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[1] We present a new nonlinear integral transform relating the ocean wave spectrum to the
along-track interferometric synthetic aperture radar (AT-INSAR) image spectrum. The AT-
INSAR, which is a synthetic aperture radar (SAR) employing two antennas displaced
along the platform’s flight direction, is considered to be a better instrument for imaging
ocean waves than the SAR. This is because the AT-INSAR yields the phase spectrum and
not only the amplitude spectrum as with the conventional SAR. While the SAR and AT-
INSAR amplitude spectra depend strongly on the modulation of the normalized radar
cross section (NRCS) by the long ocean waves, which is poorly known, the phase
spectrum depends only weakly on this modulation. By measuring the phase difference
between the signals received by both antennas, AT-INSAR measures the radial component
of the orbital velocity associated with the ocean waves, which is related to the ocean
wave height field by a well-known transfer function. The nonlinear integral transform
derived in this paper differs from the one previously derived by Bao et al. [1999] by an
additional term containing the derivative of the radial component of the orbital velocity
associated with the long ocean waves. By carrying out numerical simulations, we show
that, in general, this additional term cannot be neglected. Furthermore, we present two new
quasi-linear approximations to the nonlinear integral transform relating the ocean wave
spectrum to the AT-INSAR phase spectrum. INDEX TERMS: 4560 Oceanography: Physical:

Surface waves and tides (1255); 6924 Radio Science: Interferometry; 6969 Radio Science: Remote sensing;

6959 Radio Science: Radio oceanography; KEYWORDS: along-track interferometric synthetic aperture radar,

ocean wave, nonlinear transform
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1. Introduction

[2] The synthetic aperture radar (SAR) is an active
microwave instrument which has been widely used to
measure ocean surface wave spectra from space. For exam-
ple, aboard the European Remote Sensing satellites ERS-1
and ERS-2, launched in 1991 and 1995, respectively, and
aboard the European Envisat satellite, launched on 1 March
2002, are synthetic aperture radars that have an operating
mode specifically designed to measure ocean waves on a
global scale. However, retrieving ocean wave spectra from
SAR data acquired over the ocean is a nontrivial task
[Hasselmann and Hasselmann, 1991; Hasselmann et al.,
1996; Heimbach et al., 1998]. Owing to the motion of the
sea surface, the SAR image represents a highly distorted
image of the sea surface [see, e.g., Alpers and Rufenach,

1979; Swift and Wilson, 1979; Alpers et al., 1981; Hassel-
mann et al., 1985]. In addition, the modulation of the
normalized radar cross section (NRCS) by the ocean wave
field also enters into the SAR imaging mechanism. This
modulation is poorly known, in particular, the part that
results from hydrodynamic modulation of the short surface
waves (short gravity waves/capillary waves) by the long
ocean waves [Alpers and Hasselmann, 1978]. Thus the
inversion of SAR image spectra into ocean wave spectra is
not only hampered by the nonlinearity of the SAR imaging
mechanism induced by the motion of the sea surface (mainly
by velocity bunching), but also by the not well known
modulation of the NRCS by the long ocean waves. This
modulation is sometimes called ‘‘real aperture radar (RAR)
modulation,’’ because it is this modulation that renders
ocean surface waves visible on real aperture radar images.
[3] It has been conjectured that a synthetic aperture radar

employing two antennas displaced along the flight direc-
tion, called along-track interferometric SAR (AT-INSAR), is
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better suited for measuring ocean wave spectra than the
conventional SAR employing only one antenna [Marom et
al., 1990, 1991; Lyzenga and Bennett, 1991]. With an AT-
INSAR, one can measure the phase difference between the
images from each antenna, which is directly related to the
line-of-sight component of the velocity field at the ocean
surface. Thus this instrument should be well suited for
measuring ocean surface currents [Goldstein and Zebker,
1987; Goldstein et al., 1989] as well as ocean surface waves
via their orbital motions.
[4] Several papers have been published dealing with the

imaging of ocean waves by AT-INAR. The papers of
Shemer and Kit [1991] and Shemer [1995] deal with the
imaging of monochromatic waves, while the papers of Bao
et al. [1997] and Zilman and Shemer [1999] deal with the
imaging of ocean waves (swell) having a narrow spectrum.
[5] Following Hasselmann and Hasselmann [1991] and

