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ABSTRACT

This is Part 2 of a study of nonlinear effects on natural wind-generated surface gravity waves in 13-m depth,
30 km offshore of Virginia. At the sea floor in this depth, free surface gravity waves are only weakly attenuated
at sea and swell frequencies (0.05-0.30 Hz) but are very strongly attenuated at frequencies higher than about
0.35 Hz. Hence, above 0.35 Hz, relatively long wavelength forced waves, excited by nonlinear interactions
between directionally opposing free wind waves, are exposed at the sea floor. An array of pressure transducers
at middepth was used to estimate the frequency-directional spectrum of (free) primary sea and swell waves,
and the associated (forced) secondary pressure fluctuations were measured with an array on the sea floor. In
Part 1, it was shown that forced-wave energy levels at the sea floor increase sharply in response to directionally
opposing wind waves, in agreement with weakly nonlinear theory. In Part 2, wavelengths, propagation directions,
and non-Gaussian phase coupling between free and forced waves are examined on three occasions with relatively
high forced-wave energy levels.

A root-mean-square wavenumber magnitude and a vector-averaged mean wave propagation direction (both
functions of frequency) can be expressed accurately in terms of the pressure array cross-spectra. The wavenumber
estimates at the sea floor show the theoretically expected sharp transition between a 0.05-0.30 Hz frequency
range dominated by free sea and swell waves and a 0.35-0.60 Hz range dominated by forced waves with
wavelengths that are long relative to free waves of the same frequency. In the “free-wave frequency range,”
wavenumber estimates are usually well within 10% of the linear dispersion relation and wave direction estimates
are in excellent agreement with the directional spectra extracted from the middepth array. In the “forced-wave
frequency range,” wavenumber and direction estimates agree with nonlinear theory predictions, confirming
that the observed forced waves have the sum vector wavenumber of the interacting directionally opposing wind
waves.

Phase coupling between free and forced waves is examined through third-order statistics of the sea floor
pressure data. Consistent with theory, the normalized bispectrum has small imaginary parts scattered approx-
imately randomly about zero and relatively large negative real parts at frequencies that correspond to directionally
opposing seas and swell. Estimates of the bispectrum integrated for constant sum frequency confirm that nearly
all the energy at double sea frequencies is nonlinearly coupled to directionally opposing wind waves. In qualitative
agreement with nonlinear theory predictions, bispectral levels are sometimes significantly reduced by directional
spreading of the interacting free waves.
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1. Observations of secondary waves on the sea floor

Theories for weakly nonlinear wind-generated sur-
face gravity waves, based on a perturbation expansion
for small wave steepness, show that the lowest order
nonlinear (triad) interactions do not support reso-
nances (e.g., Phillips 1960; Hasselmann 1962; and
others). Two primary (free) wave components with
vector wavenumbers k; and k; and frequencies f; and
/>, obeying the dispersion relation

f= 5 Lgk tanh (k)] M

with k the wavenumber magnitude (k = [k cosé, k
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sinf]), 6 the wave propagation direction, g the accel-
eration of gravity, and % the water depth, excite sec-
ondary (forced) wave components with the sum and
difference wavenumber and frequency (k, = k,, f; £ 5;
for f; = f) not obeying the dispersion relation. Reso-
nances first occur in quartet interactions between three
primary wave components and a tertiary wave com-
ponent, causing weak nonlinear energy transfers of
crucial importance to the evolution of wind wave spec-
tra (e.g., Hasselmann et al. 1973).

The present work concerns high-frequency second-
ary waves excited by sum interactions of two primary
wave components. Secondary waves have little dy-
namical significance but dominate the local nonlin-
earity of surface gravity waves. Depending on the
wavenumbers k, and k; of the interacting primary wave
pair, a forced secondary wave can have a wavelength
very different from free waves of the same frequency,
as has been observed at double wind wave frequencies
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in laboratory experiments (e.g., Mitsuyasu et al. 1979;
Donelan et al. 1985). It is well known that secondary
wave components are important to wind wave statistics
(e.g., Longuet-Higgins 1963). Free primary wave
components, generated at different times and locations
by unrelated wind forces on the sea surface, can be
assumed to be statistically independent. Thus, accord-
ing to the central limit theorem, wind wave statistics
are approximately Gaussian, in agreement with many
observations (e.g., Kinsman 1965). Nonlinear triad
interactions cause nonzero third-order statistics, owing
to a consistent relationship between the amplitudes and
phases of a secondary wave component and the cor-
responding pair of primary wave components. This
coupling of free and forced waves typically results in
a visually appealing skewed sea surface profile with
peaky crests and flat troughs and complicates the in-
terpretation of remote sensing data. The deviations
from the dispersion relation and non-Gaussian statistics
associated with the secondary wave field can cause er-
rors in the analysis of wind wave data, often based on
linear wave theory.

Near the sea surface, forced-wave energy is often at
least an order of magnitude smaller than free-wave en-
ergy (e.g., Komen 1980; Donelan et al. 1985; Laing
1986 ). However, surface gravity waves are very strongly
attenuated at depths exceeding their wavelength. Thus,
free sea and swell waves are confined, depending on
their frequency, to roughly the upper 5-500 m of the
ocean. On the other hand, forced secondary waves at
sum frequencies can have very long wavelengths if
generated in triad interactions with two primary waves
of nearly equal frequency traveling in opposing direc-
tions (k; =~ —k;,; Miche 1944). These virtually unat-
tenuated long-wavelength forced waves theoretically
dominate the high-frequency wave pressure field at
great depths and are believed to be a principal gener-
ation mechanism for sea floor microseisms (e.g., Lon-
guet-Higgins 1950; Hasselmann 1963; Webb and Cox
1986; Cox and Jacobs 1989; Goodman et al. 1989).

This is Part 2 of a field study [Part 1, Herbers and
Guza (1991), is hereafter referred to as HG1] of high-
frequency secondary waves using observations collected
as part of the SAXON (SAR and X-band Ocean Non-
linearities) Experiment. Two arrays of pressure trans-
ducers were deployed in 13-m depth at the Chesapeake
Light Tower, located in the Atlantic Ocean about 30
km offshore of the mouth to Chesapeake Bay. A 20 m
X 20 m aperture array was mounted on the tower
structure at middepth to provide estimates of the free-
wave frequency-directional spectrum. These estimates
are used together with weakly nonlinear theory to pre-
dict the secondary pressure field at the sea floor. The
forced-wave predictions are compared to observations
made with a smaller (12 m X 12 m aperture) array,
buried a few centimeters in the sand and displaced 24
m east of the Chesapeake Light Tower. The details of
the experiment are described in HG1. The water depth

JOURNAL OF PHYSICAL OCEANOGRAPHY

VOLUME 22

at this site has the advantage that the vertical decay of
free waves at typical wind wave frequencies (0.2-0.3
Hz) is weak, while free waves at double wind wave
frequencies are very strongly attenuated at the sea floor.
At 0.2 Hz free-wave energy at middepth is reduced by
0.14 relative to the surface, compared to a 2 X 1077
reduction at 0.4 Hz at the sea floor. The water column
filters out the high-frequency part of the free-wave
spectrum and longer-wavelength forced secondary
waves are theoretically expected to dominate the sea
floor pressure field at double wind-wave frequencies
(0.4-0.6 Hz). Pressure data was collected nearly con-
tinuously from 17 September through 14 October 1988,
with a sample frequency of 2 Hz. The present study is
focused on data acquired between 9 and 13 October.
In this 85-h period, forced-wave energy levels fluctuated
by as much as two orders of magnitude on time scales
of only a few hours (HG1).

