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ATTENUATION OF SEISMIC WAVES 
IN THE EARTH'S MANTLE 

By B. GUTENBERG 

ABSTRACT 

Contrasting with conclusions from laboratory experiments that the absorption coefficient k for 
amplitudes of elastic waves is proportional to 1/T, or, from theoretical considerations, that it 
should be proportional to l I T  or to l IT  ~, observations of body waves through the mantle of the 
earth show little if any decrease in absorption with increasing period T. In teleseismic records S 
rarely shows periods of less than 4 seconds, while in P periods of 1 second are observed to the 
greatest distances. The value k = 0.06 per 1,000 km., found previously for P, P T  r and P~P'Pr 
through the mantle and the core, is confirmed for P and PP and is found also for S in the mantle. 

IN THEORETICAL investigations of amplitudes of waves propagated through a homo- 
geneous body it  is usually assumed tha t  the effect of at tenuat ion can be represented 
by a factor e -kD, where k is called the coefficient of absorption and D is the distance 
along the wave path. If k varies in the body, kD is to be replaced by a corresponding 
integral. For  most seismic waves through the earth 's  mantle which do not reach 
the boundary of the core, especially for P, PP,  and S, the distance D between source 
and point of observation may be replaced within the limits of other errors by  the 
distance A measured along the surface of the earth. At the distance A = 1/k the 
amplitude has decreased to 1/e by attenuation,  at  A -- 2 .3 /k  it has decreased to 
0.1, and at A = 4 .6 /k  to 0.01. 

Various assumptions have been made to introduce at tenuat ion effects into the 
equations for purely elastic waves. Frequently,  a term has been added proportional 
to the particle velocity. In describing "firmo-elastic" processes, Sezawa (1927) has 
assumed tha t  two proport ionali ty factors, t, t and ~P, have to be used which corre- 
spond to Lam6's constants ~ and X in purely elastic processes. He concluded that  in 
a medium having these properties all waves become flatter and longer during their 
propagation. On Stokes's assumption tha t  the effect of firmo-elasticity on pure 
change in volume is negligible compared with its effect on shear, Sezawa's results 
indicate (Gutenberg, 1951, p. 385) tha t  for many wave forms the period T (double 
t ime between two successive crossings of the rest line in opposite directions) of 
wavelets is roughly given by 

T 2 =_ To 2 + 5 y D / p V  3 (1) 

where To is the period at  the source, T the period at  a distance D, p = density, 
V = wave velocity, ~ = coefficient of internal friction (7 = r#, where T = time of 
retardat ion in which the strain decreases to l /e ,  g = rigidity). If  we write ~ for #t, 
Stokes's condition (Gutenberg and Schlechtweg, 1930) gives 

2 4 
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Arakawa (1931) and Sezawa and Kanai (1938) calculated /c assuming that X' 
and ~' do not depend on T. If we introduce v from (2) in their equations, for plane 
longitudinal waves (velocity V) excluding the neighborhood of the source, 

k - -  2"xe(X' 21- 2u') 8v 2 
pT2V 3 3pTUV8 (3) 

and for plane transverse waves (velocity v) 

]~ _ 21r~ ~ 2~%7 
pT~v 3 - pT~v 3 (4) 

Assuming that T s / T p  - 2 and V ~ : v ~ = 3,/~ is about equal for the two wave types. 
Numerical results based on Sezawa's theory for Rayleigh waves have been published 
by Caloi (1950). A more general theory was given by Hardtwig (1952), who also 
concluded that the waves should become longer as they are propagated. In prac- 
tically all theories for propagation of waves in absorbing solids it is found that the 
wave velocities do not differ noticeably from those calculated for purely elastic 
waves. 

Ricker (1943, 1953) has based his "wavelet theory" on assumptions similar to 
those of Sezawa; he found that wavelets should get longer during their propagation 
and that for relatively long, plane longitudinal waves, k is given by equation (3). 