Krogstad [1992], who derived a nonlinear integral transform
relating the two-dimensional ocean wave spectrum to the
conventional SAR image spectrum, Bao et al. [1999] derived
a nonlinear integral transform relating this spectrum to the
AT-INSAR phase spectrum. However, in their paper a term
was neglected that turns out not to be always small. This term
is now included in the integral transform derived in this paper.
[6] In addition, we derive also a nonlinear integral trans-

form relating the ocean wave spectrum to the AT-INSAR
amplitude spectrum. This transform is almost identical to the
nonlinear integral transform derived by Hasselmann and
Hasselmann [1991] and Krogstad [1992] for the conven-
tional SAR. For practical purposes it is of little value because
the AT-INSAR amplitude spectrum is not better suited for
retrieving ocean wave spectra than the conventional SAR
image spectrum. In contrast to this, the AT-INSAR phase
spectrum is more useful because it receives information on
the ocean waves via the radial component of the orbital
velocity. However, there is also a caveat to the AT-INSAR
phase spectrum. The measured phase not only contains
information on the radial component of the orbital velocity
of the scatter element, but also on the displacement of their
position in flight direction in the image plane. Thus velocity
bunching, which is nonlinear in nature, also contributes to
the AT-INSAR phase spectrum. Because of the greater
practical value of the AT-INSAR phase spectrum as com-
pared to the AT-INSAR amplitude spectrum, we also derive
in this paper two quasi-linear approximations to the nonlin-
ear integral transform relating the ocean wave spectrum to
the AT-INSAR phase spectrum.
[7] Finally, for one representative ocean wave spectrum,

we compare the results obtained with the transforms derived
in this paper with the ones derived by Bao et al. [1999] and
Vachon et al. [1999]. It is shown that the differences are not
negligible.

2. AT-INSAR Amplitude and Phase Images

[8] The geometry of the AT-INSAR is depicted schemat-
ically in Figure 1. The two AT-INSAR antennas, called fore
and aft antennas, are separated by a distance 2B in flight
direction. Here x0 denotes the coordinate in flight or along-
track direction and y0 denotes the coordinate in ground
range or cross-track direction. The distances from the fore
and aft antennas and from the median of the two antennas to

the scattering element (facet) P on the ocean surface are
denoted by R+, R�, and R, respectively. The incidence angle
is denoted by q. The fore and aft antennas of the AT-INSAR
map an identical scene separated by the time interval �t =
2B/V, where V denotes the velocity of the platform carrying
the AT-INSAR. The backscattered radar signals from the
ocean surface received by the fore and aft antennas are
recorded and processed in two separate complex images.
These two complex images are then combined into a single
complex AT-INSAR image by multiplying the first one by
the complex conjugate of the second one.
[9] For the case where only one antenna transmits radar

signals and both antennas receive the backscattered signals,
Bao et al. [1997] have derived the following expression for
the complex AT-INSAR image I(x),

I xð Þ ¼ p
2
T2
0 ra exp � 4B2

V 2T2
0

� �Z
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B
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2jBki

R
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V
ur x0ð Þ

� ���
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#
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"

ð1Þ

Here x = (x, y) denote the coordinates in the AT-INSAR
image plane corresponding to the x0 = (x0, y0) coordinates in
the ocean plane, T0 denotes the AT-INSAR single look
integration time, s(x0) denotes the normalized radar cross
section (NRCS), ra = liR

2VT0
denotes the full-bandwidth single-

look azimuthal resolution, ki = 2p/li, where li is the radar
wavelength, ur(x0) denotes the radial (line-of sight)
component of the velocity of the scattering element at the
sea surface, and r0a(x0) denotes the degraded azimuthal
resolution, which is given by

r0a x0ð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2a þ

pRT0
2V

ar x0ð Þ
� �2

þ r2aT
2
0

t2s

s
; ð2Þ

where ar(x0) denotes the radial (line-of-sight) component of
the orbital acceleration associated with the ocean wave and
ts denotes the scene coherence time.
[10] The radial component of the velocity of the scatter-

ing element at the sea surface, ur(x0), is the sum of the phase

Figure 1. AT-INSAR geometry; the two antennas are
displaced in flight direction by 2B.
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velocity of the Bragg wave, the radial component of the
orbital velocity associated with the long ocean waves, and
the radial component of the surface current velocity arising,
for example, from wind drift or tidal currents.
[11] The fact that the above expression depends also on

the radial component of surface current velocity opens the
possibility of also measuring with an AT-INSAR the ocean
surface current fields with high spatial resolution. Indeed,
the first AT-INSAR was built just for this purpose [Gold-
stein and Zebker, 1987; Goldstein et al., 1989]. However,
since we are concerned here with the imaging of ocean
surface waves, we retain in our calculations only the
spatially variable orbital velocity term ur(x0).
[12] In deriving equation (1) it has been assumed that the