The observed variability of forced-wave energy is
related to changes in directional properties of free wind
waves. Although forced waves generated by sum in-
teractions of nearly colinear free waves (8, ~ 6,) in
13-m depth have wavelengths long relative to free waves
of the same frequency, these forced waves are still not
long compared to the water depth (|k; + kz| 2> 1)
and therefore are strongly attenuated at the sea floor.
Hence, forced-wave energy levels at the sea floor are
theoretically expected to be relatively weak in unidi-
rectional seas and to increase dramatically when di-
rectionally opposing seas (|k; + k| # < O(1)) are
present. Figures 1, 2, and 3 (reproduced from HG1)
show estimates of the bottom-pressure frequency spec-
trum E,(f), and the surface elevation frequency-di-
rectional spectrum of (free) sea and swell waves
E; te(f, 0), obtained from 2-hour records collected
on 11, 12, and 13 October, respectively, when high-
frequency forced-wave energy levels were at a maxi-
mum. On 12 October, directionally opposing seas of
slightly different frequency (approximately 0.2 Hz and
0.25 Hz, Fig. 2b), generated by a sudden veering of
the local wind direction from south to north (HG1),
excite a pronounced forced-wave peak in E,(f) at the
sum frequency (0.45 Hz, Fig. 2a). On the other hand,
the 0.5-Hz and 0.4-Hz forced-wave peaks observed on
11 October (Fig. 1a) and 13 October (Fig. 3a), re-
spectively, are not associated with a veering in local
winds, but result from interactions between locally
generated wind waves and nonlocally generated high-
frequency seas (radiating from the mouth of Chesa-
peake Bay located to the northwest) traveling in a dif-
ferent direction (Figs. 1b and 3b, respectively). Energy
levels of high-frequency forced waves were dramatically
lower during periods of more unidirectional waves
(HG1). Predictions of the high-frequency secondary
wave spectrum based on weakly nonlinear theory
(Hasselmann 1962) and the E; ge.(f, 6) estimates are
consistent with the observed large [O (102)] fluctua-
tions in forced-wave energy (HG1). Discrepancies be-
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FIG. 1. Forced-wave energy and free-wave directions on 11 October 1988 (HG1). (a) Observed sea floor pressure frequency spectra E,(f)
of all instruments (solid curves) and a theoretical prediction of the forced secondary wave spectrum (dashed). (b) An estimate of the surface
elevation frequency-directional spectrum of free primary waves E; g..(f, 8). Contour levels are 10, 15, 20, 25, 50, 75, 100, 150, 200, and
250 cm?/Hz°. The wave propagation direction 0 is defined in Fig. 4. The arrows in (a) and solid lines in (b) indicate the frequencies
corresponding to the peak of the observed (normalized) bispectrum b(f}, f3).

tween the predicted and observed forced-wave energy
levels at the sea floor (Figs. 1a, 2a, and 3a) may result
from the very limited directional resolution of the
middepth array.

In the present paper, wavenumbers of free and forced
waves and non-Gaussian statistics observed at the sea
floor are compared to predictions based on weakly
nonlinear theory (Hasselmann 1962 ) and the middepth
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FIG. 3. As in Fig. 1 but on 13 October 1988.

E; tree(f, 0) estimates. Estimates of an average wave-
number magnitude and propagation direction (both
functions of frequency) are compared to nonlinear
theory predictions in section 2. Non-Gaussian statistics
associated with phase-coupling between free and forced
waves are discussed in section 3 and examined in the
sea floor pressure observations through estimates and
nonlinear theory predictions of the bispectrum in sec-
tion 4. The results are summarized in section 5.

2. Average wavenumbers and propagation directions

The interpretation of multicomponent measure-
ments of surface gravity waves in the ocean is often
based on the assumption that forced-wave contribu-
tions are negligible and wave statistics can be fully de-
scribed by a surface elevation frequency-directional
spectrum E; ¢..(f, 8) of free-wave components obeying
the linear dispersion relation between wavenumber
magnitude k and frequency f[Eq. (1)]. From a limited
number of instruments, relatively precise estimates of
E; t(f, 0) can be extracted with a variety of methods.
The inverse technique used in the present study min-
imizes a roughness norm of the directional spreading
function subject to the constraints that the estimate is
nonnegative and fits the array cross-spectra within a
chosen (75% ) statistical confidence level (Herbers and
Guza 1990). Estimates of E se.(f, #) (Figs. 1b, 2b,
and 3b) were obtained from the middepth pressure
array data with this technique in the (sea and swell)
frequency range 0.05-0.30 Hz (HG1). Although con-

sistent with the data, these directional spectra estimates
possibly have large errors due to the limited resolving
power of the (20 m X 20 m aperture) array and only
qualitatively describe the directional properties of free
waves (HG1). Another potential source of errors in
E, (..(f, 0) estimates are forced-wave contributions to
the array cross-spectra that do not obey the dispersion
relation [Eq. (1)]. An assumption of free-wave dom-
inance is theoretically justified near the spectral peak
frequency where forced-wave contributions are rela-
tively weak. However, because free waves at double sea
frequencies are very strongly attenuated at the sea floor,
the observed bottom-pressure oscillations in the fre-
quency range of about 0.35-0.60 Hz (Figs. 1a, 2a, and
3a) must have wavelengths radically different from the
linear dispersion relation (HG1). To verify the as-
sumed free-wave dominance at sea and swell frequen-
cies, and to compare the observed wavelengths and
directions of higher-frequency forced waves to theo-
retical predictions, array analysis is needed that relaxes
the assumption of a dispersion relation between k
and f.

Wavelengths and propagation directions of free- and
forced-wave components can in principle be examined
at the sea floor through the bottom-pressure (vector)
wavenumber-frequency spectrum Ep(f, k, 8) (used
below in polar form), but meaningful estimates of E,(f,
k, ) require a much more extensive array than the
six-element pressure sensor array deployed on the sea
floor at the Chesapeake Light Tower (Fig. 4). However,
owing to its compact geometry, accurate estimates of
a root-mean-square wavenumber magnitude Kemys,
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FIG. 4. Geometry of the bottom-pressure sensor array and analysis coordinate frame.
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f dk kdOk’Ey(f, k, 6)
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=S 27 (2)
J; dk A kdbEy(f, k, 8)

Kems(f) =

and a vector-averaged mean wave direction Omean
) 27

[ a
(1]

0

kdbk sin(0)E,(f, k, 6)

tan[ﬁmean(f)] = 0 2
J; dk X kdbk cos(0)E,(f, k, 6)

(3)

(both funtions of frequency ) can be extracted from the
array cross-spectra. The estimation technique is based
on an expansion for small sensor separations relative
to the wavelength, analogous to Herbers and Guza
(1989). The accuracy of the kg, and 6y, estimates
presented below is somewhat limited because the six-
element bottom array simply does not have optimal
lags for the shortest and longest wavelengths expected
at the sea floor. Nonetheless, errors in Kims and Opean
estimates are expected to be small enough for quali-
tative comparisons to weakly nonlinear theory. The
details of the estimators and a discussion of their ac-
curacy is given in appendix A.

Estimates of k;ys( /) and 0can( /) [ appendix A, Eq.
(A5)], extracted from 136.5-minute-long bottom-
pressure records (the cross-spectra have approximately
200 degrees of freedom) collected on 11, 12, and 13
October 1988 (when forced-wave energy levels were
relatively high; Figs. 1, 2, and 3), are shown in Figs.
5, 6, and 7. The observed wavenumbers agree well with
the theoretical dispersion relation for free surface grav-
ity waves [Eq. (1)] at sea and swell frequencies (0.05-
0.30 Hz; Figs. 5a, 6a, and 7a), with (normalized) de-
viations from the linear wavenumber generally within
10% (Fig. 8). In all three cases the kms(f) estimates
are within a few percent of the dispersion relation in

the range 0.08-0.14 Hz. At lower frequencies (0.05-
0.08 Hz) the discrepancies are slightly larger (5%-
10%}), possibly because the estimates are more sensitive
to measurement errors for relatively long wavelength
swell. The deviations of k.m(f') estimates from the lin-
ear wavenumber are also slightly larger at sea frequen-
cies, from about 5% in the range 0.14-0.25 Hz to 10%
for f= 0.3 Hz. Simulations suggest that the observed
slight divergence from the dispersion relation in the
frequency range 0.25-0.30 Hz, although qualitatively
consistent with a small contribution of (long-wave-
length) forced secondary waves, may be caused by the
bias expected for (short-wavelength) free high-fre-
quency seas (appendix A). Overall, in the range 0.05-
0.30 Hz, the observed small deviations from linear dis-
persion are well within the expected accuracy of the
estimates and confirm that this frequency range is in-
deed dominated by free primary waves, as was assumed
in the estimation of Ej fr.(f, 6) (HG1).

