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A
bstract

T
he

effect
of

ocean
w

aves
on

near-surface
currents

is
im

portant
for

m
any

applications,
including

prediction
of

the
drift

of
oil

spills
and

other
m

aterial,
coastal

circulation,
up-

w
elling/dow

nw
elling

in
the

m
arginal

ice
zone,

and
the

generation
of

L
angm

uir
circulations

and
related

phenom
ena.

In
order

to
predictor

sim
ulate

such
processes

on
an

operationalbasis
itis

advantageous
to

run
a

coupled
m

odelsystem
for

surface
w

aves,the
ocean

circulation,and
the

atm
ospheric

boundary
layer.

Such
a

coupled
system

should
take

accountof
the

follow
ing:

the
E

arth’s
rotation,oceanic

and
atm

ospheric
stratification,turbulence,the

m
om

entum
balance

during
w

ave
generation

and
dissipation,

the
effect

of
horizontal

and
vertical

m
ean

shear
on

w
ave

propagation,the
effectof

w
aves

on
the

m
ean

w
ater

level,and
the

presence
of

sea
ice

and
viscoelastic

surface
film

s.

A
n

outline
is

given
ofequations

w
hich

m
ay

be
used

forsuch
a

coupled
m

odelsystem
,valid

to
second

order
in

w
ave

slope.
A

discussion
is

given
of

the
advantages

and
disadvantages

of
us-

ing
various

differentcoordinate
system

s:
E

ulerian,curvilinear
surface-follow

ing,L
agrangian,

and
generalized

L
agrangian

m
ean

(G
L

M
).C

oordinate
system

s
w

hich
follow

the
w

ave
profile

are
able

to
resolve

fine-scale
vertical

structure
near

the
w

ater
surface.

T
he

G
L

M
form

ulation
provides

an
elegant

treatm
ent

of
the

dynam
ics,

but
breaks

dow
n

at
critical

levels,
w

here
the

m
ean

velocity
is

equalto
the

w
ave

phase
speed.

Introduction

W
ithin

operationaloceanography,there
are

phenom
ena

in
w

hich
the

coupled
effects

of
ocean

w
aves

and
near-surface

currents
are

im
portant.

T
hese

include
the

follow
ing:

�

T
he

driftofoilspills
and

other
m

aterial:
D

epends
on

the
near-surface

driftcurrentprofile,
the

am
ountof

dow
nm

ixing
by

surface
w

aves,etc.

�

C
oastal

circulation:
M

om
entum

from
w

aves
is

transferred
to

the
w

ater
colum

n
on

w
ave

breaking,leading
to

‘w
ave

setup’
and

longshore
drift.

�

U
pw

elling/dow
nw

elling
in

the
presence

of
sea

ice:
Sea

ice
radically

alters
the

surface
boundary

conditions:
changes

in
the

surface
boundary

current
w

ill
cause

up-
w

elling/dow
nw

elling
via

the
continuity

equation.

�

T
he

generation
ofL

angm
uir

circulations
and

related
phenom

ena:
R

esulting
from

longitu-
dinalcirculations

due
to

crossing
w

ave
trains,instability

of
the

driftcurrentprofile,distortion
of

vortex
tubes

etc.

O
n

an
operationalbasis,in

order
to

predictor
sim

ulate
such

processes,there
are

clear
advan-

tages
in

running
a

coupled
m

odelsystem
,for:

�

Surface
w

aves;

�

T
he

ocean
circulation;

and

�

T
he

atm
osphere,including

the
boundary

layer
above

the
sea

surface:

A
coupled

m
odelsystem

such
as

one
outlined

above
should

take
accountof

the
follow

ing:

�

T
he

E
arth’s

rotation:
C

oriolis
effect,on

the
total(L

agrangian
m

ean)
current;

�

O
ceanic

and
atm

ospheric
stratification;

�

Turbulence;

�

T
he

m
om

entum
balance

during
w

ave
generation

and
dissipation;

�

T
he

effectofhorizontaland
verticalm

ean
shear

on
w

ave
propagation:

�

T
he

effectofw
aves

on
the

m
ean

w
ater

level;

�

T
he

presence
ofsea

ice:
E

ven
a

thin
layer

ofgrease/frazilice
orslush

w
illradically

change
the

surface
boundary

conditions,
in

a
w

ay
w

hich
is

m
athem

atically
sim

ilar
to

the
effect

of
a

viscoelastic
surface

film
(see

below
);and

�

T
he

presence
of

viscoelastic
surface

film
s:

T
hese

cause
a

large
increase

in
viscous

w
ave

dam
ping,and

radically
change

the
behaviour

of
the

m
ean

flow
in

the
surface

vorticity
layer.