SAR impulse function in ground range direction can be
approximated by a d-function and that the SAR integration
time T0 is small compared to the period of the dominant
ocean wave. Note that in the AT-INSAR imaging model
underlying equation (1) enters the modulation caused by
velocity bunching and by radar cross-section modulation as
well as the degradation in azimuthal resolution. Two effects
contribute to the degradation in azimuthal resolution: (1) the
orbital acceleration associated with the long ocean waves
and (2) the motion of the scatter elements (facets) within the
AT-INSAR resolution cell, which is described by a scene
coherence time ts. Note, that if we set in equation (1) the
distance 2B between the antennas equal to zero, then the
phase term in equation (1) vanishes and equation (1)
reduces to the well-known expression describing the imag-
ing of ocean waves by a conventional SAR [Alpers et al.,
1981; Brüning et al., 1990].
[13] In the following, we shall derive integral transforms

which relate the ocean wave spectrum to the AT-INSAR
amplitude spectrum as well as to the AT-INSAR phase
spectrum. These transforms can only be obtained if we
assume that r0a(x0) is small compared to the length scale of
the long ocean waves. If this is the case then the exponential
function,

exp � p2

r02a x0ð Þ x� x0 �
R

V
ur x0ð Þ

� �2
( )

; ð3Þ

appearing in equation (1) is small everywhere except where

x� x0 �
R

V
ur x0ð Þ ¼ 0:

Thus we may approximate equation (3) by a d function,

r0a x0ð Þffiffiffi
p

p d x� x0 �
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V
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� �
: ð4Þ

Substituting equation (4) into equation (1) and carrying out
the integration over x0, we obtain
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[14] If we assume 1 + R
V
u0r (x0) 6¼ 0, then the amplitude

image and phase images, IA(x) and IP(x), respectively, are
given by
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V
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: ð7Þ

Equation (6) can also be written as

IA xð Þ ¼
ffiffiffi
p

p

2
T2
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V 2T2
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[15] If we set B = 0, then equation (8) reduces to the
corresponding equation (18) of Hasselmann and Hassel-
mann [1991] applicable to a conventional SAR (written,
however, in terms of relative image intensity).
[16] Equation (7) can also be written in a similar way as

equation (8),

IP xð Þ ¼�2ki
B

V

Z
ur x0ð Þ 1þ R

V
u0r x0ð Þ
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d x� x0 �

R

V
ur x0ð Þ
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dx0:

ð9Þ

[17] Note that equation (8) contains the normalized radar
cross section s0(x0) which is modulated by the long ocean
waves, while equation (9) depends on the radial component
of the orbital velocity ur(x0). In our imaging model we
assume that both quantities are related linearly to the wave
amplitude. One often refers to the imaging model leading to
the transforms (8) and (9) as ‘‘pure velocity bunching
model,’’ because it is obtained by simply mapping each
facet at the azimuthal position x0 to the corresponding
azimuthal position at x = x0 + R

V
ur(x0) in the image plane.

This leads to a compression (bunching) and stretching of the
originally homogeneous distribution of facets in the image
plane. The reader can find a nice illustration of this effect in
the paper by Vachon et al. [1999, Figures 2 and 3].
Equations (8) and (9) are the mapping functions which we
will be used in the next sections to derive the nonlinear
transforms relating the ocean wave spectrum to the AT-
INSAR amplitude and phase spectra.
[18] Note that the above equation (9) for the AT-

INSAR phase image differs from the corresponding equa-
tion (6) derived by Bao et al. [1999] by the additional term
(R/V)u0r(x0). The principal aim of this paper is to show that
this term has to be included in the transform.
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3. Nonlinear Integral Transform for the
AT-INSAR Phase Spectrum

[19] The AT-INSAR phase spectrum Pp(k) is obtained
from the AT-INSAR phase image Ip(x) by first calculating
the Fourier transform of equation (9),

IP kð Þ ¼ �ki
B

2p2V

Z Z
ur x0ð Þ 1þ R

V
u0r x0ð Þ

� �

�d x� x0 �
R

V
ur x0ð Þ

� �
dx0 exp �jkx½ dx

¼ �ki
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2p2V

Z
h x0ð Þ exp �jkx0½ dx0; ð10Þ

where
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V
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R