F6rtsch (1956) has pointed out that on the basis of laboratory experiments the 
absorption coefficient in relation to the group wave length is nearly independent of 
frequency and the same for all wave types. He found that good agreement between 
theory and observations can be achieved if, in fundamental equations, to the expres- 
sions for purely elastic forces, terms for frictional forces are added which he assumes 
to be proportional to the absolute value of all acting forces ("Coulomb-friction"). 
Knopoff (1956) introduced a term describing sinusoidal motion into a differential 
equation of motion for a medium possessing solid friction. On his assumptions the 
damping coefficient of sinusoidal waves is given by 

]z = ~ / Q T V  (5) 

Equation (5) also holds for a pulse, if Q >> 1. 
Most laboratory experiments indicate that, as in equation (5), k is approximately 

proportional to T-l: Kimball and Lovell (1927), Wegel and Walther (1935), Birch 
and Bancroft (1938), Born (1941), Collins and Lee (1956), Lomnitz (1957), Press 
and Healy (1957). If equation (5) holds, the logarithmic decrement 8 of vibrations 
in a given material and the dimensionless constant Q = ~/~ do not depend on the 
period, and 

- ~ -  k T V  constant (6) 

Knopoff (1956) found that in materials with Q >> 1, the width T of a pulse is 
given by 

T -- D / ( V Q )  (7) 
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and thus should increase proportional to the distance D. On the basis of a theory 
by Newlands (1954), Knopoff found for k equations similar to (3) and (4). However, 
if Q is constant,/~', x', '7, and r depend on T. On Sezawa's assumptions, T is found 
to be of the order of 0.001 sec. (Gutenberg, 1951, p. 385) and is assumed to be inde- 
pendent of T. Experiments using vibrations with periods much smaller than r do 
not show the markedly smaller amplitudes to be expected, if Sezawa's assumptions 
are correct. On the other hand, if k i s proportional to T -I and if Q >> I, roughly 

T 
- 2~-Q 

(s) 

which is always a small fraction of T. 

TABLE 1 
ABSORPTION COEFFICIENT ]g (PER 1,000 KM.) FOR AMPLITUDES, AND CORRESPONDING ORDER OF 

MAGNITUDE OF Q; (a) FOR SURFACE WAVES, (b) FOR BODY WAVES. 

Author 

lutenberg (1924)... 
~utenberg (1945a) 
]wing and Press (1954). 
]wing and Press (1954). 

lutenberg (1945b, p. 58). 
lutenberg (present paper). 
lutenberg (present paper). 
~utenberg (present paper). 
]utenberg (present paper). 
'ress (1956) 

I Wave type 

(a) 

Love 
Rayleigh 
Rayleigh 
l~ayleigh 

(b) 

P, PKP 
P, PP 
P, PP 
S 
S 
S 

Period (see.) 

1004- 
20 

140 
215 

44- 
2 

12 
12 
24 
11 

0.1 
0.2 
0. 036 
O. 022 

0.06 
0.06 
0.06 
0.06 
0.06 

(0.09) 

7O 
200 
150 
150 

1,300 
2,500 

400 
700 
400 

_-< 500 

Physical theories to account for equation (6) have been suggested by F6rtsch 
(1956) and by  Knopoff and MacDonald (1957). Only relatively simple assumptions 
lead to equations which can be used for numerical calculations. The selection of the 
most appropriate theory among the many  possible must  be based on the observa- 
tions for a given problem. 

In experiments, frequently with vibrating rods, frequencies are used which are 
appreciably higher than those occurring in earthquake waves. Some theories (e.g., 
Rieker, 1943) indicate tha t  waves with relatively low and high frequencies may  
behave differently, However, values of Q found from laboratory experiments (Birch, 
1942), especially Q = 150 ± 50 for granite in the frequency range 140 to 1600 
cycles/see. (Birch and Bancroft,  1938), are of the same order of magnitude as those 
found for ear thquake surface waves with periods of 20 to more than 200 seconds 
(table 1, a). This may  indicate tha t  at least in the earth's crust k is approximately 
proportional to T -1. On the other hand, K~rnik (1956) combined data for Rayleigh 
waves with periods of between 0.001 (}c = 200 per kin.) and 200 sec. (k = 0.00002 
per kin.) and found tha t  all data  can be represented fairly well by 

k = 0.017 T -1'4~ (9) 
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A few selected data  for body waves are given in table 1, b. Gutenberg (1945b) has 
found k = 0.12 + 0.02 per 1,000 km. for the absorption of the energy (k = 0.06 for 
amplitudes) in P, prp,,  and P ' P ' P '  with periods of 2 to 6 seconds. The greatest 
distances D are about  40,000 kin. for P 'P 'P ' .  There are no noticeable differences in 
/~ or Q between longitudinal waves through the mantle and those through the core. 
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Fig. 1. Residuals of A = m - log (a/T) as function of T. Observed values are based on reported 
ground amplitudes a in microns and periods T in seconds for earthquakes of unified magnitude m 
(average of all s tat ions for a given shock); average values are taken from Gutenberg and Richter 
(1956, p. 8). Top: vertical components of P;  bot tom:  horizontal components of S. 

