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Nonlinear wave interactions and high-frequency
seafloor pressure

T. H. C. Herbers! and R. T. Guza

Center for Coastal Studies, Scripps Institution of Oceanography, La Jolla, California

Abstract. Linear wave theory predicts that pressure fluctuations induced by wind-
generated surface gravity waves are maximum at the ocean surface and strongly
attenuated at depths exceeding a horizontal wavelength. Although pressure fluctuations
observed at the seafloor in deep water are indeed relatively weak at wind-wave
frequencies, the energy at double wind-wave frequencies is frequently much higher
than predicted by applying linear wave theory to near-surface measurements. These
double-frequency waves can in theory be excited by nonlinear interactions between
two surface wave components of about equal frequency, traveling in nearly opposing
directions. Observations from a large aperture, 24-element array of pressure sensors
deployed in 13-m depth are presented that quantitatively support this generation
mechanism. As in previous studies, dramatic increases in the spectral levels of seafloor
pressure at double wind-wave frequencies (0.3-0.7 Hz) frequently occurred after a
sudden veering in wind direction resulted in waves propagating obliquely to preexisting
seas. The observed spectral levels and vector wavenumbers of these double-frequency

pressure fluctuations agree well with predictions obtained by applying second-order
nonlinear, finite depth wave theory (Hasselmann, 1962) to the observed directionally
bimodal seas. High-frequency seafloor pressure spectral levels also increased in
response to directionally narrower but more energetic seas generated by strong, steady
or slowly rotating winds. Bispectral analysis suggests that these pressure fluctuations
are generated by nonlinear mechanisms similar to the veering wind cases.

1. Introduction

In linear theory the fluctuating pressure field of surface
gravity waves is strongly attenuated at depths exceeding a
horizontal wavelength. However, pressure fluctuations with
about double the frequencies of swell and sea are often much
more energetic at the seafloor than predicted by linear theory
and are generally believed to be a second-order nonlinear
effect [e.g., Miche, 1944; Longuet-Higgins and Ursell, 1948;
Phillips, 1960; Hasselmann, 1962]. The nonlinear interaction
between two free (i.e., obeying the dispersion relation)
surface waves with frequencies f; and f, and wavenumbers
k; and k, excites a forced secondary wave with the sum
frequency f; + f, and sum (vector) wavenumber k; + k.
Thus two primary waves of approximately equal frequency
(f1 = f») traveling in nearly opposing directions (k; = —k;,)
theoretically force a secondary wave with about double the
frequency of the primary waves and a relatively small
wavenumber. The weakly attenuated pressure field of these
high-frequency, long-wavelength secondary waves can ex-
cite deep-sea microseisms [Longuet-Higgins and Ursell,
1948].

The generation of double-frequency pressure fluctuations
and microseisms by nonlinear interactions of directionally
opposing surface waves has been studied both theoretically
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[e.g., Longuet-Higgins, 1950; Hasselmann, 1963;
Brekhovskikh, 1966; Hughes, 1976; Kibblewhite and Wu,
1989] (see Kibblewhite and Wu [1991] for a recent review)
and experimentally [e.g., Cooper and Longuet-Higgins,
1951; Haubrich et al., 1963; Nichols, 1981; Kibblewhite and
Ewans, 1985; Webb and Cox, 1986; Cox and Jacobs, 1989].
A detailed quantitative verification of the nonlinear theory
for seafloor pressure has not been reported owing to the
difficulty of simultaneously measuring the directional spec-
trum of wind waves and the associated forced pressure field.
Recently, Herbers and Guza [1991, 1992] showed that dou-
ble-frequency pressure fluctuations observed at the seafloor
in 13-m depth agree reasonably well with predictions based
on second-order nonlinear theory [Hasselmann, 1962] and
concurrent measurements of the directional properties of sea
waves. However, the accuracy of these theoretical predic-
tions was limited by the poor directional resolution of the
small aperture (20 m X 20 m) array of seven pressure
sensors.

In the present study, data from a large-aperture (250 m X
250 m) array of 24 pressure transducers deployed in 13-m
depth are used to investigate in more detail the nonlinear
excitation of high-frequency pressure fluctuations. In this
water depth, free surface waves with frequencies less than
0.3 Hz are only weakly attenuated, but above about 0.35 Hz
the water column acts as a filter for free waves and relatively
low-energy, long-wavelength forced waves are dominant at
the seafloor. For example, the pressure spectral levels of
free waves with frequencies 0.2, 0.4, and 0.6 Hz (37.9-, 9.7-,
and 4.3-m wavelengths, respectively) are reduced by factors
of roughly 1072, 1077, and 10 !¢, respectively, from the sea
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Figure 1. Large increases in spectral levels of seafloor

pressure at double-wind-wave frequencies (about 0.35-0.7
Hz) frequently observed immediately following a sudden
large shift in wind direction are illustrated with spectra (solid
curves), collected at 4-min intervals (¢ = 6:40-6:56 hours in
Figures 4a and 4b). Comparably energetic high-frequency
pressure fluctuations (dotted curve) were generated by a
strong, relatively steady wind (¢ = 39 hours in Figure 9a).
The pressure spectral densities (here and elsewhere in this
paper) have been converted to equivalent vertical water
column displacements.

surface to the seafloor. There is about a factor 50 difference
in the surface to bottom attenuation of pressure variance of
0.30- and 0.35-Hz free waves, the typical frequency range of
very steep spectral roll-off with increasing frequency and of
transition from free to forced waves (e.g., Figure 1) [see
Herbers and Guza, 1991, 1992]. Thus both low-frequency
(f < 0.30 Hz) wind-generated free waves and the corre-
sponding long-wavelength portion of the high-frequency
(f > 0.35 Hz) forced wave field can be measured at the
seafloor. In addition to the interactions of directionally
opposing waves with the same frequency that force double-
frequency waves at the seafloor in deep water, seas with
significantly different frequencies and/or propagation direc-
tions that deviate substantially from opposing are important
to the forced bottom pressure field in finite water depth [e.g.,
Herbers and Guza, 1991]. Therefore the present observa-
tions are compared to a second-order finite depth theory
[Hasselmann, 1962].