V
ur x0ð Þ

� �
: ð11Þ

Then the AT-INSAR phase spectrum Pp(k) is obtained from
Ip(k) by calculating the following ensemble average:

IP kð Þ � IP* k0ð Þh i ¼ PP kð Þd k � k0ð Þ
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[20] The auto-covariance functions occurring in equation
(13) can easily be calculated by using the characteristic
function method which is described in Appendix A and
which has been used before by Krogstad [1992] in deriving
the nonlinear integral transform for the conventional SAR
image spectrum and by Bao et al. [1999] in deriving the
integral transform for the AT-INSAR phase spectrum.
[21] Thus the final expression for AT-INSAR phase

spectrum reads
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where

f u rð Þ ¼ ur x0 þ rð Þur x0ð Þh i: ð15Þ

[22] Equation (14) reduces to equation (11) derived by
Bao et al. [1999] if in equation (14) the derivatives

@f u rð Þ
@r and

@2f u rð Þ
@r2 are set equal to zero. Note that ur(x0) is defined here

as the time average over the period during which the
scattering element is viewed by the AT-INSAR.
[23] According to linear wave theory ur(x0) and the sea

surface elevation z(x0) are linearly related.If we write z(x0)
in the form

z x0ð Þ ¼
Z

z kð Þ exp jk � x0½ dk þ c:c:; ð16Þ

then

ur x0ð Þ ¼
Z

Tu
k z kð Þ exp jkx0ð Þdx0 þ c:c:; ð17Þ

where Tk
u is the range velocity transfer function,

Tu
k ¼ �w sin q

kl

kj j þ j cos q
� �

: ð18Þ

Here w denotes the frequency of the ocean wave which is
related to the ocean wave number k by the dispersion
relation, which for deep water waves reads w =

ffiffiffiffiffiffiffiffi
kj jg

p
,

where g is the acceleration of gravity. Thus the auto-
covariance function f u(r) appearing in equation (14) can be
written as

f u rð Þ ¼ 1

2

Z
Tu
k

�� ��2F kð Þ þ Tu
�k

�� ��2F �kð Þ
� �

exp jkrð Þdk; ð19Þ

where F(k) denotes the ocean wave spectrum defined by

z kð Þz* k0ð Þh i ¼ 1

2
F kð Þd k � k0ð Þ: ð20Þ

4. Nonlinear Integral Transform for the
AT-INSAR Amplitude Spectrum

[24] The AT-INSAR amplitude spectrum PA(k) is
obtained from the AT-INSAR amplitude image IA(x) by
first calculating the Fourier transform of equation (8),

IA kð Þ ¼ 2pð Þ�2

Z Z
ÎA xð Þ exp �jkxð Þdx ¼ 2pð Þ�2

Z ffiffiffi
p

p

2
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V 2T2
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where

g x0ð Þ ¼
ffiffiffi
p

p

2
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0 ras x0ð Þ exp � 4B2

V 2T2
0

þ 4r2aB
2

r02a x0ð ÞT2
0V
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� �
� exp �jkxur x0ð Þð Þ: ð22Þ

[25] The AT-INSAR amplitude spectrum PA(k) is then
calculated from IA(k) in the same way as the AT-INSAR
phase spectrum PP(k) was calculated in the previous section
from IP(k). Again, the auto-covariance functions are calcu-
lated by using the characteristic function method as de-
scribed in Appendix A.
[26] After some tedious but straightforward calculations,

we finally obtain the following expression for AT-INSAR
phase image spectrum,

PA kð Þ ¼ 2pð Þ2exp k2x
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Here TK
R denotes the transfer function that relates the s0(x0)

variation to the ocean wave amplitude in a similar way as TK
u

relates ur(x0) to the ocean wave amplitude (see equation
(17)). Since we are here not primarily concerned with the
transform for the AT-INSAR amplitude spectrum, we refrain
from giving details of this transfer function, which is
sometimes also called ‘‘real aperture radar transfer func-
tion.’’ For details, the reader is referred to the paper by
Hasselmann and Hasselmann [1991].

