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This paper is a companion to an earlier one (Green & Naghdi 1986, Phil. Trans. R.
Soc. Lond. A 320, 37-70 (1986)) and deals with certain aspects of a nonlinear water-
wave theory and its applications to waters of infinite and finite depths. A new
procedure is used to establish a 1-1 correspondence between the lagrangian and
eulerian formulations of the integral balance laws of a general thermomechanical
theory of directed fluid sheets, as well as their associated jump conditions in the
presence of any number of directors. (Such a correspondence between lagrangian and
eulerian formulations was previously possible in the special case of a single constrained
director.) These results are valid for both compressible and incompressible (not
necessarily inviscid) fluids. Applications are then made to special cases of the general
theory (including the jump conditions) for incompressible inviscid fluids of infinite
depth (with two directors) and of finite depth (with three directors) and the nature
of the results are illustrated with particular reference to a wedge-like boat.
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48 A.E.GREEN AND P. M. NAGHDI

1. INTRODUCTION

This paper is concerned with further developments in a nonlinear theory of water waves for
finite and infinite depths, which are a continuation of previous work (Green & Naghdi 1986).
The present developments are dealt with via a direct approach on the basis of a model — called
directed or Cosserat surfaces €, — comprising a material surface s with K directors d,, d,, ...,
dy. The earlier basic formulation of such theories, with particular reference to fluid media, was
carried out in lagrangian form (Green & Naghdi 1976, 1977, 19794), including that involving
thermal effects (1979a), and subsequently for special applications the (local) basic equations
(in the presence of a single constrained director) were recast in eulerian form. A separate basic
general formulation in eulerian form in the context of the purely mechanical theory, which is
more convenient for most applications in fluid dynamics, has been effected more recently
(Green & Naghdi 1984, 1986). In the latter general eulerian formulations, the basic conser-
vation laws are expressed in terms of integrals over a fixed surface area and its boundary.

For clarity’s sake and by way of additional background, we recall from Green & Naghdi
(1984, §1) that in the earlier basic formulation of the theories of fluid sheets (or shell-like bodies)
the conservation laws were stated by using material surfaces and material derivatives from a
lagrangian viewpoint, i.e. time differentiation holding the material point on the surface s of
%k fixed. The conversion of the resulting local equations to an eulerian form, in general, posed
some difficulty except in the special case of a directed surface with a single constrained director
mentioned in the preceeding paragraph. Because of this, a new procedure was effected (Green
& Naghdi 1984, appendix), which provided a basis for stating the general conservation laws
(in the presence of any number of directors) in an alternative eulerian form.

To describe the contents of this paper, we first note that in an appendix placed at the end,
we extend the procedure for conversion from lagrangian to eulerian forms and discuss a method
which provides some new ingredients for establishing a 1-1 correspondence between the general
integral balance laws in lagrangian form with the corresponding general balance laws in
eulerian forms stated earlier (Green & Naghdi 1984, 1986).

With the new procedure of the appendix, we begin the developments of this paper in §2 by
stating the general conservation laws (with K directors) for directed sheets in both eulerian and
lagrangian forms. This brings the entire general formulation of directed sheets (or Cosserat
surfaces) to the same level of common formulation as in the exact three-dimensional theory
in which the conversion from lagrangian to eulerian formulations (or vice versa) is straight-
forward.

The conservation laws in §2 include also those associated with thermal effects, namely the
balances of energy and of entropy in both lagrangian and eulerian forms; however, we do not
include here the thermodynamical restrictions which arise from considerations of the second law
of thermodynamics. Next, with the use of a fixed system of rectangular cartesian coordinates,
in §3 we specialize the general theory of §2 to a compressible fluid (not necessarily inviscid),
but still retain the general thermodynamical aspects of the developments of §2. General jump
conditions with K directors, which accompany the basic equations of §2, are discussed in §4
mainly in eulerian form, but with the limitation to steady flow and with the use of the
rectangular cartesian coordinates introduced in §3. Section 4 contains also a detailed discussion
and comparison of the jump conditions in both the eulerian and lagrangian forms when the
special theory used involves a single director (K = 1) which is constrained to be always parallel
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to a fixed direction. This latter comparison sheds some light on the nature of the jump conditions
especially since most of the existing applications (in the presence of a single constrained director)
have used lagrangian forms of the jump conditions. ,

The remainder of the paper is concerned with applications of the developments of §§2—4 to
special cases in which only two or three directors are present. Incompressible inviscid fluids of
infinite depth (with two directors) and of finite depths (with three directors) are discussed,
respectively, in §§5 and 7, and their main features are illustrated with reference to a wedge-like
boat in §§6 and 8. '

2. DIRECTED SHEETS .

The theory of directed sheets, or Cosserat surfaces €, comprising a material surface s with
K directors d,, d,, ...,dy is summarized here in a way that gives a direct link between the
lagrangian and eulerian points of view instead of the separate treatments given in previous
papers. Thermal equations are also included.

Let 4, the surface of € in the present configuration at time ¢, be defined by its position vector
r relative to a fixed origin, and let 6*(a = 1, 2) be convected (lagrangian) coordinates defining
points of the surface. Further, let the K directors be denoted by d,,(M =1, 2,...,K). Then a
motion of the Cosserat surface € is specified by

dy=r=r("1), dy=d,0"1). 2.1)

Base vectors, unit normal and metric tensors on this surface are denoted by a,, a% as, a,,, a*
and are defined in (A 5) of the appendix. The velocity and director velocities are defined by

v=w,=F w,=d,, (2.2)

where a superposed dot denotes material time differentiation holding 6* fixed.

Again, let 5 be a fixed surface in space specified by a position vector 7 which is a function
of two curvilinear coordinates {*(a = 1, 2) on this surface. Base vectors, unit normal and metric
tensors on this surface are denoted by a,, a*, @, a,, @#. The surface s of €, in its present
configuration at time f, coincides with the fixed surface 5 and the velocity of points of the
moving surfaces s at this time is denoted by 0 = ©({* ¢). Also, in the present configuration at
time ¢ when o coincides with g, the director velocities are denoted by w,, = Ww,,({* f) with
W, = (&% ) and the directors assume the values

aM = ‘?M(gl, Cz) (M =1, 2, '-"K)a ao = f(gl’ gz) (2-3)

Throughout the paper, we use standard vector and tensor notations with lower case Latin
indices (subscripts or superscripts) taking the values 1, 2, 3 and Greek indices the value 1, 2
together with the usual convention for summation over repeated indices (one subscript and one
superscript). Here it is necessary to retain the notation of an overbar for quantities related to
the surface 4, in contrast with previous papers.

