(1+¢) +2kD(1+g)_1 coshkD(1+¢)
sinh kD R?tanhkD Rsinh2kD sinh kD

coshkD (1+¢)
sinh kD

}sin Q (36)

—£,8,6 sing+a,[(S,+$,)sing+(C, +C,)cosp Jsing

Eqg. (36) corresponds to the definition of § in Ardhuin et al. (2008a) [their Eq. (11)]. The
first and second lines correspond to &, in their same equation. The first term in the third line
corresponds to —& 05/0x, while the other terms in the third line are of a higher order.

Inserting Egs. (35) and (36) into Eqg. (12), we obtain

% [1 oaM, 1
Sx3=—p&=—[§gaol\/lz a§Xl+582kgao2(Mle—M1Nz)} (37)

where the convenient definitions are as follows:

_sinhkD(L+¢)

38a
! sinhkD (382)
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22 2 .
N = KRY) gy, L |SINKD(Le)
Rsinh 2kD R tanh kD sinh kD
(38b)
kD(1+¢) +2kD(1+g)_1 coshkD(1+¢g)  coshkD(1+¢)
R’ tanhkD  Rsinh 2kD sinhkD  ° sinhkD
_ coshkD (1+¢) _sinhkD (1+¢) (380)

2 cosh kD sinh kD

22 2
N, = k D. (1+¢) kD(1+¢) coshkD(1+¢)
Rsinh 2kD cosh kD

—kD(1+¢)+

kD(1+5) sinhkD(1+5) |k°D*(1+¢)"
R%tanhkD  coshkD Rsinh 2kD

R? tanh kD} (38d)
sinh kD(1+g){ kD (1+¢) +2kD(1+g)_l} coshkD(1+¢)

sinh kD R?tanhkD Rsinh 2kD sinh kD
coshkD(1+¢)
sinh kD
R=1+_2KD (38¢)
sinh 2kD

The terms of the orders &'cf and &, inwhich g and r are arbitrary natural numbers,
are neglected. The first term of Eq. (37) is from the expression of Mellor (2003). The vertical
radiation stress term S , has no flux across the surface or the bottom, and thus, it vertically
integrates to zero; furthermore, the vertically integrated equations including this term conform

to the conventional integrated equations of LHS and Smith (2006). Eq. (37) is easily

extended into the 3DRS formulation:

1 oa,M, 1 oD
Sxisz_{_gaoMz aaox. 1—§kg302&(M2N1—M1N2)} (39)

d. Doppler effect
The derivation above does not consider the Doppler effect of the current on a wave. The
Doppler effect can be included for a given Doppler velocity U,, which is a weighted average

of the vertical current according to Kirby and Chen (1989) and Mellor (2003):
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kD cosh 2kD (1
a _ ('+g)dg (40)
sinh 2kD

—, o

0, =2

LN

The Lagrangian solutions for waves propagating within a uniform current provided by

Chen et al. (2013) and Chen and Chen (2014) can be written as Eqgs. (1b)—(1d) with
x=a+0At+Zg“ [f,(a.b,o.t)+ f/(a,b,ont)] (41)
n=1

The modified first-order approximate transformation from a Lagrangian to an Eulerian
system [Eg. (17)] becomes

F.(a,b,001) = (F,) (42)

a=x—Uut
b=n+sD
o =0

and the phase function w=ka—ot in a Lagrangian system can be converted into an
Eulerian description with the following formulation that is consistent with Mellor (2003,
2015):

@ =kx—ki,t —ot =kx— ot (43)
The wave frequency can be expressed as @ =o +Kku,, where o is the intrinsic frequency. It

is easily proven that Eq. (43) is unchanged for higher-order Lagrange-Euler transformations.

Therefore, the phase function included in § and in the wave variables (e.g., the velocity
and pressure terms) in an Eulerian form can be expressed by Eqg. (43) when considering the
Doppler effect. However, the final forms of the 3DRS terms based on Eqs. (42) and (43) are

identical to those derived within the present study because they are phase-averaged variables.

