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ABSTRACT; j The effects of steady, uniform currents on random waves, and the 
associated water-particle kinematics, are investigated. The basic equations de­
scribing the interactions between waves and currents are reviewed, with special 
reference to the changes in the variance spectra of free-surface displacement 
and of horizontal water-particle velocity. Theoretical predictions are compared 
with laboratory measurements of random waves propagating onto an opposing 
current. The theoretical model is shewn-tch-he in reasonable agreement with 
observations!"? 

INTRODUCTION 

In general, waves do not propagate on quiescent water but travel on 
currents driven by the tidal forces of the sun and moon, by earth's grav­
ity or by the wind. If the current is positive (i.e., it travels with the 
waves) then the transformations experienced by random waves as they 
encounter the current are relatively straight-forward to predict. How­
ever, for a negative current (one which opposes the waves) the effects 
are more complex, owing to the enhanced level of wave breaking in­
duced by the current. 

Longuet-Higgins and Stewart (8,9) were the first to deal correctly with 
the interaction between water waves and currents. They introduced the 
concept of "radiation stress" and showed the existence of energy trans­
fer between waves and currents. Bretherton and Garrett (1) later drew 
attention to a quantity which they called "wave action." Wave action is 
important in the study of waves on currents as, unlike wave energy, it 
is conserved in the absence of wave generation or dissipation. For linear 
waves, wave action equals (wave energy density)/(wave frequency rel­
ative to the current). Its introduction led to some simplification in the 
mathematics of wave-current interaction. Instead of employing a rela­
tively complicated energy equation with its physically important radia­
tion stress term, it became possible to allow for the transfer of energy 
between waves and currents without the need to explicitly calculate the 
energy exchange. This approach is followed in the present paper. 

Wave refraction theory has advanced considerably since introduction 
of the concept of wave action. The work of Jonsson and others (6,7) 
involving regular waves has been of particular significance. In the pres­
ence of currents it is necessary to distinguish between wave rays and 
wave orthogonals; wave rays are in the direction of the vector sum of 
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the current and the relative group velocity of the waves, while orthog-
onals indicate the local orientation of the wave crests. The flux of wave 
action between neighboring rays determines the wave height. 

The interactions of currents with random waves are generally more 
complicated than the interactions with regular waves. Huang et al. (5) 
first derived equations describing the changes in wave spectra caused 
by currents. However, their derivation did not take account of the en­
hanced level of wave breaking induced by opposing currents, especially 
associated with the equilibrium range of the spectrum. Tayfun et al. (12) 
considered the effects on a directional wave spectrum of refraction caused 
by a combination of varying water depth and current. Hedges (3,4) mod­
ified Huang, et al.'s theoretical model to allow for the limit, on spectral 
densities brought about by wave breaking. Unfortunately, up to now, 
there has been a lack of experimental data against which theories for 
interaction between currents and random waves could be checked. 

In this paper, measurements of random, laboratory-scale waves prop­
agating, without refraction, onto a steady, almost uniform current are 
reported. Measurements of horizontal water-particle velocities, taken over 
a range of elevations by using laser-Doppler anemometry, are also de­
scribed. The results show that Hedges' formulation is in reasonable 
agreement with observations. 

THEORY 

The governing equations will be developed with reference to a current 
traveling in a direction parallel to the wave orthogonals. The formulation 
may be readily modified to allow for a current flowing at an angle to 
the direction of wave propagation. However, in that case there will be 
the added complication of refraction of the waves as they encounter the 
current. 

Consider a train of regular waves (wavelength, L, height, H) traveling 
on a steady, horizontally and vertically uniform current. The current ve­
locity is U; U is positive when the current flows with the waves, and 
negative when it opposes them. In a stationary frame of reference the 
waves have an apparent angular frequency, coa, while in a frame of ref­
erence moving along the wave orthogonal at velocity U, the angular fre­
quency is wr. Thus 

wfl = ur + kU (1) 

in which k(= 2n/L) = the wave number. In the moving frame of ref­
erence, the waves appear to be propagating on "still" water and, there­
fore, according to linear wave theory, the relative or intrinsic wave an­
gular frequency, cor, is given by: 

cor = (gk tanh kd)1/2 '" (2) 

In the preceding expression, g = gravitational acceleration; and d = the 
water depth. 

