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Air water interaction phenomena taking place during the breaking of ocean waves are
investigated here. The study is carried out by exploiting the combination between a
potential flow method, which is used to describe the evolution of the wave system up
to the onset of the modulational instability, and a two-fluids Navier–Stokes solver which
describes the strongly non-linear air–water interaction taking place during breaking events.
The potential flow method is based on a fully non-linear mixed Eulerian–Lagrangian
approach, whereas the two-fluid model uses a level-set method for the interface capturing.
The method is applied to study the evolution of a modulated wave train composed by a
fundamental wave component with two side band disturbances. It is shown that breaking
occurs when the initial steepness exceed a threshold value. Once the breaking starts, it is
not just a single event but it is recurrent with a period associated to the group velocity.
Results are presented in terms of free surface shapes, velocity and vorticity fields, energy
and viscous dissipation. The analysis reveals the formation of large vortex structures in
the air domain which are originated by the separation of the air flow at the crest of
the breaking wave. The form drag associated to the flow separation process significantly
contributes to the dissipation of the energy content of the wave system. The energy
fraction dissipated by each breaking event is distinguished.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Breaking of surface waves, as an oceanic phenomenon, has many important implications. Scientifically, these are the
problems of wave dynamics, atmospheric boundary layer, air–sea-interactions, upper ocean turbulence mixing, with respec-
tive connections to the large-scale processes including ocean circulation, weather and climate. In engineering, these are naval
architecture, structural design of offshore developments and pipelines, coastal and bottom erosion, marine transportation,
navigation, among many others [1].

The wave breaking process has received a considerable interest over the last decades, and some of the main features
such as characteristics of the breaking onset and probability of breaking, have been described, quantified and parameterized
(see e.g. [2] for a review). Much less has been done with respect to the breaking severity and to the air–water interaction
phenomena taking place during the breaking event, which are the topics addressed in the present paper.

If the breaking strength is defined as energy loss in a single breaking event, then the breaking severity coefficient can
be identified in a number of ways, that is through the measurements of the individual breaking wave, of the group where

* Corresponding author.
E-mail address: alessandro.iafrati@cnr.it (A. Iafrati).
0021-9991/$ – see front matter © 2014 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jcp.2013.12.045

http://dx.doi.org/10.1016/j.jcp.2013.12.045
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcp
mailto:alessandro.iafrati@cnr.it
http://dx.doi.org/10.1016/j.jcp.2013.12.045
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcp.2013.12.045&domain=pdf


152 A. Iafrati et al. / Journal of Computational Physics 271 (2014) 151–171
the breaking occurred, of spectra of the respective group before and after the breaking. Magnitude of such coefficient varies
greatly, virtually from 0% to 100%.

Such wide range of variation cannot be disregarded or substituted with some mean value in applications which involve
the breaking severity. This is for example the case of the wave-energy dissipation function employed in wave forecast
models. It can in principle be directly determined as a product of the breaking probability and breaking severity, but without
reliable parameterizations of the latter, a set of inventive indirect, usually speculative, methods have been elaborated to
estimate the dissipation function [3].

The waves break when they reach some critical steepness at which the water surface becomes unstable and inevitably
collapses [4,5]. A significant number of processes in the ocean can make this happen, e.g. hurricane wind-forcing, surface
currents with horizontal velocity gradients, bottom proximity, modulation of long waves by short waves, among others. In
typical background deep-water oceanic conditions for dominant waves, however, these processes are two: linear superposi-
tion and modulational instability [6].

Most of the research studies of the wave breaking process in controlled laboratory conditions was done for the linear-
superposition scenario. Classical work of [7] concludes for such wave-breaking strength: “The loss of excess momentum
flux and energy flux was measured and found to range from 10% for single spilling events to as much as 25% for plunging
breakers”. That is, in such case the breaking severity is some limited fraction of the pre-breaking wave energy. In [8] similar
conclusions were derived by using the two-fluids Navier–Stokes solver.

Remarkably different is wave-breaking severity in case of breaking caused by the modulational instability. In [9] it was
demonstrated that it can be anything, from virtually 0%, i.e. a mere toppling the wave crest, to 100%, i.e. the breaking wave
disappears. In fact, it can be shown that due to the modulational instability, the wave steepness can be significantly am-
plified up to three times the initial value, depending on the spectrum [10]. With such amplification effect, even apparently
gentle wave system may break.

Despite such interest, only few laboratory studies have investigated the breaking originated by modulational instability,
e.g. [11]. Numerically, the attention was focused to the identification of the conditions for the onset of the breaking by using
weakly or fully non-linear potential flow methods, e.g. [12,13], but, to the authors knowledge, nothing is available for the
breaking phase.

The description of the breaking process requires a model which can account for possible topological changes of the
interface as well as for the air–water interaction processes. This is possible by using a two-fluid model which has been
already used in the past to investigate the breaking obtained by linear-superposition [8,14].

The use of such highly expensive computational tools has to be limited in space and time. Even with large supercom-
puters available, simulations cannot span over all the scales ranging from the hundreds of kilometers, needed to describe
the wave generation under the action of the wind in open ocean, up to the finest whitecaps detail with tiny drops and bub-
bles. But even focusing the attention to a basic problem like the instability of a modulated wave train, large computational
domains (several fundamental wavelengths) are required for an accurate description of the wave dynamics and, moreover,
very long time intervals, up to hundreds of wave periods, are needed for the development of the instability and for the
onset of the breaking. The use of two-fluids numerical methods for such long intervals is too expensive from the computa-
tional viewpoint and, moreover, unless a highly refined discretization is adopted, there is the possibility that little amount
of artificial dissipation of the numerical scheme, accumulated over long integration times, may prevent the development of
the instability [15].

The common practice in wave forecasting is to use spectral approaches with ideal fluid assumption, in which a dissipation
term is introduced to account for the breaking occurrence. A rather recent example is [16]. However, there is evidence that
such dissipation term deserves a deeper investigation, e.g. [3,9,17]. This gave the motivation to undertake a study in which a
potential flow model is used to describe the wave dynamics up to the onset of the breaking and then the solution is passed
to a two-fluid solver to describe the breaking phase. The final aim is to derive an improved parameterization of the breaking
dissipation which can relate the pre-breaking spectrum to the energy dissipation and to the post-breaking spectrum. In the
present work, a fully non-linear potential flow model is adopted in a first stage during which the modulational instability
develops. At the onset of the breaking, the potential flow solution is used to compute the velocity field in the air and
water and to start the two-fluids simulation. It is worth remarking that both computational models use a two-dimensional
assumption. Note that the initialization procedure adopted here can be used without any relevant change, in combination
with spectral approaches. The fully non-linear method was preferred as it better identifies the breaking occurrence.