As a consistency check on the accuracy of the data
and the analysis technique, 0 ean (/) was also indepen-
dently estimated from the middepth array, in the “free-
wave frequency range” 0.05-0.30 Hz (assuming linear
dispersion ), through integration of the E .(f, 6) es-
timates (Figs. 1b, 2b, and 3b)

27
db Sin(a)Eb,free(fa 0)

tan [ fmean, free(f)] = 02:r
df Cos(o)Eb,free(fy 0)

0

(4)

with Ej, tree(f, 8) (= [cosh(kh)] 7 E;, tree(f, 8)) the bot-
tom-pressure frequency-directional spectrum of free
waves. In all three cases (Figs. 5b, 6b, and 7b) the in-
dependent (i.e., different arrays and analysis method-
ologies) Omean estimates are in excellent agreement,
suggesting that the effects of measurement inaccuracies
(e.g., finite array size bias, instrument noise, and sensor
positioning errors) on ks and ;... €stimates are small,
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FIG. 5. Root-mean-square wavenumber magnitude and mean wave propagation direction of sea floor pressure, as a function of frequency,
on 11 October 1988. (a) The solid curve is an estimate of k;(/) based on the bottom array observations [appendix A, Eq. (A5a)], the
dotted curve is the surface gravity wave dispersion relation [Eq. (1)], and the dashed curve is a nonlinear theory prediction of Kums, rorcea(/)
[Eq. (5a)]. (b) The solid curve is an estimate of 0mean(f) based on the bottom array observations [appendix A, Eq. (A5b)], the dotted
curve is an estimate of Omean rree( /) Obtained by integrating E; re.(f, #) [Eq. (4), based on middepth measurements], and the dashed curve

is a theoretical prediction of 8pean, foreea(S) [Eq. (5b)].

At frequencies above 0.3 Hz (where free waves are
strongly attenuated at the sea floor), the estimated val-
ues of kms(f) drop very sharply and are minimum at
approximately the forced-wave peak frequency (com-
pare Figs. 5a, 6a, and 7a with Figs. 1a, 2a, and 3a).
Between 0.30 and 0.35 Hz the surface-to-bottom at-
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tenuation of the free-wave spectrum changes from 3
X 107* to 1073, causing a sharp transition in kn, €s-
timates between free-wave dominance for < 0.30 Hz
and forced-wave dominance for > 0.35 Hz on all
three days. According to the nonlinear interaction rule
for wave triads, forced secondary wave components
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FIG. 6. As in Fig. 5 but on 12 October 1988.
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have the sum frequency and vector wavenumber of the
corresponding pair of free primary waves. Hence, free
waves with about the same frequency traveling in nearly
opposing directions excite relatively long wavelength
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F1G. 8. Normalized deviations of wavenumber estimates from linear
dispersion (Kems — Kiin }/ Kiin, With ks the estimate based on Eq. (A5a)
(appendix A) and k;, the linear wavenumber given by Eq. (1), asa
function of frequency in the sea and swell range 0.05-0.30 Hz, on
all three days.

(i.e., weakly attenuated ) high-frequency forced waves,
traveling in a predictable direction. The observed forced
wavenumber magnitudes are indeed generally smaller
than or comparable to the linear wavenumber mag-
nitudes of the dominant (0.15-0.30 Hz) free wind
waves (Figs. 5a, 6a, and 7a). Estimates of 0can(f)
(Figs. 5b, 6b, and 7b) show large variations in mean
forced-wave propagation directions between 11 and 13
October, in response to changes in E; fr.(f, 6) (com-
pare Figs. 1b, 2b, and 3b). On 11 October (Fig. 5b)
Omean ranges from southwest for 0.35-Hz forced waves,
excited by interactions between seas from the southwest
and swell from the east, to west for 0.5-Hz forced waves,
generated in interactions between seas arriving from
the south and northwest (Fig. 1b). On 12 October (Fig.
6b) forced waves arrive from the northeast, consistent
with the sum vector wavenumber of nearly direction-
ally opposing seas (generated after a sudden shift in
wind direction, HG1) arriving from the north and
southeast (Fig. 2b). On 13 October (Fig. 7b) the dom-
inant forced-wave propagation direction is northwest,
as expected for interactions between local seas from
the northeast and nonlocal seas from the west (radiating
from Chesapeake Bay, Fig. 3b).

The free-wave frequency-directional spectrum es-
timates (Figs. 1b, 2b, and 3b) can be used, together
with the general theory for weakly nonlinear surface
gravity waves (Hasselmann 1962; Hasselmann et al.
1963), to predict the wavenumbers and propagation
directions of forced sea-floor pressure fluctuations. At
high frequencies, dominated by forced secondary
waves, kuns(f) [Eq. (2)] and Omean(f) [Eq. (3)] are
approximately given by (appendix B)
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f 27 2w
f df’f db, d02[kff2 + kf_ff2 + 2kpky_ o cos(A8)]
0 0 0
X Dz(f,7 f_f,a Ao)Eb,free(fl, ol)Eb,free(f_f’a 02)
(5a)

~

tan [ 0mean, forced (f)]

f 2 2w
fo ar fo @0, [ D27, S~ 1, A B e 1 0 e~ 11, 82

[ 27 27
J(; df’ J; db, S db>[ ks sin(8y) + ks— s sin(6,)]
X D*(f", f— 1", AO)Ep teee(f"s 01) Ep, tree(f — 1", 62)

= AT 27 27 -
f df’f db, do:[ ks cos(6,) + kp— s cos(62)]
0 0 0

X Dz(f,a f_f’3 Ao)Eb,free(f’, al)Eb,free(f'“f’a 02)

" where D is the nonlinear interaction coefficient [ap-
pendix B, Eq. (B3)], kdenotes the linear wavenumber
at frequency f[Eq. (1)], A8 = |8, — 6, ] is the difference
in propagation direction of the interacting free waves,
and E, t..(f, ) is set equal to zero for f< 0.05 Hz
and f> 0.30 Hz.

Theoretical predictions of Kims, forcea(f) and
O mean, forcea (f) 1n the frequency range 0.3-0.5 Hz, based
on Eq. (5) and the E} r.(f, 8) estimates, are included
in Figs. 5, 6, and 7. In all three cases the estimated and
predicted wavenumbers and directions agree well at
frequencies above about 0.35 Hz, where free-wave
contributions to the sea floor pressure field are expected
to be negligibly small. The agreement of k,(f) esti-
mates with theory is best on 12 October (Fig. 6a), when
observed and predicted forced-wave energy levels also
show good agreement (Fig. 2a). On 11 and 13 October
(with larger discrepancies between observed and pre-
dicted forced-wave energy levels; compare Figs. 1a and
3a with Fig. 2a), the predictions of ks forcea(f) are
about 10%-30% lower than the estimates (Figs. 5a and
7a), possibly due to errors in the Ep fr.( f, 8) estimates
associated with the small array aperture (HG1). On
all three days, the predicted and observed Omean, forcea (f)
generally agree to within 15° (Figs. 5b, 6b, and 7b).