Consider an arbitrary part & of the surface ¢ which coincides with a fixed part 2 of the

surface J at time ¢ and designate the boundary of Z by 02 whose outward unit normal in the

surface is
v =7,a* = i'a,. (2.4)
7-2
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Guided by developments in the appendix we postulate both lagrangian and eulerian forms of
the conservation laws for mass, momentum, director momenta and moment of momentum for
%\ as follows:

d of __ _ _ o L _ _
"f PYyydo = _f P!/MNdo""J POyn VdS— | P(Dpn+Dyy) dG =0 (2.5)
dt), ot)s o #

for M,N=0,1,2,..,K,

0 X & P -
:iit p X yM°dea_5}f p X gMOWMd6+J p X vaMo-vdf=f pfda'+J. nds,
P # o

# M=o # M=o M=0
(2.6)
d 0 K K K
p X yMNdeG—_J (2 ?MNWMdJ"*‘J 2> WMﬁMN'vdE_J‘ P X Wy Oy de
deJ," 4% 0t )" a0 @ M=o # M=o
- [ Gtk do+ [ myas 2.7)
L4 P

for N=1,2,...,K and

d of . K K o
P Z 2 Ynmy wad‘T—_J P E X GyydyXWydo
dt )" 520 aiz 0t )" om0
K K _
+f P Y X dyXWyyy ¥ds
¥ N=0M=0

N=0 9P N=0

K K
=J pXdyxlyde+| X dyxmyds, (2.8)
?

where dé = @, dd, the inertia coefficients y,,y, 7x are defined by (A 18), and the velocity
fields ¥,,, may be expressed in terms of the director velocities with the help of (A 6). Also,
n = my is the force vector, my, are the director force vectors at the curve 02, f = I, is the assigned
force vector, I, are the assigned director force vectors both per unit mass and k, are the internal
director forces per unit area. The assigned field f may be regarded as representing the combined
effect of (i) the stress vector on the major surfaces of the body denoted by £, and (ii) an integrated
contribution arising from the three-dimensional body forces acting on the body denoted by
Jo A parallel statement holds for the assigned fields I. We therefore write

f=fc +fin IN = INc+le'

Balances of entropy and energy for every part & of the material surface ¢ which coincides
with the fixed surface & at time ¢ are

a _ K ~ _ _ _ K o L _ K o _
=§J P X Junimdo+ ]| p 2 ﬂM”MN'VdS_J P X a0y de
P M=0

P M=0 P M=0

=J‘p(sN+§N)d6{—J. kyds (N=0,1,2,...K) (2.9)
2 L4
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and
d " {E K d[ k£ K
d—f (e+§ DI !/MNWM'WN)Pd0'=E 2 Z Yun(eun+iwy wy) pdo
¢ M=0 N=0 tJ)# M=0 N=0
0 K K K K
= Y 2 Gun(Eun+iWy wy) pda+ 2 X (EyntiWy Wy) Oyy 0pds
t ) M=o N=0 3P M=0 N=0
K
Z (ra+ly - wy)pda+ Y (my-wy—hy)ds. (2.10)
# N=0 3P N=0

In these equations 7y, 95 (6% t) = §5(£* ¢) are the entropy densities, £, are the entropy fluxes,
hy are the heat fluxes, s, are the external rates of supply of entropy, ry are the external
rates of supply of heat, €, €y, (67, t) = &5 (& ¢) are internal energy densities. If (N =0, 1,
2, ..., K) represent the effects of temperature then

Tw="0xsn, hy=0yky (N=0,1,2,...,K; N not summed). (2.11)
The field equations corresponding to (2.5) are

p+pdiv,o =0, pat = function of 6* only, (2.120)
00 = 1, Yy = function of 6" only, .
0, 1 o _
or Y (PImn) +a (pa N ) e —P(Opyn+0Oyy) a3 =0, (2.125)

where () , = 0( )/0&* Similarly, making use of (2.125) the local field equations corresponding
to (2.6) to (2.8) are

ow
P Z YunWu=p 2 {yMN aM+(vMN ) aga, Mt Wy Oy as}

M=0 M=0
= ply—ky+ Mjl, (2.13)
for N=0,1,...,K, where k, = 0, Mj; = N*, and
K
Y (dyxky+dy ,x M%) =0. (2.14)
N=0

A vertical line denotes covariant differentiation with respect to the surface 4. Also
n=Nwv, my=M5v,. (2.15)
Again, from (2.12) and (2.13), the field equations corresponding to (2.9) and (2.10) are

o7 o7 _
P =p Z YunTm =P E {!/MN gt (vMN'da)?)%;M"*"']M”MN'ds}

M=0
=plsy+Ex)— leaPN
ky=py'¥, ddiv,py=(dpy-a)., (2.16)
K K
PE=p X 2 Yun€un
M=0 N=0
- . O€yn o Omy
=p 2 X {iun ot —, -t Oy @) =5 e +Epn(Opn+Ony) "G5
M=0 N=0
K
= 2 (pOysy—Py 8n—0Oydiv,py) +P, (2.17)

N=0
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K
h P= ky-w M5 - w ’
where Eo( N Wyt My Wy,) k,=0, (2.18)

gy =gradfy = 0N,aaa

and external body forces are eliminated with the help of (2.13). After elimination of external
rates of supply of heat by (2.16), (2.17) becomes

K . K K . .
P(¢+ Y iiNaN) =p X Z Yun¥unt016x)
N=-0 M=0 N=0
.S 0 oo
=p2 X {yMN( 'ﬁale*"'?M a;v)

M=0 N=0

o0y .
+ (Opyy-a )(aggN+ﬂM aga) (Open*As) Q¥ un+in 0M)}
= _Nzo (POyEn+Pn 8n)+P, » » (2.19)

‘/—’MN=5MN %(”Mﬂ + 75 Or)-

After constitutive equations have been chosen for the response functions

Y(or Yarns '/—’MN)s fin (OF Wy Tn)s  OnsEnsPns oy, My, (2.21)

then (2.19) is regarded as an identity for all thermomechanical processes.
To complete the theory we need to examine restrictions arising from interpretations of the
second law of thermodynamics, but we omit this.

3. INVIsCcID FLUIDS

The general theory of §2 is applied to the special case of a compressible inviscid fluid before
further specialization to particular geometries. We consider a compressible fluid of density p*
and choose a fixed system of rectangular cartesian coordinates ¢ = x,(i = 1, 2, 8) with cor-
responding orthonormal base vectors e,. The fixed surface 3 is a plane surface { = x; constant.
Then we may set

F=x, a,=a=e, =€, G,=a"=0, (8.1)

The moving surface s coincides with the fixed surface J at time ¢ so that, after operations such
as material time derivatives have been carried out, we may set
a,=a,=e,, Yun=fun> €tc (3.2)

For guidance we briefly examine the problem of inviscid fluids in the usual three dimensional
context. The thermodynamic identity which results from eliminating external body forces and
‘external rate of supply of heat from the energy equation is

*(J*+*0%) = —0*£*—p*-g*+ T D, (33)

where y*, 9%, £*, p*, T, are respectively the Helmholtz function, entropy density, internal rate
of production of entropy, entropy flux vector and stress tensor. Also D is the rate of deformation,



NONLINEAR WATER WAVES 53

0*(> 0) is a measure of temperature and g* = grad* 6*. For an inviscid (compressible) fluid
P g P

we assume that : U*, %, %, p*, T, 6% (3.4)

are functions of p*, T* and grad 7%, where T* is an empirical temperature. Use of (3.3) as
an identity then shows that g% = 6%(T%) (3.5)

independent of p* and grad* T* so that, with the additional restriction 06* /0T* > 0, we may
use 6* > 0 as an absolute temperature for this class of fluid, instead of 7%, the empirical

temperature. Then U = yYr* (o, 0*5', n* = — 0P /06*,
T= —p*Lp* = pH oyt o, Y
p* =p*(p*, 0%, grad %)
= —k(p*,0%,8%-g*) g*.
In deriving the last form for p* use has been made of invariance conditions under superposed

rigid body motions.
Returning to the theory of §2 with choice (3.1) for the fixed reference surface we assume that

p*, T* are represented by

K K
p* =NZOPN Ay(xp), T*= Nzo Ty An (). (3.7)