The combined method is applied to the study of the modulational instability of a fundamental wave with two side
bands components. The analysis follows the development of the instability for different values of the initial steepness of the
fundamental component, and two-fluids numerical simulations are used from a time just before the onset of the breaking.
Results are presented in terms of free surface shape, velocity and vorticity fields and energy dissipation. It is worth noticing
that some results have been already presented in [18]. Therein, the energy amount transferred in air as a consequence of
the dipolar formation is analyzed and it is shown that, in the simulation period, the integrated energy dissipation in air
is about twice that in water. The result is found to be almost independent of the wave steepness. Here a more detailed
discussion of the computational approach and several additional physical aspects are provided.
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2. Combined numerical model

2.1. Fully non-linear potential flow model

Up to the breaking occurrence, the evolution of a modulated wave train can be accurately and efficiently described
within the potential flow assumption, provided all the non-linearities in the dynamic and kinematic boundary conditions are
accounted for. The flow in water is expressed in terms of a velocity potential φ(x, y, t) which satisfies the Laplace equation
within the liquid domain, the impermeability constraint at the bottom S B and the dynamic and kinematic conditions at the
free surface S F . This is expressed by the following boundary value problem

∇2φ = 0 in Ω, (1)
∂φ

∂n
= 0 on S B , (2)

Dφ

Dt
= − y

Fr2
+ |∇φ|2

2
on S F , (3)

Dx

Dt
= ∇φ on S F (4)

where Ω denotes the water domain and n the unit vector normal to the surface, oriented inwards. In the above equation
Fr indicates the Froude number which is defined as

Fr = Ur√
gLr

,

where Ur and Lr are reference values for velocity and length, respectively. The y-axis is vertical and oriented upwards.
For the problems discussed herewith, periodic boundary conditions are assigned at the lateral boundaries of the com-

putational domain S D . Note that the surface tension contribution is missing in the dynamic boundary condition. Neglecting
that term can be justified by the fact that, for the range of wavelengths considered in the present paper, as long as the
wave train remains regular, the interface curvature is small and the surface tension gives a inappreciable contribution.

The time dependent boundary value problem (1)–(4) is solved by using a mixed Eulerian–Lagrangian approach [19]
which was carefully validated in water entry flows [20,21]. At each time step, the solution of the boundary value problem
for the velocity potential is sought in the form of a boundary integral representation of the velocity potential, which is

φ(xP ) =
∫

S B∪S F ∪S D

(
φ(xQ )

∂G(xP − xQ )

∂nQ
− ∂φ(xQ )

∂nQ
G(xP − xQ )

)
dS Q (xP ∈ Ω) (5)

where G(xP − xQ ) is the free-space Green’s function of the Laplace operator in two-dimensions. In presence of a flat and
horizontal bottom located at y = yB (yB < 0), the image effect is exploited by using the Green’s function

G∗(xP − xQ ) = 1

2π

[
log

(|xP − xQ |) + log
(∣∣xP − x∗

Q

∣∣)], (6)

where xQ = (xQ , y Q ) and x∗
Q = (xQ ,2yB − y Q ).

According to the boundary value problem stated by Eqs. (1)–(4), the velocity potential is assigned on the free surface
S F . Additional conditions are enforced at the two periodic boundaries, assuming that the velocity potential takes the same
values on the two sides whereas, due to the change in the orientation of the normal, its normal derivative takes the same
values but opposite sign. Those values are both unknown and are determined by the solution of the boundary value problem.

The boundary value problem is solved by taking the limit of the boundary integral representation (5) as xP approaches
the boundary of the water domain ∂Ω . For smooth contours the limit process provides:

1

2
φP −

∫
S D

(
φQ

∂G∗
P Q

∂nQ
− ∂φQ

∂nQ
G∗

P Q

)
dS Q +

∫
S F

∂φQ

∂nQ
G∗

P Q dS Q = +
∫
S F

φQ
∂G∗

P Q

∂nQ
dS Q . (7)

In the above equation φP denotes φ(xP ) and similarly, G∗
P Q is used for G∗(xP − xQ ).

The solution of the integral equation (7) provides the normal derivative of the velocity potential on the free surface S F ,
which, together with the velocity potential φ, allows to derive the velocity field on the free surface as:

u = φττ + φnn, (8)

where φτ and φn denote the tangential and normal derivatives of the velocity potential at the free surface, respectively.
The velocity field (8) is used in the time integration of Eqs. (3) and (4) which provide the new free surface shape and the
distribution of the velocity potential on it.
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The boundary integral equation is solved numerically by discretizing the fluid boundary into straight line segments.
Along each segment, the velocity potential and its normal derivative are assumed to be piecewise constant, and equal to
the value they take at the centroid of the segment. The integration in time of Eqs. (3) and (4) is conducted by a second
order accurate scheme. At each iteration, the time step is chosen so that, for any centroid, the displacement is always less
than one fourth the corresponding panel length. With the centroid positions at the next step available, the vertices of the
segments are located by passing a cubic spline through the centroids. The vertices of the segments are located along the
spline curve at the midpoint between two successive centroids [20].

In the discrete solution of the boundary value problem with periodic boundary conditions, a significant improvement in
the accuracy of the periodic condition has been achieved by formulating the problem on a computational domain which is
three times wider that the basic periodic domain. Hence, the solution computed in the central portion is copied to the left
and right portions to have the solution in the entire domain.

2.2. Two-fluids Navier–Stokes solver

The fully non-linear potential flow approach cannot be used after the onset of the breaking. A first limit is related
to the difficulty in handling possible topological changes in the free surface that may occur during the breaking process.
Furthermore, in presence of breaking, vorticity is generated both by viscous effects or by the topological change of the
interface in case of bubble entrainment processes [14]. All the above effects, as well as the air–water interaction taking
place during the breaking process may be more appropriately described by a two-fluids approach.

The literature in the field of two-fluid models is rather wide, e.g. [22–24], just to mention few examples. In the present
work we adopt a model which has been already validated and widely used in the context of the wave breaking modeling at
different length scales [8,14,25]. As the model has been already presented and validated in previous studies, here only the
key points of the method are recalled whereas a deeper description of the numerical scheme and of its validation can be
found in [25,26] and in [8].

The two-fluids flow of air and water is approximated as that of a single incompressible fluid whose density and viscosity
vary smoothly across the interface. The governing equations are written in generalized stationary coordinates [27] as follows:

∂Um

∂ξm
= 0, (9)

∂

∂t

(
J−1ui

) + ∂

∂ξm
(Umui) = − 1

�

∂

∂ξm

(
J−1 ∂ξm

∂xi
p

)
− J−1 δi2

Fr2
− κ

�We2

∂

∂ξm

(
J−1 ∂ξm

∂xi
HδT (d)

)

+ 1

�Re

∂

∂ξm

(
μGml ∂ui

∂ξl
+ μBmlji ∂u j

∂ξl

)
. (10)

In the above equations ui is the i-th Cartesian velocity component, δi j is the Kronecker delta,

Um = J−1 ∂ξm

∂x j
u j (11)

is the volume flux normal to the ξm = const. surface and J−1 is the inverse of the Jacobian. Non-dimensional ratios are
defined as

Re = Ur Lr�w

μw
, We = Ur

√
�w Lr

σ

for Reynolds and Weber numbers, respectively. Again, Ur and Lr are reference values for velocity and length, σ is the surface
tension coefficient, �w and μw are the values of the density and dynamic viscosity of water, respectively. These values are
also used as reference values for the non-dimensionalization of the corresponding quantities. In Eq. (10) Gml and Bmlji are
metric quantities and κ is the local curvature.