An overview of the field observations is given in section 2.
The frequent and dramatic increases in double-frequency
energy that occurred in response to large shifts in wind
direction (an example is shown in Figure 1) are described in
section 3. In section 4, spectral levels and wavenumbers of
double-frequency seafloor pressure fluctuations observed
during veering wind events are shown to be accurately
predicted by second-order nonlinear theory [Hasselmann,
1962]. As discussed in section 5, spectral levels of high-
frequency pressure fluctuations are elevated not only in
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response to a sudden shift in wind direction but also during
strong steady winds and were maximum in a northeaster
with directionally narrow but energetic seas (Figure 1).
Bispectral analysis indicates that nonlinear surface wave
interactions are also the source of these high-frequency
seafloor pressure fluctuations. Although the present obser-
vations are generally consistent with theoretically predicted
second-order nonlinear effects, it is shown in section 6 that
third- and higher-order nonlinear effects are also detectable.
The results are summarized in section 7.

2. Description of Observations

An array of 24 pressure transducers (250 m X 250 m
aperture) was deployed on the seafloor in 13-m depth, 2 km
offshore of Duck, North Carolina (Figure 2). The barrier
island field site is exposed to sea waves with a wide range of
local propagation directions [Leffler et al., 1992, 1994]. The
array geometry was tuned to the theoretically expected
wavelengths of wind-generated seas and associated double-
frequency secondary waves. Extensive surveys showed that
uncertainties in sensor locations are less than 1% of the
distance to the array center. To minimize flow noise, the
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Figure 2. (a) Array location and (b) plan view: 24 pressure

sensors (dots) were deployed on the seafloor in 13-m deptl},
2 km offshore of Duck, North Carolina. The positive x-axis
is directed offshore.
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Figure 3. Hourly vector winds ((a) and (c) the y axis indicates the scale of the wind vectors in units of
meters per second), surface wave variance (dashed curves in b and d units, of 10° cm?), and pressure
variance in the double-frequency range 0.35-0.70 Hz (solid curves in Figures 3b and 3d, units of cm?) for
(upper) October and (lower) November 1990. Wind measurements were collected on a nearby (within 1 km
of the array site) pier. Surface wave variances were estimated from the seafloor pressure spectra in the
frequency range 0.05-0.30 Hz based on the theoretical decay of free (linear) waves. The labeled vertical

lines indicate events considered in detail.

transducers were buried about 10 cm within the sandy
bottom [Herbers and Guza, 1991]. Data were collected at a
4-Hz sample rate between September 1990 and June 1991.
The experiment is described in more detail by Herbers et al.
[1994].

Throughout the 9 months of observations, the magnitude
of pressure fluctuations at wind-wave and double wind-wave
frequencies suddenly simultaneously increased during a
rapid veering in wind direction, as illustrated in Figure 3 for
October and November (when winds veered most frequently
owing to the passage of weather fronts). Concurrent in-
creases in microseism activity, similar to those reported by

Kibblewhite and Ewans [1985], were observed in about 10-m
depth within 1 km of the array site [Yamamoto and Nye,
1992]. Five case studies selected for further analysis, indi-
cated by vertical lines on Figure 3, include both rapidly
veering and relatively steady winds.

3. Seafloor Pressure Response to Veering Winds

The remarkably rapid response of seafloor pressure fluc-
tuations at both sea and double-sea frequencies to a sudden
shift in wind direction observed on November 29 (labeled
11/29 in Figures 3c and 3d) is detailed in Figures 1 and 4. The
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Figure 4. Response of surface waves and seafloor pressure to a rapidly veering wind. (a) History of
17-min average wind vectors (the y axis indicates the scale i 1n umts of meters per second) (b) History of
double-frequency pressure spectral density (contours at 10%2 jintervals in units of cm2/Hz) over the
frequency range 0.3-0.8 Hz. (c) A sequence of frequency spectra of bottom pressure. (d)—(g) Correspond-
ing sequence of frequency—dlrectlonal spectra of sea surface elevation in the swell-sea frequency range
0.05-0.3 Hz (contours at 293 intervals in units cm?/Hz°), where 6 = 180° is onshore propagatlon and the
vertical solid lines indicate the local wind direction. The times of the spectral estimates in Figures 4c—4g
are indicated by vertical dashed lines in Figures 4a and 4b. The time origin (+ = 0) is 03:25 hours,
November 29, 1990.

energy is below the instrument noise level (approximately

double-frequency energy was maximum within an hour after
2 X 1073 cm?/Hz in Figure 4c and 10> c¢m? in Figures 3b

the wind veered (Figures 4a and 4b), while the total surface

wave energy continued to increase (Figures 3¢ and 3d). A
sequence of four swell-sea frequency-directional spectra
(E( f, ), estimated from the array measurements using the
varlatlonal technique described by Herbers and Guza [1990])
spanning this event is shown in Figures 4d—4g. Correspond-
ing seafloor pressure frequency spectra (E,(f)) are shown
in Figure 4c. '