4 Test case proposed by Ardhuin et al. (2008a)

To evaluate the performances of the expressions of the wave-induced 3DRS developed
by Mellor (2003), Ardhuin et al. (2008a) proposed a test case involving steady
monochromatic waves shoaling over a sloping bottom without energy dissipation. In such a

test case, the lowest-order momentum balance equation can be expressed as
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gD _Pu P _g (44)

In the equation above, the hydrostatic pressure gradient F, is balanced with the sum of F_

and F,;. The present paper follows Ardhuin et al. (2008a) and uses this test case to evaluate

the performances of the analytical expressions derived herein.

The bottom profile given by Roseau (1976) is used here (Fig. 2):

2(x)~ l‘ll(x’—ia)+(h20:hl)ln(l+eX’ia) )

Following Ardhuin et al. (2008a), we use the following: h, =6 m, h, =4 m, offshore wave
amplitude a,, =0.12 m, wave frequency f =0.2Hz, and «=157/180. The change in the
wave amplitude a, is calculated using the conservation of wave energy, and the phase
function is regarded as the integral over x of the local wave number (d¢/0x=k). The
maximum surface wave slope &, =ka, .., = 2.6x107, which is equal to the maximum bottom
slope &, in this case. The length of the wave channel is 250 m, which varies by 4-6 m based

on Eq. (45). The three terms in Eq. (44) are estimated using a second-order finite difference.

The modeled results from this paper (Fig. 2a) show that the instantaneous wave-induced
pressure field varies between negative values below the wave troughs and positive values
below the crests. The magnitude of the wave pressure increases from zero at the surface to a
maximum at the bottom. The results of Mellor (2015) show spatial features that are similar to
those of our model except at the surface, wherein the pressure varies around zero with

negligible magnitudes (Fig. 2b). To illustrate the terms in Eqg. (44) more clearly, we

normalize the terms by a factor of gDe&e,, the results of which are shown in Fig. 3. As we

can see, the hydrostatic pressure gradient F, and the horizontal divergence of the horizontal
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flux of the wave momentum F,, from this paper are identical to those of Mellor (2003).
However, the value of F significantly differs from that estimated using the theory from
Mellor (2003). The analytical expression of F ; in the present paper reveals negative values

in the surface layer and positive values in the bottom layer (Fig. 3c), which play an important
role in the momentum balance. The sum of the three terms from the present model is zero
overall (Fig. 3d), which is plainly different from the results of Mellor (2003), wherein an
imbalance can be observed both in the surface layer and in the bottom layer (Fig. 3h).

The vertical profiles of the net wave-induced forces from Eq. (44) that are based on the
modeled results of our expressions and those from Mellor (2003) and Mellor (2015) are
plotted in Fig. 4. The formulations in this study provide a net momentum balance close to
zero from the surface to the bottom. In contrast, a significant imbalance can be observed in
the results of Mellor (2003) and Mellor (2015) that comprise negative values in the bottom
layer and positive values in the surface layer. The mean absolute error (MAE) of our result is
1.2x10*, which is only 0.025% and 0.021% of the MAEs of Mellor (2003) and Mellor (2015),
respectively. This suggests that our formulations demonstrate better performances than those
from the investigations of Mellor. We can easily determine that our results are also better than
numerical results using the model of Athanassoulis and Belibassakis (1999), which is based

on a local-mode series expansion (not shown, see Fig. 4 in Ardhuin et al. 2008a).

5 Conclusions and recommendations

A new approach has been proposed to derive the expressions for the wave-induced 3DRS
using wave solutions transformed from a Lagrangian description where the pressure is zero
(relative to the atmospheric pressure) at the sea surface. Using this approach, the horizontal
depth-dependent radiation stress is first derived based on both first- and second-order

Lagrangian approximate solutions at a uniform water depth. The analytical expression of the
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vertical radiation stress is then derived using the Lagrangian solutions of waves propagating
along a sloping bottom. The wave-induced change in the vertical coordinate § is obtained
using a modified second-order Lagrange-Euler transformation method, and it corresponds
well to the definition of Ardhuin et al. (2008a). The vertical integration of the derived results
agrees with the earlier 2D expression proposed by LHS. During a basic test of shoaling waves
over a sloping bottom without energy dissipation, the present formulations generate a net
momentum balance close to zero from the surface to the bottom. Specifically, the MAE of the
net wave-induced forces in this study is 1.2x10*, which is only 0.025% and 0.021% of the
MAEs of Mellor (2003) and Mellor (2015), respectively.