If a fixed vertical plane, normal to the wave orthogonal, is a distance, 
x, from the origin of the stationary co-ordinate system, then its distance, 
xr, from the origin of the moving co-ordinate system may be written: 
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xr = x-Ut (3) 

in which t = time (xr = x at t = 0). 
In the moving frame of reference the displacement, T\, of the water 

surface from mean-water-level (MWL) is given by linear wave theory as: 

t\ = - cos (kxr - u>rt) (4) 
2 ;s 

However, as a result of Eqs. 1 and 3, this expression may be rewritten 
as: 

y\ = — cos (kx - (x>at) (5) 

Furthermore, in the moving frame of reference the horizontal compo­
nent of water-particle velocity at an elevation, z, above mean-water-level 
is: 

H cosh k(d + z) 
"' = T mr T-T73 COS (**' ~~ mrt) (6) 

2 smh kd 
The horizontal component of water-particle velocity in the stationary frame 
of reference is 
ua = U + ur 

H cosh k(d + z) 
= U + - (<o, = kU) , ' cos {kx - a), t) (7) 

2 sinh ka 

As before, use has been made of Eqs. 1 and 3 to eliminate wr and xr from 
the preceding expression. 

When waves travel from one current region to another there will be 
no change in the apparent frequency, coa. However, there will be changes 
in the relative wave frequency, in the wavelength and in the wave height. 
The changes in tor and L (or k) may be found from Eqs. 1 and 2 while 
the change in H is determined from the principle of wave action con­
servation (1): 

d_ 

dx 

E(U + Cp) 
= 0 (8) 

in which E (= pgH2/8) = the wave energy density; Cgr = the relative 
group velocity of the waves; and p = water density. For waves traveling 
from quiescent water onto a current, an equivalent form of Eq. 8 is 

EoQo E(U+CP) 

G)r 

(9) 

in which the subscript "0" refers to quantities in the zero-current area; 
and Cg0 = the wave group velocity in this area. Again, the quantities Cgr 
and wr refer to the coordinate system moving with the current velocity, 
U. According to linear wave theory 

C 0 = - 1 + ° — (10) 
g 2\ sinh2k0d k0

 K ' 
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and 

c = i i -gr 1 + 
2kd 

sinh2faf/ k 
(11) 

In addition to predicting the change in the energy density of regular 
waves, Eq. 9 may also be used to describe the effects of currents on long-
crested random waves. In this case, the value of (o„ of each component 
of the random sea will remain constant as the waves cross from the 
quiescent area into the current region. Consequently, the spectral den­
sity of free-surface displacement for the current region, S^ (coa, 17), is 
related to the value in the quiescent area, S T̂1(coa), by: 

S„„K) 

cor 1 + 

S^(co0, U)d(oa 

2k0d 

_E 

E~OJ 

\smh2k0d) _ 

2fc0 \U + 1 + 
2kd 

sinh 2kd 

(12) 

If the water depth is sufficiently great that all components of the ran­
dom sea, both in the quiescent are and in the current region, are prop­
agating on deep water, then 

(Or 

1 + 
2l7<or\ 

8 I 
1 + 

L7(or 
1 + 

2l7wr 

1 + 1 
4l7co, 

V2n 

1 + 
4l7a>, 

1/2 (13) 

Eq. 13 was first given by Huang et al. (5). Based upon Eq. 12, it is 
subject to the same set of assumptions, one of which is that the waves 
are not refracted by the current. In general, as waves propagate onto an 
opposing current they tend to shorten and increase in height. Conse­
quently, S^ ((o„, 17) increases and Eq. 13 predicts that it will become in­
finite when wa = -g/4U; the energy of the particular component waves 
cannot propagate onto the current and wave breaking will occur at the 
current boundary. However, even components which do propagate onto 
the current may still be affected by breaking because there is a limit to 
which waves can grow in any particular- frequency band (11). For deep 
water, this "equilibrium range constraint" has been given by Hedges (3) 
as follows: 