Before the wind veered (¢ = 4:43 hours), the wave field is
directionally narrow (Figures 4d) and double-sea-frequency

and 3d). Immediately after the wind veered (¢ = 6:58 hours),
E,(f, 0) is bimodal with a new 0.28-Hz sea peak (aligned
with the new wind direction) directionally opposing preex-
isting seas (Figure 4e¢). The interaction of these seas results
in a broad double-frequency peak in E,,(f) centered at about
0.48 Hz (Figure 4c). At t = 7:28 hours, 1 hour after veering,
the new wind-wave and double-frequency peaks have
evolved to 0.22 Hz (Figure 4f) and 0.41 Hz (Figure 4c),
respectively. The double-frequency energy has increased
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Figure 5. Veering winds, obliquely traveling seas, and double-frequency pressure fluctuations observed
on (left) October 5 and (right) October 19. (a) and (b) History of 17-min average wind vectors. (c) and (d)
History of double-frequency pressure spectral density. () and (f) Frequency-directional spectra of sea
surface elevation at the times indicated by dashed vertical lines in Figures 5a-5d. The solid vertical lines
indicate the local wind direction. Time origins (¢ = 0) are 16:25 hours, October 4, 1990 (Figures S5a
and 5c¢) and 18:25 hours, October 18, 1990 (Figures 5b and 5d). Formats of the panels are the same as in

Figure 4.

(relative to ¢t = 6:58 hours) at frequencies below 0.45 Hz
owing to interactions between the increasingly energetic
new wind waves and the (only slowly decaying) residual
waves opposing the wind (Figure 4f). At frequencies above
about 0.25 Hz the waves opposing the wind have decayed
(compare Figures 4e and 4f), resulting in a decrease in
E,(f) above 0.5 Hz (Figure 4c). Four hours after the wind
veered (¢ = 10:43 hours) the double-frequency peak in
E,(f) has further downshifted and merged into the
apparently saturated high-frequency shoulder of the 0.16-Hz
sea peak (Figure 4c). The total surface wave energy has
increased significantly, but pressure spectral levels
above 0.4 Hz have decreased indicating that the energy
levels of waves opposing the wind have decreased
(Figure 4g). The sea propagation and local wind direc-
tions sometimes differed significantly (e.g., Figures 4d
and 4g) owing to the limited fetch for offshore winds,
refraction of low-frequency wind waves toward normal

incidence to shore (6 = 180°), and perhaps spatial variability
of the wind.

Two additional examples (October 5 and October 19, see
Figure 3) of obliquely traveling wind waves generated by
veering winds are shown in Figure 5 (corresponding E,(f)
are shown in Figures 7a and 7b). Although the peaks in the
directionally bimodal sea spectrum are only separated by
about 100° on October S, compared to = 150° on October 19
and November 29, double-frequency pressure energy levels
at the seafloor are still significantly elevated. In this inter-
mediate depth (4 = 13 m) water, interactions between all
obliquely propagating (i.e., not necessarily opposing) wind-
wave pairs with vector wavenumbers (k, k,) such that |k; +
k,|h = O(1) force weakly attenuated pressure fluctuations
at the seafloor. The evolution shown in Figures 4 and 5 is
typical of the many veering wind events examined, and
similar to the general patterns of evolution observed by
Kibblewhite and Ewans [1985].
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Figure 6. The coefficient M(f/12 — AfI2, fI2 + Afi2, A9)
(units of m ~2) for the forcing of secondary seafloor pressure
fluctuations with frequency f by the interaction of two
surface waves with differences in frequency A f and propa-
gation direction A6 (equation (2)), as a function of A f and A6
for f = (a) 0.2 Hz, (b) 0.4 Hz, and (c) 0.6 Hz. Solid and
dashed contours indicate interactions for which the pressure
bispectrum (Appendix B, equation (B1)) is negative and
positive, respectively.

4. Comparison to Second-Order Nonlinear
Wave Theory

Weakly nonlinear theories for surface gravity waves
[Miche, 1944; Longuet-Higgins and Ursell, 1948; Phillips,
1960; Hasselmann, 1962] predict secondary pressure fluctu-
ations owing to interactions of two wind-wave components.
At great depth, only very long wavelength, double-
frequency pressure fluctuations excited by directionally op-
posing waves of equal frequency are unattenuated, and
compressibility effects are important [Longuet-Higgins,
1950; Hasselmann, 1963]. In the intermediate depth where
the present observations were collected, compressibility
effects are negligible [e.g., Longuet-Higgins, 1950] and a
broader range of interactions drive seafloor pressure fluctu-
ations.
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Assuming an incompressible fluid on a rigid flat sea bed,
the lowest-order sea surface is described by a frequency-
directional spectrum E 7(f> 0) of free waves with wavenum-
bers k = [k cos 6, k sin 6] obeying the dispersion relation

27 f = [gk tanh (kh)]"? (1

The spectrum of nonlinearly forced secondary seafloor pres-
sure is (neglecting difference-frequency interactions)

f 27 27
Ep,forced(f) = f dAff d01 f do,
0 0 0

“M(f12 = Af12, fi2 + Af12, |6, — 6,))
CEo(fl2 = Af12, 0)E,(f2+Af12, 6,) (2

where the interaction coefficient M is a complicated function
of the differences in frequency (A f) and propagation direc-
tion (A@ = |6; — 6,) of the interacting free waves [Hassel-
mann, 1962; Hasselmann et al., 1963). Regions of A f, A@
space where M is large contribute most efficiently to the
forced seafloor pressure field.