In summary, k() and O ean(f) estimates confirm
that sea and swell are free waves obeying the linear
dispersion relation {Eq. (1)] and show that the asso-
ciated sum frequency forced waves have wavelengths
and propagation directions consistent with the nonlin-
ear interaction rule for wave triads. Since estimates of
Kems and 0ean are expected to be very sensitive to small
measurement errors for kL < 1 (appendix A), fre-
quencies less than 0.05 Hz are not considered in this
study. At frequencies below 0.05 Hz the pressure spec-
tra may contain both locally forced secondary waves
excited by difference interactions between seas and
swell (e.g., Longuet-Higgins and Stewart 1962) and
free (leaky or trapped) waves generated at the shoreline

(5b)

(e.g., Munk et al. 1964). Average wavenumber esti-
mates may be useful to distinguish between these two
different sources of low-frequency wave energy and,
for example, explain the origin of the 0.01-0.02-Hz
peak observed in all three bottom-pressure frequency
spectra shown in Figs. 1a, 2a, and 3a. Unfortunately,
the aperture of the bottom array is very small compared
to the wavelengths expected at these low frequencies
(kL = 0.03-0.07 for 0.01-0.02-Hz free waves), so that
wavenumber estimates may have large errors. Work is
in progress to obtain estimates of ks and 0., and
other bulk parameters from array data collected re-
cently in 13-m depth, offshore of North Carolina. The
estimates from this much more extensive (24 elements)
and larger-aperture (250 m X 250 m) array are expected
to be very accurate for a wide range of wavelengths
[O(10 m-1 km)], spanning free sea and swell (0.05-
0.35 Hz) and the corresponding (0.01-0.70 Hz) forced
secondary waves excited by both sum and difference
interactions, as well as nonlocally generated free low-
frequency (0.01-0.05 Hz) gravity waves. In addition,
the recently collected dataset will be used to obtain
estimates of E,(f, k, 6) that are expected to be accurate
enough to resolve the gross structure of the forced sec-
ondary wavenumber spectrum at double sea frequen-
cies.

3. Third-order statistics of sea floor pressure

Natural wind-generated surface gravity waves have
approximately Gaussian statistics owing to the statis-
tical independence of primary (free) wave components
generated by independent wind forces on the sea sur-
face (e.g., Kinsman 1965). A Gaussian primary wave
field implies that the third-order correlation function
Ry(7y, 72) of sea floor pressure p(¢)

Ry(71, 72) = E{p()p(t + 1)p(t + 12)} (6)
vanishes in the linear approximation. However, forced
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secondary wave components, predicted by weakly
nonlinear theory [appendix B, Eq. (B2); Hasselmann
1962], introduce non-Gaussian statistics. The ampli-
tudes and phases of a forced-wave component and the
two corresponding free-wave components are not sta-
tistically independent but are coupled through the in-
teraction coefficient D [appendix B, Eq. (B3)]. There-
fore, R,(7y, 7o) generally does not vanish if weak non-
linearity is included. Third-order statistics are of
particular interest to the present study because coupled
wave triads consisting of one secondary and two pri-
mary components contribute the leading order terms
in a perturbation expansion of R, for small wave steep-
ness (Hasselmann et al. 1963):

Ry(71, 72) = E{p()p (1 + 1))pP(t + 73)
+pD(O)pP(t+ 7)p Pt + 12)

+pP@p I+ r)p V(e + 1)} (7)

Hasselmann et al. (1963) examined third-order sta-
tistics of pressure records of swell in relatively shallow
water, through the bottom-pressure bispectrum B, (f],
/2) defined as the Fourier transform of R,(7,, 7,):

B s =2 " an [ " dnRy(ri,m)

X exp[—2xi(fir, + f2m2)]

- E{dP(f,)dP(f>2)dP*(fi + /2)} (8)
df,df,

where * denotes the complex conjugate and dP(f) is
the Fourier-Stieltjes transform of p(¢)

p(1) =f_ dP(f) exp(2xift). 9
Estimates of B, (], f2) are conveniently normalized by
the bottom-pressure spectral density at frequencies f;,

S, and fi + 5,
b(fl:fZ) =

By(f1,/2)
LEs(SD)Eu(f2)En(fi + £2)]'/?

where [analogous to Eq. (8)]
Ey(f) =2 E{dP(f)dP*(f)}/df.

When nondimensionalized by the frequency band-
width, |b(f;, f2)| is often called “bicoherence” in digital
bispectral analysis (e.g., Kim and Powers 1979; Elgar
and Guza 1985).

To fourth order in wave steepness, only triad inter-
actions between all possible combinations of one sec-
ondary- and two primary-wave components with fre-
quencies f;, > and f; + f; contribute to B,(f;, 2). In
13-m depth, the dominant contributions to By(f;, />)
for f; + £, in approximately the range 0.35-0.60 Hz
are triads consisting of two free waves with frequencies
Ji and f,, and a forced wave with the sum frequency f;

(10)
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+ f> [Egs. (7) and (8); appendix B, Egs. (B1) and
(B2)]

21 2%
Bb(flafz,) ~ J; dol A doZD(fl’fZ, A0)

X Eb,free(fla ol)Eb,free(st 02) (11)

and E,(f; + f;) is approximately the secondary-wave
spectrum (HG1),

Ey(fi + 12)
fit 27 2
~ [ ar f 4, | d8.D*(fy + fo — f, £, AB)
0 (1] 0

X Eb,free(fl +f2 _fa Hl)Eb,free(fa 02) (12)

If E sree(f, 0) is directionally narrow at frequencies f;
and f; [i.e., if the interaction coefficient D is approxi-
mately constant for (6, 6,) free-wave pairs contributing
to Ep(f1)Ep(f2)], then |b(f;, f2)| can be interpreted
as a relative measure of nonlinear coupling between
forced waves with frequency f; + f; and free-wave pairs
with frequencies f, and f;. In general, however, wave-
number triads with different D contribute to b(f;, £2),
and directional spreading of wind waves will tend to
reduce |b(f1,/2)| [Egs. (10),(11),and (12)]. In fact,
since the interaction coefficient D can take both positive
values (e.g., colinear free waves) and negative values
(e.g., opposing free waves), depending on the water
depth and the propagation directions of the interacting
free waves (HG1), it is theoretically possible that con-
tributions from different wavenumber triads (at the
same f;, f,) cancel and b(f;, f>) vanishes despite strong
nonlinear coupling of the frequencies f;, £, and f; + f5.
However, bispectral analysis is qualitatively useful in
the sense that large negative or positive values of b(f;,
/f2) estimates identify nonlinear interactions. The bi-
spectra estimates presented in section 4 are used to
supplement and independently confirm earlier con-
clusions based on second-order statistics, discussed in
HGt1 and section 2 of the present study.

Also of interest to the sum interactions of sea and
swell is the integral of the bispectrum for constant sum
frequency b;(f) [normalized by the second-order
spectrum analogous to Eq. (10)], defined as

f
fo df'Bol S~ ', ")

bi(f) =777 2. (13)
[ [ armsr- e

At double sea frequencies (f =~ 0.35-0.60 Hz) where
sea floor pressure is theoretically dominated by rela-
tively weakly attenuated forced secondary waves, b;(f)
is essentially a bulk measure of nonlinear coupling be-
tween forced waves with frequency fand all possible
pairs of free waves with sum frequency f, and is ap-
proximately given by [Eqgs. (11) and (12)]
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p
5 = N DT

with D, (f) the moments
f 27 27
0= [ ar [ an, [ awDrr-1 1, 00)

X Ep tree(f = f', 01) Ep, tree(f', 02).  (15)

From Egs. (14) and (15) it follows that —1 < b;(f)
< 1. If all the energy at frequency f'is forced and the
interaction coefficient D is constant for all contributing
wave triads, then b2(f) = 1. Both variations in D and
the presence of free-wave energy or other motions (e.g.,
turbulence) at frequency fwill reduce b2(f) [as they
would reduce b%(f— f7, f"), Eas. (10)-(12)]. Thus,
b?(f) can be interpreted as a lower bound on the frac-
tion of energy at frequency fthat is nonlinearly coupled
to sea and swell.

