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Numerical Investigation of Depth and Current Refraction of Waves 

K. P. HUBBERT AND J. WOLF 

Proudman Oceanographic Laboratory, Bidston Observatory, Birkenhead, Merseyside, United Kingdom 

Abstract. A numerical investigation of depth and current refraction of surface waves for several simple 
test cases is presented. The refraction scheme is incorporated into a third-generation wave prediction 
model. It models the effect upon wave propagation of the temporally and spattally varying sea surface 
elevations and mean currents associated with tides and storm surges. The scheme solves the transport 
equation for the wave action spectrum. The magnitude of bathymetric depth refraction is large for the 
lower frequency swell waves. The accuracy to which the proposed scheme can predict refraction is 
dependent upon the directional resolution of the spectrum. A directional resolution of at least 15' is 
required; the use of a higher directional resolution may be limited by computational resource restrictions. 
Current refraction effects are very significant for wave propagation across a simple current eddy. 
Refraction effects are not limited to just a turning of the waves, but also involve significant changes in the 
spectral shape. Some of the test results exhibit excessive numerical dispersion associated with the use of 
upwind differencing. The magnitude of this dispersion is much reduced by employing a simple hybrid 
differencing scheme in wave frequency-direction space. The high degree of numerical dispersion present 
in the model results is also a result of the nature of the simplified test cases. The magnitude of the 
numerical dispersion produced by the upwind differencing technique may not be significant when the 
model is used for storm simulation. 

INTRODUCTION 

The continuing use of the marine environment and the 
presence of areas of low-lying land adjacent to the seas require 
accurate predictions of sea levels, currents, and sea states. These 
predictions are commonly made using numerical models. 
Presently, in the United Kingdom, quite separate models exist 
for the routine forecasting of storm surges [Proctor and Flather, 
1983; Flather, 1984] and waves [GottMing, 1983]. Wind events 
generate both waves and storm surges, so their generation is 
closely related; indeed, there are several known mechanisms by 
means of which the waves and the mean flow or water level 

associated with the tide and surge can interact, each component 
of the total motion affecting the others. A joint model for surge 
and wave prediction is currently being developed at the 
Proudman Oceanographic Laboratory; this model will take 
account of the various interactions between tides, surges and 
waves, and, hopefully, yield more accurate forecasts of sea 
surface elevations, currents and waves. 

Some initial consideration has been given to the effect of 
waves upon tides and surges. The inclusion of the eflbcts of 
waves on the surface and bottom stresses of the surge motion 
resulted in significant differences when compared with stresses 
calculated by the presently used empirical parameterizations 
[Wolf et al., 1988]. The work presented here is an investigation 
of the effects of tides and surges upon the propagation of 
waves. 

Changes in water depth and mean currents produce changes 
in the wave properties: wavelength, frequency, amplitude, 
velocities, direction, etc.. Bathymetric depth refraction has a 
significant influence upon wave propagation in the shallow water 
continental shelf seas. Aranuvachapun [1977] constructed 

refraction diagrams for the southern North Sea which showed 
the marked effects of the sandbanks off Norfolk on ray paths. 
The propagation of tides and storm surges produces temporally 
and spatially varying water depths and current velocities which 
also cause wave refraction. Operational wave models usually do 
not consider such effects. 

Wave retraction is particularly important in coastal areas, for 
example, river mouths and tidal inlets, where there may be sharp 
changes in current velocities and water depths over a small 
distance. Vincent and Smith [1976] observed a considerable 
increase in the wave energy at a location in Southampton Water 
as the tide began to ebb. Significant refraction effects are not 
confined to the coastal areas, however. Vincent [1979] examined 
the interaction between waves and tidal currents in the southern 

North Sea. A tidal modulation in wave height of amplitude 25 
cm was observed, of which half could be explained by a simple 
model of tidal currents; the rest might be due to depth 
refraction, which was not considered. Clayson and Ewing [1988] 
have also observed a modulation of wave measurements due to 

tidal currents in the southern North Sea. 

In this paper the authors have incorporated depth and 
current refraction into an existing spectral wave model in order 
to investigate the effects of tides and surges upon waves. The 
wave model and the new refraction module are described in the 

next section. The refraction model has been applied to a 
number of idealized situations in order to investigate the 
accuracy of the scheme and to study the effects of depth and 
current refraction upon wave propagation. The predictions of the 
model for the idealized cases are presented, and comparisons are 
made with analytical solutions. 