The dependence of M on Af and A6 in 13-m depth for
frequencies f = 0.2, 0.4, and 0.6 Hz is shown in Figure 6
(see also Herbers and Guza [1991]). For f = 0.4 and 0.6 Hz,
M is maximum for free waves of equal frequency (A f = 0)
traveling in opposing directions (A8 = 180°). For f = 0.6 Hz
(Figure 6c), M is reduced by more than a factor 10~ for
either A@ < 90° or A f> 0.2 Hz. For f = 0.4 Hz (Figure 6b),
the dependence of M on A f and A@is weaker; the reduction
for the same A8 (90°) or A f (0.2 Hz) is only about a factor
107221073, Thus 0.6-Hz seafloor pressure fluctuations are
excited primarily by nearly directionally opposing waves of
about equal frequency (0.3 Hz) whereas the seafloor pres-
sure field at 0.4 Hz can result from a broader range of
interactions. At 0.2 Hz, values of M for colinear (A8 = 0) and
opposing (A9 = 180°) wave interactions are about equal, so
that the forced pressure field is likely to be dominated by
small A@interactions owing to the typically small amounts of
directionally opposing energy. Furthermore, free wind
waves at 0.2 Hz are not strongly attenuated in 13-m depth
and the bottom pressure spectrum usually contains a mix of
free and forced waves [e.g., Herbers et al., 1992].

Theoretically predicted spectra of forced secondary pres-
sure fluctuations (E, forceq(f)) in the frequency range 0.3—
0.5 Hz are compared to observed spectra (E »(f)) in Figures
7a-Tc for three occasions (Figures 4 and 5) when veering
winds generated obliquely traveling seas and elevated dou-
ble-frequency energy. The predictions were obtained by
substituting in (2) the E 7(f, 0) estimates in the swell-sea
frequency range 0.05-0.3 Hz (Figures 4e, 5S¢, and 5f). Also
shown are comparisons of observed and predicted root-
mean-square wavenumbers k. (f) (Figures 7d-7f)

12

ke 2w
f dkf k do kK’E,(f, k, 9)
0 0

kems(f) = " - 3)
chkj k do E,(f, k, 6)
0 0

and vector-averaged mean propagation directions Opean(f)
(Figures 7g-7i)
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Figure 7. Comparison of observed (open circles) and predicted (asterisks; in the frequency range 0.3-0.5
Hz) seafloor pressure fluctuations. (a)-(c) Pressure frequency spectra E,(f). (d)—(f) Average wavenumber

magnitudes k

ms(f) (equation (3)), the solid curve is the linear dispersion relation (equation (1)). (g)-(i)

Mean propagation directions 6Ope,,(f) (equation (4)). Results are shown for (left) October 5, (center)
October 19, and (right) November 29, corresponding to the swell-sea frequency-directional spectra in
Figures Se, 5f, and 4e, respectively. Estimates of kg and 6y,,, are shown only for frequencies where E,

is well above the instrument noise floor.

ke

2
dk |*" k do k sin 6E,(f, k, 0)

tan [0 mean(f)] = " -
chkf k d§ k cos 6E,(f, k, 6)
0 0

4

where E,(f, k, 6) is the frequency (vector) wavenumber
spectrum of seafloor pressure. Contributions to E,(f, &, 6)
at wavenumbers larger than the cutoff wavenumber k. =
2w/h are expected to be negligible owing to the exponential
vertical decay of waves with wavelengths less than the water
depth [e.g., Herbers and Guza, 1992]. The method used to
estimate k., (f) and 0., (f) from the array data is briefly
described in Appendix A. Equations with a structure similar
to (2) yield theoretical predictions of k ,(f) and Oyeqn(f) at
double wind-wave frequencies [Herbers and Guza, 1992].

The observed and predicted forced wave energy levels,
wavenumbers, and propagation directions are generally in
good agreement over the frequency range 0.35-0.5 Hz
(Figures 7). The comparisons are restricted to this narrow-
frequency range as a consequence of using the same array to
observe both free and forced waves. Since forced waves
dominate the seafloor pressure measurements above 0.35
Hz, the directional properties of high-frequency (>0.3 Hz)
wind waves are not available, and accurate forced wave
predictions are limited to frequencies less than about 0.5 Hz
[Herbers and Guza, 1991]. At frequencies below 0.35 Hz the
observed motions are a mix of free and forced waves but the
predictions account only for forced waves. The observed
kems (Figures 7d-7f) are very close to the linear wave
dispersion relation (equation (1)) at frequencies below 0.3
Hz, consistent with the hypothesis that free waves dominate
the pressure field below 0.3 Hz. Above about 0.35 Hz, the
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attenuation of free waves and dominance of longer-
wavelength forced waves cause the observed and predicted
ks to deviate from the linear dispersion curve.

The observed and predicted double-frequency wave fields
are in better overall agreement than similar comparisons
using a much smaller array of pressure sensors [Herbers and
Guza, 1991, 1992]. The somewhat larger discrepancies ob-
served on October 5 above 0.4 Hz (Figures 7a and 7d),
compared to October 19 (Figures 7b and 7¢) and November
29 (Figures 7c¢ and 7f), may be owing to errors in the
predictions caused by small inaccuracies in the E,(f, )
estimate. On this occasion the directional separation be-
tween the two sea peaks is only about 100° (Figure Se,
compared to about 150° in Figures 4e and 5f). Since the value
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of M for 0.4-Hz forced waves excited by A§ = 100° interac-
tions is about a factor 10 "2 smaller than the maximum value
of M for A6 = 180° (Figure 6b), a weak sidelobe in the E,( f,
0) estimate at an angle opposing the dominant seas can
contribute a relatively large error in the forced wave predic-
tion. This sensitivity increases with increasing forced wave
frequency (e.g., the same reduction of M for 0.6-Hz forced
waves is about 107, Figure 6c). Thus the differences
between predictions and observations are plausibly ex-
plained by the limitations of the array data and do not
suggest a violation of the assumptions used in second-order
nonlinear wave theory or the presence of high-frequency
pressure fluctuations driven by other mechanisms. The
present observations are quantitatively consistent with the
theory that double-frequency energy peaks following a rapid
veering in wind direction result from nonlinear interactions
between obliquely traveling wind waves and that these
forced pressure fluctuations have the sum (vector) wave-
number of the interacting waves.