For inviscid fluids the constitutive functions (2.21) are assumed to depend on
Pns TN’ grad TN =€, TN.a’ (38)

where T, are measures of empirical temperatures. Then, by using (2.19) as an identity for all
thermomechanical processes, in which external body forces and external rates of supply of
entropy are chosen to balance the equations of motion and entropy balance equations, it follows

that 0y = 04(T;y) (3.9)

for M, N=0,1,..., K. With suitable restrictions we may express 7, as functions of 6, and
replace T, by 6, in the constitutive equations. Also Yr(or ¥y, ¥sy) depend only on py, 0.
In further application of (2.19) it is convenient to use the lagrangian form of the equation
involving the first group of terms on the left-hand side. Also, corresponding to the assumptions
for -, the Helmholtz function ¢* has the form in (3.6) and, from a result analagous to (A 23),,

pwf (a*p*+%‘g*0*)d

K o(a L opt S or B [t
== 5 | p g e e dut e i) dzt 3 | ot bydz. - (3.10)
M=0Jz, P M=0Jz,
X » 3 oy
Then P E Dt = Pl = — 50 f Pyt dz=—pit-, (3.11)
M=0

2 * ° *
M, = —eaf p*"’%—;/\Ndz, ky= —es.r p*’%%;/\}vds. (3.12)
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One case of special interest is that of an ideal gas of constant specific heat ¢, for which

Y* = RO* Inp* +,(0*—0%1g6*), R=R/M=c,(y—1), (3.13)
where M is molecular mass and R,j/ are constants. Then
K z,
P 2 ghontis = pil = = [ (Rinp*—c,150%) p*Ay 8.14)

- K
M = —e‘zf Rp*60*Aydz = —e€,R X pyynOurs

. M=0

(3.15)
o ok
oy = —es [ Rp0*Xydz = e, R 3 plicn O

z, M=0

where P = f Cp* A, Nl dz. (3.16)
If the entropy #* is everywhere constant, then 4, are constants,

6* = exp (1*/c,) p**7V (3.17)
and Mz, = —Ade, f p¥ A dz, ky = —Ae, f " p*T X dz, (3.18)

where 4 is a constant. On the other hand, if temperature 6* is constant everywhere; then 6 is
constant, 8y, =0(N=1,2,...,K) and

My = —'Be“_[ gp""\N dz = —Be, py,,

2

(3.19)
ke =—Be, [ p*ydz = = Beypi

where B is a constant.
We next suppose that the fluid is incompressible with p* constant everywhere and incom-
pressibility conditions of the form

K

2 (apn Wi €utbynwy'es) =0 (3.20)

M=0

for N=0,1,2,..., K. These conditions induce constraint responses in the functions M%, k,, of
the form

K K
My =—e, 2 ayypy, ky=—€3 X bypbus (3.21)
M=0 M=0

where p,, are arbitrary functions of x,,¢ which have also absorbed the contributions from
(8.19). The entropies are still given by (3.14) and, from (3.7),, p, is constant and p,, =
oM=1,2..,K).
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If, in addition, the temperature is constant everywhere then 6 is constant, 6y, = O(N = 1,
2,...,K) and

fiy=const, py=0, E4=0, sy=0, ¢=0. (3.22)

In applications, constraints other than the constraint of incompressibility, are introduced
into the theory but these are best considered for each special case.

4. JUMP CONDITIONS FOR STEADY FLOW

The field equations obtained in § 2 are valid only in regions where there are no discontinuities.
In obtaining the solutions to certain problems, however, it may be necessary to consider
boundaries at which there are discontinuities in both the kinematic and kinetic variables and
this requires considerations of jump conditions across such boundaries. Previously, the jump
conditions have been obtained with various degrees of generality by Green & Naghdi (1976,
1977), Caulk (1976) and Naghdi & Rubin (1981, 1987) for a theory with one director from
the lagrangian form of the integral balance equations. Here, we return to the integral balance
equations (2.5)—(2.10) and derive the appropriate jump conditions for K directors from the
eulerian forms of these equations. In the interest of simplicity, we restrict our attention only to
jump conditions for steady two-dimensional flow in planes perpendicular to the x,-direction
using the special rectangular cartesian coordinate system introduced in §3. Thus, we set

Wy = Wy = Wy €, Wo=0=0, Opypy=70ypn€;
Iy = ky =k = = m, = 1)
N = i€y Ky =Ky€, My=my€, N=mMmM,=neé,
where : Wy =0, Upne=0. (4.2)

We suppose that there is a discontinuity at x, = x, and apply the eulerian forms of (2.5)—
(2.10) to a strip bounded by x, = x,—¢ and x, = x,+48 and then take the limit as § — 0.
Because the motion is steady, there is no contribution to the jump condition from the time
derivative 0/0t of the surface integrals. The contributions from the line integrals is immediately
of the form (4.8) listed below, but there may also be contributions from the remaining surface
integrals because their integrands may contain singularities in the region (x,—9, xo+9). In the
limit as & — 0, it follows from (2.5)—(2.7) that

[zt ,
[Pvarx]—lim (varns+Vnps) dx = 0, (4.3)
80 J zy—8
K Zo+d
7 = wiow] = 1 1im [ prs, (44)
M=0 8-0J 2,2

K zt8 K 7o+
: ,[[ﬁ > vaMNl]]—lim, P X Wy vy dx = [my]+1lim (ply—ky)dx.  (4.5)

M=0 80 J zp—¢ M=0 80 J zy-¢

From the entropy balances (2.9) and energy equation (2.10) the jump conditions are

K I°+d K "Zo+8
[[p S e va]]-lim Y e vwarsdr= —lhyl+lim [ plsx+Ex)dr,  (46)
M=0 80 zo—6 M=0 30 Zy—8

8 Vol. 324. A
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and

K K
[[2 Y (%pWM'WN"'ﬁéMN) ”Mm]]

M=0 N=0

K Zy+8 K

=[[2 (mN'WN—hN)]]+lim X (ry+ly-wy)pdx, (4.7)
N=0 80 J ;-8 N=0

where in the above formulae

U1 =Sloeap =flamgs- (4.8)

Before further consideration of the jump conditions in the context of particular applications
in §§5-8, it is useful to examine the nature of the differential equations of motion and the jump
conditions in the special case of a single constrained director for applications to problems of
fluid flow over a small constant depth. As noted earlier in this section, previously both the field
equations and the jump conditions were derived in lagrangian form, with the derivation of the
latter being limited to that for steady flows confined to planes perpendicular to the x,-direction.
The field equations were also obtained from the eulerian formulation of the conservation laws
in Green & Naghdi (1986) and it was noted that these were equivalent to the field equations
in the lagrangian form.

We now proceed to obtain the field equations in the case of a single constrained director
(mentioned in the preceeding paragraph) by specialization of the general results of §2 and then
deduce also the corresponding jump conditions from the present eulerian forms. Thus, with
reference to a fixed system of rectangular cartesian coordinate axes introduced in §3, consider
a fluid sheet that is bounded below by the plane x; = 0 and above by a surface x; = ¢(x,, x,, {)
which represents the waveheight. The fluid is of constant mass density p* and, in the absence
of surface tension, flows under the constant gravitational acceleration — ge;. Also, we denote
the pressure at the bottom surface by § = §(x,, x,, ¢) and at the top surface by f = f(x,, x,, t).
From the general theory of §2, we select the special case of a single director and choose the
weighting function A,({) = { = x;. Then, the velocity vector v and the director velocity
w, (= w) when referred to the base vector e; can be expressed as

v=uy,e, W=ue,. (4.9)
Because the fluid is now assumed to be incompressible, from (3.20) we have
V, . tw=0, (4.10)

where we have also set wy = w. In addition, because the director is constrained, we have

w, = 0. (4.11)

As explained in Green & Naghdi (1986, §8), the constraint conditions (4.10) and (4.11) give
rise to constraint responses of the forms

Moa = Na = _pea, kl = —[Jes-l'fﬁeﬂ, Mla = apeﬂ, (4.12)

where p, 1,,1,, are arbitrary functions of x,, &. Values for the inertia coefficients gy, §o1, 711, the
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velocity components piiy,, i, p7;; and the assigned fields f = [, I, were also listed in (8.7) of
that paper (Green & Naghdi 1986). The relevant field equations may now be deduced from
(2.1254) and (2.13) and are given by

og/0t+ (¢v,),. = 0,
p*¢ (dv, /0t +v,00,/0xg) = —3p/0x,+ pog/ox,,
$0*¢* (Ow/0t+v,0w/0x,+ u') = — p*gd —p+5,
10*8° (Qu/0t+u,00/0x,+ u?) = p—3p*e¢*—fp.