* r>2 

S^ER (wa i U) ~ 
A*g 1 

K - kuf 
1 + 

2U(ua - kU) 
(14) 
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in which "ER" refers to the equilibrium range; and A* = a numerical 
constant. Note that in the absence of a current, Eq. 14 reduces to the 
more usual form derived by Phillips (11); for that case, Phillips quotes 
values for A* in the range 0.008-0.015. Provided that the equilibrium 
range of the spectrum is associated with deep water, it is assumed that 
Eq. 14 Will apply in the calculation of spectral densities for the current 
region whenever S^ER (CO„ , U) is less than S^ (&>„, U) given by Eq. 12 
(or 13). 

Once the spectrum of free-surface displacement has been established 
for the current area, then the corresponding spectrum for the horizontal 
component of water-particle velocity may be predicted using Eq. 7: 

S„„((o(1,!i) = (cofl-fcLZ): cosh2 k(d + z) 

sinh2 kd 
S^(w«,li). (15) 

EXPERIMENTAL WORK 

Description of Apparatus.—Experiments were performed in a random 
wave flume in the Civil Engineering Department at the University of 
Liverpool. The flume is 15.25 m long, 0.60 m wide with an operating 
water depth of 0.45 m. It is constructed so that waves are generated on 
quiescent water and then propagate into an opposing current (see Fig. 
1). The current is introduced through the beach and removed through 
louvres approximately half-way along the flume. The beach has a slope 
of about 1:6 and consists of a layer of rubberized matting overlying a 
wooden slab bored with a regular pattern of holes through which the 
current may pass. The current velocity can be varied by controlling the 
discharge of the pumps. 

The previous configuration, although convenient and easy to operate, 
did not initially produce currents which were sensibly uniform with depth. 
This condition was not achieved until the foot of the beach had been 
raised slightly, to increase flow along the floor of the flume, and a high 
surface current had been suppressed by covering the upper part of the 

wave gauges 

wave-maker permeable 
3 ,beachd :6 ) 

Mean ve loc i ty 
= -0-2 m/sec. 

-0-2 -CM 0 
C u r r e n t v e l o c i t y (m/sec) 

FIG. 1.—Schematic Diagram of Wave-
Current Flume 

FIG. 2.—Measured Current Profile at 
Wave Gage 2 
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beach with an impermeable plate. Unfortunately, it was more difficult 
to suppress the turbulence in the current, partly generated by the pumps 
but also produced by the flow-through the beach. The problems caused 
by the turbulence, in analyzing the data from the experiments, are ex­
amined later. 

The wave-maker indicated in Fig. 1 has a paddle which is hinged at 
the floor of the flume. It is driven by a control signal from a minicom­
puter and, while generating waves, it is able, simultaneously, to absorb 
reflections from the beach or other sources. This it achieves through the 
use of a feedback signal from a transducer measuring the force on the 
face of the paddle. 

Water-surface displacements were measured with resistance-type wave 
gages while water-particle velocity measurements were collected using 
a laser-Doppler anemometer. The anemometer was operated in forward 
scatter mode and was capable of resolving velocities in two directions, 
at right angles to one another. 

Experimental Procedure.—Four different variance spectra of free-sur­
face displacement were used in the test program. The first spectrum was 
of the Pierson-Moskowitz type, described by the equation 

0.0081 g2 

S^((Ma) = s exp 

-0.74 , 

(16) 

in which W = the wind speed. The value of W simulated in the tests 
was 1.3 m/s, the spectrum having a peak at 6.62 rads/s. The corre­
sponding significant wave height was 0.036 m. 