MODEL 
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Here we describe how depth and current refraction have been 
incorporated into the WAM (Wave Modelling) Group third- 
generation wave model [WAMDI Group, 1988]. The original 
model solves the energy balance equation for the two- 
dimensional wave energy spectrum, with no additional ad hoc 
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assumptions regarding the spectral shape. The source functions 
describing the wind input, nonlinear transfer and white-capping, 
and bottom dissipation are prescribed explicitly; the 
parameterization of the exact nonlinear transfer source function 
developed by Hassebnann and Hassebnann [1985] is used. 

In the presence of currents, the fundamental conserved 
quantity is wave action, N, [Bretherton and Garrett, 1969], i.e., 

DN 
- 0 

Dt 

(in the absence of source terms, where D/Dt is the total time 
derivative). In order to facilitate inclusion of refraction 
processes, the WAM model equations have been reformulated 
in terms of the wave action spectrum, N(wo, 0; x, t), with co o the 
wave intrinsic angular frequency (i.e., the wave frequency in a 
coordinate system moving with the current velocity, u), 0 the 
wave direction, x the positional coordinates and t the time, 
instead of the wave energy spectrum, E(wo,O; x,t), noting that N 
= E/w o . 

The conservation equation may be written as 

Dt Ot • [ dr} •'-•[ dr} '•o [ dr} to o 
(2) 

where S(wo, 0) is the net source function given by WAMDI 
Group [1988], and 

and 

where 

os0 in0 + cos0 
R 0{} 0{} 

+ cos0 
cos {} OX 

- cos 0 tan rb (u sin 0 + v cos 0)] 

(s) 

x longitude; 
latitude; 
the wave group velocity; 
the total water depth; 
the wave number vector; 
the radius of the Earth; 
the depth mean current velocity with E and 
N components (u,v); 
the great circle refraction term. 

We have applied the continuity relationship for the background 
depth and current, namely, OD/Ot + v. (Du) = 0. Linear wave 
theory is assumed in the model. So the dispersion relationship 
is given by 

•- + • - • + v'(u+c,)X dt Ot Ox Ot 

for any scalar X. 

Equation (2) is equivalent to equation (3.1.1) of 
Hasselmann et al. 119731, rewritten in terms of 
frequency and direction instead of wave number. In 
this form the conservation equation is independent of 
the coordinate system. In spherical polar coordinates, 
we have 

dN ON 1 o 
- . -- ( (u+q o)v) 

dt oh' R cos ß 0l 

1 0 
( (v ,, c, cos O)/v cos a, ) cos rb Orb 

(3) 

dO 6x • + Ikx*lD Oo k. lkxvlu dt k 2 OD k 2 

cg to o (s OD = •sinOtanrb+ in 0 
R R si•h' 2kD 

sin 0 (sin 00u R 0• 

cos 0 (sinO O u R cos q> OX 

cos 00D ) cos ß OX 

cos 0 

+ cos 0•) 
(4) 

o o - •/glk tanh kh 

Also, the equation of "conservation of crests" from wave ray 
theory [Leblond and Mysak, 1978, pp. 24-32] has been used to 
derive (4) and (5). 

The total water depth and mean current velocity gradients 
were calculated using central differences. The propagation 
scheme was implemented in finite difference form using the 
standard upwind differencing, control volume technique. 
Discrete spectral wave models, such as the WAM model, 
represent the wave spectrum as an array of frequency-direction 
"bins"; each bin actually contains a continuum of wave 
components with slightly different frequencies and directions. 
The individual wave components within a bin have slightly 
different group velocities, and so, in reality, the propagation of 
a wave spectrum results in a spreading of energy across the sea. 
In the wave model, however, each spectral bin has an associated 
mean bin group velocity and an exact numerical advection 
scheme would calculate the propagation of energy at these mean 
bin group velocities. The net result for an array of bins would 
be a disintegration of the initial wave field into separate, 
smaller wave fields. Some numerical dispersion is therefore 
required in a discrete wave model in order to simulate the 
spreading of energy and thus simulate the propagation of a 
continuous wave spectrum as opposed to an array of individual 
wave components, thereby avoiding this so-called "garden 
sprinkler" effect [SWAMP Group, 1985]. In an optimal scheme, 
the numerical dispersion must match the finite dispersion 
entailed in advection of a spectral bin. The numerical dispersion 
inherent in the upwind differencing method was considered to 
give the required wave dispersion [WAMDI Group, 1988]. The 
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question of numerical dispersion in frequency-direction space will 
be considered in the following section. The finite difference 
propagation scheme is presented in the appendix. 

