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ABSTRACT needs to be taken into account.

. . . The vortex force that generates Langmuir circulations can be deriv
The effect of ocean waves on near-surface currents is a topic about whichg. 4 oo 1 flow momentum equations that use radiation stresse
interest has recently revived, as a result of various factors including the the fashion of Phillips (1977) for depth-integrated momentum equatior

pre?lcttlon of th(la Si[rf:ﬁ Offf 0'1 S]E"”s fromtmarlne acmdfnts, "I] order 0 and more importantly how this force must be balanced, for the total fic
tevat?a © plrotperyf the etiecto WZVGS, s tnecEsTary 0 e‘trI?P (t)k{ ag?lnss-by the refraction of waves over the surface current pattern. This lez
entiormutation otthe energy and momentum balance within the airtiow, 4, 5, interpretation of the Langmuir circulation as a wave-mean flo

the wave figld, and th? water column. A'th_oﬁigh the usual EL_lIerian equa- o el mechanism, similar to the effect described liy)®r and Mcintyre
tions of fluid mechanics are often used, it is also very desirable to use (2003).

a coordinate system which can represent vertical variations near the sea

surface at scales smaller than the wave height: surface-following coor- In treating the problem, it is also useful to apply surface-following cc
dinate Systems fall into this Category. We review the app"cation of such Ordinates, in order to resolve mean flow variables at distances from

coordinate systems, and relate them to the Generalized Lagrangian Mearsurface which are less than the wave height. A suitable method is |
formalism of Andrews and Mcintyre. Generalized Lagrangian Mean (GLM) theory of Andrews and Mclintyr

(1978a), which can also be coupled to a version of the conservation |
for wave action (Whitham 1967, Andrews and Mcintyre 1978b). Thi
KEY WORDS: Ocean waves; wave—current interaction; wave refrac- can provide a practical parameterization of wave-mean flow coupli
tion; Langmuir circulations; wave setup. terms from wave spectra, accurate to second order in the wave slc
thereby extending Jenkins’ (1989) results.

INTRODUCTION We finaI_Iy o_liscusg the implications our findings for the generation ¢
Langmuir circulations and the general problem of coupled wave-oce

) _ circulation modeling.
The need to understand and forecast the state of the ocean, including

the prediction of the drift of oil spills from marine accidents, is promot-

ing the use of remote sensing techniques that measure surface velocities

(High-Frequency radar and interferometric Synthetic Aperture Radar), DEPTH-INTEGRATED EQUATIONS
together with the realistic numerical modeling of ocean currents. This

context opens perspectives for the modeling of ocean waves and currents

in a consistent way since both are important components of the jigsaw WWe generally follow Hasselmann's (1971) notations we use dumn
puzzle of ocean surface processes. Greek indicesy and 3 for horizontal components; = = andzz = y.

. ) ) ) i Latin indices:i and refer to Eulerian coordinates = z, z2 = y, and
However, this task is complicated by the many interactions of wavesand ;.. _ . e definep, andp., to be the densities of air and water respec

currents, and the specific theories that have been developed to addrest?vmy_ We definep as the pressur® minus the hydrostatic equilibrium

one or the other. Our intention is thu; to reconcile the views of wave pressuref (—pg) dzs. Means may be time averages or averages ov
experts that have tended to follow Phillips (1977) and Bretherton and flow realizations.

Garrett (1968) to describe the interaction of waves and the mean flow, .
and the views of surface mixing experts that have adopted the Craik- 1€ mean horizontal momentuM is separated into a mean flow and &
Leibovich (CL) theory (Leibovich 1983) to describe the generation of Wave part,

Langmuir circulations that are important for mixing in the upper ocean

and arise from a coupling of waves with a vertically sheared current. M= M™ 4+ M (1)
That theory represents wave-mean flow coupling by the introduction of ’

a uniform (at the very least non-divergent) and constant Stokes drift, it is

thus a one-way forcing of the wave field driving the mean flow. Itis quite \yith
successful in explaining Langmuir circulations (Leibovich 1983), but it

does not reflect the feedback of the mean flow on waves, previously dis-

cussed by Garrett (1976). This produces a steady source of momentum /Z

and vorticity for the mean flow (e.g. Gjaja and Holm 1996), that also Puwtiadz, 2