The second and third spectra were of the JONSWAP form: 

Ag2 / -L25a£A r S^K) - — r e x p j-^)-i (17) 

in which A = 5.78 [Hs(a)pt/2ir)2]2036 (-0.298 In 7 + 1.0); and r = exp 
(-(cofl - Co,*)2/2(j2a>pt); in which cr = 0.07 for u>a < u>pk and u = 0.09 for 
w„ > ay . 

Hs is the significant wave height, 7 is the peak enhancement factor, 
and topi- is the peak frequency. The JONSWAP spectra had Hs = 0.036 
m (i.e., the same as for the Pierson-Moskowitz spectrum), 7 = 6.0, and 
peak frequencies of 7.95 and 6.62 rads/s, respectively. The correspond­
ing values of A were 0.0081 and 0.0038. 

The fourth spectrum used in the tests merely described the Pierson-
Moskowitz equilibrium range between lower and upper cut-off frequen­
cies, 5.7 rads/s and 25.0 rads/s: 

0.0081 v2 

S ^ K ) = g-2- «, (18) 

The corresponding significant wave height for this spectrum was 
0.054 m. 

The control signals for the wave-maker were generated digitally on 
the Departmental mini-computer. The method used was based upon the 
linear superposition of a finite number of sinusoidal components each 
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acting at a certain frequency and having a random phase. These random 
phases were uniformly distributed between 0 and 2ir. By virtue of the 
Central Limit Theorem of statistics, the water-surface displacement pro­
duced in this manner obeys a mean-zero Gaussian probability distri­
bution. Therefore, the method used for the generation of the control 
signal was consistent with the theoretical framework of first-order ran­
dom wave theory. For each target spectrum the cumulative distribution 
of variance was calculated and* was split into sixty slices. Forty slices of 
equal area covered the 15% of the total variance at the high frequency 
end of the distribution, with the remainder of the distribution being cov­
ered by the other twenty slices, again of equal area. Each sinusoidal 
component was taken to act at the middle of the frequency band cor­
responding to its slice of the total variance. [For a more detailed de­
scription of the generation of random signals with a target spectral den­
sity, see Borgman (2)]. 

The records produced as control signals were 12,000 points long with 
a digitizing interval of 0.05 sec. They were passed through a digital to 
analogue converter and the resulting voltage signals stored on an F.M. 
tape deck. The analogue signals were later replayed into the wave-maker 
control console while the histories of free-surface displacement and par­
ticle velocities were sampled on-line and stored on magnetic disk, for 
subsequent off-line analysis. 

During the experiments, the mean water depth at the wave-maker was 
kept at 0.45 m and free-surface displacement was monitored at three 
positions along the flume: at 4.0 m, 8.0 m and 10.0 m from the paddle 
(Fig. 1). Horizontal and vertical components of water-particle velocity 
were measured at the second of these positions, at elevations of -0.5 
mm, -225 mm and -400 mm, relative to MWL. The mean current ve­
locity during the tests was 0.2 m/s (Fig. 2). With the current alone flow­
ing, the mean-water-level at wave gage 2 was approximately 1 mm be­
low that at the paddle. Addition of the waves caused little noticeable 
change either to MWL or to the current. 

Nine records were collected at each of the three elevations at which 
water-particle velocities were measured: one for each of the four spectra 
without the current, one for each spectrum with the current, and one 
for the current alone. This last record provided information on the amount 
of turbulence present in the current. 

DATA ANALYSIS 

Each test record contained data from five channels: three from the wave 
gages and two from measurements of the horizontal and vertical com­
ponents of water-particle velocity. The time series were digitized at a 
rate of 20 Hz, each containing 12,000 data points, and were subjected 
to spectral analysis. Both segmental and frequency smoothing were em­
ployed for the calculation of spectral estimates. First, a series was di­
vided into 20 segments of 512 points and spectral estimates were ob­
tained from each segment. Then, corresponding estimates for each 
frequency were summed and averaged. Finally, a 5-point frequency 
smoothing was applied to the resulting values, the total number of de­
grees of freedom of the final estimates being 200. 
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The observed spectra of free-surface displacement for waves propa­
gating against the current were compared with predicted spectra. The 
predicted spectra were derived from the observed spectra of waves on 
quiescent water. Two theoretical formulations were used: one based solely 
on Eq. 12 and the other incorporating the equilibrium range constraint, 
Eq. 14. The value of the constant ^4* was derived by a least-squares fit 
to the observed data. 