5. Quasi-Linear Transform for the AT-INSAR
Phase Spectrum

[27] As shown by Bao et al. [1999], a quasi-linear
approximation for the AT-INSAR phase spectrum can be
obtained from the general expression (14) for the case
where the nonlinearity parameter is small.
[28] To this end, we first carry out in equation (14) a partial

integration with respect to the term
@2f u rð Þ
@r2 which yields

PP kð Þ ¼ kiB
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( )
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Then, following Bao et al. [1999], we make the follow-
ing Taylor series expansion and keep only the first two
terms:

exp
kxR
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" #

¼ 1þ kxR

V

� �2
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[29] Inserting equation (27) into equation (26), discarding
all terms higher than first order in f u(r), and ignoring a
constant term, we obtain the following quasi-linear relation-
ship between the ocean wave spectrum F(k) and the AT-
INSAR phase spectrum PP(k),

PP kð Þ ¼ 2kiB
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Note also that this expression for the quasi-linear transform,
which we shall call in the following the first quasi-linear
transform, differs from the one derived by Bao et al. [1999].
A difference even remains when all terms higher than first
order in f u(0) are neglected.
[30] As shown by Vachon et al. [1999], another quasi-

linear transform, which in the following we shall call the
second quasi-linear transform, can be obtained when the
exponential term exp

�
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�
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in a Taylor series in the following way:
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With this approximation we obtain the following (second)
quasi-linear transform relating the ocean wave spectrum
F(k) to the AT-INSAR phase spectrum PP(k):

PP kð Þ ¼ 2kiB

V
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exp � kxR

V
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f u 0ð Þ
 !

� Tu
k

�� ��2 F kð Þ
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2

� �
: ð30Þ

Thisquasi-linear transformalsodiffersfromtheonederivedby
Vachon et al. [1999]. In his equation (16) a factor
ð1� k2x R

2

V 2 f u 0ð Þ2Þ occurs that is missing in our transform (30).

6. Comparison of the Different Integral
Transforms

[31] As stated before, our expression (9) relating the
ocean wave spectrum to the AT-INSAR phase spectrum
contains a term containing the derivative of the radial
velocity component term which is not present in the
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corresponding expression (22) of Bao et al. [1999]. We now
show for one representative example that this term causes
quite a difference when calculating the AT-INSAR phase
spectrum from the ocean wave spectrum. In this example an
ocean wave field having a JONSWAP spectrum is assumed
to be imaged by an airborne C-band AT-INSAR.
[32] In the calculations we have used the following AT-

INSAR and flight parameters: radar frequency: 5.3 GHz,
flight height: 8285 m, incidence angle: 40
, distance
between the two antennas (2B): 0.6 m. The JONSWAP
spectrum [Hasselmann et al., 1980] used in the calcula-
tions has a peak wavelength of 150 m, a peak wave
propagation direction with respect to the flight direction

of 50
, a significant wave of 1.87 m, and a peak enhance-
ment factor of 3. The wind speed was assumed to be
10.5 m/s.
[33] The results of the calculations obtained by using

different transforms are depicted in Figure 2. Figure 2a
shows the input JONSWAP spectrum, and Figures 2b and
2c show the AT-INSAR phase spectra calculated with the
nonlinear transform (14) derived in this paper and by the
nonlinear transform derived by Bao et al. [1999], respec-
tively. In Figures 2d and 2e are depicted the AT-INSAR
phase spectra calculated with the first quasi-linear transform
(28) derived in this paper and with the one derived by Bao
et al. [1999], respectively. Finally, in Figures 2f and 2g are

Figure 2. (a) Input ocean wave spectrum (JONSWAP spectrum), (b) AT-INSAR phase spectrum
calculated with the nonlinear transform (14), (c) nonlinear AT-INSAR phase spectrum calculated with
the nonlinear transform of Bao et al. [1999], (d) AT-INSAR phase spectrum calculated with the first
quasi-linear transform (28), (e) AT-INSAR phase spectrum calculated with the quasi-linear transform of
Bao et al. [1999], (f ) AT-INSAR phase spectrum calculated with the second quasi-linear transform
(30), and (g) AT-INSAR phase spectrum calculated with the second quasi-linear transform of Vachon et
al. [1999].
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depicted the AT-INSAR phase spectra calculated with the
second quasi-linear transform (30) derived in this paper and
with the corresponding second quasi-linear transform de-
rived by Vachon et al. [1999], respectively.
[34] When comparing the AT-INSAR phase spectrum