J—h
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and This equation for monochromatic waves can be seen as the limit |
small Ak of it spectral counterpart, generally used in wave models, at

—_ _
MY = /7 pwiiadz, 3) here integrated over wavenumbers,
¢
9 [, (F(k)/o)dk

where( (z, y) is the position of the free surfac@y., uy) is the horizon- kT + V/ (U +Cy)F(k)/o]dk
tal velocity vector, and the overbar denotes the averaging operator. s

tot
The present derivation is a simple extension of Ardhuin et al. [2003, = /k Y, 9)

manuscript submitted to Journal of Physical Oceanography], where a
mean current is added, which is an extension of Garrett’s (1976) equa-

tions, to which the Coriolis force is added. Using the time rate of change of the wave numloer

The horizontal mean flow momentum equation is then ke, ke U,
! e 40y e~y 0, (10)
HM™ ot Ozg O0zq
7 = [va - f3e3 X Mm +FVC + (pm + gh)—h Vh
and the fact thad/y = || ko F'(k)/odk, we find
+T% — T°] +p“sVh — fses x MY — VS 4
rad2 aMw 8M;U 8 w k"ﬂ
_Vv. _ = M, (U, C
VT at ot T 0zs 8t
wherer™ is a horizontal tensor that contains mean momentum advection Y oUs / kaStor(k) 4 (1)
terms and mean-flow pressure gradients (including hydrostatic pressure) 7 91q Kk o

and viscous stresses,

, This equation can now be replaced in (4) to give

m ¢ — 8 U1
Tap = */ pw (Walip) + bap (P — pwgz) + pwﬁdm, ©) oM™ _
—h % - [V-7™ — faes x M™ +p?V( + (p™ + gh)_, Vh
T is the wind stress vector, equal to the total atmosphere to ocean mo-
mentum flux, and® is the bottom stress vector, equal to the total ocean
to bottom momentum flux. These two fluxes are counted positive down-

wards. The last five terms in (4) represent wave effects on the mean flow

+T* —T'] + F™, (12)

with the wave forcd"™ taking the form

can be neglected in deep water or for mild bottom slopes and will'not be FI' = MY x(Q+ f3)es], / ko Sw’f

considered here. In steady quasi-geostrophic conditions, the divergence

of the Hasselmann stre8T7 /93 = —f x M™, will drive a mean Eu- U, 0 Y I 13
lerian transport that will exactly balance the Stokes drift, giving a zero %0z P % * (13)

Lagrangian wave-induced transport. In other conditions, such as varia-
tions in time of the wave field, the Lagrangian wave-induced transport with 2 the vertical component of vorticity, assumed vertically uniform
may not be balanced and waves may drive net mass transports (Hasseland
mann 1970).
Cy 1

We have chosen here to use the usual notafign for the radiation II, = / KE - 5) F(k)} dk. (14)
stresses in the absence of a mean current. The téhsam be computed k
from the wave elevation variance spectrum to second order in the

The continuity equation is given by Hasselmann (1971) and Garr
wave slope,

(1976),
Sua = pug [ F [(— - 1) bus + Lhako/i2|ak (6) o7 o
2 c pugr +Pug — [Ua (h+¢)] =— T (15)

with C and Cj the intrinsic phase and group speed velocities, respec-

tively. These equation must be compared to the Craik-Leibovich (CL) eqL

tions for vertically uniform currents. The momentum equation (13) is
represents the advection of wave momentum by the mean gmga| extension of Garrett's (1976) equation (3.11), written in the for
flow, of Craik and Leibovich. The vortex force term that drives Langmuir cir
culations,M"™ x (Q + f3)es, and includes the planetary vorticitfs
is common to both equations. ThE, term here is the vertically inte-
grated wave-induced pressure gradient and should be part of the m
fied pressure term in Craik-Leibovich equations, that is usually writte

The termr242

Tal? = Ua My + UsM. @)