In the present study, only univariate third-order sta-
tistics of the bottom-pressure time series are considered
[i.e., the auto-bispectra, Egs. (6) and (8)]. Analogous
to cross-spectra, cross-bispectra can be defined as the
Fourier transforms of the third-order cross-correlation
functions of the time series of the array elements (e.g.,
Elgar and Guza 1985). Through multivariate analysis
of third-order statistics, the coupling between free and
forced waves may be examined in greater detail in the
wavenumber-frequency domain. Such work is planned
using data collected recently with a more extensive ar-
ray of sea-floor pressure sensors.

(14)
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4. Observed coupling between free and forced waves

The normalized bispectrum b(f,, /;) [Eq. (10)] and
the normalized integrated bispectrum b;(f) [Eq. (13)]
were estimated from the sea-floor pressure data for each
of the three data runs. First, the spectra B,(f;, f>) and
E,(f) were estimated for every individual sensor in
the bottom array (Fig. 4), based on the Fourier trans-
forms of overlapping, detided and tapered, 34.1-minute
data segments. Statistical stability of the spectral esti-
mates was achieved by merging 25 neighboring fre-
quency bands (i.e., 25? bands in f; — f; space) and
averaging the ensembiles. Finally, estimates of b(f;, f2)
and b;(f) were obtained by substituting the spatially
averaged B;(f1, f2) and E,(f) (i.e., the ensemble av-
erage of the spectra computed for the individual in-
struments) in Egs. (10) and (13). The results (Figs. 9,
10, and 11) correspond to the E,(f) and E; (S, 8)
estimates in Figs. 1, 2, and 3, respectively, and the
krms(f) and Opean(f) estimates in Figs. 5, 6, and 7,
respectively. Theoretical predictions of b(f;, f2) and
b;(f) in the sum frequency range 0.3-0.5 Hz, based
on Eqgs. (10)-(12) and (14), respectively (i.e., assum-
ing that all energy at the sum frequency is forced), are
included in Figs. 9, 10, and 11.

On all three days, the imaginary parts in the observed
b(f1,/2) and b;(f) are very small (Figs. 9, 10, and 11)
and are scattered more or less randomly about zero
(Figs. 9b, 10b, and 11b), consistent with weakly non-
linear wave theory. Since the nonlinear interaction
coefficient D is real for all possible free-wave pairs [ap-

A real
* imaginary

0.5

b; (f)

o.04xF\

0.0 0.1 0.2 0.3 0.4 0.5 0.6
frequency f (Hz)

FIG. 9. Observed and predicted sea floor pressure bispectra on 11 October 1988. (a) Contours of the normalized bispectrum b(f;, f3)
[Eq. (10)} at levels + 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, and 5 Hz'/2, Solid and dashed contours correspond to negative and positive values of
b( 1, 2), respectively. Sectors marked RO and 10 show the observed real and imaginary parts of b(f;, /), respectively, and sectors marked
RP and IP the theoretically predicted [Eqs. (11) and (12)] real and imaginary parts, respectively. The dashed lines indicate the frequencies
/i and f; where the observed |b(f;, )| is maximum. (b) The solid curves are the observed real and imaginary parts of the normalized
(dimensionless) integrated bispectrum b;(f) [Eq. (13)], and the dashed curve is a theoretical prediction of b;(f), assuming that all energy
at frequency f'is forced [Eq. (14), the imaginary part theoretically vanishes].
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A real
* imaginary

b, (f)

(b) |, . .

0.0 0.1 0.2 0.3 0.4 0.5 0.6
frequency f (Hz)

HG. 10. As in Fig. 9 but on 12 October 1988.

pendix B, Eq. (B3)], the imaginary part of the bispec-
trum theoretically vanishes and the real part is nonzero
[Eqgs. (7) and (8); appendix B], which means that the
bottom-pressure field is statistically skewed about a
horizontal plane but symmetric about any vertical
plane (i.e., wave crests are not pitched forward or
backward). Wave-generation effects, not accounted for
in weakly nonlinear wave theory, are a possible source
for asymmetry of natural wind wave profiles (i.e., steep
forward faces) causing negative imaginary parts of the
bispectrum (e.g., Masuda and Kuo 1981a). The small
imaginary parts of bispectra observed in the present

study suggest that wind wave statistics at the sea floor
(where high wavenumber components are attenuated )
are not significantly affected by wave generation effects,
in contrast to surface elevation measurements by Ma-
suda and Kuo (1981b) in a laboratory experiment with
similar (but directionally narrower) actively generated
deep-water wind waves that show imaginary parts of
bispectral estimates as large as 50% of the real parts.
In contrast to the small imaginary parts of the b(f],
f2) and b;(f) estimates, the real parts show relatively
large, consistently negative values at sum frequencies
> 0.3 Hz. The observed negative sign of the bispectra

0.5F

0.0

b; (f)

0.0 0.1 0.2 0.3 0.4 0.5 0.6
frequency f (Hz)

HG. 11. As in Fig. 9 but on 13 October 1988.
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is consistent with theory since the coeflicient D is neg-
ative for relatively long wavelength forced waves excited
by sum interactions of directionally opposing free
waves (HG1). The opposing free-wave interactions
observed in relatively deep water thus contribute a
negative skewness to the sea-floor pressure field, as op-
posed to the positive skewness (i.e., positive D) ob-
served by Hasselmann et al. (1963) for colinear free-
wave interactions (“Stokes harmonics™) in relatively
shallow water.

On all three days the predicted and observed b(/f;,
Jf>) are qualitatively similar with a broad negative (real)
peak at about the same frequencies (Figs. 9a, 10a, and
11a), and the observed b;(f) are in good agreement
with the predictions for /> 0.35 Hz where free-wave
contributions to E,(f) are expected to be negligibly
small (Figs. 9b, 10b, and 11b). The predicted |b(f;,
)| and |b;(f)| are consistently somewhat smaller
than the observed values, possibly because the true di-
rectional spectrum of free waves is generally narrower
than the estimate extracted from the middepth pressure
array using a smoothness optimization technique
(Herbers and Guza 1990; HG1). Hence, because of
the larger variations of the coefficient D for a relatively
broad estimate of Ej, r..(f, 0), predictions of |b(f],
£)| and | b;(f)] will tend to be biased low [Eqgs. (10)-
(15)]. On all three days the predicted peak frequencies
of b(f1, f>) are somewhat lower than the observed peak
frequencies, possibly because the (negative) bias in
[b(f1, f2)| predictions due to errors in E} gree( f; 8) €5-
timates are generally smaller at lower frequencies where
D is less sensitive to A6 (HG1). Additionally, for f,
+ /5 < 0.35 Hz, predictions of |b(f;, f2)| may be biased
high because of neglected free-wave contributions to
Ey(fi + £2) [Egs. (10) and (12)].

The b(f1, f;) observed on 11 October (Fig. 9a) shows
a peak at frequencies f; ~ 0.27 Hz and f; ~ 0.12 Hz
that corresponds to nearly directionally opposing sea
and swell peaks in E; g..(f, 8) (Fig. 1b). The corre-
sponding b; (f) estimate reaches a minimum value of
about —1 at the sum frequency (Fig. 9b), confirming
that all the energy at f ~ 0.4 Hz is forced by nonlinear
sea and swell interactions. Note that this maximum
value of | b;(f)] is at a frequency (=0.4 Hz) well below
the peak frequency of the forced-wave energy spectrum
(=~0.5 Hz, Fig. 1a). For sum frequencies close to the
forced-wave spectral peak, the observed and predicted
|b6(f1,/5)] levels are relatively low (Fig. 9a). The good
agreement between the observed and predicted b;(f)
(both are about —0.3 at /= 0.5 Hz, Fig. 9b) suggests
that these low bispectral levels are not caused by the
presence of high-frequency pressure fluctuations that
are not coupled to sea and swell (for example, turbu-
lence), but rather the result of appreciable variations
of the coefficient D over the broad range of interacting
wavenumber triads. The observed and predicted low
bispectral levels in Fig. 9, at double sea sum frequencies
dominated by forced waves, illustrate that nonlinear
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coupling of surface waves may not always be detectable
in bispectra of broad directional seas.