(4.13)

We do not record here the equations involving the response functions 7, and ., because they
will not be needed in our subsequent developments. The system of equations (4.13) are
equivalent to those utilized in a number of previous papers from a lagrangian formulation of
the theory for an incompressible inviscid fluid.

Consider again an incompressible inviscid fluid but suppose that the two-dimensional flow
(confined to the vertical x,,xs-plane) is steady. Then, it follows from (4.10) and (4.13),
that

v=u=k/¢, w=k¢'/P? (4.14)

where u is the horizontal component of the velocity, £ is a constant flow rate and a prime
denotes differentiation with respect to x,'= x. Now suppose that there is a discontinuity in ¢
or ¢’ at the place x, = x = x, (say). Then, recalling the notation (4.8), from (4.3) to (4.7) we
have the jump conditions

[K] =0, (4.15)
[p*ku] = -]+ F, (4.16)
o*kgul = F, | (4.17)
"To+é
Bo*kgtw]—ilim [ p*¢Puwtdx = L,, (4.18)
80 J 28
[Zo*Ku® +3¢°w’ + g8}l = [—pu] — D, (4.19)
where ‘
Zo+e Zo+é
F, =lim p¢’dx, F,=—lim (p—p) dx,
8-0 10—3 8—0 10—3 .
‘ (4.20)
'Tqt+d
Li=—lim| pgdx,
8=0 Jxy—¢

and @ is the rate of energy dissipation which may arise, for example, from spray formation at
the leading edge of a boat or from local viscous effects at the jump.

It is of interest to provide a direct comparison between the jump conditions (4.15)—(4.19)
and the corresponding jump conditions obtained in a number of previous papers (mentioned

earlier in this section) from the lagrangian formulation of the theory. For example, apart from
8-2



58 A.E.GREEN AND P. M. NAGHDI

a slight change in notation, the jump conditions utilized in the papers of Naghdi & Rubin
(1981, 1986) in a similar context can be written as

[F1=0, [p*kut+pl=F,, [p*kgu]=F;,

Tg+d

[2o*kdw] = L;—1lim (p+p)dx, (4.21)

6-0 Jz,—8

[30* Ku® + ($w)* + g} + pu] = — &,

and it should be noted that w in the papers cited earlier (e.g. Naghdi & Rubin 1986) is replaced
by ¢w due to a difference in notation from that used here.

The jump conditions (4.15), (4.16), (4.17) and (4.19) are the same as the corresponding
conditions in (4.21), but the condition (4.18) is different. This is because the physical in-
terpretation of the quantity L; in (4.18) is not the same at that of L, (or a combination of L,
and E) in (4.21). If we examine the manner in which the inertia coefficients and the assigned
fields f and [, have been identified (or interpreted) in both the lagrangian and eulerian
formulations, then due to the use of different coordinates and weighting functions we should,
in general, expect different values for those quantities to emerge. In the special case in which
@ is continuous at x = x,, but not ¢’, then (4.18) reduces to

Ww*Eigl=L . (4.22)

and this is equivalent to a combination of equations (4.21), ;. The same is true if § is bounded
in the interval (xo—d, x,+4). In other applications it may happen that the equations yielding
either the value L or L, are of no interest so that differences in the two formulations are of no
consequences.

5. FLUIDS OF INFINITE DEPTH

Here we consider an inviscid incompressible fluid of constant density p* and infinite depth
using the theory of §2 and the special reference frame of §3. The fluid is subject to constant
gravity —ge; and is bounded above by the surface -

§=x3 = P(x1, %, 1) . (5.1)

at which there is a pressure § = f(x,, x,, {) and a constant surface tension 7. The fluid occupies
the region —4 < { < # with A—> 0. From §2 we select the theory with two directors corre-
sponding to weighting functions A, ({) = €%, A,(§) = ¢, where a is a parameter. In addition

dy=x,e,+de;,, d,=0, d,=e,, (5.2)

where the scalar dis a constant. The velocity v is constrained always to be constant in a direction
parallel to the plane 3, the velocity w, is constrained to be zero, and the fluid is incompressible
so that '

v =¢,€,, w2=0, W1=w‘e‘,} (5 3)

W, .+ awg =0,
where ¢, are constants. In view of (3.21) and the extra constraints in (5.2) other than
incompressibility, the constraint response functions are -

N,=r.e, ky=—pae, M, = _Pea,]_

_ (5.4)
M, =r1.e, ky=re, J
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where p, 1,,, 7,,, 7, are arbitrary functions of x,,x,,¢ The response functions (5.2) satisfy the
moment equation (2.14) if
T3a = Tws raﬂ = rﬂa’ (5.5)
The mechanical field equations (2.12) and (2.13) given previously in Green & Naghdi (1986)
are

aﬂ+(¢: +w, e* )g—f—wz e =0, (5.6)
P* s P*  ap. 1208 \OMWa 1y 2ap,  _ O o8
— e + , (e%Pc,+1e*Pw,) ax/‘+§p*e wswa—-aTA+(ﬁ—q)5;;, (5.7)
p 2aﬂa a p 1.2ap 1_.38ap, awa 1,.% o3ap =_?£ — aﬂ?ﬁ
2(1 a + ( C+—€ w;\)ax/""sp ¢ wswa axa+(ﬁ q)C axa’ (58)
*
0% cter S04 22 (e, Jeu,) oo+ ol = ap— (p*e/a) (=) . (59)

Equations involving the response functions 7,,7,, are not required in subsequent analysis and

are omitted. Also
9 {1+(/3,1)2}/9.22_2/9,1ﬂ,2ﬂ.12+{1+(/9.2)2},3.11. (5.10)

T {1+ (B.2)+ (B

We consider steady waves on a stream moving with constant speed ¢ in the x,-direction, with
the temperature everywhere constant. Then, ¢; = ¢,w, = 0 and §, w,, w;,, 1), are functions of
x,. With zero surface tension, (5.3), and (5.6) to (5.9) reduce to

wi4aw; =0, (c+w,e”¥)f —w;e*=0, (5.11)
p*ce*Pu/(2a) = —p'+§ e, (5.12)

*¢ ’ * Caaﬂ ’ a a
B ctotu + g (wy i+ auf) = ap— (p*g/a) e —f e, (5.13)
p*ceufa =1, +pF, - (5.14)

where a prime denotes differentiation with respect to x,. Equations (5.11) may be integrated

to yield —af) e w,=c(1+A—ap) ef, (5.15)
where 4 is a constant.