The jump in the fluid properties at the free surface, as well as the surface tension forces, are spread across a small
neighborhood of the interface. This is achieved through a smoothed Heaviside function Hδ(d), where d is the signed distance
from the interface, assumed to be positive in water and negative in air.

Cartesian velocities and pressure are defined at the cell centers, whereas volume fluxes are defined at the mid-point
of the cell faces. The solution is advanced in time through a fractional step approach in which the pressure contribution
is neglected when integrating the momentum equation in time (Predictor step) and it is reintroduced in the next stage
(Corrector step) when the continuity of the velocity field is enforced. In order to reduce the constraints of the related
stability limit, the diagonal part of the first viscous contribution in (10) is computed implicitly with a Crank–Nicholson
scheme, whereas all other terms are computed explicitly with a three-steps low storage Runge–Kutta scheme.

The pressure corrector Φ is derived by enforcing the continuity of the velocity field at the end of the substep [25]. This
yields a Poisson equation
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Fig. 1. Sketch of the procedure adopted to locate the interface. Solid lines are used to mark the cells whereas dashed lines are used for the staggered cell
system defined by the cell centers. The distance is defined at the cell centers, with full and empty circles distinguishing centers where the distance is
positive and negative, respectively. The interface (dash-dotted) is built by connecting the intersections of the bilinear interpolation of the distance function
with the boundaries of the staggered cells.

∂

∂ξm

(
Gmj

�l

∂Φl

∂ξ j

)
= 1

t

∂ Û l
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∂ξm
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γl

∂
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Gmj
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∂Φl−1

∂ξ j

)
, (12)

where the superscript l denotes the substep index of the third order Runge–Kutta scheme, and ζ,γ are time advancing coef-
ficients. The Poisson equation is solved by using a BiCGStab algorithm, in combination with an Incomplete LU decomposition
for the preconditioning.

The interface between air and water is captured as the zero level-set of a signed normal distance from the interface
d(x, t) which, at t = 0, is initialized by assuming d > 0 in water, d < 0 in air. Physical fluid properties are related to d by the
equation:

f (d) = fa + ( f w − fa)Hδ(d) (13)

where the parameter δ is chosen so that the density and viscosity jumps are spread across five grid cells, at least [25]. The
distance function is advected in time with the flow as a non-diffusive scalar by using the equation

∂d

∂t
+ u · ∇d = 0. (14)

The integration in time of the above equation is carried out with the same scheme employed for the convective terms.
At the end of each time step, the interface location is identified as the zero level of the updated field d(x, t). The function d
being defined at the cell centers, in discrete form the interface is reconstructed onto the staggered grid as a set of segments
which connect the intersections of the d = 0 level with the bilinear interpolation of the values the function d takes at the
four nodes of the cell (Fig. 1). Although this choice implies that the interface reconstruction is only first order accurate in
space, it provides the interface portion within one cell without involving the values the function d takes at the nodes of
the contiguous cells, which makes the reconstruction procedure very straightforward even in presence of complex interface
topologies.

In order to keep the width of the jump region separating the two fluids constant through time, the function d is reini-
tialized by computing the minimum distance from the new interface configuration to the cell centers. It is worth remarking
that, to avoid changing the interface location throughout the reconstruction process, the distance function is not reinitialized
at the nodes belonging to cells crossed by the interface [25].

In the following, results provided by a coarse and a fine grid are presented in order to evaluate the dependence of the
solution on the discretization.

2.3. Initialization of the velocity field from the potential flow solution

The most peculiar aspect of the computational procedure lies in the coupling strategy adopted to initialize the two-fluids
Navier–Stokes solver starting from the potential flow solution. The latter is provided in terms of free surface shape, with
the corresponding distributions of velocity potential and its normal derivative along it. Starting from the above data, the
initialization of the velocity field for the Navier–Stokes solver is done in the following steps:

1. interpolate and reinitialize the potential flow solution onto a finer discretization, with segment length comparable to
the size of the cells used in the two-fluids approach;

2. solve the boundary value problem for the new discretization and derive the normal derivative of the velocity potential
on the free surface;
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Fig. 2. On left, the free surface profiles of the original (solid) and interpolated (dashed) PFM solutions used to initialize the NS computation for the case with
ε0 = 0.12. Note that the two solutions are overlapped and cannot be distinguished. The vertical dashed lines are those used to establish the comparisons
presented in Fig. 3. Note that different scales are used for the vertical and horizontal axes. On right, a close up view of the steepest wave crest. In this
case the same scale is adopted for the two axes. The grid points where the velocity is interpolated are indicated by dots and circles for the original and
interpolated potential flow solutions, respectively.

3. initialize the Navier–Stokes grid;
4. use the boundary integral representation of the velocity potential to compute, by finite differences, the velocity field at

the cell centers lying in the water domain;
5. formulate and solve the boundary value problem in the air domain imposing the continuity of the normal velocity at

the interface;
6. compute the velocity field at the cell centers lying in the air domain using the boundary integral representation of the

velocity potential in the air domain;
7. initialize the distance function;
8. smooth the velocity field about the interface.

The above points are discussed in detail below.

(1) As discussed at the end of Section 2.1, the potential flow solution is given in terms of a set of free surface segments
with a piecewise constant distribution of the velocity potential and of its normal derivative. The use of the discretized
solution into the boundary integral representation (5) provides accurate results only if the point xP is far enough from
the boundary. The width of the region where results are inaccurate depends on the order of the scheme: it is shown in
the following that for the piecewise constant distribution, the solution is no longer reliable on points which are located
at a distance from the interface smaller than the local panel size. In total, this implies that the velocity potential cannot
be initialized in a layer about the interface twice the panel size thick.
In Section 3.1, it is shown that 60 panels per wavelength are enough for the potential flow simulations to get an
accurate solution up to the breaking onset. This is not the case for the two-fluids solver which needs much finer
discretizations in order to capture the breaking details. Simulations presented here use about 614 grid points per wave-
length and a similar grid spacing is adopted in the vertical direction, at least about the still water level. Consequently,
in order to reduce to the minimum the number of grid points where the velocity cannot be initialized accurately, it is
necessary to derive a finer discretization of the potential flow solution to be used within the boundary integral repre-
sentation (5). Of course, the increase in the number of free surface panels leads to an increase in the computational
time needed to initialize the velocity field. Here the potential flow solution is interpolated and re-discretized with a
size of the panels equal, or at least comparable, to the size of the grid cells. With this choice, moving in a direc-
tion orthogonal to the interface, there are only two, or at most three, grid points where the velocity is not computed
directly from the boundary integral representation but is interpolated as discussed at point 8 of the procedure (see
Fig. 2(b)).
The finer discretization is built by using a cubic spline with periodic conditions to interpolate the panel centroids
(xC

j ) of the original solution. The spline is parameterized using the distance measured along the polyline, which is

sC
j = sC

j−1 + |xC
j − xC

j−1|, with sC
1 = 0. Beside the centroids coordinates, the cubic spline is also used to interpolate the

velocity potential using the parameter sC
j for the interpolation.