The data  for S by  Press (1956) in table 1, b are based on amplitudes of transverse 
waves reflected at  the earth 's  core. Table 1, b indicates tha t  for longitudinal waves 
with periods of less than 10 seconds in the mantle or in the core and for transverse 
waves with periods of less than 20 seconds in the mantle, Q is appreciably greater 
than for surface waves with periods of 20 seconds or more. 

To s tudy the effect of the period T on the at tenuat ion of the amplitudes a of P, 
PP,  and S waves in the earth 's  mantle, residuals of A = m - log (a/T) of shocks 
of magnitude m, recorded at  distances O of 30 ° to 105 ° for P and S and up to 165 ° 
for P P  have been plotted as function of T in figures I and 2, b. Reports  of amplitudes 
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Fig. 2. Top: log (a/T) for earthquakes of magnitude m = 7.0 as function of distance for 
vertical component of PP. The curve is calculated from the travel-time curve, the obser- 
vations (18 stations) are reduced to m = 7 by adding 7.0 - m (m = magnitude of given 
shock). Center: residuals, observed minus average log (a/T), as function of period. 
Bottom: reported periods of PP as function of distance. 
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and periods for more than 40 different shallow shocks between 1950 and 1954 (many 
with readings for several phases) have been used from Kiruna, Pasadena, Praha, 
and Uppsala; for 20 to 40 shocks, from La Paz, Palisades, Riverview, and Welling- 
ton; for less than 20 shocks, from Berkeley, Budapest,  Christchurch, Hamburg,  
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Fig. 3. Residuals as function of T of individually calculated magnitudes m of the main Kern 
County earthquake, 1952, based on log (a/T), measured on records of stations with distances 
over 20 °, for vertical component of P, its horizontal component, and the horizontal component of S. 

Honolulu, Jena, and from auxiliary stations of Praha. The magnitude m is the aver- 
age of all available data  for P, PP,  and S, and the residuals are based on Gutenberg 
and Richter (1956, table 2, p. 8). Figure 3 shows residuals of m for the Kern County, 
California, earthquake, 1952, as function of the period; they are based on individual 
values of log (a/T) at distances over 20 °. No indication of a systematic differenee 
in log (a/T) depending on T has been found in these or other instances (compare 
table 2). Moreover, for distances over 20 ° there is no indication of a change in pre- 
vailing periods for P, PP,  or S as function of the distance 0 (figures 4 and 5). 
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The smallest periods observed regularly in S waves at distances between 20 ° and 
100 ° are about 4 seconds, while periods in P waves of 1 to 3 seconds are frequently 
reported for all these distances. The difference between the smallest periods in P 
and in S is obvious in figures 1, 3, and 6. The prevailing ratio of about 2 : I between 
periods of S and P has been considered by Wiechert (Gutenberg, 1914, p. 195) to 
be a result of simultaneous generation of P and S waves of equal length at the source. 
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Fig. 4. Periods of waves with large amplitudes of S (top) and P (bottom) as function of distance 
for earthquakes 1950-1954, reported by 18 stations (see text). 

Gutenberg (1936) believes that frictional processes as discussed above play an im- 
portant role in the lengthening of the waves at short epicentral distances. Ewing 
and Press (1956) consider the possibility that absorption of relatively high fre- 
quencies in S may involve effects of pockets of magma in the mantle. 

If, in addition to processes at the source, properties of the upper portion of the 
mantle play a role in producing prevailing of certain periods in P and S and the lack 
of short periods in S, these phenomena should be affected by the focal depth. In 
table 3, data are given for the frequency of reported periods for P and S in shallow, 
intermediate, and deep earthquakes for the same stations and years as in figures 
1 and 2. It has to be considered that reported frequencies of periods depend on the 
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characteristics of the instruments used. Moreover, most observers prefer certain 
periods (e.g., 10 sec. to 9). Nevertheless, table 3 indicates a shift to shorter periods 
with increasing focal depth for P as well as S; relatively long periods become less 
prominent with increasing focal depth, and the spectrum contracts. More detailed 
study shows that the frequency curve for reported periods of P has a sharp peak near 
T = 1 second regardless of focal depth, while the curve for the periods of S has a 
fairly sharp peak near T = 5 seconds in deep shocks, but more flat maxima near 8 
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Fig. 5. Measured periods of large P waves (top) and large S waves (bottom) as function of 
distance on records of main Kern County earthquake, 1952. 

and 10 seconds for intermediate and shallow shocks respectively. There is no indi- 
cation that the frequency distribution of the periods changes for shocks in any of 
the three depth intervals as a function of epicentral distance between 20 ° and 100 °. 