Suppose that there is a discontinuity in g or £ or both at the place x = x, which induces
discontinuities in the dynamical variables. Then, from (4.3) to (4.8) and the equations of the
present section we have the following jump conditions

[caf+ w, e*] =[cA] = 0, (5.16)
[(p*/a) (c ¥ + 3w, ) w)] =[]+ R, (5.17)
[(p*/a) (c €% +}w, **)e+ (p*/a) (e € + 30, ) w,]
'To+d
—lim p* (b 2 + 3w, ) wydx = —[p]+L,, (5.18)
-0 Jzy-8
2o+
[(p*/a) (3¢ €% +3w, €¥) wg]—lim ip* ePuidx
80 Jz,-8

zo+8
=L,+lim {ap— (p*g/a) e*}dx, (5.19)

8-0 Jzy-8
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[(p*/a) (c € +3wy %) cwy + (p* /2a) (3¢ € + 5wy %) (w]+uj)]

"Zo+8

= [eryy —pw,]—c®—lim | (p*/a) g e®uw,dx, (5.20)

-0 Jzy~8

where ¢® is a dissipation of energy which may arise, for example, from spray formation at the
leading edge of the boat or from local viscous effects at the jump and

Zytd Zo+8 ote
F, =lim pp dx, L, =lim pe*#p dx, Ly=—lim b e*dx. (6.21)

-0 Jz,—¢ 80 Jz,—¢ 80 J 28

6. WEDGE-LIKE BOAT

Problems of steady two-dimensional planing on water of large depth have been considered
by Wagner (1932), Squire (1957) and Cumberbatch (1958) using the linearized three-
dimensional equations of an incompressible inviscid fluid and small planing angles. On the
other hand the nonlinear steady-state solution to the problem of gliding of a wedge like boat
or plate on a fluid of large depth has been given by Green & Naghdi (1986) based on equations
of the form given in §5 of this paper. Here we complete the discussion of this problem by
examining the transition to planing of a wedge-like boat, using the theory of §5 in which use
is also made of the jump conditions. The method of solution is similar to that used by Naghdi
& Rubin (1981, 1986) for the transition to planing on fluids of small depth, and may be
extended in the case of water of infinite depth to apply to boats of a general shape.

We consider the equivalent problem of steady motion of a fluid in the x=yx,-direction past
a wedge-shaped boat (see figure 1). Far ahead of the boat the fluid is assumed to flow as a

—_— %
!
]
| |
— ! ! s
! |
! 1
| |
v e\ e v
«— 1 —-’L‘ II I ——
FiGurE 1. A sketch of the planing of a wedge-like boat showing different regions referred to in the text

(see §6).

uniform stream with speed ¢ until it meets the leading edge of the boat at x=x,. The motion
is two-dimensional in the (x,,x;) plane. It is convenient to divide the fluid into three regions:
region I: — 00 < x < x;; region II: x; < x < x;; and region [II: x;; < x < 0. The fluid height
in region Iis # = 0. In region II the wetted length of the wedge is / and the fluid height at the
trailing edge x=x,, is B, = —!sina where a is the inclination of the boat bottom to the
horizontal. The fluid is assumed to leave the trailing edge of the boat smoothly and forms a
wavey system in region III. The pressure at the fluid surface in regions /, II] is constant and
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equal to p, and f is the varying surface pressure at the boat in region I which has to be found.
Under these conditions the equations of motion (5.12) to (5.14) may be integrated to yield:

region I, B=0, wy=w;=0, p=p,/a+p*g/a*; (6.1)
region 11 wy = c(dy—af) €%, vy = c(1+4y—af) (6.20)

pIp* = (*/20) 2+ Ay + (1+ 4;) af—}a*} € — (g/ %) aff €

+ (c%/6a) {(4 + 34,) af—34a*f*/2} * tan’ a + E, e, (6.20)
blp* = (¢*/2) {2+ 4, + (1 + 4,) af—3a* %} — (g/a) (1 + af) 6.2
_ +(2/6) {4 +34,+ (1+34,) af—3a*6/2} tan® e+ aEy; 20)
region I11,
w, = c(dg—apf) €%, w;=c(1+A;—ap) g, (6.3a)

# (B (1+ 45— af)? (3+2A —2af) = H{(1+4,) (2+4;) af
—4(8+24,) a*F*+3a* %} — (1 + Ay) af+3a* B — Dy(4s —af) €+ E;,  (6.30)
p/p* = (po/p*a) €+ (c*/2a) 2+ A3 —af) e +¢gDy/d’, (6.3¢)

where I' = ¢®a/g and A4,, A3, Dy, E,, E; are constants.
At the leading edge x=x, between regions I, II there is a jump in the values of §” whereas
B is continuous. We apply the jump conditions (5.16) to (5.20) so that

4,=0, [ry]l+F=0, [p]l=L

,2 * (6.4)
L, = _p2_a tano, [ery,]—c®D = p4_a tan*a, L,=F.
Hence E=-245 (& _r_irtnta). (6.5)

T p* pra &

At this edge the plate is acted on by an isolated force with horizontal and vertical components
D g, &Ly, respectively, where

* 2 * 2
9R=—F,=”4a Yyt &, Lp= 3=”2a tana. (6.6)
At the trailing edge x = x;;,f = —b tana where b =/ cosa, we assume that the flow is
smooth with f” = —tana, and conditions (5.16) to (5.20) give
4,=0, [g]=0, (6.7)

so that, with the help of (6.25), (6.35) and (6.3¢) we have
2
D, e®tne = f;—( pp" )+ab(1 I') tana — I'(}a®b* tan® a + 2ab tan® a +3a%h® tan a),

E, = (Dgab tana) e®'*"*—gb tan oo —3a®b® tan® o+ I'(ab tan o

r —(1+ab tana)?(3+2ab tana) tan®a. (6.8)

32°0® tan® a + 3a®0® tan®a) + 15
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y (6.5), (6.8) reduces to

2
D, e®tane = _p_§+1 I'+(1—rI')ab tana
I +a2b2) tan® o+ 2ab tan® a + 1ab? tan' a}
®alh tana Tab 2@ a%h®

—_ 19 272 - 272 —
E;, = Ttz +3(2—T) a?? tan’a 5 (3+ab)tanoc 3

tana

—1ira®h® tan®a+— r

15 (1+4ab tana)?(3+2ab tana) tan®a. (6.9)

With the help of (6.5) the pressure at the bottom of the boat, given by (6.2¢), becomes
—- 2
(ﬁ—f")—‘f= —“—ff—az—r)aﬂ— wrap 4L 3 (6+208—30%") tante. (6.10)
P78 P7E
The total force, per unit width, normal to the boat bottom due to this pressure difference

-btane  SIN&

is

%* .2
= —ab® seco+ P ¢ 2-r 2b2 tan?a
alsina| 4

+ g [ab(5—a®b?) —a?b*® tan o — a®b® tan®«] tan® 06}- (6.11)

Wave motion in region II] is governed by (6.35) in which 4; = 0 and D, E; are given by
(6.9). Such motion will only be possible if I" < 2. To complete the problem it is necessary to
specify the values of I'(or of ¢) and @. Guided by the pressure problem studied by Green &
Naghdi (1986) we choose

r=1, a=g/c (6.12)
If a Froude number F for the flow is defined in terms of the wetted length of the boat, i.e.

F? = ¢*/(gl) then, from (6.12), the normal force (6.11), and the components of the isolated
force (6.6), become

&  p*gl’tana { 1[ cosfa sin® o
L=—— 4P & anc e 22 _nma
F2+ m cos 3 5F*%— T Sine— gy tana g, (6.13)
Dyp = to*glPF* tanta+ D, Ly =1p*gl’F*tana.

Following the discussion of Naghdi & Rubin (1986) for the boat problem on water of small
depth, we choose @ so that the resultant of all the forces in (6.13) is normal to the plate.

