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Bispectra of Wind-waves and Wave-wave Interaction*

Norihisa IMaASATO** and Hideaki KUNISHI**

Abstract: DBispectra of wind-waves in wind tunnels were calculated in order to understand
the characteristics of the nonlinear wave-wave interaction in actual wind-wave field. Tt is
shown that the nonlinearity in wind-waves increases in magnitude with the development of
wind-waves and that the characteristics of nonlinearity in wind-waves in the early stage of
development differ from those in the late stage. It is shown that the bispectra are classified
into five types (I~V), and that the bispectral type changes from the type I to the type V as
the wind-waves develop from the stage of the “‘initial-wavelets’ to that of the ‘‘sea-waves’’.
The relations between frequencies of the component waves interacting each other are discussed

in each bispectral type.

1. Introduction

The nonlinear wave-wave interaction in wind-
waves has been discussed theoretically some
investigators (see KINSMAN, 1965). Using the
observed power spectra of wind-waves, some
investigators (BARNETT, 1968; HASSELMANN
et al., 1973; and others) tried to estimate the
actual features of wind-wave interaction. Re-
cently, bispectrum has been used in order to
understand the nonlinear interaction in wind-
waves (HASSELMANN et al., 1963; KAKINUMA
et al., 1968). IMASATO (1976b) demonstrated
a few examples of the bispectrum of wind-
waves in wind tunnels in order to prove his
model on the development of wind-waves and
suggested that the wave-wave interaction of a
wave spectral peak with other frequencies plays
an important role in development of wind-waves.

In this paper, we will illustrate some charac-
teristics of the nonlinearity in the wind-wave
field, using bispectra of wind-waves in the wind
tunnels. Wave data used in this paper were
obtained by KUNISHI (1963) and KUNISHI and
ImASATO (1966), and the development process
of these wind-waves has been already discussed
by KUNIsSHI (1963) and IMASATO (19764, b).
Definitions on the Run number and the develop-
ment state of wind-waves (e.g. ‘‘sea-waves”,
“initial-wavelets”’ etc.) are same as those in the
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papers of IMASATO (1976a, b).

2. Bispectra of wind-waves in wind tunnels

Bispectrum B(w:, w2) is defined as the Fourier
transform of an auto-bicorrelation function
R(z1, 72) of wind-waves () (TUKEY, 1963), i.c.

Rz, o) =95(t) n(t+71) (e +12) (1)
l oo
Blas, 602)——(‘9:;)—2 S S _OOR(TL, T2)
X exp [{wiT1 +wete)] drrdre (2)

where 71 and t: are the lag time and the over
bar indicates the time mean, and @ and @, are
the angular frequencies.

Figs. la-g show some examples of bispectra
of wind-waves in the wind-tunnels. Solid con-
tour curves are drawn by every 0.2 Buer, where
Bras indicates the bispectral density of a domi-
nant bispectral peak. Dotted contour curves
indicate |B(f1,f2)|=0.1 Bne., where f=w/2z.
In these figures, power spectra are also shown
along the frequency coordinate f.. In early
stage of development of wind-waves {e.g. in the
stage of “‘initial-wavelets’”), bispectrum is rather
complicated in the distribution pattern and the
significant bispectral densities spread wide over
the frequency area. It is distinguished that the
fairly dominant bispectral ridges strech toward
the lower and the higher frequencies from the
point (fmaez, fmer) (fmaz 15 the frequency of the
power spectral peak). On the other hand, in
the late stage of the development of wind-waves,
i.e. in the stage of ‘“‘sea-waves”, bispectrum
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Bispectrum of wind-waves in wind tunnels

(right side) and power spectrum (left side).

(a) Run 11, Fetch 9.7 m,
15.1m,
14, Fetch 4.3 m,

¢

to the stage of ‘‘initial-wavelets’’,

(b) Run 11, Fetch
(¢) Run 12, Fetch 15.1m,

(f) and (g) to the stage of ‘‘sea-waves’’.

(d) Run
{e) Run 16, Fetch 4.3 m,
Run 19, Fetch 15.1m and (g) Run 60, Fetch
20.0 m. Wind-waves in (a), (b) and (c) belong
those in (d)
and (e) to the ‘‘transition stage’’ and those in
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becomes fairly simple in the distribution pattern.
The significant bispectral densities concentrate
around the point (fmas, fmas) to make a domi-
nant hispectral peak, and significant bispectral
ridges strech toward the lower and the higher
frequencies. These bispectra indicate that a
dominant power spectral peak nonlinearly inter-
acts with the higher and the lower frequencies.