5. Seafloor Pressure Response to Steady Winds

Pressure spectral levels at double wind-wave frequencies
were also observed to be elevated during periods of strong,
steady winds. For example, after the November 29 veering
wind event, the double-frequency energy levels do not relax
back to the low pre-veering values but remain elevated,
presumably in response to a steady alongshore wind (Figures
4a and 4b). Pressure spectra observed during 16 randomly
selected episodes of relatively steady, moderate to strong
winds are featureless at high frequencies (Figure 8a), lacking
the distinct double-frequency peak characteristic of veering
wind events (e.g., Figure 4c). However, qualitatively similar
to wavenumbers observed during veering wind events (Fig-
ures 7d-7f), the k,;(f) estimates in steady winds (Figure
8b) transition from free wave values at frequencies below 0.3
Hz to longer wavelengths at higher frequencies.

The strongest winds and maximum sea energy levels
during the 9 months of observations occurred in a severe
northeaster storm (Figure 1, labeled 10/26 in Figures 3a and
3b). During a 30-hour period the wind slowly rotated from
onshore to alongshore, and increased in mean speed from
less than 5 to 25 m/s (Figure 9a), with gusts exceeding 40 m/s.
This event was examined in more detail because the high-
frequency pressure spectral levels exceeded the levels ob-
served in veering wind events (Figure 1) but also because the
intense wave breaking at the array (the maximum significant
wave height was about 4 m) raises the possibility that
turbulence contributed significantly to the bottom pressure
field.

Whereas the frequency-directional surface wave spectra
E ., (f, 8) generated by veering winds are typically bimodal
with obliquely traveling preexisting and new seas (e.g.,
Figures 4e, 4f, Se, and 5f), the E,(f, 6) observed in steady
or slowly rotating winds are usually unimodal with most of
the energy contained within *+45° of the spectral peak
direction (e.g., Figure 4g). Existing measurements, including
the spatially extensive many-element array data used in the
present study, fundamentally lack the resolution to detect
relatively low energy waves traveling at large oblique angles
in steady winds. Parameterizations of E,(f, 6) based on
such observations [e.g., Longuet-Higgins et al., 1963; Tyler
et al., 1974; Mitsuyasu et al., 1975; Hasselmann et al., 1973,
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Figure 9. Response of surface waves and seafloor pressure to a strong and slowly rotating wind. (a)
History of 17-min average wind vectors (same format as Figure 4a). (b) Sequence of bottom pressure
frequency spectra. (c) Estimates of k,( /) corresponding to the last four spectra in Figure 9b. The solid
curve is the dispersion relation for linear waves. (d) Estimates of 6,..,(f) corresponding to the last four
spectra in Figure 9b. Arrows show the local wind direction (180° is onshore) at the indicated times. Times
of the estimates in Figures 9b-9d are indicated by vertical dashed lines in Figure 9a. The time origin (¢ =

0) is 17:17 hours, October 24, 1990.

1980; Donelan et al., 1985] thus do not accurately describe
the tails of directional wind-wave energy distributions. The
energy levels of waves opposing steady winds, which
strongly influence double-frequency pressure spectral levels
at the seafloor, are unknown.

Because of the sensitivity of predictions to the unresolv-
able waves propagating at large oblique angles relative to the
wind, detailed comparisons to second-order theory (e.g.,
Figure 7) are not presented in the following analysis of cases
with steady or slowly rotating winds. Instead, bispectral
analysis is used to test the hypothesis that the observed
high-frequency pressure fluctuations result from nonlinear
wind-wave interactions. The bispectrum B( fi, f>) (Appen-

dix B), normalized by the spectral densities at frequencies
fi, fr and fy + f5
B(f1, f2)

b B =
o 1) = B B + )12

(&)

detects nonlinear phase coupling between wave components
with frequencies fi, f,, and f] + f, [e.g., Hasselmann et al.,
1963; Haubrich, 1965; Masuda and Kuo, 1981; Elgar and
Guza, 1985; Herbers and Guza, 1992].

The real part of b(f;, f) is shown in Figure 10 at 4 times
during the October 26 northeaster. As predicted theoreti-
cally [Hasselmann et al., 1963], the imaginary part is ap-
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Figure 10. Evolution of the real part of the normalized

bispectrum b(f;, ffz) (equation (5); units of Hz "2, contour
interval 0.4 Hz™2) during the October 26 northeaster.
Times of the estimates are indicated by the last four vertical
lines in Figure 9a. Corresponding spectra, wavenumbers,
and propagation directions are shown in Figures 9b-9d.
Solid and dashed contours denote negative and positive
values, respectively. Nonzero values indicate nonlinear
phase coupling between waves with frequencies f;, f,, and

fi + fa.

proximately randomly scattered about zero (Figure 11). The
negative sign of the broad peak in the bispectrum at f; =
0.22 Hz, f, = 0.15 Hz during the initial phase of the storm
(¢t = 18 hours, Figure 10a) is theoretically expected (Figure
6b) for pressure fluctuations forced by the interaction be-
tween new 0.22-Hz seas and obliquely traveling (A6 = 70°,
Figure 9d) preexisting 0.15-Hz seas. Three hours later the
new sea peak is more energetic and shifted to about 0.18 Hz
(Figure 9b, ¢t = 21 hours). The peak in the bispectrum has
shifted to f; = f, = 0.18 Hz (Figure 10b), suggesting that
the dominant interactions no longer involve preexisting seas
but are between more energetic new seas. At t = 27 hours
the energy of the sea peak has increased dramatically and
downshifted to about 0.14 Hz (Figure 9b). The correspond-
ing peak in the bispectrum at f; = f, = 0.14 Hz is positive
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(Figure 10c), consistent with the theoretical phase relation-
ship for colinearly forced secondary waves (Figure 6a, Af =
0). Colinear interactions are expected to dominate the forced
pressure field below about 0.3 Hz unless the directional
wind-wave spectrum is extremely broad (Figure 6a). At
higher sum frequencies, b(f;, f,) remains negative (Figure
10c) consistent with the expected forcing by interactions of
obliquely traveling waves (Figure 6b).