Then
& = jp*glPFitan’a, D= jp*glPF*tan’a (6.14)

and the total resultant force normal to the plate is

Ly=L+Pgsina+ Ly cosa

__ p*gltana
T4

ind

2
%[2F’—C(;2a—sina—%] tana}. (6.15)

{cosoc+2F4 seca+

In a similar way the moment of the fluid forces on the plate, about any suitable point, may be
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computed. Then a discussion of the motion of the boat under suitable external forces may be
carried out in a manner similar to that given by Naghdi & Rubin (1986) for water of small
depth, but we omit details.

If the angle of inclination a of the bottom plane of the boat is small then the wave elevation
in region 111, given by (6.35), (6.9) and (6.14), can be expressed as a series of tan &, the major
term being . '

B =—{a"'sina(x—=x;)+ cosa cosa(x—x)} tane, (6.16)
where a7! = F?.

7. FLUIDS OF FINITE DEPTH

We continue to use the cartesian coordinate system introduced in §3 and we consider a fluid
of constant density p* bounded below by the fixed plane x; = —#&, where £ is a constant, and
with the surface of the stream given by

£ = 5= Bl )

at which there is a pressure § = f(x,, %,, £) and a constant surface tension 7. The pressure at the
bottom surface is f(x,, xo, £). From §2 we select the theory with three directors corresponding
to weighting functions A,({) = cosha({+4%), A,({) = sinha({+ k), A4() = ¢, with a being
constant and we choose

dy=x,e,+de;, dy=d,=0, d,=e, (7.1)
where d is a constant. The velocity v is constrained always to be constant in a direction parallel
to the plane g, the velocity W, is constrained to be zero, and the fluid is incompressible so
that

v=ce, Wy=0, w,=w,e, w,=uwye, (7.2)
U 0, wy,,+aw,;3=0,
where ¢, are constants. We also impose the additional constraint
Wy, =0 (7.3)

on the second director. In view of (3.21) and the extra constraints other than incompressibility,
the response functions are '

N,=r,e, k,=—pae;, k,=gq,e,—pae,

(7.4)
M, =—pe, M, =—qge;—pe, My =s.6, k= Siet’J )

where 7,,, ,, @ £ P15 Sia S ar€ functions of x,,¢. In view of (7.1) the response functions (7.4)
satisfy the moment equations (2.14) if
Co Toa = Sas  Tap = Tpor ' - (1.5)

The mechanical field equations (2.12) and (2.13) given previously in Green & Naghdi (1986)
are a¢ a¢ .
TR {¢c,+w,, cosh (a¢)}—— W, sinh (ag) = 0, (7.6)

E— sinh (ag) a“‘ +p—-{cﬂ sinh (ag) + 2[smh (ag) cosh (ag) +ad]w, ﬁ} aw,,

+p*{sinh (ag) cosh (ag) —a} gy vy, = %—’“é+ -0 L, a1
xg Ox,

9 Vol. 324. A
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p* : awla p
%{smh (agp) cosh ( ¢) +ad}—24+— {gcﬂ[smh (ag) cosh (ag) + agp] + [ sinh® (agd)

+sinh (ag) ]wlﬂ} l"‘+ 3p* sinh® (ag) w23w1,=—a—+ ($—q) cosh (a¢)5-zi, (7.8)

Ox,
£ (sinh ( () cosh a¢)_a¢}awzs
_{gc,[smh (ap) cosh (ap) —agp] + 1 sinh® (agh) wla}i')éz;23
+27 sinh? (ag) wly = ap— (f—q) sinh (ap) —p* (g/a) {c:)sh @h—1.  (19)

3

Equations involving the constraint response functions p,, 7s,, 4, 4,4 5¢» §; are omitted because
the values of these constraint response functions are not required in the further development
of the theory. Also ¢ = f+£ and ¢ is given by (5.10).

We consider steady motion on a stream moving with constant speed ¢ in the x,-direction with
the temperature everywhere constant and zero surface tension. Equations (7.2) and (7.6) to
(7.9) reduce to

= ¢(A—ap) /sinh (agd),
wy3 = ¢{(A—ap) cosh (ag) + sinh (ag)} ¢’ /sinh? (a¢),} (7.10)
(p*/a) (c sinh (ag) + agw,,) wy, = 1, + p¢’, (7.11)

(p*/2a) {¢[(sinh (ag) cosh (ag) + ag] + 2w,, sinh (ad)} wy, = —p’ +f cosh (ag) ¢’, (7.12)

(p*/a) {ze[sinh (ag) cosh (agp) —ad] +73 sinh® (agh)w,, } wys
+3p* sinh® (ad) w}; = ap—p sinh (ag) —p*(g/a) {cosh (ag) —1}, (7.13)

where 4 is a constant and a prime denotes differentiation with respect to x,.

Suppose that there is a discontinuity in £ or £’ or both at the place x = x, which induces
discontinuities in the dynamical variables. Then, from (4.3) to (4.8) and the equations of the
present section we have the following jump conditions:

[cag + w,, sinh (ag)] = [¢(4 +ak)] = [¢4] = 0, (7.14)
[(p*/a){c sinh (ag) +§[sinh (ag) cosh (a) +a@] wyi} wy, ] = [ry]+ A, (7.15)

[(p*/a){c sinh (ag) +3[sinh (a) cosh (ag) + ag] w,,} ¢
+ (p*/a) {3¢[sinh (ag) cosh (ap) + ag] + [4 sinh® (ag) + sinh (ag)] wy,} wy,]

"To+d

—lim p*[sinh (a@) cosh a —ag] c+3p* sinh® (ag) wy,} wyydx=—[pl+L,,  (7.16)

80 Jzy—¢

[(p*/a){z¢[sinh (ag) cosh (a) —ag] +§ sinh® (ag)wy,} wys]

'Ty+d _ 'To+d
—lim 3p* sinh? (ag) wl,dx = Ly—lim {ap+ (p*g/a) [cosh (ap) —1]}dx, (7.17)

80 J zy-8 320 Jz,—-8
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[(p*/a) {c sinh (ag) +[sinh (a) cosh (ad) + ag] wy,} ey, .
+ (p*/2a) {}c[sinh (a) cosh (ag) + ag] + [} sinh?® (ag) + sinh (ag)] w,,} wi,
+ (p*/2a) {¥c[sinh (ag) cosh (ag) - ag] +4 sinh® (ag) w,,} wl,]

"To+d

. =[ery —pwy}— @ —1lim (p*/a) g{cosh (ap) — 1} w,ydx, (7.18)

80 Jzyo—8

where ¢® is a dissipation of energy, K is given by (5.21), and

To+é ) _ Tots - .
L, =1lim ¢’ cosh (ag)dx, L, =—lim £ sinh (ag) dx. (7.19)

820 Jzy—¢ -0 Jz—8

8. WEDGE-LIKE BOAT FOR FINITE DEPTH

The problem of the transition to planing for boats, including wedge-like boats, has been
solved by Naghdi & Rubin (1981, 1986) using a theory appropriate for a fluid of small depth.
The corresponding problem for a fluid of large depth is discussed in §6. Here we consider the
same problem by using the slightly more complex theory of § 7 which is appropriate for fluids
of any depth, including as limiting cases the two previous problems.