NUMERICAL EXPERIMENTS 

The refraction model has been applied to a number of 
different test cases in order to assess its accuracy and to 
investigate some simple refraction problems. The source terms 
were set to zero so that the refraction of a swell wave (or 
spectrum) could be investigated in isolation from the complex 
physics of the WAM model. Where possible, comparisons have 
been made with Snell's Law tbr refraction, which is given by 
[LeBlond and Mysak, 1978] 

c + u = constant (6) 
sin 0 

where c is the wave phase speed. All the computations reported 
here were performed on a Cray X-MP/48 computer with the 
CVY77 compiler. 

Effect of Directional Resohttion 

The effects of varying the directional resolution upon depth 
refraction only (zero currents) and current refraction only 
(constant depth) were considered in turn. 

Uniform depth gradient. A number of calculations were 
performed on a one-dimensional, Cartesian grid (assuming 
symmetry in the longitudinal direction) with a uniformly sloping 
bathymetry and zero currents; the water depth decreased from 
80 m in the south to 15 m in the north. A swell wave of 

approximately 10-s period (0.0985 Hz), 1.5-m significant wave 
height, and with a mean direction of 30 o was introduced on the 
southern boundary of the model and allowed to propagate 
through for 4 days. The latitude limits of the model were 
-5.5 øN and 5.5 o N; the depth profile in the latitudinal direction 
is shown in Fig la. The model had a grid size of 0.5 o and a 
spectral resolution of 26 frequencies (forming a geometric 
progression starting with a frequency of 0.04 Hz and with a 
factor of 1.1). Four different values of directional resolution 
were employed, namely, 30 o, 15 o, 10 o, and 5 o (30 o being the 
directional resolution used in the current operational form of the 
WAM model). 

Mean wave directions at points in the model for the four 
diftbrent directional resolutions are compared in Fig 2 with 
theoretical mean wave directions calculated using Snell's Law. 
The first point to note is that the waves turn so that their 
direction is closer to the line drawn perpendicular to the bottom 
contours. Clearly, the waves are also refracted most in the 
shallowest water, with only small changes in the mean wave 
direction in the deeper water (50 - 80 m). rD•is can also be 
easily seen in the model equations. For this simple case, (4) 
becomes 

dO = •o sin 0 c3D (7) 
dt siuh 2kD 0• 

The depth dependence of the refraction is given by the presence 
of the total water depth, D, in the denominator. The depth 
gradient at both ends of the slope is different from the 
(constant) value on the slope, owing to the use of central 
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Fig. 1. Depth and current distributions for refraction test cases: 
(a) uniform depth gradient, (b) uniform current gradient. 

differences, hence the changes in the curves at the ends of the 
slope. 

As would be expected, increasing the directional resolution of 
the model resulted in increasingly accurate mean wave directions. 
q-•e results for the 5 o resolution run are in very good agreement 
with the analytic solutions. One encouraging point to note is the 
reasonable accuracy for the 15 ø directional resolution, given that 
the net change in mean wave direction from one end of the 
slope to the other is less than the directional resolution. 

Shown in Fig 3 is the accuracy of the model predictions, 
defined as the change in mean wave direction across the slope 
predicted by the WAM model divided by the change calculated 
using Snell's Law, plotted as a function of the directional 
resolution. Also plotted are the total computing time (in 
seconds) and the amount of virtual memory used (in 
MegaWords). As the directional resolution is increased beyond 
15 0, a much higher computational cost is entailed. In shallow 
water regions the modeling of the tide and surge motion 
requires a high spatial resolution in order to define accurately 
bathymetric features and to simulate the response of the flow to 
these features. Likewise, a high directional resolution is required 
in the wave model to correctly predict depth refraction. Clearly, 
the accuracy of the finite difference calculation of depth 
refraction is limited by the computational resources available. 