At the height of the storm (¢ = 39 hours, Figure 9b) the
spectral peak has further downshifted to about 0.1 Hz, and
the positive peak in the bispectrum, corresponding to colin-
ear interactions of the dominant seas, is similarly down-
shifted (Figure 10d). Between ¢ = 18 hours and ¢z = 39 hours
the k., estimates in Figure 9c show increasingly large
deviations from the linear dispersion curve in the frequency
range 0.2-0.3 Hz, consistent with the transition from free
wave (Figures 10a and 10b) to forced wave (Figures 10c and
10d) dominance observed in the bispectral estimates. At
higher sum frequencies the negative sign of the bispectrum
indicates the dominance of interactions between obliquely
traveling waves similar to earlier stages of the storm (Figures
10a-10c). However, in addition to the expected f; = f, ridge
of interactions between waves of nearly equal frequency,
there is a broad negative peak centered at f; = 0.26 Hz,
f> = 0.11 Hz. A plausible explanation for this peak is
interactions between the dominant 0.1-Hz waves traveling
approximately normal to shore (180°) and locally generated
waves aligned with the alongshore (270°) wind (Figure 9d).
The contributions of these relatively short wavelength
forced waves may be significant because of the very high
energy levels at frequencies near the spectral peak (eq. 2),
even though the interaction coefficient M for A = 90° and
Af = 0.15 Hz is about a factor 103 smaller than the
maximum M for A6 = 180°, A f = 0 (Figure 6b). The &k, at
high frequencies (>0.35 Hz) are maximum at the height of
the northeaster (¢t = 39 hours, Figure 9c), qualitatively
consistent with contributions of large A f (and hence large |k;
+ k,|) interactions between the energetic spectral peak and
local seas.

6. Discussion

Although the bispectra and wavenumber estimates for the
October 26 northeaster (Figures 9-11) and other occasions of
steady or slowly rotating winds (Figure 8, bispectra not
shown) are qualitatively consistent with second-order non-
linear theory, it is possible that third- and higher-order
forced waves contribute significantly to the high-frequency
bottom pressure field. For example, at the height of the
northeaster the negative bispectral values observed at f; =~
0.26 Hz, f, = 0.11 Hz (Figure 10d) are plausibly explained

1.5

IMAG (Hz=1/2)

-15 " . i . ,
2 4

0
REAL (Hz=1/2)

Figure 11. Imaginary versus real parts of the
shown in Figures 10 and 12.

bispectra



HERBERS AND GUZA: NONLINEAR WAVE INTERACTIONS AND SEAFLOOR PRESSURE 10,045
10/12

e (b)
1ot 0.25

S 103 .
~ N

_3\ 102 T 0.20
c— 1 p—

@ 10

5 109 K 0.15

© 10!

-— 0.10}

$ 1072 4

o -

»n 10-3 TS TN TR N W | L L

0.0 0.3 0.6 0.10 0.20 0.30 0.40 0.50
f  (Hz) fy (Hz)
Figure 12. (a) Seafloor pressure spectrum and (b) bispectrum (same format as Figure 10) observed on

October 12, 1990, 20:25 hours, during the arrival of energetic swell (the significant wave height was about
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by second-order interactions of obliquely traveling waves,
but at these relatively high sum frequencies (f; + f; is 34
times the spectral peak frequency), contributions of tertiary
and quartenary forced waves could also be important.

As discussed by Kibblewhite and Wu [1991], both second-
and higher-order nonlinear interactions can drive unattenu-
ated pressure fluctuations. In general, the nonlinear interac-
tion between N surface wave components with wavenum-
bers (kq, k,, - -+, ky) and frequencies (fy, f2, ***, fn)
(given by the dispersion relation, equation (1)) yields a
forced wave comiponent with the sum frequency (f; + f5
+ -++ + fy) and wavenumber (k; + k, + - -+ + ky) that
reaches the seafloor if k; + k, + -+ + ky|lh = O(1). An
example is the interaction between two swell components
with about equal frequencies ( fwey) and propagation direc-
tions (6yey) and a higher-frequency ( fiea > fowen), direction-
ally opposing (6, = Oswen + 7) sea component. In deep
water the condition that the resulting forced tertiary wave
with frequency 2fwen T fsea reaches the seafloor is satisfied
for feea = 2 12 Sswelt-

In the present data set, higher-order nonlinear interactions
are detectable during the arrival of energetic 0.07-Hz swell
from a distant hurricane (Figure 12). The negative b( f, f>)
values for f; + f, > 0.3 Hz are characteristic of second-
order interactions between obliquely traveling seas (e.g.,
Figure 10). However, the ridge of positive values for con-
stant f, = 0.07 Hz, extending to sum frequencies as high as
0.5 Hz, may be caused by higher-order interactions between
energetic swell components (Appendix B). Since the primary
swell is in relatively shallow water (kh =~ 0.5), forced
colinear harmonic waves approximately obey the shallow
water dispersion relation k = 27 f)/(gh) 1”2 and can reach
the seafloor even for frequencies as high as 0.5 Hz. For
example, in 13-m depth the spectral decay at the seafloor of
0.5-Hz high-order forced waves obeying the shallow water
dispersion relation is 3 X 1073, compared to a decay of 8 X
10~° for 0.5-Hz secondary waves forced by colinear 0.25-Hz
primary waves, and 2 X 10! for 0.5-Hz free waves. During
the northeaster, similar higher-order colinear forced waves
were presumably excited but not detected because they were
submerged in more energetic high-frequency pressure fluc-
tuations driven by interactions between obliquely traveling
seas (Figure 10d). During the arrival of hurricane swell, local

winds were light and sea energy levels low, exposing higher-
order swell interactions (Figure 12).