As in §6, we consider the steady flow of the fluid in the x = x,-direction past a wedge-shaped
boat as depicted in figure 1, but bounded below by a horizontal plane. We again divide the
fluid into three regions as described in §6 so that in each region we have:

region I, .
B=0, ¢=h w,y=uwy=0, p=/(p/a)sinh (ah)+ (p*g/a*)[cosh (ag)—1]; (8.1)
region 11,
wy, = ¢(d,—ap)/sinh (ag), wys = c{(4,—ap) cosh (ap) +sinh (a)} ¢*/sinh® (a¢)} (8.20)
, ¢’ = —tana,
b= P *f;Bz sinh (ag) —%{aqﬁ sinh (ag) — cosh (ag) + 1}_%%
. pEt ag a¢ sinh (ag) 3 cosh (ag)
+T{(A=—”ﬂ) [_4 snhag) T 2 4 ]
+ 49 Si-;‘h (ag) _a¢ °°ih (“¢)} +G(g) sinh (ag) tan®a, (8.2)

b= pP*gB, _p*ga¢ _P*Cz(Aa —af)’
a a 2 sinh? (ag)

.2 _ _ ag a¢ 3 cosh (ag)
+pte {(Az “ﬂ)[ Lsinh?(ag) 2  4sinh (a¢)]

2¢2 _ag cosh (a¢)} {
4 4 sinh (a¢)

G+-d—$ tanh (a¢)} tan’a, (8.2¢)

0-2
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% = —ga—:c;j—:}%?%@{[% cosh (ag) + w,, (cosh? (ag) +1)] [¢(3a¢ — 3 sinh (ag) cqsh (a)
—2w,, sinh?® (a@)] +2 sinh® (ag) [c+ w,; cosh (a)]?}; (8.2d)
region 111,
w,,=c(4;—ap)/sinh (ag), w,3 = c{(4;—ap) cosh (ag) +sinh (ag)@’/sinh® (ag), (8.34)
1 v ona [ (A3—ap) cosh (ag) + sinh (ag))?
wl (%) { sinh? (ag)) }
x {3 sinh (a@) cosh (agp) —3ag + 2 (A4, —ap) sinh? (ag)}
VOB L coh )y gy (el el

sinh (ag) 4 sinh® (ag)
p= —%li‘i—’%c{sinh (ag) cosh (ag) +ap+2(A;—apf)} wy,
p*

+

acz{(Aa—aﬂ) cosh (ag) + sinh (ag)} +2 sinh (ag), (8.3¢)

where I' = %a/g. ,
At the leading edge x =x; between regions / and II there is a jump in the value of ¢’ whereas
@ is continuous. Applying the jump conditions (7.14) to (7.19) when ¢ = / yields the following
relations: _
4,=0, [ry]l+F,=0, [pl=L,

~ _ _ p*c®[sinh (ah) cosh (ak) —ah .
L, % { sinh (ak) tana, L, = F cosh (ak), (8.4)
& _ p*c®[sinh (ah) cosh (ah) —ah 9 '
[ery]—c® = 42 { sinh? (ah) tan®a.
[£] _ 5 p*c[sinh (ah) cosh (ah) —ah} .
Hence cosh (ah) ¢ 4a sinh?® (ah) tan”a (8.5)
and, with the help of (8.1) and (8.25), it follows that
(B —*"0—“) tanh (ak) = ah tanh (ak) — & {a%* tanh (ak) — ak}
*opre 4
__I"[sinh (ak) cosh (ah) —a/z} . @ , ad
4{ sinh? (h) tan®*a p*gF(/z) tanh (ah) tan® a Frs (8.6)

At this leading edge, the boat is acted on by an isolated force with horizontal and vertical
components &, £y respectively, where

g p*c® [sinh (ak) cosh (ak) —ak 9
Ir=—h=2+ 4a { sinh® (ah) tan”a,
gL _pr {sinh (ah) cosh (ak) —ak) | (8.7)
R= "inh (ah) _ 2a sinh? (ah) ana.
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At the trailing edge x = x;;, # = —btana = —/sina, we assume that the flow separates
smoothly with #' = ¢’ = —tana, and conditions (7.14) to (7.19) give
4;,=0, [p]=0 (8.8)
so that, with the help of (8.25), (8.35) and (8.3¢), we have '
2
B, = cosh (ah) — 1 — I"sinh (ak) —M+ O(tan’a),
_ ®a®h cosh (ak) tana[ 1_ab cosh (ah) tana] | opefl 1 r {alz+smh (ah) cosh (ak) tan?
8™ p*gsinh®(ah) sinh (ah) 2 4 sinh? (ah) ana
I' [sinh (ak) cosh (ak) —ak] tan®« » 3
& sinh® (ah) + O(tan®a). (8.9)

The constants have only been calculated explicitly to the order stated since, in the rest of the
calculations we shall assume that the angle « is small.

With the help of (8.6) and (8.2¢) the total force per unit width, normal to the boat bottom
due to the pressure difference f—p, is

I= J“ (f—p) dB _ —®I cosh (ah)
" Jovuna sina  F*sinh(ah)
+p*g12 [ {— I{sinh (ak) cosh (ak) + ak}
2 2 sinh? (ak)

] sina+ O(tan®*a), (8.10)

where F? = ¢*/(gl).
Wave motion in region I is governed by (8.35) in which 4; = 0 and B; and E; are given
by (8.9). Such motion will only be possible if

2 sinh? (ak)
sinh (ak) cosh (ah) +ah’

(8.11)

To complete the problem it is necessary to specify the value of I" (or of ¢) and @. Guided by
the pressure problem studied by Green & Naghdi (1986), we choose

*a/g = I' = tanh (ah). (8.12)

Again, following Naghdi & Rubin (1986), for the boat problem on water of small depth, we
choose @ so that the resultant of all the forces in (8.7) is normal to the plate. Then, we
have

p gle4 {smh (ak) cosh (ah) —ak .
D= T sinh® (a%) tan®oa (8.13)
2 14 -
and _P gl F* (sinh (ah) cos:1 (ah) ah} tan?e
I’ sinh? (ak) (8.14)
"‘gl’F4 sinh (ah) cosh ( ah)—ak} tana
r smh2 (ak) '
Given (8.12) and (8.13) the lift L in (8.10) normal to the boat becomes
% )2 i
p*gl*[sinh (ak) cosh (ah) —ak] sina +0(tan’ ). (8.15)

4 smh (ak) cosh (ah)
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The total resultant lift normal to the boat bottom is

Ly=L+9gsina+ %y cosa
*gF[s1nh (ah) cosh (ak) —ah] [142(F 4/1"2) sec’a] smac

4 sinh (ah) cosh (ak) (8.16)
When the angle is small the wave motion in region I/ is given approximately by
¢—h=pF=—{a'sin a(x—=x;;) +/ cosa cosa(x—x,)} tana, (8.17)

where a is determined by (8.12).