Following Garrett (1976), vortex force appears by using the equation for
the conservation of the wave action. We shall keep here the pOSSIbIIIty

that the action evolves with a source tef; /o = |u+u™|” — |u|, whereu™ is the Stokes drift and is the hor-
ok |zontal Eulerian velocity vector. However, the Craik-Leibovich theon
d(E /o) Siot assumes that the Stokes drift is non-divergent and the resulting def
+ V- [(U+Cy)E/o] = (8) tion of the mean pressure is affected by this definition (see Holm 199

ot
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It is therefore not clear that the depth-integrated equations of motion are space and time (Grimshaw 1984, Groeneweg and Klopman 1998).
the same, to second order in the wave slope, when horizontal variations

Nevertheless, the GLM technique has provided a very powerful fou
in the wave field are allowed. 1 P Y P

dation for the analysis of wave—mean flow interaction. It provides
Our equations also suggest that it may be desirable to include the verticalconvenient framework point for modeling wave—current interaction in
variation of currents to generalize the radiation stress approach followed consistent manner, particularly since related equations for the evolut
here. However, shear at the surface is generally weak (e.g. Smyth et aland propagation of waves, in terms of wave action conservation, he
2002), and should only affect the wave field to a limited extent. More also been formulated (Andrews and Mcintyre 1978b).

importantly, the radiation stress approach shows that the ‘vortex force’

compensates for the refraction force exerted on the wave field. Thus the . .

existence of a vortex force in a Langmuir circulation system must be GLM foundation for wave—current coupling

accompanied by wave refraction over the surface current pattern. In this . . )

context it is likely that the current pattern creates a wave field pattern, 1€ following set of equations is based on those of Andrews and Mcl
with gradients that should be taken into account. This coupling also Yre (1978a;b)—see also Craik (1985):

offers one more mechanism for wave scattering. Since Craik-Leibovich

theory as such assumes a uniform wave field, a more general frameworkD " (@l —p,) + Hﬁyi(ﬂﬁ —pr) + (Exah); + ﬁﬁ

must be sought. This does not invalidate the explanation of Langmuir _ %' e Xl (16)
circulations by Craik-Leibovich theory, but it may modify the structure a i~ SR X
and strength of the wave forcing. P / dP
Hyi = FZ + — —,
ox; p
SURFACE-FOLLOWING COORDINATE FORMULATIONS L. .—
D p+pva” =0, (17

A more general set of equations can be obtained by removing the integra~=r _ /0t + R
tion over depth, using the same approach with Eulerian coordinates andD - ’

a small surface slope expansion of wave variables. However, this type__, -

of approach fails above the wave trough level because a fixed volumeD A" + 5~ V-B" =H. (18)
element is successively filled by air and water, requiring a two-phase

approach. A number of different approaches, involving changes of vari- In the above equations, we employ the notafiel; for partial differen-
ables, have been suggested to remove this difficulty: a sigma-coordinatetiation in theith coordinate direction. The pressuredoes not include
transformation (Mellor 2003); the generalized Lagrangian mean (GLM) the hydrostatic correction of the previous sections.

formulation (Andrews and Mclintyre 1978a); a limited time Lagrangian
approach (Pierson 1962, Weber 1983, Jenkins 1987). Similar surface-
following coordinate approaches have been employed for airflow over
waves (Brooke Benjamin 1959, Jenkins 1992, Miles 1996).

The generalized Lagrangian meaﬁ of a dependent variablé is de-
fined in terms of the particle displacemétk, ¢) due to the wave mo-
tions, as follows:

The GLM formulation, in which the mean current velocity) is equal a(x t)L — 5. 0) ¢g(x t) = d(x +€,1) (19)

to the mean velocity of fluid particles, is perhaps the approach which ’ T ’ T

is the most dynamically satisfactory. In fact, the Lagrangian averaging .,k — , . . . .
technique employed in the GLM formulation has been shown to pre- with (.') being Zfatablf gv_eLra}glggf_opgrstor. The generalized L
serve the variational structure of the Euler-Poigdaamework for fluid grangian mean ( ) velocitg™ is defined by

dynamics (Holm 2002). It is necessary to bear in mind some disad-

vantages of the technique. The equations derived are rather complex,(ﬁ +ar -V) [x 4+ £(x,1)] = u(x + &, 1). (20)
although not necessarily more so than other methods involving curvilin-