With the abovementioned advantages, the present study provides improved 3DRS

expressions. Nevertheless, several limitations and approximations remain (e.g.,
(0a,/t)/(ca,) and |(80/6z)/o|<1). This paper uses wave solutions in a Lagrangian

description provided by Chen et al. (2010, 2012, 2013); however, these solutions do not
completely include the influences of wave-current interactions (e.g., the effects of vertical

current shear). Further work must consider the additional effects of currents on waves.

Acknowledgments

This research was supported by the National Key Research and Development Project of China
(Grant No. 2017YFC1404204), the Science Fund for Creative Research Groups of the
National Natural Science Foundation of China (Grant No. 51621092) and the Open Fund of
the State Key Laboratory of Hydraulic Engineering Simulation and Safety, Tianjin University
(Grant No. HESS-1407). The authors thank the anonymous reviewers and J. A. Smith for their

constructive comments.

22



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

References

Aiki, H. and R. J. Greatbatch, 2012: Thickness-weighted mean theory for the effect of surface
gravity waves on mean flows in the upper ocean. J. Phys. Oceanogr., 42, 725-747,
doi:10.1175/JPO-D-11-095.1.

Aiki, H. and R. J. Greatbatch, 2013: The vertical structure of the surface wave radiation stress
for circulation over a sloping bottom as given by thickness-weighted-mean theory. J.
Phys. Oceanogr., 43, 149-164, doi:10.1175/JPO-D-12-059.1.

Aiki, H. and R. J. Greatbatch, 2014: A new expression for the form stress term in the
vertically Lagrangian mean framework for the effect of surface waves on the upper
ocean circulation. J. Phys. Oceanogr., 44, 3-23, do0i:10.1175/JPO-D-12-0228.1.

Andrews, D. G, and M. E. Mclintyre, 1978: An exact theory of nonlinear waves on a
Lagrangian mean flow. J. Fluid Mech., 89, 609-646.

Ardhuin, F, A. D. Jenkins, and K. A. Belibassakis, 2008a: Comments on "The three-
dimensional current and surface wave equations”. J. Phys. Oceanogr., 38, 1340-1350,
doi:10.1175/2007JP0O3670.1.

Ardhuin, F., N. Rascle, and K. A. Belibassakis, 2008b: Explicit wave-averaged primitive
equations using a generalized Lagrangian mean. Ocean Modelling, 20, 35-60, doi:
10.1016/j.ocemod.2007.07.001.

Ardhuin, F., N. Suzuki, J. C. McWilliams and H. Aiki, 2017: Comments on "A combined
derivation of the integrated and vertically resolved, coupled wave—current equations".
Manuscript submitted to J. Phys. Oceanogr. [Available online at https://www.
researchgate.net/publication/315729666]

Athanassoulis, G. A., and K. A. Belibassakis, 1999: A consistent coupled-mode theory for the
propagation of small amplitude water waves over variable bathymetry regions. J.

Fluid Mech., 389, 275-301.

23



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

Bennis, A.-C., and F. Ardhuin, 2011: Comments on "The depth-dependent current and wave
interaction equations: A revision." J. Phys. Oceanogr., 41, 2008-2012.

Bennis, A.-C., F. Ardhuin, and F. Dumas, 2011: On the coupling of wave and three-
dimensional circulationmodels: Choice of theoretical framework, practical implement-
ation and adiabatic tests. Ocean Modell., 40, 260-272, doi:10.1016/j.ocemod.2011.09.
003.

Bowen, A. J., D. L. Inman, and V. P. Simmons, 1968: Wave 'setdown' and wave setup. J.
Geophys. Res., 73, 2569-2577.