Two limiting cases of the foregoing analysis are of interest. When the depth of fluid is very
large then 42— 00,I"—= 1 and the results (8.14) reduce to (6.14), and (6.13), whilst (8.16)
reduces to the major term in (6.15). On the other hand when the depth is small, # is small, and
(8.14) and (8.15) become

% 2 % 2 * ]2
@R=Eifmﬁ% z;=P‘hmn% L=PglO—f)mm. (8.18)

3 3 2 gh
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APPENDIX

Consider a finite three-dimensional body embedded in a euclidean three-space and identify
each material point of the body by a convected system of coordinates &, (i = 1,2, 3). Let r* be
the position vector, from a fixed origin, of a typlcal particle in the present configuration of the
body at time ¢. Then,

r¥ =r*(6',¢), = or¥/od', g'-g, =é,
(0,9, g / 88 ;} (A1)

=g 1 — pt. i
& =88 £ =8"¢, &=1[8288)
where g,, g’ are covariant and contravariant base vectors, respectively, g, and g” are covariant

and contravariant metric tensors, respectively, and dj is the Kronecker delta. The velocity
vector of a typical particle of the body denoted by v* is defined by

v* = ¥, | (A2)

where a superposed dot stands for the material time derivative holding ¢! fixed. For convenience
we adopt the notation ° = z. We assume that the body is bounded by the surfaces

=2,(0",0%), z=2,(0"6%), z <z, (A 8)

which are smooth and non-interesting and that, in this region, the position vector r* is
represented by K
r¢= 3% Ay(2)dy, Ao=1, dy=r,
N=0 (A4)
r=r(0%1), dy=dy0,t).
The position vector r may be regarded as representing points on a two-dimensional surface
whose base vectors and metric tensors are

a,=a,(0,t) =0r[06", a*-a,=0, aydt=a,x az,}

Ab
8yp=a,a, o=a"a, at = [a,a,4,), (A5)
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where Greek indices have the values 1,2. The particle velocity in the three-dimensional theory
is then given by K
v¥ = X A(2)wy, v=w,,
N=0 (A 6)
v=v(05t) =F, wy=wy(6"1)=d,.

Now let {(i = 1,2,3) be a system of fixed curvilinear coordinates in the same euclidean
three-space and let points in this space be specified by a position vector F* = F*({'), with
corresponding base vectors and metric tensors

g =0r/ol, g-g=0, &= gt'gka}
&r=g"g, g’; = [£,8.8;]

We select a fixed reference surface in this space which, with its corresponding base vectors and

metric tensors, is specified by

F=F{), a,=orfr, aa,=058, a,d= dlxdz,}

(A7)

@
A8
Iy,=a,d, @*=ad, d=[d4,a) (A8

Let P be the two-dimensional region of an arbitrary fixed surface bounded by a closed curve
0P on the fixed surface (A 8), whose unit outward normal in the surface is

v=7,a = rd, (A 9)

In terms of the fixed coordinates ¢, the velocity of a particle at time ¢ may be represented
by

vt = 0%((', 1) = i¥'g, Nz_oa (O ® A0

(=8, /io =1, O=0({1) =W, wy=wy({" ).
The surfaces (A 3) which bound the body are now specified as
E=6(E.8.0, (=6(,8). (A 11)

These surfaces are material surfaces and move with the body so that

0L, /0t = 7** — %0, /0L (£ = §1),}
0L, /0t = 7% —7**0L, /3" (£ = &o)-

Any function F* associated with the body may be expressed in terms of 6t or ¢, t. Thus,
Fx(¢',1) = F*({, 1) (A 13)

and, in particular, for the mass density we write

p*(0',t) = p*(L',0). (A 14)

(A 12)

We note that
p* + p* divok = 0p* /0t + div (p*o*)
=0p* /ot 3 5%kt
p* [3t+ g (gp*it),, ~ (A 15)
DEFE 4 p* P divo* = (3/01) (5*F*) + div (p*F*o*)
= (3/01) (p*F*) + g} (gp* F*o%),,,

where () ,=0()/0¢.



70 A.E.GREEN AND P. M. NAGHDI

We now choose the convected coordinates 6 such that at time ¢, the #*-curves coincide with
the fixed {’-curves, i.e. @' = {'+ b* where 4* are constants. Also, the moving surface represented
by the vector r in (A 4) coincides with the fixed reference surface (A 8) at time ¢ With this
choice of &',

8 =8y 8&y=2&y Ag%(=) g%’/l- a(ag)= Ay = Ayp etc.} (A 16)
zZ) =
From (A 15) we have N N
(% +p* dive®) Ay(2) Aun(2) = g2 (5% Aag) + 2 H@P Ao Ry )= ¥ (o Aot Ky Ry) 5%
or 2
gﬂ A = 5, (5% Ay Nog) + (@0* Ay Ay 7'), = 85* (X Aag + Ay Apy) 7%,

where a prime denotes differentiation with respect to {. Hence,

d (% 1 0 Cz_l_*_ _
ul &P AyAydz == | 2p*Ay Ay dl
1 1 Cz
+az gﬁp*/\ Ay 7**dg— 5% (A Apr+ Ay Aly) v*2dE,
51

where use is made of the surface conditions (A 12), and this may be put into the form

T 0 1 0 1 o A _ _
@PYpyn = Y (@pFpn) + aga (@pDpry @) —@P(Dprn + D yar) A3, (A 17)
where alipyMN = Jizggp*’\zv Ay dz, ﬁngN = fzg;—*XN Andg,
2z, &

(A 18)
R i | A5%X. K. g% i [ Ase i T p%s
TpUyy = 4, . Zp* Ay Ay **dE+ay . Zp* Ay Ay *°dd.

Similarly, after multiplying (A 15), by A, and using the surface conditions (A 12),, we
obtain

* ) 3 K 0 gl K _ . ' K ~
a2pF = azp Z YunSu = (a 27 NfM)""—'(a2 2 fuOun'@ )_’az 2 SuOun'as,
M=0 M=0 M=0 (A 19)

K K _ 2y
where F*=3 fuly, F*=3 fi,A,, dpF, = J Sp*F*A, dz. (A 20)
M=0 M=0 2z,

Let 2 be an arbitrary part of the moving surface = r(6%t) which coincides with the part

P of the fixed surface at time ¢, where P is an arbitrary part of the fixed surface (A 8). Then,
in view of (A 19),

d d X
at), pFy dtr—a PZ!/MNfMdO'

9 K K
atf [ yMNfMd0'+f p EfMﬁMN"_’df—J- p mOypdé, (A21)
P ) P M

M=0 P M=0
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where dé = a;dé. The results (A 19) and (A 21) are applied to particular cases in the main
rext: (i) F*=v* F*=o*

where v*,6* have the representations (A 6) and (A 10) and

K K .
() F*=9*= T qudy, F*=7*= 2 fyldy
M=0 M=0

where %* is entropy density. In connection with entropy we record one other representation
defined by

2 , K
a%/’ﬁzv = f g%P*"i*’\N dz=a"p 2 Yynu- (A 22)

M=0

Similarly, a further form is needed for the internal energy, namely

M=0 N=0

. K K
a%pe = f gép*e* dz= ¥ X a%P!/MN €uns
! (A 23)
K K K K _
=3 ¥ eMN'\M/\N, =3 3 EunAp Ay,

M=0 N=0 M=0 N=0
so that

- P K K o(., kK K
a*pe— ap 2 2 Ymn€un = at(m_ PIRDY _MNEMN)"'a_Cz(‘ﬁp IR éMN'jsz'a_a)-
M=0 N=0
(A 24)

The foregoing analysis gives a direct connection between integral balances in lagrangian and
eulerian forms, and hence direct connections between lagrangian and eulerian forms of field
equations. These latter forms may be obtained by a more direct method. Using (A 13) we

have ¥ F*(B‘ ) = (%1; ﬁ*,z%?) A2
If we multiply each side by Ay(z) = Ay(£) and use (A 20) we have
Mﬁ_op"‘mz) Awr(2)for = Mﬁ_oﬁ*mg () L |
+ Mﬁ_oﬁ*iy(i) A (6) _*“a‘/;M-i-Eop*A’ ©) Ay (8 7%,y (A 26)

We integrate (A 26) with respect to z between the limits z,, z, or with respect to { between the
limits ¢, and {, to obtain

s =
P 2 YnunSou =P 2 {yMN ot Yt (Opyn @) 2 o + /2 Opn A3 (A 27)
M=0
where we have also used (A 18).
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