ear coordinates. A pure Lagrangian coordinate formulation has a more

direct interpretation, with a coordinate transformation jacobian which is We also defing - )' = (- )¢ — UL,
constant for incompressible flow, although it cannot be applied for long —
times due to the distortion of the coordinate system. A sigma-coordinate " EG- 16.pi = —&;.i[uj + (3£x&);] is the wave pseudomomentum per
method, in which the coordinates move only vertically, leads to a sim- Unit massf is the planetary vorticity vectoF; represents external body
pler interpretation of vertical fluxes, since there is no variation of the area forces, and¥; represents dissipative forces. In (17),

of two-dimensional cross-sections. If, as is the case for breaking waves

and in atmospheric flow over waves, there exist critical layers where the # = p°J, J = det{d;; + &5}, (21)
mean flow velocity is equal to the wave phase speed, the amplitude of

the oscillatory part of the coordinate transformation tends to infinity and J being the Jacobian determinant of the mapping> x + &.

the GLM method breaks down, so that a more general curvilinear coor-
dinate formulation becomes necessary. It should also be noted that th
GLM coordinate system is not completely surface-following: the mean density, andB] = P¢¢; ., K ;, whereK; is the(j, 4)th co-factor of the
equations are with respect to a fixed Cartesian coordinate system, and?@cobian/ in (21). The averaging is in this case with respect to the lab
the air-water interface has a vertical coordinate equal to the Lagrangian”» for which various alternatives can be chosen.

mean vertical surface displaceménlt, a quantity which is of second In the case of waves propagating in the-direction, we may choose
order in wave slope for small-amplitude surface waves, and will vary in n = —z; (Craik 1985), andA” becomesA™*!, the x;-component of

eIn Eq. 18, A" = &;,[u} + (3£x€);] is the generalized wave action
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wave pseudomomentum. We may also chogse ¢ — k-U/o (see (Teague 1986).
below), for whichA” = A* is now the wave energy density, pr= —,

0 being the wave phase, for which~? is the wave action density. The
relations {, momentum), (time, energy), and (phase, action), are the
same as the relation between translational symmetry with respect to a;/ pA*‘)(xg) dxs =
coordinate, and the related conserved mechanical quantity, as specifie

in Noether's Theorem.

The most convenient definition of” uses) = —, so that, taD(¢?),

2
pga” _ B (29)
g

g

N | =

] ) ) o the usual definition of wave action. If we assume the waves to propag
For adiabatic or constant-density flo#,is given by Andrews and McIn- i, the s -direction, the non-advective wave action fiBx? is given by:
tyre (1978b) as

— Bl_e —P8€1 9 K11 — P8€3,1 K31
H =&, X;. (22) B;e — Pt K13 — Py Ko (30)

If the density is constant and the only body force is gravity, expressed p noteworthy feature of (30) is that the surface pressure slope cove
by a potential®, we have in in Eq. 16, from Andrews and Mcintyre ance, proportional t&. P£€5 ., gives a negative (e2) contribution to

(1978a): the vertical wave action flux, as is required when waves are generatec

the Jeffreys—Miles mechanism. Andrews and Mcintyre (1978b) not

ﬁLi _ lﬁL + 36 _ {u§ [% ( Fx¢), } } . (23) that, toO/(_EQ), B! was equal taP’¢; 5, plus a}term with zero divergence,
' P ' ’ i whereP’ is the Eulerian pressure fluctuation.

We may also assume that the forc€g which may represent viscosity

or the averaged effects of smaller-scale turbulent eddies, conserve mo-
mentum locally, and so may be expressed as the divergence of a stres
tensor. In a fixed coordinate systeiy, = d7;;/9x;, which becomes in

the GLM representation (cf. Jenkins 1992), we have

Radiation stress and pseudomomentum flux.