(2) From the interpolated solution we only know the velocity potential and thus the boundary value problem, i.e. the
boundary integral equation (7), has to be solved by using the new discretization in order to derive φn . At the end of
the step we have a refined discretization of the potential flow solution which can be used in the boundary integral
representation (5).
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(3) The Navier–Stokes grid is initialized. For the problems under consideration, the grid is uniform in the horizontal di-
rection whereas it is vertically clustered so as to have a region with uniform spacing about the still water level. The
vertical spacing in this region is chosen so that y = x, x and y denoting the cell dimension. The vertical dimen-
sion of the cells grows moving upwards or downwards the free surface. Further details concerning the grid adopted in
the numerical simulations are provided in Section 3.1.

(4) The velocity field is initialized at the cell centers belonging to the water domain. For the initialization of the veloc-
ity components at the grid point with coordinates (x, y) the velocity potential is computed at four points located at
(x ± x/5) and (y ± y/5). The two velocity components u = ∂φ/∂x and v = ∂φ/∂ y are derived by a second or-
der finite difference scheme. The boundary integral representation (5) being valid only for points which are strictly
inside the domain, the velocity at the point (x, y) is computed only if all the four points involved in the compu-
tation are inside the water domain. The check is done by a Point in Polygon algorithm similar to that described
in [28].

(5) It is assumed that the air domain is bounded by the free surface below whereas the top boundary coincides with the
top boundary of the computational domain chosen for the NS simulations. In order to initialize the velocity field in air,
the velocity potential distribution is needed. To this purpose the boundary value problem (7) is formulated in terms
of the velocity potential in air φa . At the side boundaries, where periodic conditions are enforced, the same technique
discussed at the end of Section 2.1 for the water domain is adopted. The top boundary, located at y = yT (yT > 0) is
accounted for by exploiting the image effect in the Green’s function for the air domain, as done in Eq. (6), that is:

G∗a(xP − xQ ) = 1

2π

[
log

(|xP − xQ |) + log
(∣∣xP − x∗a

Q

∣∣)], (15)

where xQ = (xQ , y Q ) and x∗a
Q = (xQ ,2yT − y Q ).

The most relevant difference concerns the boundary condition at the free surface. Differently from the water domain,
where a Dirichlet condition is enforced by integrating the Bernoulli’s equation in time, for the air side the continuity
of the normal velocity at the interface is enforced. Hence, the boundary integral equation (7) is solved by using the
interpolated solution derived at point 1 of this procedure, along with the Neumann condition φa

n = −φn enforced at the
free surface, where φn is the normal derivative of the velocity potential in water, as computed at point 2. The difference
in the sign is due to the different orientation of the normals which are oriented inwards the domains. The solution of
the boundary integral equation provides the velocity potential at the free surface, which can be used in the boundary
integral representation (5) to derive velocity potential in the air domain and thus to initialize the velocity field.

(6) The velocity field in air is initialized by following the same procedure adopted for the water domain (point 4 of the
procedure).

(7) The interpolated free surface shape is also used for the initialization of the distance function d which is needed by the
two-fluids model for the initialization of the density distribution. This is done by taking, at each grid node, the mini-
mum distance from each free surface segments. The sign of the distance is assigned as positive or negative depending if
the grid node is in water on in air, respectively. The distinction is again made by using the Point in Polygon algorithm.

(8) The velocity field provided by this procedure has a jump in the tangential velocity component across the interface.
Whereas such a discontinuity is consistent with the potential flow assumption and the zero stress condition at the
interface, it is not consistent with the assumptions done in the two-fluids approach. In the latter, the momentum equa-
tion is discretized across the interface and thus the finite difference scheme smooth the jump at the very first step.
Furthermore, in the two-fluids model a variable density and viscosity, appear in the momentum equation. As shown
in [29], the jump in the tangential velocity is suddenly smoothed out over a region which is comparable to that used
for to smooth the jump in the fluid properties. Due to the density and viscosity variation, some spurious components
occur which make the velocity field inside that layer not completely meaningful. It is worth noticing that since the
density distribution is reinitialized at each step, those components remain confined within the layer and do not affect
the solution outside [25].
As discussed in Section 2.2, such a layer is usually five to ten cells thick. Hence, when interpolating the solution,
we found unnecessary, albeit practically feasible but for grid points located just at the interface, to refine the discretiza-
tion of the potential flow solution up to have an accurate velocity reconstruction at all the grid points. Instead, we left
the velocity not initialized at a few grid points, up to a maximum of three, about the interface (Fig. 2). The velocity
at those points is assigned by a linear interpolation of those at the two grid points lying at the same horizontal posi-
tion but located next to the non-initialized region. More details on the effects of the smoothing of the initial velocity
distribution are provided in [30].

In order to prove the effectiveness of the interpolation procedure, in Fig. 2 the free surface profiles before and after inter-
polation are shown along with the set of grid points which are considered as inaccurate for the two different discretizations.
The differences in the free surface profile are not distinguishable, but the different panel length is made evident by the dif-
ferent width of the region which is excluded by the computation when using the original and interpolated discretizations. In
Fig. 3 the vertical profiles of the horizontal and velocity components obtained from the original and interpolated discretiza-
tions are shown at three different positions about the crest of the steepest wave. For the sake of the clarity, the profiles in
air and water are drawn in different figures. In all cases the profiles provided by the original and interpolated solutions are
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Fig. 3. Vertical profiles of the u and v velocity components in air (top row) and water (bottom row). The profiles are drawn at three positions about the wave
crest as indicated in Fig. 2(a). For each profile, three solutions are drawn: the velocity computed by the original discretization up to a distance equal to the
panel size (solid), the velocity computed by the interpolated discretization up to a distance equal to the panel size (long dashes), the velocity computed by
the original discretization up to a distance equal to half the panel size (short dashes).

essentially overlapped which supports the choice of one panel amplitude as limit distance from the interface for the use of
the boundary integral representation in discrete form. This is further confirmed by looking at the velocity profiles derived
by the original discretization up to half the panel size. At least in some of the cases, at distances smaller than the panel
size the profiles start to deviate from those provided by the interpolated solution.