obtained with the nonlinear transform (14) of this paper
(Figure 2b) with the one obtained with the nonlinear
transform of Bao et al. [1999] (Figure 2c) we see that the
spectral values obtained with the nonlinear transform (14) of
this paper are larger than those obtained with the nonlinear
transform of Bao et al. [1999]. This implies that the signal-
to-noise ratio is also higher.
[35] Furthermore, when comparing the AT-INSAR phase

spectra calculated with the two quasi-linear transforms
derived in this paper (Figures 2d and 2f) with the AT-INSAR
phase spectrum calculated with the nonlinear transform
derived in this paper (Figure 2b), we see that the AT-
INSAR phase spectrum (Figure 2b) is approximated better
by using the second quasi-linear transform (30) than by
using the first quasi-linear transform (28). The AT-INSAR
phase spectrum calculated with the first quasi-linear trans-
form (Figure 2d) has unrealistic high spectral values
for large wave numbers k, which is not the case for the
AT-INSAR phase spectrum calculated with the second
quasi-linear transform (Figure 2f ) because it includes an
exponential term exp

�
� kxR

V

� �2
f u 0ð Þ

�
, which cuts off the

spectral values at high wave numbers.
[36] Finally, when comparing the two AT-INSAR phase

spectra obtained with the quasi-linear transforms (28) and
(30) of this paper (Figures 2d and 2f) with the corresponding
ones obtained by Bao et al. [1999] and Vachon et al. [1999]
(Figures 2e and 2g), respectively, we clearly see differences.
This shows that the additional derivative term which is
present in our equation (10) is not negligible.
[37] In order to estimate the difference between the

simulated AT-INSAR phase spectra obtained by using our
transforms and the ones obtained by Bao et al. [1999] and
Vachon et al. [1999], we introduce the parameter k,

k ¼

Z
Po kð Þ � Pb kð Þj jdkZ

Po kð Þdk
:

Here Po(k), Pb(k) denote the AT-INSAR phase spectra
calculated with our transforms and with the ones of Bao et
al. and Vachon et al., respectively. When comparing the AT-
INSAR phase spectra calculated with the nonlinear, the first
and second quasi-linear transform derived in this paper and
with the corresponding ones of Bao et al. and Vachon et al.,
we obtain the following values for k: 1.22, 2.12, and 0.66,
respectively. These values for k confirm our observations
made when comparing the AT-INSAR phase spectra
depicted in Figures 2a, 2d, and 2f with those depicted in
Figures 2c, 2e, and 2g.

7. Conclusion

[38] We have derived a new nonlinear integral transform
relating the ocean wave spectrum to the along-track
interferometric synthetic aperture radar (AT-INSAR)
image spectrum. In addition, we have derived two quasi-

linear approximations of the transform relating the ocean
wave spectrum to the AT-INSAR phase spectrum. We
have found that the nonlinear integral transform for the
AT-INSAR amplitude spectrum is essentially the same as
the one derived previously by Hasselmann and Hassel-
mann [1991] and Krogstad [1992] for the conventional
SAR image spectrum. However, the integral transform for
the AT-INSAR phase spectrum derived in this paper
differs from the one derived by Bao et al. [1999]. The
difference consists of additional terms containing the auto-
covariance function of the derivative and its second
derivative of the radial component of the orbital velocity.
Also, the two quasi-linear approximations of the nonlinear
transform derived in this paper differ from the
corresponding quasi-linear approximations derived by
Bao et al. [1999] and Vachon et al. [1999]. Numerical
simulations confirm that these additional terms cannot be
ignored. In a future study the transforms derived in this
paper will be used to compare AT-INSAR phase spectra
retrieved from airborne IN-SAR data with measured ocean
wave spectra.

Appendix A: The Characteristic Function
Method

[39] Let us assume that the random variable x(x)
describes a stationary Gaussian random process. Then, the
auto-covariance function and the variance of x(x), respec-
tively, are given by

c12 ¼ x xð Þx xþ rð Þh i ðA1Þ

c11 ¼ x2 xð Þ
� �

¼ x2 xþ rð Þ
� �

: ðA2Þ

The characteristic function T(k1, k2), which is defined by

T k1; k2ð Þ ¼ exp jk1x xð Þ þ jk2x xþ rð Þ½ h i; ðA3Þ

can be written as [see Bao et al., 1999]