Although the theory for the tertiary forced wave field
generated by a frequency-directional spectrum of surface
waves has been developed [Hasselmann, 1962], the conse-
quences of these and higher-order nonlinear interactions to
the seafloor pressure field has not been further explored.
Similar to second-order forced waves, the weakly attenuated
higher-order forced wave field is probably a strong function
of E,(f, 8), and higher-order spectral analysis techniques
are needed to identify the interacting wave components.

Theory predicts that microseisms are generated only by
seafloor pressure fluctuations with the same phase velocity
as a freely propagating seismic wave [e.g., Hasselmann,
1963]. Although the observed root-mean-square average
wavenumbers k. of forced high-frequency pressure fluctu-
ations are much less than the wavenumbers of free surface
gravity waves obeying the linear dispersion relation (Figures
7d-7f, 8b, and 9c), the k., are still several orders of
magnitude larger than the typical wavenumbers predicted for
microseisms. On shallow continental shelves a broad range
of interactions drive weakly attenuated pressure fluctua-
tions, but only the very long-wavelength components in this
pressure field can excite microseisms. No attempt was made
to estimate the spectral levels of the source pressure field for
microseisms from the preseént observations, because the
array aperture is too small and the record lengths (limited by
the duration of stationary wind-wave fields) too short to
adequately resolve the propagation of these relatively weak
long-wavelength components in a background of shorter-
wavelength forced waves.

7. Summary

The generation of pressure fluctuations at the seafloor in
the frequency range 0.3-0.7 Hz, about double the frequen-
cies of wind-generated seas, is investigated with data from a
24-element array of pressure sensors, deployed in 13-m
depth on the North Carolina shelf (Figure 2). In this depth,
swell and sea components (frequencies in the range 0.05-0.3
Hz) are only weakly attenuated at the seafloor, but free
surface waves with frequencies higher than 0.35 Hz have
wavelengths less than the water depth and are strongly
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attenuated. Above 0.35 Hz, the seafloor pressure spectrum
is dominated by long-wavelength, weakly attenuated pres-
sure fluctuations that are forced by nonlinear interactions
between pairs of surface wave components traveling at
oblique angles.

Dramatic increases in seafloor pressure spectral levels at
double the frequencies of locally generated seas were fre-
quently observed following a rapid veering in local wind
direction (Figure 3). Frequency-directional spectra E, ( f, 6)
of wind waves (estimated from the array data) are typically
narrow both prior to (Figure 4d) and well after the wind shift
(Figure 4g). Immediately after the wind shift, E,(f, 0) is
bimodal with obliquely traveling new and preexisting seas
(Figures 4e, Se, and 5f), and a double-sea-frequency peak
develops (Figures 4a, 4b, and 5a-5d). Both the new sea peak
and the double-frequency peak rapidly increase in energy
(sometimes by a factor of 102-103 in less than 20 min, Figure
1). The preexisting seas gradually decay (Figure 4f), and the
double-frequency peak shifts to lower frequencies, eventu-
ally merging into the high-frequency tail of the fully devel-
oped new sea spectrum (Figure 4c).

The observed double-frequency pressure fluctuations are
compared to predictions based on second-order nonlinear
theory and the observed directionally bimodal seas. The
good agreement between observed and predicted energy
levels, wavenumber magnitudes, and propagation directions
(Figure 7) adds confidence to the conclusion of Herbers and
Guza [1991, 1992, and references therein] that the double-
frequency seafloor pressure fluctuations are forced second-
ary waves excited by nonlinear interactions between ob-
liquely traveling surface waves.

Pressure spectral levels at double-wind-wave frequencies
increase both after a sudden shift in wind direction and in
response to strong, relatively steady winds. During the
9-month experiment the highest-energy levels in the fre-
quency range 0.3-0.7 Hz occurred in a northeaster when
both the wind speed and surface wave energy were maxi-
mum (Figure 1). The evolution of the pressure field during
this storm was quite different from the response to veering
winds (compare Figures 4a and 4c with Figures 9a and 9b).
After a sudden shift in wind direction the rapid (timescales of
minutes) increase in double-frequency pressure spectral
levels is followed by a gradual decay. The sea energy
continues to increase, but the directional distribution nar-
rows and nonlinear forcing of long-wavelength, high-
frequency waves is less efficient. In contrast, during slowly
rotating winds, double-frequency energy levels increase
slowly (timescales of hours-days) and are maximum when
the sea energy is maximum. The directional distribution of
sea energy remains relatively narrow and increases in dou-
ble-frequency energy result primarily from increases in sea
energy. Wavenumbers (Figures 8b and 9c) and bispectra
(Figures 10 and 11) observed in steady or slowly rotating
winds are qualitatively consistent with the generation of
long-wavelength, high-frequency seafloor pressure fluctua-
tions by nonlinear interactions of obliquely traveling waves.

Bispectra observed during the arrival of energetic low-
frequency swell, when local sea energy levels were low, are
consistent with the generation of high-frequency pressure
fluctuations by third- and higher-order nonlinear interactions
between the dominant swell components (Figure 12). Fur-
ther work is needed to confirm this suggestion and to
quantify the importance of higher-order nonlinear effects.
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Appendix A: Estimation of Moments
of E p( f, k, 0)

The cross-spectrum H,,(f) of a pair of seafloor pressure
sensors, at locations [x,, y,] and [x,, y,] (Figure 2b), is
related to E,(f, k, 6) by

ke 2
H,,(f)= f dk f k do exp {ik[(x, — x ) cos 6
0 0

+ (¥, — ¥y sin O}E,(f, k, 8)  (AD

where k. is the cutoff wavenumber of waves that reach the
seafloor. For small sensor separations, (Al) can be approx-
imated by a truncated expansion:

Al o Gp =X "y —y"
Hpq(f)z2 2 !