3. Applications to a modulational instability case

3.1. Case study

The computational approach described in the previous section is used to study the evolution of modulated wave trains
for different values of the initial wave steepness. At t = 0 a modulated wave train is initialized as a potential flow solution
as follows:

φ(x, y,0) = A0

√
g/k0 exp(k0 y) sin(k0x)

+ A1

√
g/k+ exp

(
k+ y

)
sin

(
k+x

)
+ A1

√
g/k− exp

(
k− y

)
sin

(
k−x

)
, (16)

where k0 is the wavenumber of the fundamental component. Within the linear water wave assumption, the solution given
in Eq. (16) corresponds to a free surface elevation η(x, t) given by

η(x,0) = A0 cos(k0x) + A1 cos
(
k+x

) + A1 cos
(
k−x

)
. (17)

The amplitude of the fundamental component A0 is expressed in terms of the initial steepness ε0 as A0 = ε0/k0. In the
following, simulations are presented for ε0 in the range 0.10 to 0.18, step 0.02. The wavenumbers of the sideband pertur-
bations are related to the fundamental wavenumber by the relation k± = k0 ± k with k = k0/5 and their amplitude is
A1 = 0.1A0. The conditions are the same used in [31] for N = 5 and a phase angle θ = 0. Similar studies have been carried
out in [11] and [32].

Simulations presented in the following refer to a fundamental component λ0 = 0.60 m, with g = 9.81 m s−2. According
to linear theory, the fundamental component is characterized by a period T = √

2πλ/g � 0.62 s. In the two-fluids modeling
fluid properties are the standard ones, i.e. �a = 1.25 kg m−3 and �w = 1000 kg m−3 for the densities and μa = 1.8 ×
10−5 kg m−1 s−1 and μw = 10−3 kg m−1 s−1 for the dynamic viscosity coefficients. In the Navier–Stokes simulations the

surface tension coefficient is assumed as that in standard conditions for air and water, that is σ = 0.073 N m−1.
In the following sections results are generally presented in dimensional form with the aim of facilitating their inter-

pretation, although some results in non-dimensional form are also provided when needed to derive some more general
conclusions.
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Fig. 4. Free surface profiles provided by the potential flow solution for the case ε0 = 0.10. The solid and dashed lines represent the fine and coarse grid
computations, respectively. From bottom to top, the solutions refer to t = 0,35.75,71.50,107.25 s. A vertical shift of 0.1 m is applied in order to distinguish
the solutions at different times.

Fig. 5. Time histories of the wavenumber components provided by the potential flow computation for the case with ε0 = 0.10.

3.2. Fully non-linear potential flow simulations of the pre-breaking phase

Up to the breaking onset, the evolution of the modulated wave train can be simulated quite accurately and efficiently
by the fully non-linear potential flow model (PFM). Simulations are performed by using a computational domain width of
which, for the conditions adopted in this study, is five times the fundamental wavelength λ0. For the discrete solution, 60
panels per fundamental wavelength are used. It is shown in [30] that this is enough to achieve an accurate description of
the solution up to the onset of breaking. The bottom boundary is set at the same position as that used in the two-fluids
Navier–Stokes simulations.

The case with ε0 = 0.10 is considered first. As shown in the sequence of Fig. 4, the nonlinear interaction between the
different components leads to the formation of a wave much steeper than the initial one. However, if the initial steepness
is not too large, even with the amplification factor associated to the modulational process, the maximum steepness remains
below the threshold limit for the breaking occurrence. In the next stage, the wave system progressively returns back towards
the original condition, as it is clearly evidenced by the time histories of the components at the three wavenumbers given
in Fig. 5. The curves indicate that due to the modulational effect, the amplitude of the sideband components becomes com-
parable, or even larger, than that of the fundamental one. Beside the modulational effect, some components appear which
are responsible for the oscillations in the amplitudes with a period which is twice the period T of the fundamental wave
component. At least for this condition, the oscillations appear evident about the time at which the sideband components
get the maximum amplitude. All the above results are essentially in line with what was already found by other authors, e.g.
[9,11,12,31,32].

By increasing the steepness of the initial wave profile, the amplification factor associated to the modulational instability
leads the steepness to exceed the threshold limit and the wave breaks. In Fig. 6 the solutions provided by the potential flow
model at the time when the breaking starts, and the potential flow model stops, are shown for ε0 = 0.12,0.14,0.16 and
0.18, along with the corresponding solutions at the earlier time which are used to start the NS computation. The results
show that the development of the instability and the onset of the breaking occur earlier for larger values of the initial
steepness (Fig. 10). Although the behavior is about the same observed for ε0 = 0.10, the solution obtained for ε0 = 0.12
indicates that the component at k− largely exceed the component at k0. Moreover, for larger values of the initial steepness,
the breaking starts before the maxima and minima of the wavenumber components are reached.
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Fig. 6. Interface profiles at the time when the NS computation is started (solid line) and the last free surface configuration obtained by the potential flow
solver (dashed line). Solutions refer to ε0 = 0.12 (a), 0.14 (b), 0.16 (c) and 0.18 (d).

With the potential flow model adopted in this study the breaking occurrence appears as a sudden instability of the
integration in time. As discussed in the previous section, the potential flow solution obtained a few time instants before the
onset of the breaking is used to initialize the velocity fields in air and water and to start the two-fluids simulations.

3.3. Two-fluids numerical simulations of the breaking processes

The Navier–Stokes (NS) simulations are carried out on a computational domain which spans horizontally from
x = −1.5 m to x = 1.5 m and vertically from y = −2 m up to 0.6 m above the still water level. A uniform discretiza-
tion is adopted in the horizontal direction with x = 1/512 m and 1/1024 m for the coarse and fine grids, respectively.
In the vertical direction the grid is clustered about the still water level in order to achieve an accurate description of the
breaking region. The vertical grid spacing is uniform, and equal to x, in the region from y = −0.15 to 0.15 m whereas
it grows geometrically by a factor α = 1.03 towards the top and bottom boundaries. This gives a total of 1536 × 336 and
3072 × 672 grid cells for the coarse and fine grids, respectively. The width of transition region 2δ is 0.02 m and 0.01 m for
the two grids in order to have the density jump spread across about 10 grid cells for both grids. No slip boundary conditions
are assigned at the top and bottom boundaries.

For the case at ε0 = 0.12 the PFM computation becomes unstable and stops at t = 40.30 s, thus indicating occurrence of
the first breaking event at that time. The fundamental period being T � 0.62 s, that corresponds to about 65 wave periods
from the initial start. The NS simulation is started from the PFM solution at t = 39.70 s. The comparison between the PFM
and the NS solutions at t = 40.00 s shows that the interface profiles are essentially overlapped each other, aside from a
region about the crest of the breaking wave where the NS solution exhibits a sharper curvature in the fore part and a flatter
crest (Fig. 7(top)).