Uniform current gradient. A similar set of calculations was 
performed in order to study the effect of directional resolution 
upon current refraction, employing the same numerical grid as 
before. The water depth everywhere was 80 m and an 
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east-directed current was imposed with velocity component, u, 
decreasing linearly from 2.0 m/s in the south to 0.0 m/s in the 
north, as shown in Figure lb; the north-directed current 
component, v, was zero everywhere. The same swell wave as 
before was introduced on the southern boundary of the model 
and allowed to propagate through to the northern boundary. 

The results of the four runs with diftbrent directional 

resolution are shown in Fig 4. Current refraction causes the 
mean frequency to change as well as the mean direction; the 
frequencies predicted by the model (equation (5)) were used to 
calculate the phase speeds (c = wo/k ) so that estimates could be 
made of the theoretical (Snell's Law) mean wave directions. The 
accuracy appears to steadily increase as the directional resolution 
is increased. There is an almost linear change in mean wave 
direction as the wave propagates northward, since the angular 
group velocity, dO/dr, for this case is simply 

dO = sin, 0 0u (8) 
dt 0• 

Numerical dispersion in fi'equency-direction space. As stated 
earlier, some numerical dispersion is required in the spatial 
coordinate directions, owing to the discrete spectral 
representation employed and the different propagation velocities 
of the different wave components within a finite spectral bin. 
This dispersion may be an implicit (and uncontrollable) feature 
of the advection scheme, for example, the first-order upwind 

X Fig. 2. Comparison of mean wave directions across a uniform 
slope for directional resolutions of 30 ø, 15 ø, 10 ø, and 5 ø, with analytic 

1'5 solutions. 
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Fig. 3. Model accuracy, total computing time, and virtual memory as a function of directional resolution. 
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scheme of the WAM model, or it may be controlled explicitly, 
for example, as in the propagation scheme proposed by Booij 
and Holthuijsen [1987]. The corresponding requirement in the 
case of propagation in frequency-direction space is, however, less 
clear. Consider the first test case reported above, namely, depth 
refraction across a uniform slope, with the wave action contained 
in the minimum resolvable directional "band" centered at 30" 

(and with frequency 0.0985 Hz). The manner in which 
refraction causes the width of this band to change across the 
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Fig. 4. Comparison of mean wave directions across a current shear 
for directional resolutions of 30 ø, 15 ø, 10 ø, and 5 ø. 

slope is shown in Fig 5, for the four different directional 
resolutions. In this case, for all resolutions, the width of the 
band decreases, the opposite effect from dispersion. If the swell 
wave were to propagate from shallow to deep water, the band 
width would increase, and some degree of numerical dispersion 
might be appropriate in the model. 

Goulding [1983] employed first-order upwind differencing in 
the refraction scheme of his wave model. He stated that this 

produced a spreading of wave energy which qualitatively 
resembled that due to random subgrid-scale features. One 
would need to perform a number of calculations with high- 
resolution model grids and a higher order differencing scheme in 
order to assess whether such a statement is true or not. The 

degree of numerical dispersion introduced by the upwind 
differencing technique will vary according to wave directions and 
propagation velocities and model resolution. The subgrid-scale 
features of a model are model area-dependent. 

Some consideration was given to higher order differencing 
schemes for propagation in frequency-direction space, in order 
to reduce the degree of numerical dispersion present in these 
test calculations. Methods such as the two-step scheme of 
Takacs [1985] and the QUICK scheme of Leonard [1979] 
(becoming increasingly popular in some other types of fluid flow 
simulation) would not maintain positivity of wave action, which 
was considered essential. This was also found to be the case for 

the self-adjusting hybrid method of Harten [1978]. A recently 
presented bounded version of QUICK [Leonard, 1988] is not 
easily vectorizable, and thus is computationally expensive. The 
upwind-based flux-corrected transport scheme of Book et al. 
[1975] was tried, however, the results did not show a sufficient 
improvement to justify the high computational cost. 