The observed spectra of horizontal water-particle velocity for the waves 
on the current were also compared with theoretical predictions derived 
by multiplying the theoretical free-surface displacement spectra by the 
appropriate values of the transfer function given in Eq. 15. However, in 
this case, it was also necessary to make an allowance for the presence 
of the turbulence in the current. 

The total current velocity, U(t), could be represented as follows: 

U(t) = U+ U'(t) (19) 

in which U = the mean current velocity; and W(t) = the fluctuating, or 
turbulent, component. The theoretical expressions for the particle ki­
nematics spectra for waves on currents do not allow for the second term 
in the preceding expression; in the present experiments U'(t) had values 
up to about 7% of U. Thus, each measured spectrum of horizontal water-
particle velocity consisted of three parts: the first part was expressed by 
Eq. 15, the second was the result of weak interactions between waves 
and turbulence, and the third part was, purely, the autospectrum of tur­
bulence. By subtracting this last element, which could be measured sep­
arately (see Experimental Procedure), from the total spectrum, agree­
ment between theory and experimental results could be expected to 
improve. This procedure was followed. 

Finally, the significant wave height, Hs, and the average zero-crossing 
period, Tz, were directly determined from each experimental record of 
free-surface displacement. The values of Hs and Tz were compared with 
estimates from the spectra given by: 

Hs - 4(m0)
1/2 (20) 

and 

T^U • ( 2 i> 
in which m„ = Jo < S„„ (<o„, U)dmtt. 

DISCUSSION 

Fig. 3 shows an example of the observed spectral densities of free-
surface displacement for waves on quiescent water and on the opposing 
current, plotted together with the theoretical values derived from Eqs. 
12 and 14. The results show that Eq. 12 agrees well with the experi­
mental data for frequencies below the spectral peak while Eq. 14 pro­
vides reasonable agreement in the equilibrium range where Eq. 12 grossly 
overpredicts values. However, the experiment shows spectral values re-
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FIG. 3.—Observed and Theoretical Spectra of Free-Surface Displacement at Wave 
Gage 2 

ducing rather more rapidly towards the higher frequencies than is pre­
dicted by the theory. 

The value of A* used in Fig. 3 is 0.0314. This value relates to a position 
relatively close to the point where the waves encounter the opposing 
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FIG. 4.—Observed and Theoretical FIG. 5.—Observed and Theoretical 
Spectra of Horizontal Water-Particle Spectra of Horizontal Water-Particle 
Velocity at z = -50 mm Velocity at z = -225 mm 
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FIG. 6.—Observed and Theoretical Spectra of Horizontal Water-Particle Velocity 
at z = -400 mm 

current; A* might be expected to fall as more interactions take place be­
tween the steepened waves as they continue down the flume. Analysis 
of the wave-gage data for the position 10 m from the wave-maker sup­
ports this view. Additional experiments are planned in a new, longer 
wave/current facility to further investigate this behavior. 

Figs. 4, 5 and 6 show the observed spectra of horizontal water-particle 
velocity. The theoretical spectra are also shown, derived as described 
earlier. For z = -50 mm, observed values of Suu(<aa, U) below the spec­
tral peak are predicted well by Eqs. 12 and 15, while Eqs. 14 and 15 
provide reasonable predictions at higher frequencies. Again, use of Eq. 
12 in the equilibrium range grossly overpredicts values. Note, however, 
that for z = -225 mm, the error in using Eq. 12 is much less; and for z 
= -400 mm the experimental data is fitted as well by Eqs. 12 and 15 as 
by Eqs. 14 and 15. Note also, for z = -400 mm, that the observed spec­
tral densities for the wayes on the current are significantly lower than 
the corresponding values for waves on quiescent water. This effect arises 
mainly as a result of the shortening of the" waves by the opposing cur­
rent (water-particle velocities associated with short waves decay more 
rapidly with depth than velocities associated with long waves). 