T k1; k2ð Þ ¼ exp � 1

2
k21c11 þ 2k1k2c12 þ k22c11
� �� �

: ðA4Þ

Then we obtain [Bao et al., 1999]

x xð Þx xþ rð Þ exp jk1x xð Þ þ jk2x xþ rð Þð Þh i ¼ � @2

@k1@k2
T k1; k2ð Þ

¼ exp � 1

2
k21c11 þ 2k1k2c12 þ k22c11
� �� �

� c12 � k1c11 þ k2c12ð Þ k1c12 þ k2c11ð Þ½ : ðA5Þ

Calculating the partial derivative of (A3) with respect to r
yields

@T k1; k2ð Þ
@r

¼ jk2x0 xþ rð Þ exp jk1x xð Þðh þ jk2x xþ rð ÞÞi; ðA6Þ

HE AND ALPERS: NONLINEAR TRANSFORM OF AN OCEAN WAVE SPECTRUM 36 - 7



and calculating the partial derivatives with respect to k1 and
k2 of this equation yields

@2

@k1@k2

@T k1; k2ð Þ
@r

� �
¼ �x0 xþ rð Þx xð Þ exp jk1x xð Þðh

þ jk2x xþ rð ÞÞi � jk2x0 xþ rð Þx xþ rð Þx xð Þh

� exp jk1x xð Þ þ jk2x xþ rð Þð Þi ¼ 1

k2

@

@k1

� @T k1; k2ð Þ
@r

� �
� jk2 x0 xþ rð Þx xþ rð Þx xð Þh

� exp jk1x xð Þ þ jk2x xþ rð Þð Þi: ðA7Þ

Thus

x0 xþ rð Þx xþ rð Þx xð Þ exp jk1x xð Þ þ jk2x xþ rð Þð Þh i

¼ 1

jk2

1

k2

@

@k1

@T k1; k2ð Þ
@r

� �
� @2

@k1@k2

@T k1; k2ð Þ
@r

� �� �
ðA8Þ

x0 xð Þx xþ rð Þx xð Þ exp jk1x xð Þ þ jk2x xþ rð Þð Þh i

¼ � 1

jk1

1

k1

@

@k2

@T k1; k2ð Þ
@r

� �
� @2

@k2@k1

@T k1; k2ð Þ
@r

� �� �
: ðA9Þ

Equation (A6) can also be written as equation (13)

@T k1; k2ð Þ
@r

¼ jk2x0 xþ rð Þ exp jk1x xð Þ þ jk2x xþ rð Þð Þh i

¼ h jk2x0 xð Þ exp jk1x x� rð Þ þ jk2x xð Þð Þi: ðA10Þ

The second partial derivative with respect to r reads

@2T k1; k2ð Þ
@r2

¼ k1k2x0 xð Þx0 x� rð Þ exp jk1x x� rð Þ þ jk2x xð Þð Þh i

¼ k1k2x0 xð Þx0 xþ rð Þ exp jk1x xð Þ þ jk2x xþ rð Þð Þh i:
ðA11Þ

Thus we obtain

x0 xð Þx0 xþrð Þ exp jk1x xð Þ þ jk2x xþ rð Þð Þh i ¼ 1

k1k2

@2T k1; k2ð Þ
@r2

:

ðA12Þ

Differentiating both sides of (A12) with respect to k1 and k2
yields

x0 xð Þx0 xþ rð Þx xð Þx xþ rð Þ exp jk1x xð Þ þ jk2x xþ rð Þð Þh i

¼ � @2

@k1@k2

1

k1k2

@2T k1; k2ð Þ
@r2

� �
: ðA13Þ

Using the expression (A3) for T(k1, k2), we obtain after
some tedious, but elementary calculations,

x0 xð Þx0 xþ rð Þx xð Þx xþ rð Þ exp jk1x xð Þ þ jk2x xþ rð Þð Þh i

¼ �
�

1� 3k1k2c12 � k21c11 � k22c11 þ k1k2 k1c11 þ k2c12ð Þ
�

� k1c12 þ k2c11ð Þ @c12
@r

� �2

þ c12 � k1c11 þ k2c12ð Þ k1c12 þ k2c11ð Þ½ 

� @
2c12

@r2

�
exp � 1

2
2k1k2c12 þ k21c11 þ k22c11
� �� �

: ðA14Þ

[40] The equations (A5), (A8), (A9), and (A14) are the
fundamental equations for the characteristic function meth-
od used in the derivation of the nonlinear integral trans-
forms. If we replace in those equations k1 and k2 by kxR

V
and �kxR

V
, respectively, and x(x) by ur(x0), we obtain

equation (13).
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