As periods of 1 second or less are observed in S near the source of shallow shocks, 
it follows that properties of the crust and probably also of the upper portion of the 
mantle play an important role in increasing the periods of the most conspicuous S 
waves (either by absorption of high frequencies, or by lengthening of the waves, or 
both) and in eliminating periods of less than 4 seconds. This process becomes less 
efficient as the focal depth increases and the waves travel less in the upper portion 
of the earth. 

Additional data are supplied by Gutenberg (1957c) in an investigation of periods 
of P and S recorded simultaneously by instruments with short-period, medium- 
period, and long-period characteristics at Pasadena. All observations of P, PP, P' 
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(Gutenberg, 1957a), und S show that in each phase several distinct small ranges of 
periods exist for wavelets, arriving simultaneously in P, PP, and S (but not in P'), 
each of which carries relatively large energy (fig. 6). In all instances studied the two 
or three largest P wavelets in the period range of less than 10 seconds carry much 
more energy than any of the largest wavelets with periods of over 10 seconds. Rela- 

T A B L E  2 

MEAN DIFFERENCES OF OBSERVED VALUES OF LOG (a/T) MINUS THEIR VALUES CORRESPONDING 
TO THE CALCULATED AVERAGE MAGNITUDE FOR EACH GIVEN SHOCK, AND STANDARD ERRORS 

(Material as in figs. 1 and 2. a = amplitude in microns, 
T = per iod in seconds,  R = range of dis tances . )  

deg. 

20-40 
'5-100 

1-3 

0 . 0 ± 0 . 1  
- - 0 . 1 ± 0 . 1  

>=8 

- - 0 . 1 ± 0 . 3  
- - 0 . 1 ± 0 . 1  

R 

• deg. 

30-60 
120-165 

PP 

1-4 

+ 0 . 1 ± 0 . 3  
+ 0 . 1 ± 0 . 1  

T 
R 

_->8 

deg. 

+0.1=t=0.1 20-40 
- 0 . 1 ± 0 . 1  75-110 

4-7 .. >_- 14 

I ! 
0.04-0.1 +0 .12=0.1  
0.0-4-0.1 0.04-0.1 

TABLE 3 
FREQUENCY (PER CENT) OF PERIODS T IN P AND S WAVES REPORTED FOR SHALLOW SHOCKS (FOCAL 
DEPTH h ~ 60 KM.), INTERMEDIATE (60 < h < 300 KM.), AND DEEP SHOCKS (h > 300 KM.) 

(n = n u m b e r  of da ta )  

s c c .  

1 - 3  . . . . . . . . . . . . . . . . . . . . . .  

4 - - 6  . . . . . . . . . . . . . . . . . . . . . .  

7-10 . . . . . . . . . . . . . . . . . . . . .  
11-15 . . . . . . . . . . . . . . . . . . . . .  
> 15 . . . . . . . . . . . . . . . . . . . . .  

n . . . . . . . . . . . . . . . . . . . . . . . . .  

Shallow shocks 

P S 

42 0 
25 9 
28 45 

6 3O 
0 16 

200 247 

Intermediate shocks 

P S 

45 1 
28 22 
20 51 

] 7 19 
0 7 

"--125 111 

Deep shocks 

P s 

67 8 
27 53 

7 32 
0 8 
0 0 

45 38 

tively long continuation of high-frequency waves (DZ, DE in fig. 6) may result from 
scattering (Tatel, 1954). For T > 10 seconds the maximum energy in a single 
wavelet decreases with increasing period. In PP the periods of the wavelets carrying 
the largest energy extend to slightly greater values than in P, but the decrease in 
energy for wavelets with periods of over t5 seconds is marked. Finally, in S the 
periods of wavelets carrying the largest energy extend from about 3 to 20 seconds, 
but the largest wavelets with periods of more than 24-4- seconds rarely carry more 
than about one-half the energy of the shorter wavelets with the largest amplitudes. 