Equation 18 may be re-written as

(pA™) 4 4+ V-(T"pA" + B") (31)
X& = (r5Ky;) 5. 24

0 = (k). @4 (Andrews and Mclintyre 1978b, Egs. 2.15-16). @ige?), neglecting
advection by the mean current,

Surface gravity waves, without friction or rotation. . .
) ) . ) B"(z da::C/A":c dzs. 32

We first assume that the wave field consists of surface gravity waves, /,h (23) s = pCq _n (23) dws (32)

on a fluid of depthh, and neglect frictional and Coriolis forces. Since

the waves are restricted to propagating parallel to the surface, the rele-It can thus be seen that the waves transport wave energy and pseudc

vant quantities for wave energy, action, and pseudomomentum are thosementum, as well as wave action, at the same speed as the wave actic

obtained by integrating with respect to the vertical coordinate. The quantityB—> can be regarded as a radiation stress. For waves pre
We consider firstly a single wave component, with amplitudphase? agating in ther; -direction, toO(€?) in the absence of a mean current,
wavenumbek = V6, and intrinsic angular frequeney= —0 . + k-U, when integrated vertically it becomes
the dispersion relation being®> = gk tanh kh, wherek = |k|. We
have, toO(e), R 1 kh C,
_ % e % cosh(k(zs + h)) (25)
o = sinh kh ’ For finite water depth, this is different from the radiation stress comput
6 _ n e 9 sinh(k(zs + b)) ngzfllxed, Eulerian coordinate system (Longuet-Higgins and Stew:
5 sinh kh ' )
¢ [T
uix — % ak_a 6 CObh(k’(iEg + h)) , (26) Sll = / (P —+ pu%) dIE3 — / pg(c — 1'5) d.’E3
k sinh kh —h —h
L e sinh(k(zs + h)) — 1 2kh
ug = RN {7“10 sinh kh g E 2 + sinh 2kh / ° (34
o2 ¢ cosh(k(zs + h However, the result (34) is also obtained in the GLM coordinate syste
P! = —pgts+ R {pa? sir(lh(k;z ) } (27) using theO(e?) formula

The “wave advection” velocitYJ = (U, Uz) is given approximately by Sy

/ (Pt (l)?) (1 + &.5) das

J—h

./70 (PTEss + (uh)?) dos (35)

0
=2k / Tk (x3) €72 day (28)
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The difference between the momentum fi§ix and the pseudomomen-  much wave damping. It is therefore necessary to employ timesca
tum flux R1; is accounted for by a@(e?) change in the (Eulerian) mean  dependent eddy-viscosity profiles in order to use this approach, as \

surface elevation (Longuet-Higgins and Stewart 1962): done by Jenkins (1989). The wave model results also had to be adjus
to ensure that wave energy, momentum, and action were properly c

_ 1 a2k 36 served. In Eq. 16, we then have, for deep water,

¢ = 3 snhokh (30)

~L a— —
_ _ _ ~Xi = &eiX], = @ —p)als

which corresponds to the mean Bernoulli pressure reduction at the sea
bottom due to the oscillatory wave motiopul (—k)]2. Horizontal —/ 2k N (k, z3) €% kSas (k); (38)
depth variations thus induce mean hydrostatic pressure gradients which k

L . 1)
accoupt for_ the vquatlons %11 — R11. Note that the GLM surface 2N (K, 3) 2y = 1,
elevation will in this case become e

o a’k 1 d’k 37) where —Sus(k) is the rate of wave action dissipation, anc
"~ 2sinh2kh  2tanhkh’ 2k N(k,z3) e***s represents how the dissipation is distributed witt
depth. If the wave dissipation can be regarded as being due to an e
the extra tern(%an/ tanh kh) being required as a result of mass con-  viscosityv,,, thenN (k, x3) is proportional ta.,,. The boundary condi-
servation. tion at the water surface is

Note that Eq. 37 is only valid in the absence of dissipative processes. -
If waves break when they propagate to the shore, the momentum whichv(@” —p) 3 = — — / kSin(k), (39)
they then transfer to the mean current will, of course, causeaease p k

in the mean surface elevation. wherer is the total applied surface stress, a@gd(k), andSi. (k) is the

rate at which wave action is applied to the wave field at the sea surfa
Effect of dissipative processes. by means of pressure or shear stress fluctuations.