On 12 October (Fig. 10a) the b(f;, f>) estimate shows
a similar broad peak at f; =~ 0.26 Hz and f; ~ 0.19
Hz, corresponding to directionally opposing seas in the
E; tree(f, 0) estimate (Fig. 2b). In this case, the sum
frequency (f =~ 0.45 Hz), where b;(f) is again ap-
proximately equal to —1 (Fig. 10b), coincides with the
peak of the forced-wave energy spectrum (Fig. 2a).
Bispectral analysis thus shows strong phase coupling
between this forced-wave peak and two relatively nar-
row [i.e., variations in D are small, Eqgs. (10)-(15)]
directionally opposing seas (Fig. 2b).

Finally, on 13 October (Fig. 11a) the shape of the
bispectrum is somewhat more complicated. The ob-
served b(f1, f2) shows statistically significant real, neg-
ative values for a wide f;, /> range with peak values at
Ji = 0.24 Hz, f; =~ 0.11 Hz (interactions between secas
from the northwest and swell from the southeast, Fig.
3b) and f; =~ 0.25 Hz, f; ~ 0.15 Hz (interactions be-
tween seas from the northwest and northeast, Fig. 3b).
A broad range of free-wave frequencies and directions
(Fig. 3b) contribute to the 0.4-Hz forced-wave peak in
E,(f), consistent with a | b;(f)| estimate and predic-
tion-smaller than 1 (Fig. 11b).

A bispectrum estimate obtained from surface ele-
vation measurements on 12 October (not shown; data
provided by A. T. Jessup, personal communication )
did not indicate statistically significant nonlinear cou-
pling between sea and swell waves, possibly because
free waves dominate the surface elevation spectrum
over a wide-frequency range.

In summary, the observed third-order statistics sup-
port the conclusions based on second-order (cross-)
spectral analysis presented in HG1 and section 2 of
this paper. Bispectral estimates (Figs. 9, 10, and 11)
show that the observed double sea frequency sea-floor
pressure fluctuations are nonlinearly coupled to nearly
directionally opposing seas and swell, and the phase
relationship between the interacting components is
consistent with weakly nonlinear theory (Hasselmann
1962).

5. Summary and conclusions

This is Part 2 of a study of nonlinear effects on nat-
ural wind-generated surface gravity waves, using data
from two arrays of pressure transducers (one at mid-
depth and one on the sea floor) deployed in 13-m depth
at the Chesapeake Light Tower, located 30 km offshore
of Norfolk, Virginia, in fall 1988 as part of the SAXON
Experiment. In Part 1 (Herbers and Guza 1991) it was
shown that sea-floor pressure fluctuations observed at
double wind-wave frequencies are forced secondary
waves, excited by nonlinear interactions between nearly
directionally opposing seas and swell (Figs. 1, 2, and
3). Observed forced-wave energy levels agree well with
predictions, based on weakly nonlinear wave theory
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(Hasselmann 1962) and estimates of the surface ele-
vation frequency-directional spectrum FE; g.(f, 8)
(obtained from the middepth array). In the present
study (Part 2), the sea-floor pressure array data is used
to examine the wavelengths and propagation directions
of forced waves and the non-Gaussian statistics asso-
ciated with the nonrandom phase relationship between
free and forced waves.

Since forced waves do not obey a dispersion relation,
their directional properties cannot be examined with
conventional directional spectra estimation techniques.
Although the six-element sea floor pressure array de-
ployed during SAXON (Fig. 4) is not suitable for es-
timation of the full wavenumber-frequency spectrum,
owing to its compact geometry, this array can provide
approximately unbiased estimates of a root-mean-
square wavenumber magnitude ks [Eq. (2)] and a
vector-averaged mean wave propagation direction 0,,can
[Eq. (3)], both functions of frequency. The method,
based on an expansion for small sensor separations
relative to the wavelength, can be used to verify the
dispersion relation of free waves and examine the mean
wavelengths and propagation directions of forced
waves.

Estimates of ks and 8,..n Were extracted from the
bottom-pressure array dataon 11, 12, and 13 October,
when forced-wave energy levels were relatively high
(Figs. 5, 6, and 7). In the frequency range 0.05-0.30
Hz, the k., estimates are within 10% of the linear dis-
persion relation (Fig. 8), demonstrating that this fre-
quency range is dominated by free sea and swell waves.
The 6 pean estimates in the free-wave range 0.05-0.30
Hz agree very well with independent estimates obtained
from the middepth array data through integration of
E; tee(f, 8) (calculated assuming linear theory). At
frequencies higher than about 0.35 Hz, free surface
gravity waves are very strongly attenuated at the sea
floor, and forced waves are theoretically expected to
dominate the pressure observations. The k., estimates
show a clear transition between a free-wave regime (f
< 0.30 Hz), where sea-floor pressure fluctuations obey
the dispersion relation, and a forced-wave regime (f
> (.35 Hz), where the observed wavelengths are much
longer than predicted from the dispersion relation.
Good agreement between the observed kyms and Oqean
at double sea frequencies (0.35-0.50 Hz), and predic-
tions based on weakly nonlinear theory and E; gree(f,
) estimates, confirms that the observed forced pressure
fluctuations have the theoretically expected sum vector
wavenumber of the interacting wind waves.

Statistics of weakly nonlinear surface gravity waves
are theoretically non-Gaussian because of a consistent
phase relationship between interacting primary and
secondary wave components. Following Hasselmann
et al. (1963), bottom-pressure bispectra are used to
examine phase coupling between (primary) sea and
swell waves and the associated sum frequency second-
ary waves. The magnitude of the normalized bispec-
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trum b(f;, f2) [Eq. (10)] can be interpreted as a relative
measure of phase coupling between waves at frequen-
cies f1, /> and f, + f>. However, for directionally broad
wind-driven seas normalized bispectral levels may be
greatly reduced by variations of the nonlinear inter-
action coefficient over wavenumber triads contributing
to b(f1, £2). Thus, low bispectral levels do not neces-
sarily imply the dominance of statistically independent
free waves. Nonetheless, the analysis is useful because
the bispectrum vanishes for a Gaussian process. Sta-
tistically significant deviations of b(f;, f;) from zero
are due to wave nonlinearity and yield qualitative in-
sight into the free-wave components involved in forced-
wave generation. Additionally, a normalized integral
of the bispectrum for constant sum frequency, b;(f)
[Eq. (13)], is shown to be a lower bound on the fraction
of the energy at frequency f that is phase coupled to
all possible free-wave pairs.