As the solution advances in time, the wave breaks. The NS solution displays the formation of a tiny jet propagating for-
ward, while the wave is still steepening. The thinnest part of the jet is fragmented into drops before plunging onto the free
surface ahead, partly due to the limits in the grid discretization and to the finite thickness adopted for the transition region
(Fig. 8). In the figure the interface profiles provided by the coarse and fine grid computations are depicted, exhibiting a
rather satisfactory agreement, although the coarse grid computation misses some of the finest details. It is worth remarking
that the coarse grid, besides larger grid cells, is also characterized by a wider transition region, which is the reason why the
jet tip is filtered out.

The interaction between the different wavenumber components causes a reduction of the steepness which in turn leads
to an interruption of the breaking process. The modulation of the steepness is recurrent with a period associated to the
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Fig. 7. On top, the free surface profiles provided by the PFM (dashed) and NS (solid) for the case at ε0 = 0.12 shortly after the start of the NS computation
are shown. On bottom, the vorticity distribution about the wave crest is shown for the NS solution. The legend for the vorticity distribution is provided on
the right in s−1 units. From this contours it can be seen that, at least in the early stage, the breaking is of the spilling type, with the formation of a bulge
with a sharp curvature at the toe and a separation of the flow in water to separate, which leads to a shear layer beneath the crest [14]. Correspondingly,
a flow separation takes place also in air.

Fig. 8. Comparison between the free surface profiles obtained by two-fluids simulation with the coarse (dashed line) and fine (solid line) discretizations at
the onset of the first breaking event for the case ε0 = 0.12.

group velocity, and thus a new steepening process and a new breaking event occur about 2T after the first event. The
recurrence of the breaking process is highlighted in Fig. 9(a) where a quite long sequence of the free surface profiles
for the case with ε0 = 0.12 is drawn. A vertical displacement equal to the corresponding time is applied at each profile
and the free surface elevation is multiplied by a factor 5 in order to make the profiles clearer. The recurrence of the
breaking process, which is somewhat related to the oscillating components discussed in Section 3.2, is consistent with the
experimental observations according to which the time interval between two successive breaking events Tb is about twice
the fundamental wave period, i.e. Tb � 2T [9,33,34]. For the conditions adopted here Tb � 1.24 s. Substantially similar
results are obtained for steeper cases, as it can be seen from Fig. 9(b), which refers to the case with ε0 = 0.18.

In Fig. 10 the time histories of the three wavenumber components are drawn for the four breaking conditions. Both the
PFM and the NS solutions are drawn, and the vertical line indicates the time at which the NS solution is started. As the
NS solver is started before the breaking starts, there is an interval of time in which both the PFM and the NS solutions
are available. This is clear in Fig. 10(d) where the interval of overlapping is about 2 s. The comparison between the three
components provided by the two approaches is quite satisfactory, taking into account the different physical models adopted
in the two approaches.

The results discussed so far are based on the free surface profiles only. A deeper understanding of the breaking process
can be achieved by looking at the flow induced in air and water which is the topic of the next section.

3.4. Flow induced by the breaking process

Depending on the steepness reached at the onset, the breaking can be either plunging, with the ejection of a jet and
with air entrainment, or a more gentle spilling, with very limited air entrainment [14]. Two examples are given in Fig. 11,
where sequences of the velocity and vorticity distributions are provided for the two cases. In order to show the width
of the transition region, the density line at the pure water value is also drawn. It has to be observed that due to the
limits in the grid resolution, some of the finest details and the smaller drops/bubbles are not captured. Those aspects have
been deeply investigated in previous studies, e.g. [8,14]. It is worth noticing that in the case of modulational instability the
breaking starts soon after the threshold limit in the steepness is overtaken. As a consequence, the resulting breaking is not
expected to generate large plunging jets as those observed nearshore. Because of the modulational process, the typology of
the breaking can change during the event or from one event to the next. This can be seen by comparing the free surface
profiles given in Fig. 7(top) and Fig. 8. They refer to the same condition and to the same breaking event. From the free
surface profiles and vorticity contours given in Fig. 7 it is seen that the breaking starts as a spilling type, with the bulge
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Fig. 9. Sequence of the free surface profiles obtained by the NS simulation for the case with ε0 = 0.12 (a) and ε0 = 0.18 (b). The time interval between two
successive profiles is 0.1 s. The free surface elevation is amplified by a factor five in order to improve the readability. The group and phase lines are drawn
in short and long dashes, respectively.

Fig. 10. Time histories of the wavenumber components. The vertical lines represent the time at which the NS simulations are started. Solutions refer to
ε0 = 0.12 (a), 0.14 (b), 0.16 (c) and 0.18 (d).
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Fig. 11. Velocity and vorticity distributions for two different breaking events. The legend for the vorticity distribution, given in s−1 units, is provided on
the top-right corner of each sequence. Velocity vectors are shown every eighth grid point for the sake of the clarity. The solid line beneath the free surface
represents the pure water density limit. The two solutions refer to an intensive plunging breaking with air entrainment (a) and to a more gentle breaking
event with no air entrained, up to the scales resolved by the model (b).

formed about the crest. The flow separation at the toe makes the crest flatter with respect to the PFM solution at the same
time. However, in parallel to the formation of the bulge, the interaction between the different components of the wave
system causes a further increase in the wave steepness and thus the breaking turns into a plunging type (Fig. 8).

Whereas the analysis of the velocity field induced in water by the breaking occurrence has been widely investigated
in the past, e.g. [35–37], only a little is available on the air side, e.g. [14,23,38,39]. Often, the air side gets more interest
in wind–wave interaction problems, e.g. [40,41]. Looking at the velocity and vorticity fields in the case of modulated wave
trains, it is found that the occurrence of breaking causes the airflow to separate at the wave crest, leading to the formation of
a large vortical structure. The interaction of this vortical structure with the free surface on the back of the wave generates a
secondary vorticity structure of opposite sign which is eventually detached from the water surface. Experimental evidence of
this phenomenon is shown in [42], although the conditions are different from those considered in this study. The interaction
between the primary and secondary vorticity structures gives rise to a dipole which move under the self-induced velocity.

A sequence showing the formation of the primary and secondary vorticity structures and the detachment of the dipole is
given in Fig. 12. Due to the recurrence in the breaking process, several dipoles are released in the air side which propagate
upwards and arrive at a height which is comparable to about half the fundamental wavelength. A rather interesting aspect
is that the general features of the airflow and vorticity intensity of the dipoles, seem not much dependent on the initial
steepness, as long as breaking occurs. Differences are mainly in the height reached by the structures (Fig. 13).