As the prevailing periods of P and S increase at small epicentral distances (Guten- 
berg 1936; 1957b, p. 222), it appears that the attenuation process in the earth's crust 
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is different from that in the deeper portion of the mantle. Investigation of details 
for the crust and the upper part of the mantle is difficult as a consequence of the 
complicated wave paths and of the low-velocity channels; interpretation of observed 
phases at epicentral distances between roughly 2 ° and 20 ° is frequently doubtful. 
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F i g .  7. O b s e r v e d  v a l u e s  o f  A = m - l o g  ( a / T ) ,  w h e r e  m = magnitude of shock, a = ground 
a m p l i t u d e  i n  m i c r o n s  a n d  T = p e r i o d  i n  s e c o n d s ,  r e p o r t e d  b y  o n e  o f  18  s t a t i o n s .  T h e  c a l c u l a t e d  
c u r v e s  a r e  b a s e d  o n  t r a v e l - t i m e  c u r v e s ,  t h e  o b s e r v e d  a v e r a g e  c u r v e s  o n  G u t e n b e r g  a n d  R i c h t e r  
( 1 9 5 6 ,  p .  8 ) .  T o p :  v e r t i c a l  c o m p o n e n t  o f  P ;  b o t t o m :  h o r i z o n t a l  c o m p o n e n t  o f  S.  

The attenuation of waves in the earth can also be investigated by calculating 
amplitudes to be expected on the basis of the observed travel times. For P, Gutcn- 
berg (1958) has used the travel times for surface loci (Gutenberg, 1953), for S 
those of Jeffreys-Bullen (1948), with k = 0.06 per 1,000 kin. for the amplitudes of 
P and S. The calculated curves for log (a/T) (figs. 2 and 7) agree within the limits 
of error with the observations and confirm that k is 0.06± for P and S. 
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The effect of k on the amplitudes is especially large for PP at great distances. 
Approaching 180 °, the contribution of the attenuation term to log (a/T) is about 
0.5, if k = 0.06 per 1,000 km., as assumed; table 2 shows that the effect of T on 
log (a/T) probably does not exceed 0.1 in the same units for distances between 45 ° 
and 150 ° and periods between 24- and 104- seconds. These results again indicate 
that the effect of the period on the attenuation of body waves in the mantle is 
small and within the limits of errors from incorrect assumptions. There are several 
of these, like the neglected effect of variations with azimuth of the energy leaving 
the source, neglect of the (small) loss of energy at the MohoroviSi6 discontinuity, 
local variations in the reflected energy of PP. On the other hand, all reproduced 
results and curves are logarithms, so that  an error by a factor of 1.3 in the quantity 
involved produces an error of only 0.1 in the result. Moreover, a variety of averages 
have been used, in which "errors" are minimized, unless they are systematic. 

Finally, if Q were constant and equal to 400, which corresponds to P waves with 
T = 12 sec. (table 1), amplitudes of P waves with periods of 2 seconds would be 
reduced by absorption (k -- 0.36 per 1,000 kin.) to 0.024- at distances near 90 ° in- 
stead of to 0.5 for k -- 0.06, that is, to about 1/25 of the observed amplitudes, and 
those of P 'P 'P '  with the usual periods of about 4 seconds to 0.0024- instead of to 
0.14-, that is, p~pIpp would not appear even on seismograms of great shocks. Much 
higher absorption would result if k were proportional to T -2. From all data, we may 
safely conclude that in the earth's mantle below about 300 km. the absorption factor 
k does not increase proportionally to T -~, as indicated by equations (3) and (4). 
The assumption that in the mantle k varies proportionally to T -1 as in most labora- 
tory experiments and approximately in surface waves leads to results which seem 
to be inconsistent with observations. A change of k proportional to T -½ could escape 
detection, but there is no obvious evidence for such a difference in k. 

Summary.--Previous investigation of records of near-by earthquakes has indi- 
cated that the periods of body waves increase on paths through the upper portion 
of the crust. We find now that at distances beyond 20 ° periods of a fraction of a 
second which exist in P and S waves near the source have disappeared, and that at 
distances between 25 ° and 110 ° S waves show rarely periods of less than 4 seconds, 
while periods of 1 second are recorded in P waves to distances of 1004- degrees 
beyond which no direct P exists. There is no indication of differences in the absorp- 
tion coefficient of amplitudes, k = 0.064- per 1,000 km., for P, PP, and S waves in 
the deeper portion of the mantle and for P' waves through the mantle and core 
regardless of the period. The attenuation for seismic waves in the mantle cannot be 
represented by the same equations as for the earth's crust nor by those based on 
laboratory experiments. Amplitudes of seismic waves through the deep portions of 
the crust and the upper portion of the mantle are much more affected by complica- 
tions in the paths as a consequence of the "low-velocity layers" than by absorption 
and, therefore, do not give useful information on the attenuation processes. 
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