Chen, Y. Y., 1994: Perturbation analysis of the irrotational progressive gravity waves in fluid
of any uniform depth in Lagrangian form. Proc. 16th Conf. on Ocean Eng., Taiwan,
1-29 (in Chinese). [Available online at http://www.tsoe.org.tw/downloads/thesis/1994
Al.pdf].

——, and H. C. Hsu, 2009a: A modified Euler—Lagrange transformation for particle orbits in
nonlinear progressive waves. Ocean Eng., 36, 747-753, doi:10.1016/j.oceaneng.2009.
04.003.

——, and ——, 2009h: The transformation between the third-order Eulerian and Lagrangian
solutions for irrotational progressive gravity waves. Acta Phys. Sin., 58, 40-49 (in
Chinese).

—— —— and G. Y. Chen, 2010: Lagrangian experiment and solution for irrotational finite-
amplitude progressive gravity waves at uniform depth. Fluid Dyn. Res., 42, 045511,
doi:10.1088/0169-5983/42/4/045511.

——, and H. S. Chen, 2014: Lagrangian solution for irrotational progressive water waves
propagating on a uniform current: Part 1. Fifth-order analysis. Ocean Eng., 88, 546—
567.

——, ——, C. Y. Lin,and M. S. Li, 2013: Lagrangian solution for an irrotational progressive

24



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

water wave propagating on a uniform current. J. Atmos. Ocean. Technol., 30, 825-845,
doi:10.1175/JTECH-D-12-00171.1.

—— M. S. Li, H. C. Hsu, and C. O. Ng, 2012: Theoretical and experimental study of particle
trajectories for nonlinear water waves propagating on a sloping bottom. Phil. Trans. R.
Soc. A, 370, 1543-1571, doi:10.1098/rsta.2011.0446.

Craik, A. D. D. and S. Leibovich, 1976: A rational model for Langmuir circulations. J. Fluid
Mech., 73, 401-426.

Dolata, L. F., and W. Rosenthal, 1984. Wave setup and wave-induced currents in coastal
zones. J. Geophys. Res., 89, 1973-1982.

Garrett, C., 1976: Generation of Langmuir circulations by surface waves—A feedback
mechanism. J. Mar. Res., 34, 117-130.

Hasselmann, K., 1971: On the mass and momentum transfer between short gravity waves and
larger-scale motions. J. Fluid Mech., 50, 189-205.

Jenkins, A. D., 1989: The use of a wave prediction model for driving a near-surface current
model. Dtsch. Hydrogr. Z., 42, 133-149.

Lane, E. M., J. M. Restrepo, and J. C. McWilliams, 2007: Wave-current interaction: A
comparison of radiation-stress and vortex-force representations. J. Phys. Oceanogr.,
37, 1122-1141.

Li, M. S., Y. Y. Chen, H. C. Hsu and A. Torres-Freyemuth, 2013: Experimental and
Lagrangian modeling of nonlinear water waves propagation on a sloping bottom.
Ocean Eng., 64, 36-48.

Liu, G, W. Perrie, and C. Hughes, 2017: Surface Wave Effects on the Wind-Power Input to
Mixed Layer Near-Inertial Motions. J. Phys. Oceanogr., 47, 1077-1093.

Longuet-Higgins, M.S., 1979: The trajectories of particles in steep, symmetric gravity waves.

J. Fluid Mech., 94, 497-517.

25



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

——, 1986: Eulerian and Lagrangian aspects of surface waves. J. Fluid Mech., 173, 683-707.

——, and R. W. Stewart, 1962: Radiation stress and mass transport in gravity waves, with
application to 'surf-beats'. J. Fluid Mech., 13, 481-504, doi:10.1017/S0022112062000
877.

——, and ——, 1964: Radiation stresses in water waves; a physical discussion, with
applications. Deep-Sea Res. Oceanogr. Abstr., 11, 529-562, doi:10.1016/0011-7471
(64)90001-4.

Magne, R., K. Belibassakis, T. H. C. Herbers, F. Ardhuin, W. C. O'Reilly, and V. Rey, 2007:
Evolution of surface gravity waves over a submarine canyon. J. Geophys. Res., 112,
C01002, doi:10.1029/2005JC003035.