The capabilities of the numerical model in describing the vorticity–free-surface interaction were carefully analyzed and
validated versus a single phase model in [25]. Therein it was found that the model yields an accurate prediction of the
secondary vorticity production, provided a sufficiently large number of cells is included in the transition region. In this
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Fig. 12. Velocity and vorticity distributions during the airflow separation at the breaking crest. Velocity vectors are shown every eighth grid point whereas
the legend for the vorticity distribution, given in s−1 units, is provided on the top-right corner of the sequence. The primary vortex structure interacts with
the free surface leading to the formation of a secondary structure and eventually to a dipole which moves upwards due to the self-induced velocity. The
solution here refer to the case with initial steepness ε0 = 0.12, but similar results are obtained for larger steepnesses, as shown in Fig. 13.

sense, it is believed that the vortical structures and their dynamics are scarcely dependent on the details of the initial
conditions and on the use of a smooth density distribution.

The important role played by the breaking on the airflow can be inferred by looking at the NS solution for the case
at ε = 0.10, given in Fig. 14. For this condition the PFM does not predict breaking. Hence, the NS simulation is started at
a time when the modulation gets close to the maximum. Simulations have been performed starting from different time
instants and non-breaking solutions have been found in all cases. Soon after the NS computations start, a small amount of
vorticity is shed in air, which is mainly related to the initial conditions and to the change in the physical model. However,
the vorticity production ceases soon, even in presence of several steepening events. The fact that the vorticity production
and the dipolar structures show only in presence of breaking confirms the important role played by the breaking on the
flow in the lower atmosphere layer. From the numerical viewpoint, this indicates that initial conditions affect the solution
only during a short initial transient period.

3.5. Energy dissipation

As discussed in the introduction, an important motivation for the study is the need of achieving an estimate of the
energy dissipation associated to the breaking events induced by the modulational instability. The NS model providing a
highly detailed description of the flow, helps in answering many of the open questions. There are however some limitations
related to the smearing across a finite region of the density and viscosity jumps and of the surface tension effects [8].

On the basis of the density distribution assigned by Eq. (13), the kinetic and potential energy contents in water per unit
of transversal length can be evaluated as follows

E w
K (t) = 1

2

∫
�
(
u2 + v2) dx dy, (18)
d�0
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Fig. 13. Vorticity contours displaying the dipolar structures generated by the breaking process for different values of the initial steepness: from top to
bottom ε0 = 0.12,0.14,0.16,0.18. The contour legend of the vorticity, in s−1, is given on top right. The three solid lines, very close to each other, represent
the density contours at ρw , (ρw + ρa)/2, ρa so that the whole transition region can be identified.

Fig. 14. Vorticity contour for the case with ε = 0.10. The contour legend is in s−1. In this case, a small amount of vorticity is released at the beginning of
the simulation. Afterwards, without breaking, the airflow remains attached.

E w
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∫
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�gy dx dy − E w0
P , (19)
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2
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(
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is the potential energy associated to the still water condition and L the width of the computational domain [14]. Similar
equations hold for the air side, which are
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Fig. 15. Time histories of the energy content in water and air for the four simulations: ε0 = 0.12 (a), 0.14 (b), 0.16 (c) and 0.18 (d). The energy contents in
water and air are in the negative and positive parts of the graph, respectively. The dashed lines refer to the fine grid computations, whereas the coarse grid
results are drawn with solid lines. The dashed–dotted line is the decay law of the energy in water, as derived by the experimental measurements in [15].
The initial energy content in water and air have been subtracted, and the variation is made non-dimensional by the initial energy content in water. Note
that the origin of the time axis is set to the time at which the NS simulations are started.
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yT being the coordinate of the top boundary. The total energy content is evaluated as the sum of the kinetic and potential
energy contributions.

It is worth noticing that the above equations refer to the nominal air and water domains, which are the ones identified
by the interface. But in those domains the density is not constant and some spurious components in the velocity field
appear for |d| < δ, which may have influence on the kinetic energy as well.

The time histories of the total energy contents in air and water for the four different cases are drawn in Fig. 15. In order
to highlight the variations, the initial energy contents have been subtracted and the variation are made non-dimensional by
the initial energy content in water. Results obtained by the coarse and fine discretizations are drawn with the purpose of
estimating the grid dependence of the solution. As soon as the NS simulations start, an energy fraction ranging between 3
to 7% of the initial energy content in water is transferred from water to air. This is a consequence of the redistribution of the
velocity field inside the transition layer which occurs to make it consistent with the smooth density variation used in the
two fluids approach. The energy fraction is smaller in the fine grid computations due to the narrower transition region with
respect to the coarse grid case. The results display spikes in the energy content in air concurrent with the breaking events.
Such energy transfer is mainly due to the normal stresses occurring at the interface in consequence of the separation of the
air flow at the breaking crest. Correspondingly, sharp drops characterize the energy content in water. The energy reduction
is bigger for larger ε0, due to the stronger breaking. As already noted, the breaking is recurrent with a period Tb � 1.24 s,
which is about the period at which the sharp energy variations take place.
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Fig. 16. Time histories of the energy content in water for the case ε0 = 0.18. The steps indicate the energy amount dissipated at each breaking event,
whereas between two events the energy decay follows quite nicely the decay rate measured in [15] (dash-dotted).

The comparisons between the results provided by the two grids are generally in a satisfactory agreement, and it improves
for larger ε0. This is due to the larger structures formed in those cases, which are well captured by both the fine and coarse
grids. For the cases with lower ε0 the breaker is small and some of the finest details are not properly captured by the coarse
grid computation because of the wider transition region. Aside from the different capabilities of the two grids in resolving
the finest details of the flow about the interface, such as tiny drops or bubbles, the different thickness of the transition
region leads to different density distributions with corresponding differences in the spurious velocity field, both entering
into the evaluation of the energy contents by Eqs. (18), (22). Such limitations could be overcome by adopting sharp interface
approaches, like the ones proposed by [22] or [43] or by [39].

Another important effect which has to be considered when comparing different simulations, is the uncertainty in the
numerical solutions in the case of wave breaking flows. Due to the strong nonlinearity of the free surface flow in presence
of wave breaking processes, even minor perturbations to the solution, or minor differences in the initial conditions or in
the grid details, may generate large differences in both local and global quantities. This point is analyzed and discussed in
depth in [8], where estimates of the uncertainty of some global quantities are also provided.

Besides the energy drops associated to the breaking events, the wave propagation is affected by other dissipation terms.
The dissipation characterizing modulated wave trains of about comparable wavelengths has been measured by [15] at the
early stage of the modulational process. The energy variation is presented in the form

E(x) = E(0)exp(−2σex) (24)

where the coefficient σe is found to be in the range (0.0056–0.0072) m−1. On the basis of some theoretical arguments, they
estimated that the dissipation due viscous effects at the wall would give a decay coefficient of about 0.0028 m−1, much
lower than the measured one.