If we apply Eq. 24 to the GLM equations (16—23), we obtain a system
in which the dissipative forces cannot change the total momentum o
the system except at the surface and bottom boundaries. A systematiG=q,ations which describe the evolution of the vorticity field under th
solution of the GLM equations in such a system, vfith= 0 has been influence of the Stokes drift (see Eq. 43 below), which may lead to tl
given by Groeneweg and Klopman (1998). development and maintenance of Langmuir circulations, were deriv
For non-zerdf, where the dissipative forces are the result of a constant by Craik and Leibovich (1976), on the basis of a rather complex pertt
eddy viscosityy, Weber (1983) and Jenkins (1986) employedia?) bation analysis in Eulerian coordinates. This analysis becomes simg
perturbation expansion in Lagrangian coordinates to derive equationsif one employs the GLM formulation.

for the mean current in deep water. An important feature of the solu- Agsyming that the dissipative forces are the result of a constant visco:
tion is a surface viscous boundary layer (vorticity layer) of thickness . eddy viscosity

O((2v/a)'/?), which may be regarded as altering the surface bound-
ary conditions for the fluid underneath. If wave dissipation is due to
this constant eddy viscosity, the wave pseudomomentum is converted to
momentum of the mean Eulerian current in this boundary layer.

] Vorticity equation, and wave—mean flow recoill

X; = vV, (40)

) _ _ ) _ in fixed Cartesian coordinates, Leibovich (1980) derived the followin
Jenkins (1987) used the same technique with a vertically-varying eddy equations for a constant-density fluid, with relative erédfi//c) +
viscosity, and found out that, in addition to the conversion of wave pseu- O(3v/(UN)) + O(|f]/0):

domomentum to momentum of the mean current in the vorticity layer,

a proportion of the wave pseudomomentum also acted as a momen-/ 5 B B s —L g _s

tum source for the mean current within the water column, the source (5 +u 'V) a +fx@ +u)+ V(I +ur-u)

strength being proportional to the product of the eddy viscosity gradient

ande?**3 (in deep water). The waves tend to decay according to =’ x curlu” + vv?u”, (41)

0

a o< exp {—2]@2 (/ 2k v(zs3) e2hkws dasg) t] . v-u” = 0, (42)
wherea” = u’ — pis, to O(¢’4), the Eulerian mean velocity (or

One can simulate wave dissipation by wave breaking and white-capping “quasi-Eulerian” velocity (Jenkins 1986), since it is referred to mea

(e.g. Hasselmann 1974), by employing a vertically-varying eddy viscos- particle positions rather than fixed points in spage),= a~ — a”, U

ity which has the same wave-frequency-dependent wave-damping effect.being a typical mean velocity, arda typical ratio of particle excursion

Itis impossible to use the same eddy viscosity to damp the wave energy¢ to wavelength\. For f = 0, Egs. 41-42 may be reduced to the CL

as one uses for the diffusion of momentum within the current field: the equations

former must be much smaller than the latter. This is because of the fact

that the current will be affected by turbulent eddies and other motions ( )

2\ e} —F —S —F —S O
such as Langmuir circulations, which have time scales too great to cause| ; ~ ¥V ) Q=(Q - V)@ +u’)- (U +u’)-vQ, (43
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where Q is the wave-averaged vorticity vector (Craik and Leibovich Although small-scale studies may use any type of formalism, applicati
1976, Leibovich 1977, Craik 1985). to large scale modeling is more easily performed by adapting existi
tools, as proposed by Jenkins (1987; 1989). These are primitive equat
models with coordinates that follow a mean free surface and many pos
ble turbulence closure schemes, and the spectral wave models. The C
approach summarized here, although it gives rise to a rather complex
of equations, and although its results must be interpreted carefully
L= // |:1D|ﬁL|2 _pata® - P(D-1) d3r dt, (44) a result of its non-constant coordinate transformation Jacobian deter
2 nant, provides a good starting point, since it treats the various conser
dynamical quantities such as energy, momentum, wave action, and w
where D is the determinant oWy, the (y1,y2,y3) being Lagrangian ~ pseudomomentum, in a consistent manner.
particle labels, and th& (the pressure) is a Lagrange multiplier. The
inviscid CL equations are obtained by requiriigo be stationary with

Holm (1996) provides an interesting treatment of the CL equations. He
derives the inviscid form of the equations by means of Hamilton’s prin-
ciple, with a Lagrangian
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