To
include

the
effects

of
w

ater
w

aves
in

a
coupled

m
odel

for
the

atm
ospheric

and
oceanic

boundary
layers,one

can
either

resolve
individualw

aves,a
procedure

w
hich

is
usually

com
pu-

tationally
uneconom

ic,or
to

use
an

averaging
procedure.

T
he

large
variations

in
atm

ospheric
and

oceanic
properties

near
the

air–w
ater

interface,
over

sm
all

vertical
distances,

m
ay

not
be

properly
resolved

if
the

averaging,is
perform

ed
for

fixed
verticalco-ordinates

(x
3 ).

M
uch

bet-
ter

resolution
w

ill
be

obtained
if

a
coordinate

system
is

used
in

w
hich

the
interface

follow
s

a
coordinate

surface
during

the
w

ave
cycle.

C
oordinate

System
s

A
large

variety
of

surface-follow
ing

coordinate
system

s
is

available.
O

ne
m

ay
use,

for
exam

ple,
fixed

curvilinear
coordinates

in
a

a
m

oving
reference

fram
e

[17],
or

a
L

agrangian
form

ulation,in
w

hich
the

fluid
particles

have
fixed

coordinate
labels

[5,23].If
w

e
specify

that
the

m
ean

fluid
velocity

ata
particular

coordinate
location

is
equalto

the
m

ean
driftvelocity

of
a

fluid
particle

passing
through

the
location,w

e
have

the
generalized

L
agrangian

m
ean

(G
L

M
)

form
ulation

of
A

ndrew
s

and
M

cIntyre
[2].

F
igure

1.
E

xam
ple

of
a

coordinate
system

,above
and

below
a

w
ave

surface.
In

this
particular

case
w

e
have

x �
� y

1 �

ae �

k� y
3�sin� ky

1 �

ω
t� �

y
2�

ae �

k� y
3�cos� ky

1 �

ω
t�	 .

A
bove

the
interface,

the
coordinate

system
is

isom
orphic:

below
the

interface
J �

1


O

� � ak� 2� .

G
eneralF

orm
ulation

Itis
advantageous

to
w

rite
the

hydrodynam
ic

equations
in

conservation-law
form

[1].A
gen-

eraltreatm
entw

hich
can

be
used

form
any

coordinate
system

s
is

described
by

Jenkins
[13,14],

using
sim

ilar
notation

to
A

ndrew
s

and
M

cIntyre
[2].

T
he

fixed
C

artesian
coordinate

system
is

denoted
by

x


� x

1� x
2� x

3� ,and
the

curvilinear
system

by
y


� y

1� y
2� y

3� .
Superscripts� �� x

and

� �� y
specify

the
coordinate

system
.

In
the

follow
ing,J

represents
the

determ
inantof

the
Jaco-

bian
m

atrix

� x
j�

l� ,
and

K
jl

its
cofactors.

W
e

assum
e

the
follow

ing
m

om
entum

and
continuity

equations:ρ
x� u

xj� t �

u
xl u

xj�

l �

Φ
x� j �

2� Ω

�

u
x�

j���

τ xjl�

l 

0�

ρ
x� t �

u
xl ρ

x� l �

ρ
xu

xl�

l 

0�

(1)

w
here

ρ
is

the
fluid

density,u


� u

1� u
2� u

3�

is
the

velocity,Ω
is

the
rotationalangular

velocity
vector,Φ

is
a

force
(e.g.gravitational)potentialand

the
tensorτ

incorporates
both

pressure
and

shear
stress.R

epeated
indices

are
sum

m
ed

from
1

to
3.

T
he

m
om

entum
equation

(E
q.1)

becom
es:

P
j� t �

T
jl�

l 

S
j�

(2)

w
here

P
j



ρ
yJu

yj
is

the
‘concentration

of
x

j -m
om

entum
in

y-space’,
T

jl


� τ yjm �

ρ
yu

yj� u
ym �

x
ym�

t��

K
m

l
is

m
inus

the
flux

of
x

j -m
om

entum
across

y
l -surfaces,

and

S
j  �

ρ
yΦ

y� l K
jl �

2ρ
yJ� Ω

�

u
y�

j
is

a
source

function
representing

the
potential

and
C

oriolis
forces.

Ifρ
is

constant,
the

potential
force

term
can

be
incorporated

into
T

jl
as

an
additional

term
, �

ρ
yΦ

yK
jl .