Fig. 7 shows experimental values for the ratio of the significant wave 
height on the current to its value on quiescent water. These are com­
pared with theoretical values of the ratio derived from the predicted 
spectra for waves on currents given by Eqs. 12 and 14. While it is risky 
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FIG. 7.—Comparison of Theoretical and Measured Changes in Hs 

1-00 1-02 1-04 1-06 1-08 MO 1-12 
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FIG. 8.—Comparison of Theoretical and Measured Changes in T2 

to draw firm conclusions on the basis of only four results, agreement 
between theory and experimental results appears to be good. Fig. 8 shows 
a similar plot for zero-crossing periods. 

CONCLUSIONS 

1. The theory outlined in this paper (summarized in Eqs. 12 and 14) 
provides reasonable predictions of the changes in the variance spectra 
of free-surface displacement produced by a current. The theory relates 
to currents which are steady and vertically uniform. 

2. A feature of the theory is the allowance made for the limit on spec­
tral densities associated with frequencies in the equilibrium range (Eq. 
14). It has been shown that failure to apply the equilibrium range con­
straint may result in considerable overestimation of spectral values. 
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3. Further work is needed to investigate the factors influencing the 
magnitude of the empirical constant A*. 

4. The theory provides good agreement (through Eq. 15) with mea­
surements of the spectra of horizontal water-particle velocities. The er­
rors which arise from ignoring the equilibrium range constraint are much 
smaller for well-submerged points than for points close to the free sur­
face. 

5. The theory provides good estimates of the changes in Hs and Tz 

induced by a current, at least for the conditions covered by the present 
experiments. 
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APPENDIX II.—NOTATION 

The following symbols are used in this paper: 

A = parameter in JONSWAP spectrum; 
A* = parameter associated with spectrum equilibrium range 

for waves on current; 
Cg0 = wave group velocity in zero-current region; 
Cgr = wave group velocity relative to current; 

d = water depth; 
E = wave energy density (=pgH2/8); 

E0 = wave energy density in zero-current region; 
g = gravitational acceleration; 
H = wave height; 
Hs = significant wave height (average height of highest one-

third of waves in random sea); 
k = wave number (=2TT/L); 

k0 = wave number in zero-current region; 
L = wavelength; 

mn = nth spectral moment; 
r = parameter in JONSWAP spectrum; 

Sim (w") = spectral density of free-surface displacement for zero-
current region; 

Sm(m,,,U) = spectral density of free-surface displacement for cur­
rent region; 

SI,^ER(W«,U) = limiting value of S^(wa,LZ) associated with equilib­
rium range; 

S„„(a)fl, U) = spectral density of horizontal water-particle velocity for 
current region; 

Tz = average zero-crossing period; 
t = time; 

U = mean current velocity; 
U(t) = total current velocity; 
U'(t) = turbulent component of total current velocity; 

ua = horizontal component of water-particle velocity in sta­
tionary frame of reference; 

ur = horizontal component of water-particle velocity rela­
tive to current; 

W = wind speed; 
x . = horizontal distance, in direction of wave propagation, 

from origin of stationary co-ordinate system; 
xr = horizontal distance, in direction of wave propagation, 

from origin of co-ordinate system moving with cur­
rent; 

z = vertical distance, positive upwards, from mean-water-
level; 

7 = parameter in JONSWAP spectrum (the peak enhance­
ment factor); 

TI = displacement of water surface from mean-water-level; 
TT = 3.14159...; 
p = water density; 
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a = parameter in JONSWAP spectrum; 
(D„ = wave angular frequency in stationary frame of refer­

ence (apparent wave angular frequency); 
cor = wave angular frequency in frame of reference moving 

with current (intrinsic wave angular frequency); and 
Wpjt = value of con associated with peak of JONSWAP spec­

trum. 
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