In order to establish a comparison with the experimental decay rate, the effect of the walls, which are not present in our
configuration, are subtracted by the measured coefficient and a decay coefficient σd = 0.0040 m−1 is used for comparison.
Eq. (24) is transformed in a time depending function by using the phase velocity, x = cpt , where cp = (gλ/2π)1/2. Hence,
the energy dissipation is expressed as

Em(t)/Em(0) = exp(−2σdcpt). (25)

The line representing the measured dissipation rate is reported in Fig. 15 in dash-dotted line. It can be seen that between
two successive breaking events, the numerical results follows very well the measured dissipation rate. This is clearer for
the simulations with larger ε0 because of the larger energy drop characterizing the breaking events. For the case with
ε0 = 0.18 the agreement between the measured dissipation rate and the numerical results is made evident in Fig. 16 where
the decay rate given by Eq. (25) is drawn between two successive breaking events. The vertical distance between the two
lines represents the energy fraction dissipated by each single breaking event, which represent 3 to 7% of the initial energy
content.

Some additional comments are needed with respect to the dissipation associated to the non-breaking propagation. Ac-
cording to the previous considerations, even before the breaking occurrence, there is a dissipation term which may have
some effects on the growth rates of the sideband components [15]. Such dissipation term is not included in the PFM simu-
lation, and that needs to be justified.

It is said in the introduction that the final aim of the study is to derive a parameterization of the breaking phenomenon
which can be used in computational models commonly employed to describe the wave dynamics on large scales, which
are generally based on spectral approaches. Hence, we should arrive at a relation between the pre-breaking spectrum, the
energy dissipation associated with the breaking process and the post-breaking spectrum. It is assumed that the dissipated
energy fraction and the modification to the spectrum, depends only on the pre-breaking spectrum but not to the way the
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Fig. 17. Time histories of the viscous dissipation in pure air and pure water domains, as defined by Eqs. (27) and (26). Solutions are given for ε0 = 0.12 (a),
0.14 (b), 0.16 (c) and 0.18 (d). Results indicate that the viscous dissipation level in air is generally larger than that in water and is strongly enhanced during
the breaking occurrence. In the keys C and F are used to denote coarse and fine grid results, respectively.

wave system arrived at that condition. The results should be the same for a wave system propagating without dissipation
and for a steeper wave system propagating with some dissipation, provided the pre-breaking spectrum is the same. The
present work is focused on the breaking phase and on the physical phenomena involved in it but not much on the wave
dynamics before the breaking. It is assumed that the wave forecasting approaches commonly employed, properly account
for the dissipation of non-breaking wave propagation already.

The detailed description of the velocity field and of the air water domains, in principle allows to extract many in-
formation regarding the transfer of forces, momentum and energy between air and water. However, due to the spurious
components already discussed, the evaluation of the fluxes is not reliable. The only contribution which can be estimated
with a satisfactory level of confidence, aside from the uncertainty component, is the viscous dissipation term. Of course
also in this case the spurious velocity component would enter the estimates. But the effect can be significantly reduced if,
instead of integrating the viscous dissipation in the nominal domains, the integration is limited to regions where the density
is constant, either pure air or pure water values.

The viscous dissipation in water and air per unit of transversal length, is then evaluated as

D P w
v = 2μw

∫
d>δ

eij
∂ui

∂x j
dx dy, (26)
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respectively. In the above equations ei j is the strain tensor, which is

eij = 1
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∂xi

)
.

Of course the use of Eqs. (26) and (27) implies that the estimates miss the contributions of the transition layer nearby the
interface and, furthermore, they depends on the thickness of the transition region.

The curves representing the viscous dissipation in pure air and pure water are shown in Fig. 17. In order to make results
comparable, the dissipation terms are scaled by the corresponding initial energy contents in water. The results display high
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Fig. 18. Viscous dissipation contours in air and water, as defined by Eqs. (26), (27), showing that most of the viscous dissipation occurs in air. From top to
bottom results refer to ε0 = 0.12,0.14,0.16,0.18. The contour legend, in kg m/s2, is given on top right. The solid lines represent the density contours at
ρw , (ρw + ρa)/2. The configurations are the same as that in Fig. 13.

level of viscous dissipation in air, concurrent with the breaking event. An increase in the dissipation level is found also in
water, although it is generally much smaller.

By integrating the viscous dissipation terms in the two media, it can be shown that, for the time interval considered
in this study, the total viscous dissipation in the pure air region can be up to three times the corresponding one in pure
water [18].

The viscous dissipation contours for the four cases are given in Fig. 18. The important contribution provided by the
dipole structures is clearly highlighted. Large dissipation levels are found within the transition region, which is bounded by
the density lines in the figures, but they are very likely unphysical as affected by the spurious velocity components in the
transition region.

4. Conclusions

In this paper a computational method for the study of the breaking process generated by modulational instability is
presented. The method exploits the combination between a fully non-linear potential flow model and a two-fluids Navier–
Stokes solver. The former is efficiently used to describe the dynamics of the wave system in the long initial transition during
which the instability develops. Hence, the potential flow solution a few time instants before the onset of the breaking is
used to initialize the velocity field in the air and water from which the two-fluids approach starts.

The method is applied to study the evolution to breaking of modulated wave trains with different values of the initial
steepness. It is shown that the modulated wave train develops breaking if the initial steepness is larger than a threshold
value. Differently from the breaking of a steep wave obtained by linear superposition, in the case of modulated wave trains
each breaking event lasts a short interval of time but it restarts again in about two wave periods. The recurrence is expected
to stop once sufficient energy is lost, but it is not yet clear how soon that happens.

The results in terms of the free surface profiles and wavenumber components display a good degree of regularity when
passing from the potential flow model to the two-fluids computations. The analysis of the velocity and vorticity fields dis-
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plays the formation of large dipole structures which propagate upwards to heights comparable to half the fundamental
wavelength. It is shown that such vortical structures appear together with the breaking, whereas in the non-breaking case,
only a little amount of vorticity is shed, which is mainly related to some artificial effects in the initial conditions. By analyz-
ing the energy components, the energy dissipation associated to each breaking process is distinguished. Although a further
and more detailed analysis of the results is needed, such information can answer the open questions which motivated the
study. The analysis of the flow revealed high dissipation values in the air side. This may lead to underestimates of the
dissipation term in laboratory estimates based on measurements of the velocity field in water only, e.g. [15].

There are several limitations with the two-fluid model. First of all, the two-dimensional assumption, which prevents
an accurate description of the vorticity and interface dynamics. Also, the adopted resolution seems fine for the stronger
breakings, whereas some details are missing for more gentle breaking events. The role played by the finest details on the
solution has to be investigated further.

As a final consideration, it is worth noticing that the coupling procedure which has been developed here for the fully
nonlinear potential flow approach can be extended, without any relevant modification, to work in combination with other
methods more commonly adopted to study the wave dynamics on large scales provided they are formulated in terms of the
velocity potential, e.g. [16]. This would make it simpler to explore the dependence of the breaking characteristics on the
pre-breaking wave spectrum.
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