The observed bispectra (Figs. 9, 10, and 11) all have
small imaginary parts scattered about the theoretical
value zero and relatively large negative real parts that
are qualitatively consistent with predictions based on
weakly nonlinear theory and the E r..( f, §) estimates.
On all three occasions the peak of the b(f;, f>) estimate
is at frequencies corresponding to nearly directionally
opposing sea and swell peaks in the E; f..(f, 6) esti-
mate. Peak values of b; (/') estimates close to —1 con-
firm the strong phase coupling between free and forced
waves. On one occasion, however, nonlinear coupling
between directionally broad seas and sum frequency
forced waves is barely detectable in the bispectrum,
consistent with the theoretical prediction (f = 0.5 Hz
in Fig. 9b). The observed third-order statistics 6(f,, f2)
and b;(f) strongly support earlier conclusions of this
study based on second-order statistics.
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APPENDIX A
Estimation of Average Wavenumbers

The technique developed here for estimating Kpys
and fp,ean 1S an extension of a method for estimating
wave radiation stresses and energy fluxes from a square
four-element array (Herbers and Guza 1989). The
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cross-spectrum H,,(f) of a pair of array components
with indices p and q is related to E,(f, k, 8) by

27
H, ()= J(; dk kd6 exp[ik(cos(8)x,,

+ Sln(ﬁ)ypq)]Eb(f, k,0) (Al)

where X, (=X, — X,) and y,, (=), — ¥,) are the x and
v lags, respectively, between instruments p (at x, = [x,,
¥o}) and ¢ (at x; = [x,, ¥,]) (Fig. 4). According to
theory, free- and forced-wave components with wave-
lengths comparable to the water depth (13 m) are at-
tenuated by about 10° in energy at the sea floor (e.g.,
Hasselmann et al. 1963). Thus, the sea-floor pressure
observations are generally expected to be dominated

by waves with wavelengths that are long compared to
both water depth and sensor separations, and Eq. (A1)
can be expanded for small kx,,, ky,,

oo 1 [~ 2%
H ()= 2 — f dk kdd{ik(cos(8)x,,
o 1! Jo 0
+5in(0)y,)1"Eo(f, k, 0).  (A2)
The following linear combinations of normalized co-
spectra C,, and quadrature-spectra Oy,

Hulf)
Culf) = Ty N Ha DI

are formed using Eq. (A2), in order to obtain approx-
imately unbiased estimators for k..(f) [Eq. (2)] and

Omean (/) [EQ. (3)]:
2 @ Cpa(f)

iQpg(f) = [ (A3)

2r
f dk kdd[(kL)? — (kL)6
0

+ O(KL)*1Ey(f, k, 8)
27

f dk | kaoEucs, K, )

0

(Ada)

2 b Coolf)

y2)
27
L dk kdﬁ'[(kL)4 l(kL)6
_ Zj O(KL)*1Ew(f, k, 0) (Adb)
J; dk kdbEy(f, k, 8)
2 CpqOpa(f)
y24

27
J(; dk kdﬁ[kLcos(B)— (kL)5

X cos(8) + O(KL)"1Es(f, k, 8)
27
fo dk kdbE(f, k, 6)

(Adc)
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2 4pqQp(f)

y 24
2w
J; dk kdB[kL sin(0) — l(kL)5
X sin(8) + O(kL)'1E,(f, k, 6)
2x
J; dk kdbE,(f, k, 6)

(A4d)

where L is the smallest sensor separation in the array
(6 m) and the coefficients a,,, b,,, C5,;, and d,, are listed
in Table Al. Equations (Ada)~(A4d) can be combined
to yield accurate expressions for ks and Omean

1/2
s () [zapq pq(f)(1+ zb,,qcpq(f))]

(A5a)
2 ApgQog(f)
Omean ~ .
tan (e (D] ~ B (ASD)
b.q

The leading bias terms in Eq. (AS) are O(kL)* [Eq.
(A4)]. These errors are extremely small for kL < 1
but increase rapidly for kL > 1.5.

The range of wavelengths expected at the sea floor
in 13-m depth is large. Free sea and swell waves obeying
the dispersion relation [Eq. (1)] have wavelengths
ranging from about 15 m for the highest frequency
(0.32 Hz) seas that reach the sea floor to 220 m for
extremely low-frequency (0.05 Hz) swell. For the fre-
quency range 0.08-0.25 Hz, the minimum sensor sep-
aration L = 6 m of the present array (Fig. 4) is small

TABLE Al. Coefficients of wavenumber estimators [Eq. (A5)).

Coeflicients

Sensor

pair a b c d
Py, Py 957132 145/66 0 0
P, Py =2/11 2/11 —1/15 -1/15
Pg, Py ~2/11 2/11 i/15 ~1/15
Py, Pyy -2/11 2/11 1/15 1/15
Py, Pis =2/11 2/11 ~1/15 /15
Py, Py ~64/33 —96/11 —-16/15 0
Py, Pio 95/132 145/66 0 0
P, P11 2/33 17/22 -1/15 0
Py, Py 1/44 5/22 —1/60 —1/60
Py, P13 2/33 17/22 0 -1/15
Py, Py -32/33 —48/11 0 8/15
Py, Py 95/132 145/66 0 0
Py, Py 2/33 17722 0 -1/15
Py, Py 1/44 5/22 1/60 —-1/60
Py, Py 0 0 0 0
Py,, P, 95/132 145/66 0 0
Py, Pi3 2/33 17/22 1/15 0
Py, Py 0 0 0 0
Py3, Pi3 95/132 145/66 0 0
Py, Py -32/33 —48/11 0 —8/15
P4, Prs 95/132 145/66 0 0
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enough compared to free wavelengths (kL < 1.5) that
estimates of kms and y,..n are expected to be approx-
imately unbiased and large enough (kL > 0.3) that
these estimates are relatively insensitive to measure-
ment errors. For higher-frequency seas, the sensor sep-
arations are somewhat large; the O(kL)* bias terms in
Eq. (AS5) are O(1) for 0.32-Hz free waves (kL = 2.5).
However, through the particular choice of the coeffi-
cients ap, and by, for ks (¢ and dy, fOr fmean), the
(lowest order) O(kL)* bias errors contributed by Egs.
(Ada) and (A4b) [Egs. (Ad4c) and (A4d)] are inde-
pendent of # and tend to cancel if the (nondirectional )
J — k spectrum

2w

Ey(f, k)= A

is narrow. Hence, bias errors in Eq. (AS) are O(kL)®
at frequencies dominated by free waves obeying the
linear dispersion relation [Eq. (1)], and simulations
for realistic directional spectra of wind waves suggest
that the O(kL)® bias is not unacceptably large for the
shortest-wavelength free waves (~0.32 Hz) that reach
the sea floor. In the frequency range 0.05-0.08 Hz, the
wavelengths of free swell are long compared to the sen-
sor spacings (kL = 0.17-0.28), and estimates of Ky
and 6., are possibly somewhat degraded by mea-
surement errors.

Forced waves generated by sum interactions of sea
and swell theoretically can have any wavelength longer
than a free wave of the same frequency. However, for
the typically broad E; f.(f, 8) expected for natural
wind-driven seas (0.1-0.35 Hz), the dominant sum
frequency (0.2-0.7 Hz) forced secondary waves at the
sea floor in 13-m depth have wavelengths ranging
roughly from about 25 to 150 m. Contributions of
shorter forced waves (wavelengths < 25 m, i.e., com-
parable to or smaller than the water depth) are small
at the sea floor because of their strong vertical decay,
whereas longer double sea—frequency forced waves
(wavelengths > 150 m, i.e., much longer than the in-
teracting free waves) are also generally small because
they are generated only by pairs of approximately di-
rectionally opposing free waves of equal frequency (f;
~ f>; |16, — 0,] ~ 180°) and there is typically little
such opposing energy. At double swell frequencies (0.1-
0.2 Hz), colinear free-wave interactions (6, =~ 6,) are
theoretically expected to dominate the forced-wave field
because 0.05-0.1-Hz remotely generated swell is gen-
erally directionally narrow, and the associated Stokes
harmonics with wavelengths ranging from about 50 m
to 110 m are both amplified by near-resonance and
only weakly attenuated at the sea floor in 13-m depth
(HG1). Thus, the range of wavenumbers of the dom-
inant forced waves at double sea and swell frequencies
is generally limited to about 0.25 < kL < 1.5, and
errors in kyns and Opean estimates due to both mea-
surement inaccuracies and a finite kL bias are expected
to be relatively small.

kdBEb(fs k! 0)
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APPENDIX B

Cross-Spectra of Weakly Nonlinear
Sea Floor Pressure

The primary bottom-pressure field p'"(x, ¢) can be
expressed in terms of the Fourier-Stieltjes transform
dP(k) as (e.g., Hasselmann 1962)

pI(x,t) = f exp[ik - x][dP-"(k) exp[i27f1]
k
+ dP, (k) exp[—~i2=ft]] (B1)

where dP_"(k) is the complex conjugate of
dP,Y(—k) and fis given by the dispersion relation
[Eq. (1)]. The secondary bottom-pressure field p¥(x,
t) is given by