A standard hybrid differencing scheme was tried, as it offered 
the potential advantages of maintaining positivity and being 
computationally inexpensive. The scheme, which is described in 
more detail in the appendix, employed central differencing, 
except where the spectral bin face value so computed exceeded 
the upstream value (in which case, the upstream value was 
used). The mean wave directions for the uniform slope and 
current shear test cases calculated employing the hybrid 
differencing scheme are shown in Figs 6 and 7. The results are 
for the 5 ø directional resolution, and they are compared with 
the upwind scheme results. Mean frequencies for the current 
retraction case are also shown in Fig 7. There is a smaller 
change in the mean wave directions (and frequencies) as a result 
of refraction for the hybrid scheme compared to the upwind 
scheme. This difference can be attributed to the presence of 
numerical dispersion in the upwind scheme results, which led to 
the remarkably goood agreement with the analytical results for the 
upwind scheme, 5 directional resolution, uniform slope case. 

It should be noted that the test cases presented above 
represent very severe tests of the propagation schemes. The 
swell wave input to the model was essentially a delta function in 
frequency-direction space; actual wave spectra would have much 
smaller changes in wave action from one spectral bin to another. 
Consequently, the numerical dispersion associated with the 
upwind differencing scheme is likely to be much less significant 
in the application of the wave/ 
surge model to real storm simulations. 

Model runs for the test cases with the JONSWAP spectrum 
input on the southern boundary showed no significant differences 
between the results of the upwind and hybrid differencing 
schemes. The cases presented below also showed very similar 
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results for the two schemes. This was not due to the hybrid 
scheme selecting the upstream value most of the time, which was 
found not to be the case. The results presented below are for 
the upwind propagation scheme. 

Parabolic Secanount 

As a further study of depth retraction, the propagation of a 
single component swell wave (direction 0 o, frequency 0.0985 Hz) 
across a parabolic seamount was investigated. Vectors of 
significant wave height and wave direction are shown in Fig 8 
after 4 days' simulation, together with the model bathymetry. 
The water depth was 80 m away from the seamount, which had 
a minimum depth of 15 m at its center. Spherical polar 
coordinates were employed on a 31 x 30 latitude/longitude grid 
(0.5 o spatial resolution) and the swell wave was input along half 
of the southern boundary. A directional resolution of 15 o was 
employed. 

GouMing [1983] performed a similar study of swell wave 
propagation across a parabolic seamount; there is a very good 
qualitative agreement with his results. Refraction causes a 
turning of the waves across the seamount and a convergence of 
wave energy at the central longitude, with an associated 
divergence of wav e energy west of this region. Model runs with 
swell waves of different frequency showed that depth refraction 
affects the low-frequency waves more than the high- frequency 
wave s . 

Current Eddy 

The final test case investigated was that of wave refraction by 
a circular current eddy. Mathiesen [1987] employed the 
backward ray- tracing technique to study the effect of such an 

eddy, typical of those appearing in the Norwegian coastal 
current. Only a qualitative comparison with the results of 
Mathiesen ([987] is possible here as the size and resolution of his 
grid would entail an unreasonably high computational cost if 
adopted for the finite difference WAM model. 

The maximum current velocity, Uma x, was taken to be 1.0 
m/s, at a radius of r o = 2 ø from the center of the eddy. The 
tangential current velocity profile u(r) was given by 

where 

r 

u(o . ut - r h 
F 1 

u(r) - u• exp - bro r> r I 

(9) 

and 

ro [1 . (1 - 2b:) 't:] 

- u I = urns exp - bro 

b = 0.3 

(lO) 

The resulting current eddy is shown in Figure 9. The same 
numerical grid was used as for the parabolic seamount case with 
a directional resolution of 15 ø once again. The water depth 
everywhere was 80 m and the eddy was centered at (7.5 o E, 
0.0 ø N). The JONSWAP spectrum was input along the southern 
boundary of the model and allowed to propagate through. 