As a measure of the order of nonlinearity of
the wind-wave field, we will adopt the bispectral
density Bma: of the dominant bispectral peak
and the relative area A which is defined as
Asia/Aan, where Ay is the area of [B(f1, f2)l
>0.2 Bras and Agy is the area of the triangle
frequency domain where the bispectrum is de-
fined. Fig. 2 illustrates the relation between
Brar and S%3,, where Smas is the spectral den-
sity of the dominant power spectral peak.
Relation between Bma. and S¥2, in the region
St <107° seems to differ from that in the
region S¥2,>1079, and the two solid lines in
Fig. 2 are the fittest ones to the data. Fig. 3
illustrates the relation between the relative area
A and the bispectral density Bma.. It is clearly
seen in the figure that the area A is very wide
in the early stage of the development of wind-
waves. These differences in Bmar and A seem
to correspond to the stage of the development
of wind-waves such as ‘‘initial-wavelets’” and
“sea-waves”’.* In the ““initial-wavelets’”’; the
order of nonlinearity is small but the significant
interaction occures wide over the frequency
area. As the wind-waves develop, the area A
becomes rapidly narrower and the order of
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Fig. 2. Buas versus S¥%.. Bispectral type is

shown by Roman numerals I~V.

nonlinearity becomes gradually larger. On the
other hand, in the stage of the ‘‘sca-waves”,
the former becomes gradually narrower and the
latter becomes rapidly larger. Anyway, we can
conclude that the results in these two figures
indicate that the order of nonlincarity and the
area of the significant bispectral densities of
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Fig.3, Buas versus the relative area A. Bispectral
type is shown by Roman numerals I~V.

* Dr. Y. NAGATA suggests, in his kind personal
communications, that these differences may not be
associated with the stage of the development of
wind-waves but with the power spectral form of
wind-waves. The study on his suggestion will be
done in near future.
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wind-wave field become larger and larger as
the wind-waves develop.

3. Wave-wave interaction

From Figs. la-g, it is found that the bi-
spectra of the wind-waves in wind tunnels can
be classified into five types; i.e. the types I, II,
IfI, IV and V. The bispectrum of the type I
is illustrated in Figs. la and b, that of the type
IT in Fig. lc, that of the type III in Fig. 1d,
that of the type IV in Fig. le and that of the
type V in Figs. 1f and g. In these figures, it
is seen that a bispectrum has some fairly domi-
nant bispectral ridges. Therefore, we may
schematically represent a bispectral ridge with
a line in order to discuss the basic character-
istics of the wave-wave interaction. Schematic
bispectra of these five types are shown in Figs.
4a-e, where the significant bispectral ridges
are given by solid lines, i.e. a thick line indicates
the relatively large bispectral density and a thin
line does the relatively small one. It must be
mentioned that the schematic bispectrum in
Fig. 4b is only an example of the type II.

Fig. 4a shows that, in the bispectrum in the
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Fig. 4. Schematic line bispectrum in the five
types I~V. Thick lines indicate the relatively
large bispectral density. Arrows indicate the
power spectral peak.

type I, a dominant wave with the frequency
fmas interacts nonlinearly with the component
waves with the lower or higher frequencies.
Therefore, fi=const. or fe=const.

In the case of a line bispectrum in the type
IIT (Fig. 4c), we have the relation fi+f:=const.
(e.g. 2fmaz). In the actual bispectrum in this
type (Fig. 2), significant nonlinear interaction
concentrates around the point (fiaz, frmaz).
Combining the type I with the type III, we can
obtaine the line bispectrum in the type II as
is shown in Fig. 4b. Therefore, the bispectrum
in the type II can be understood to be in the
transition stage from the type I to the type III.
Therefore, the three figures in the left hand
side in Fig. 4 illustrate the basic types of the
wind-wave bispectrum.

In the case of a bispectrum in the type IV,
the relation in the frequencies interacting each
other in the line bispectrum EB is the same as
that in the type III, and the relation in the
frequencies in the line CF is the same as that
in the type I. The relation in the line BC is
given by Eq. 3,

N
:2fmax+f1a|:tan(%~ m)-—lJ (3)

where fi« is the abcissa of the point B, and the
positive m is the angle ABC in radian. On
the other hand, Eq. 3 with negative m (the
angle ABD) gives the relation for the line BD.
As the point B approaches toward the point E
along the line BE in Fig. 4d, the interaction
type IV changes to the type V. Therefore, the
relation between fi and f3 for the line BC in
the line bispectrum in the type V in Fig. 4deis
easily obtained from Eq. 3 by putting fia=Ffmes,
ie.

A tan(gw m) +f2
:fm(w[l+tan(%— m):l (4>

Mean value of m in the bispectra in the type
V is +0.419 radian, and thercfore, Eq. 4 be-
comes Egs. 5.1 and 5.2,
0.384 f1 +/2=1.38 fnas  (for BC) (5.1)
2.36 f1+£273.36 fnar  (for BD) (5.2)
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From the above discussions, we understand
that the bispectrum of the type IV is in a
transition stage from the type III to the type V.

The actual bispectrum of wind-waves does
not have the schematic form of a line but has
the bispectral ridges as well illustrated in Figs.
la~g. Therefore, combinations of interacting
waves will be very complicated. Nevertheless,
it must be emphasized that the most significant
interaction can be represeted by the line bi-
spectra shown in Figs. 4a-e.

We discussed the bispectral types and the
basic relations between the frequencies of the
component waves interacting each other. In
Figs. 2 and 3, where the types of bispectrum
are denoted in Roman numerals {I~V), it is
shown that bispectral type changes from Ito V
as the wind-waves develop. In this paper, we
could not clearify why a wind-wave field at
some condition chooses some one of bispectral
types, and this problem will be left in future
to be studied.

Calculation of bispectra in this paper was
carried out on a FACOM 230-75 in the Data
Processing Center of Kyoto University, A part
of this study was supported by the scientific
fund 054146 in 1975 from the Ministry of Edu-
cation. The authors thank to Dr. Y. NAGATA,
University of Tokyo, for his valuable discus-
sions.
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