PA(x, 1) = J;‘ J; expli(k;, + k2)- x]

X X D(sifi, $2f2, A8)dP(ky)dP) (k)

§),82=%1
X exp[—i2n(s, f1 + $2/2)t] (B2)

where A8 = |8, — 0,] is the difference in propagation
direction of the interacting pair of primary wave com-
ponents (s, f1, k;) and (52.£3, k) [with k; = (k; cosé;,
k; sinf;) and k; given by the dispersion relation, Eq.
(1)] and D is the interaction coefficient,

D(s1 /1, 52/2, AB)
_ gkikz cos(A8)

20,0,

g(o; + o;) cosh(k,h) cosh(kyh)
[gks tanh(ksh) — (o, + 62)*}0,0; cosh(ksh)

,
X {(a, + gz)[(”;’;) ~ kiky cos(AH)]
1 (Ilkzz 0’2k12
2 [coshz(kzh) * cosh2(k,h)]]’ (B3)

with ¢; = 27s; f; and k3 = |k; + k;|. The dependence
of the interaction coefficient C between secondary sea
floor pressure and primary sea surface elevation [C
= (cosh[ k4] cosh[k,4])~! D] on the water depth and
free-wave frequencies and propagation directions is
discussed in HG1.

The cross-spectrum H,, (/) of sensors p and gl at x,
= (X, p) and x, = (x,, ¥,), respectively, Fig. 4] can
be expressed in terms of the frequency-directional
spectrum of primary waves Ejp e (f, 0)
[=27E{dP.V(k)dP_"(—k)}/(dfd8)] and the in-
teraction coeflicient D. To fourth order in wave steep-
ness, Hp,(f) is given by
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Hy(f) =2 J;w dr(E{p"V(x,, )p"(x,, t + 7)}

+E{pP(x,, DpP(x,, t + 1)}
+ E{p(x,, OpP(x,, t + 1)}

+E{p®(x,, hp(x,, 1+ 7)}]
X exp[—i2xf7] (B4)

where E{ } denotes the expected value and p'® is
the tertiary bottom-pressure field. For /> 0.35 Hz, the
first, third, and fourth terms on the right-hand side of
Eq. (B4) are negligibly small, owing to the strong at-
tenuation at the sea floor of relatively short wavelength
primary waves, and Hp,,(f) is theoretically dominated
by relatively long wavelength secondary waves (p®)
excited by sum frequency interactions [s; = s, in Egs.
(B2) and (B3); see also HG1]. Substitution of p® [Eq.
(B2)]in Eq. (B4), yields an expression for H,,(f) valid
at high frequencies:

f 20 27
Hpq,forced(f) ~ J‘; df,J; d0| b d02
X exp{i[(k; cos(8) + ks_ s cos(6:)]1xpq
+ [ks sin(8,) + ky— g sin(02))y,,q]}
X Dz(f’a f_f’, Aa)Eb,free(f,, 01)
X Eb,free(f_f’y 02)’

where k- and k;_, are the linear wavenumbers [Eq.
(1)] at frequencies /" and f — f”, respectively, and x,,
(=x, — x,) and y,, (=y, — y,) are the x and y lags,
respectively, between instruments p and g.

(B3)

REFERENCES

Cox, C. S., and D. C. Jacobs, 1989: Cartesian diver observations of
double frequency pressure fluctuations in the upper levels of
the ocean. Geophys. Res. Lett., 16(8), 807-810.

Donelan, M. A,, J. Hamilton, and W. H. Hui, 1985: Directional
spectra of wind-generated waves. Phil. Trans. R. Soc. London,
A315, 509-562.

Elgar, S., and R. T. Guza, 1985: Observations of bispectra of shoaling
surface gravity waves. J. Fluid Mech., 161, 425-448.

Goodman, D., T. Yamamoto, M. Trevorrow, C. Abbot, A. Turgut,
M. Badiey, and K. Ando, 1989: Directional spectra observations
of sea floor microseisms from an ocean-bottom seismometer
array. J. Acoust. Soc. Am., 86, 2309~-2317.

JOURNAL OF PHYSICAL OCEANOGRAPHY

VOLUME 22

Hasselmann, K., 1962: On the non-linear energy transfer in a gravity-
wave spectrum, Part 1. General theory. J. Fluid Mech., 12, 481~
500.

——, 1963: A statistical analysis of the generation of microseisms.
Rev. Geophys., 1(2), 177-210.

——, W. Munk, and G. MacDonald, 1963: Bispectra of ocean waves.
Times Series Analysis, M. Rosenblatt, Ed., John Wiley, 125-
139.

——, T. P. Barnett, E. Bouws, H. Carlsson, D. E. Cartwright, K.
Enke, J. A. Ewing, H. Gienapp, D. E. Hasselmann, P. Kruseman,
A. Meerburg, P. Miiller, D. J. Olbers, K. Richter, W. Sell, and
H. Walden, 1973: Measurements of wind wave growth and swell
decay during the Joint North Sea Wave Project (JONSWAP).
Disch. Hydrogr. Z. (Suppl.), A8(12), 1-95.

Herbers, T. H. C., and R. T. Guza, 1989: Estimation of wave radiation
stresses from slope array data. J. Geophys. Res., 94(C2), 2099-
2104.

~——, and ——, 1990: Estimation of directional wave spectra from
multicomponent observations. J. Phys. Oceanogr., 20, 1703~
1724.
, and , 1991: Wind-wave nonlinearity observed at the sea

floor. Part 1: Forced wave energy. J. Phys. Oceanogr., 21, 1740-
1761.

Kim, Y. C,, and E. J. Powers, 1979: Digital bispectral analysis and
its application to nonlinear wave interactions. JEEE Trans.
Plasma Sci., 1, 120-131.

Kinsman, B., 1965: Wind Waves: Their Generation and Propagation
on the Ocean Surface. Prentice-Hall, 676 pp.

Komen, G. J., 1980: Nonlinear contributions to the frequency spec-
trum of wind-generated water waves. J. Phys. Oceanogr., 10,
779-790.

Laing, A. K., 1986: Nonlinear properties of random gravity waves
in water of finite depth. J. Phys. Oceanogr., 16, 2013-2030.

Longuet-Higgins, M. S., 1950: A theory of the origin of microseisms.
Phil. Trans. R. Soc. London, A243, 1-35.

——, 1963: The effect of non-linearities on statistical distributions

in the theory of sea waves. J. Fluid Mech., 17(3), 459-480.

, and R. W. Stewart, 1962: Radiation stress and mass transport

in surface gravity waves with application to “surf beats.” J. Fluid

Mech., 13, 481-504.

Masuda, A., and Y-Y Kuo, 1981a: A note on the imaginary part of
bispectra. Deep-Sea Res., 28A(3), 213-222.

——, and ——, 1981b: Bispectra for the surface displacement of
random gravity waves in deep water. Deep-Sea Res., 28A(3),
223-237.

Miche, M., 1944: Movements ondulatoires de la mer en profondeur
constante ou decroissante, Ann. Ponts Chaussees, 114, 25-406.

Mitsuyasu, H., Y-Y Kuo, and A. Masuda, 1979: On the dispersion
relation of random gravity waves. Part 2. An experiment. J.
Fluid Mech., 92, 731-749.

Munk, W., F. Snodgrass, and F. Gilbert, 1964: Long waves on the
continental shelf: An experiment to separate trapped and leaky
modes. J. Fluid Mech., 20, 529-554.

Phillips, O. M., 1960: On the dynamics of unsteady gravity waves of
finite amplitude. Part 1. The elementary interactions. J. Fluid
Mech., 9, 193-217.

Webb, S. C., and C. S. Cox, 1986: Observations and modeling of
seafloor microseisms. J. Geophys. Res., 91(B7), 7343-7358.