Contours and vectors of significant wave height after 2 day's 
simulation are shown in Fig 10, the contour interval is 0.5 m. 
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There is very good qualitative agreement with the results of 
Mathiesen [1987]. Where the current opposes the mean wave 
direction, there .is a convergence of wave energy and the mean 
frequency is higher than that of the input spectrum. Conversely, 
when the current flows in the same direction as that of the mean 

wave propagation, there is a divergence of wave energy and the 
mean frequency is lower. Refraction causes much more than 
just a turning effect; it also significantly affects the shape of the 
wave spectrum. This can clearly be seen in Fig 11, which 
compares the computed wave spectra from four locations with 
the original input JONSWAP spectrum. The spectrum at 
location (4.5øE, 0.0øN), shown in Figure 11a, in a region of 

divergence of wave energy, is closest to the JONSWAP 
spectrum, with some spread in the anticlocle,vise direction, 
causing a small change in mean wave direction. The other plots 
show considerable broadening of the spectra. This is particularly 
the case at location (9.5 øE, 0.0 o N), shown in Fig 1 lb, which is 
in a region of opposing current and convergence of wave energy. 
The development of a directional side lobe, propagating in a 
direction normal to that of the main spectral peak, can also be 
seen at the other two locations. 

Current refraction is usually neglected in wave-forecasting 
models. The considerable difference in the wave spectra shown 
in Figure 11 suggests that current refraction effects may, in fact, 
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Fig. 10. Propagation of a wave spectrum across a current eddy. 
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be quite significant. The hindcasting of several storm events will 
permit an evaluation of the magnitude of depth and current 
refraction effects resulting from tide and surge propagation. 

CONCLUSIONS 

A depth and current refraction scheme has been incorporated 
into the WAM third-generation, spectral wave model. This 
scheme models the effect upon the wave propagation of the 
changes in water depth and mean currents associated with tide 
and storm surge motions. The propagation scheme was 
implemented in finite difference form, using the standard upwind 
differencing, control volume technique. 

The modified WAM model was applied to a number of 
simple test cases in order to assess its accuracy. Undesirable 
numerical dispersion effects were observed in some of these 
tests; this was associated with the use of upwind differencing. 
The implementation of a simple hybrid differencing scheme 
resulted in significantly less numerical dispersion. Further tests 
of the model on more realistic cases suggested that the 
magnitude of the numerical dispersion produced by the upwind 
differencing technique may not be significant when the model is 
used for storm simulation. Moreover, the upwind differencing, 
control volume approach has the considerable advantages of 
being conservative, bounded, and unconditionally stable. 

Test runs of the model suggested that a directional resolution 
of at least 15 ø is required. More accurate results would be 
obtained with higher directional resolution, but this might be 
limited by computational resource restrictions. Two simplified 
cases of wave refraction by a parabolic seamount and a circular 
current eddy demonstrated the significant magnitude of depth 
and current refraction effects. These effects are not limited to 

just a turning of the waves, but also involve significant changes 
in the shape of the wave spectra. 

The WAM model will next be applied to the hindcasting of 
several storm events. This will involve model runs both with and 
without depth and current refraction, in order to assess their 
relative importance. The performance of the upwind 
differencing scheme will also be examined further. Comparisons 
will be made, where possible, with observational data. 

APPENDIX 

The finite difference schemes used in the presently reported 
work are described here for completeness. The propagation 
step of the WAM model solves the following equation (expressed 
in spherical polar coordinates), 

at Rcos•, Oz 

where 

I 0 [½o/V c•, ] 
a 

(A1) 

c z = u + c gsinO 
C4• = ¾ + Cg •0 

dO 

cø' dt 

(AZ) 
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The propagation scheme, which is forward in time, can be 
expressed in finite difference, control volume form as 

(A3) 

where i denotes the position in the longitudinal direction, j 
denotes the position in the latitudinal direction, k denotes the 
position in the angular direction, rn denotes the position in the 
frequency space, and t is the model timestep. The i+I& i-b6, 
etc., indices refer to the fluxes on the control volume faces. 

Upwind Differencing Scheme 

The flux on the i+ V2 control volume face is given by, 

(A4) 

where the control volume face velocity, (cx)i+v2 , is 

(ns) 

The fluxes across the other control volume faces are given by 
similar expressions. 

Hybrid Differencing Schetne 

This scheme uses central differencing, provided that the 
central riflefenced control volume face wave action is not 

greater than the upstream wave action; when this is not the case, 
upwind riflefencing is used. The flux on the i+V2 control 
volume face is given by 

C t (A6) 

where the control volume face velocity, (cx) i+ V2, is given by (A5) 
and the control volume face wave action is, 

(A7) 
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