(n — m)!m!

n=0 m=0
ke 2

f dkf k do k" cos"™™ 6 sin™ 0E,(f, k, 8)
0 0

(A2)

where N is the truncation order.

Estimates of moments of E,(f, k, 0) (e.g., equations (3)
and (4)) are obtained from linear combinations of the nor-
malized cross-spectra

h

' Hy(f) <
2 T T T 2 2 Bom

p.q n=0

¢ 2
j dk f k do k" cos”™™ 6 sin™ 0E,(f, k, 0)
0 0

ke 27
f dkf k dé E,(f, k, 6)
0 0

(A3)
where the coefficients B, are given by (A2)

(n— m)!m! (A4)

n—m m
Bam=S " (xp = x)" "(yp — ¥g)
P

For example, an estimate of k,;(f) (Eq. 3) can be obtained
by choosing weights a,, such that 8,y and B,, are approxi-
mately equal to 1 and all other B,,,,, are small (equation (A3)).
Estimates of ks (f) (equation (3)) and 6,,.,,(f) (equation
(4)) based on equations (A3) and (A4) were obtained analyt-
ically for a simple six-element array geometry by Herbers
and Guza [1992]. The estimates presented in this paper were
obtained with a more general numerical least squares fit
algorithm for arbitrary array geometries described by
T. H. C. Herbers, et al. (manuscript in preparation, 1994).
Differences between estimates obtained with the analytical

and numerical techniques are small.

Appendix B: Bispectra of Weakly Nonlinear
Waves

The (third order) seafloor pressure bispectrum B( f1, f>) is
defined analogous to the conventional (second order) energy
density spectrum [Hasselmann et al., 1963]
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B(fy, fo)dfdf, = 2E{dP(f1)dP(f,)dP(~ f, — f2)}

where E{ } denotes the expected value and dP(f) is the
Fourier-Stieltjes representation of the pressure time series

p(1)

(B1)

(1) = f " dP(f) exp 2mift) (B2)

From symmetry considerations the bispectrum is unique
only for the domain f; = f, > 0.

For weakly nonlinear surface waves, dP(f) can be ex-
pressed as

dP(f) =, dP,(f) (B3)

n=1

with dP(f) the lowest order (O(¢g), with ¢ the perturbation
parameter) free wave pressure and dP,(f) the O(&") pres-
sure due to forced waves excited by nonlinear interactions of
n free wave components [Hasselmann, 1962]. Substitution
of (B3) in (B1) yields

B(f1, f)dfdf,

200D D E{dP)(f1)dP n(f)dP(— f1 — f2)}

I=1 m=1 n=1

(B4)

Assuming the free wave field is Gaussian, the lowest-order
(O(£*)) term in (B4) E{dP,(f1)dP,(f)dP (- f; — f»)}
vanishes, as do all other odd-order(n + m + [ =5,7, )
terms [Hasselmann et al., 1963]. Keeping sum-frequency
interactions only, (B4) reduces to

B(f1, f2) = >, Ba(f1, f2)

n=2

(BS)

with B,, the O(¢*") contribution

By, (f1, f)dfrdf;

n—1

=2 > E{dP,_(f)dP (f2)dP(— fi = f2)}

m=1

(B6)

The lowest-order (¢*) term

By(f1, f)df1df, = 2E{dP(f1)dP(f2)dP,(— f1 — f»)}

(B7)
results from phase-coupled triads of two primary wave
components with frequencies f; and f, and the correspond-
ing secondary wave with the sum frequency f; + f,. For
example, if the primary wave spéctrum is narrow with peak
frequency f,,, phase-coupled secondary waves with double
the peak frequency 2f,, excited by (f,, f,) interactions yield
a nonzero value of B(f,, f,):

At the next nonvanishing order (&%) the bispectrum con-
tains two terms

By(f1, fo)dfrdfs = 2[E{dP,(f1)dP 1 (£)dP5(~ fi — £)}
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+ E{dP(f)dPy(f)dPs(— fi —f)}1  (BY)

owing to products of a primary, a secondary, and a tertiary
wavé component. For a narrow spectrum, phase coupling
between the dominant primary ( f,,), secondary (2f,, excited
by (fp, fp) interactions), and tertiary (3f),, excited by (f,
fp» fp) interactions) waves yields a nonzero value of B(2f,,
f,). Similarly, at the next nonvanishing order (&%),

Bg(f1, f)df1df, = 2[E{dP3(f1)dP(f2)dPi(—f1 — f2)}
+ E{dP,(f1)dP,(f)dP(—f1 — f2)}
+ E{dP(f1)dP3(f)dP (- f1 — f)}]

phase coupling between a primary, a tertiary, and a quarte-
nary wave with frequencies f,, 3f,, and 4f,, respectively,
yields a nonzero value of B(Gfy, fp), and phase coupling
between two secondary waves and a quartenary wave with
frequencies 2f,, and 4f,, respectively, yields a nonzero value
of B(2f,, 2f,). In general for a narrow spectrum, phase
coupling between the first n harmonics with frequencies f,,,
2f,, **+ , nf, is expected to contribute to the bispectrum at
frequencies f; = (n — m)f,, fo = mf, (With m = 1,
2, -+ +) (equation (B6)). However, spectra of naturally oc-
curring surface waves are usually broad resulting in a broad
bispectrum (e.g., Figures 10 and 12) that cannot be unam-
biguously interpreted.

(B9)
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