G
L

M
F

orm
ulation

and
R

adiation
Stress

O
f

the
various

‘curvilinear’
coordinate

representations,the
G

L
M

form
ulation,in

w
hich

the
m

ean
current

velocity
( u

L)
is

equal
to

the
m

ean
velocity

of
fluid

particles,
is

perhaps
the

ap-
proach

w
hich

is
the

m
ost

dynam
ically

satisfactory.
R

elated
equations

for
the

evolution
and

propagation
of

w
aves,in

term
s

of
w

ave
action

conservation,have
also

been
form

ulated
[3].

If,
as

is
the

case
for

breaking
w

aves
and

in
atm

ospheric
flow

over
w

aves,there
existcriticallayers

w
here

the
m

ean
flow

velocity
is

equalto
the

w
ave

phase
speed,the

am
plitude

of
the

oscillatory
partof

the
coordinate

transform
ation

tends
to

infinity
and

the
G

L
M

m
ethod

breaks
dow

n,so
a

m
ore

generalcoordinate
form

ulation
becom

es
necessary.

T
he

G
L

M
coordinate

system
is

notcom
pletely

surface-follow
ing:

the
air-w

ater
interface

has

a
m

ean
O

�� ak� 2� verticalcoordinate
displacem

entζ
L

w
hich

w
illvary

in
space

and
tim

e
[9,10].

T
he

G
L

M
w

ave
action

equation,neglecting
dissipative

forces,m
ay

be
w

ritten
as

[3]

� Jρ
A

η��

t �

∇
y �� u

LJρ
A

η�

B
η� 

0�

(3)

A
η

is
the

w
ave

action
density

ifη

 �

θ

 �
� k �

y �

ω
t� ,the

w
ave

energy
density

ifη



t,or
the

w
ave

pseudom
om

entum
per

unitm
ass

ifη

 �

y.
To

O

�� ak� 2� ,neglecting
advection

by
the

m
ean

current,

�

0

�

h B
η� y

3� d
y

3 

ρC
g�

0

�

h A
η� y

3� d
y

3 �

(4)

T
he

w
aves

transportw
ave

energy
and

pseudom
om

entum
,as

w
ell

as
w

ave
action,at

the
sam

e
speed

as
the

w
ave

action.

T
he

quantity
B �

x
can

be
regarded

as
a

radiation
stress.W

hen
integrated

vertically
itbecom

es

R
11 

�

0

�

h B �

x
1

� y
3� d

y
3 

E

�

12 �

kh
sinh

2kh�


E
C

g

C

�

(5)

For
finite

w
ater

depth,this
is

differentfrom
the

radiation
stress

com
puted

in
a

fixed,E
ulerian

coordinate
system

[18]:

S
11 

�

ζ

�

h � P�

ρ
u

21 � d
x

3 �
�

ζ

�

h ρ
g� ζ �

x
3� d

x
3 

E

�

12 �

2kh
sinh

2kh�
�

(6)

H
ow

ever,the
result(6)

is
also

obtained
in

the
G

L
M

coordinate
system

(ξ
j being

the
coordinate

displacem
entand

� �� lrepresenting
w

ave-associated
fluctuations):

S
11 

�

0

�

h � P
l�

� u
l1 � 2�� 1�

ξ
3�

3� d
y

3 
�

0

�

h  

P
lξ

3�

3 �
� u

l1 � 2!

d
y

3 �

(7)

T
he

difference
betw

een
the

m
om

entum
flux

S
11

and
the

pseudom
om

entum
flux

R
11

is
ac-

counted
for

by
an

O

�� ak� 2� change
in

the
(E

ulerian)
m

ean
surface

elevation
[18]:

ζ

 �

12
a

2k
sinh

2kh �

(8)

w
hich

corresponds
to

the
m

ean
B

ernoulli
pressure

reduction
at

the
sea

bottom
due

to
the

os-
cillatory

w
ave

m
otion,ρ� u

l1 � �

h�� 2.
H

orizontal
depth

variations
thus

induce
m

ean
hydrostatic

pressure
gradients

w
hich

account
for

the
variations

in
S

11 �

R
11 .

T
he

G
L

M
surface

elevation

w
ill

becom
e

ζ
L

 �

12 a
2k"� sinh

2kh� �

12 a
2k"� tanh

kh� ,
the

extra
term

� 12 a
2k"

tanh
kh�

being
required

as
a

resultof
m

ass
conservation.