McWilliams, J. C., J. M. Restrepo, and E. M. Lane, 2004: An asymptotic theory for the
interaction of waves and currents in coastal waters. J. Fluid Mech., 511, 135-178.

Mellor, G., 2003: The three-dimensional current and surface wave equations. J. Phys.
Oceanogr., 33, 1978-1989.

——, 2008: The depth-dependent current and wave interaction equations: a revision. J. Phys.
Oceanogr., 38, 2587-2596, doi:10.1175/2008JP0O3971.1.

——, 2013: Waves, circulation and vertical dependence. Ocean Dyn., 63, 447-457, doi:10.
1007/s10236-013-0601-9.

——, 2015: A combined derivation of the integrated and vertically resolved, coupled wave—
current equations. J. Phys. Oceanogr., 45, 1453-1463, doi:10.1175/JPO-D-14-0112.1.

——, 2016: On theories dealing with the interaction of surface waves and ocean circulation. J.
Geophys. Res., 121, 4474-4486.

Phillips, O. M., 1977: The Dynamics of the Upper Ocean. Cambridge University Press, 336
Pp.

Roseau, M., 1976: Asymptotic Wave Theory. Elsevier, 349 pp.

26



10

11

12

Sheng, Y. P.,and T. Y. Liu, 2011: Three-dimensional simulation of wave-induced circulation:
Comparison of three radiation stress formulations. J. Geophys. Res., 116, doi:10.1029/
2010JC006765.

Smith, J. A., 2006: Wave—current interactions in finite depth. J. Phys. Oceanogr., 36, 1403—
1419.

Ting, F. C. K., and J. T. Kirby, 1994: Observation of undertow and turbulence in a laboratory
surf zone. Coastal Eng., 24, 51-80, doi:10.1016/0378-3839(94)90026-4.

Xia, H., Z. Xia, and L. Zhu, 2004: Vertical variation in radiation stress and wave-induced
current. Coast. Eng., 51, 309-321, doi:10.1016/j.coastaleng.2004.03.003.

Zheng J. H., and Y. X. Yan, 2001: Vertical variations of wave-induced radiation stress tensor.

Acta Oceanol. Sin., 597—605.

27



[EEN

10

11

12

13

14

15

16

17

Figure Captions

FIG. 1. Illustration of the Lagrange-Euler transformation method. The first- and second-order
Lagrangian solutions (for a wave amplitude of 3 m and a wavelength of 100 m at a
water depth of 30 m) are converted into an Eulerian description using (a) the modified

first-order transformation and (b) the modified second-order transformation method.

The red bars are the connections between the fixed particles (a,b) in the still water

and the displaced particles (x, z), which are situated along the blue lines that connect

the positions of the particles with the same b values at a fixed point in time. The
black arrows are several transformation examples from (a,b) to (x,z).

FIG. 2. Instantaneous wave-induced pressure fields in (a) the present study and (b) Mellor
(2015) for the shoaling waves over the sloping bottom profile (thick black lines) given
by Eq. (45).

FIG. 3. (a)—(c) The forces in Eq. (44) normalized by gDe/e,, (d) their sum in the present

study, and (e)—(h) the respective terms estimated from the theory of Mellor (2003).
FIG. 4. Vertical profiles of the net forces for the shoaling waves over a sloping bottom. The
net wave-induced forces are integrated over X and normalized by a similar

integration of F, .
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FIG. 1. Illlustration of the Lagrange-Euler transformation method. The first- and second-order
Lagrangian solutions (for a wave amplitude of 3 m and a wavelength of 100 m at a water
depth of 30 m) are converted into an Eulerian description using (a) the modified first-order

transformation and (b) the modified second-order transformation method. The red bars are the
connections between the fixed particles (a,b) in the still water and the displaced particles
(x, z), which are situated along the blue lines that connect the positions of the particles with

the same b values at a fixed point in time. The black arrows are several transformation

examples from (a,b) to (x,z).
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FIG. 2. Instantaneous wave-induced pressure fields in (a) the present study and (b) Mellor
(2015) for the shoaling waves over the sloping bottom profile (thick black lines) given by Eq.

(45).
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