W
ave

D
issipation

and
C

oupling
of

W
ave

and
C

urrent
M

odels

T
he

flux
of

m
om

entum
into

the
w

ave
field

from
w

ind
forcing,

and
the

flux
of

m
om

entum
from

the
w

ave
field

into
the

currentw
hen

w
aves

dissipate,m
ustbe

taken
into

account.

If
the

(eddy)
viscosity

ν
is

constant,
the

w
ave

m
otion

w
ill

be
irrotational

except
in

a
thin

vorticity
layer

near
the

surface,
the

w
ave

am
plitude

w
ill

tend
to

decay
w

ith
tim

e
[16]

as
exp

� �

2νk
2t� ,

and
the

w
ave

m
om

entum
w

ill
be

transferred
into

the
w

ater
colum

n
w

ith
an

apparentsource
atthe

surface.

If
w

e
regard

the
w

aves
as

being
dam

ped
by

an
eddy

viscosity
w

hich
varies

w
ith

depth,the

rotationalcom
ponentof

the
w

ave
m

otion
extends

to
greater

depths
[12],and

the
w

aves
tend

to

decay
according

to

a
∝

exp

# �

2k
2� �

0

�

∞
2kν� y

3� e
2ky

3d
y

3�

t$ �

T
he

m
om

entum
is

then
transferred

from
w

aves
to

the
current

partly
at

the
surface,

at
a

rate
given

by
the

surface
value

ofν,and
the

restfrom
a

diffuse
source

distributed
w

ithin
the

w
ater

colum
n

asν�
3 e

2ky
3.

O
ne

can
sim

ulate
w

ave
dissipation

by
e.g.w

ave
breaking

and
w

hite-capping
(e.g.[11]),by

em
ploying

a
vertically-varying

eddy
viscosity

w
hich

has
the

sam
e

w
ave-frequency-dependent

w
ave-dam

ping
effect.

Itis
im

possible
to

use
the

sam
e

eddy
viscosity

to
dam

p
the

w
ave

energy
as

one
uses

for
the

diffusion
of

m
om

entum
w

ithin
the

currentfield:
the

form
er

m
ustbe

m
uch

sm
aller

than
the

latter.

E
ffectof

Surface
F

ilm
s

and
Sea

Ice

T
he

boundary
condition

atthe
w

ater
surface

is
changed

substantially
if

a
surfactantfilm

,w
ith

a
surface

tension
w

hich
varies

w
ith

the
extension

and
com

pression
of

surface,is
present.

T
he

rate
of

viscous
dam

ping
of

surface
w

aves
is

increased
dram

atically,from
2νk

2
to

a
value

of
the

order
k� νω� 1% 2

[8,19],and
this

m
ore

rapid
conversion

of
w

ave
m

om
entum

to
m

ean
flow

leads
to

there
being

a
stronger

w
ave-induced

currentin
the

surface
viscosity

layer
[27].

A
sim

ilar
effect

also
occurs

if
there

is
a

thin
layer

of
viscous

(or
viscoelastic)

fluid
at

the
surface,

for
exam

ple
a

layer
of

oil
or

thin
ice

[15].
In

the
m

arginal
ice

zone,
the

change
in

the
near-surface

w
ave-induced

current
betw

een
ice-covered

and
open-w

ater
areas

m
ay

cause
upw

elling
in

the
vicinity

of
the

ice
edge

[26].

C
oncluding

rem
arks

W
e

have
given

here
necessarily

a
very

briefdescription
ofsom

e
effects

w
hich

should
be

taken
into

accountin
the

coupled
m

odelling
of

w
aves

and
currents,particularly

near
the

sea
surface.

N
otw

ithstanding
the

difficulties
w

hich
m

ay
arise

in
the

analysis,the
use

of
surface-follow

ing
coordinates

has
its

advantages,
since

such
coordinates

enable
a

fine
resolution

of
w

hat
are

expected
to

be
large

gradients
in

the
dependentvariables

in
the

cross-interface
direction.

T
his

is
particularly

im
portantif

w
e

also
w

ish
to

consider
therm

aleffects
and

the
m

ass
flux

through
the

air–sea
interface,since

such
large

gradients
are

indeed
observed

[7,21,22,24,25].

It
should

also
be

noted
that

a
self-consistent

form
ulation

of
the

w
ave–current

interaction
problem

w
ill

include
the

vortex
force

[6,20]
w

hich
provides

a
m

echanism
for

the
generation

and
m

aintenance
of

L
angm

uir
circulations.

A
n

additionalcase
w

hich
m

ay
be

described
w

ithin
this

coupled
fram

ew
ork

is
the

‘rem
ote

recoil’
effectdescribed

by
B

ühler
and

M
cIntyre

[4].
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