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ABSTRACT

Modern measurement techniques such as aerial laser scanning allow for rapid determination of the spatial
variation of sea surface elevation. Wave fields obtained from such data show spatial inhomogeneity asso-
ciated with the presence of wave groups. A method based on two-dimensional directional wavelet analysis
is described by which such inhomogeneity can be characterized in the spatial and wavenumber domains. The
directional wavelet method has been applied to aerial laser scanning measurements of nearshore wave
conditions off the east coast of New Zealand’s South Island. A high level of spatial variability was observed,
with evidence of ensembles of wave-group envelopes of quasi-Gaussian form. These envelopes occur, with
variations in spatial location, across a range of wavelet scales and directions.

1. Introduction

A signal recorded as a time series carries information
that can be studied either by considering its time evo-
lution or by analyzing its frequency content. In the time
domain, one obtains information at the minimum tem-
poral resolution �t, but loses all spectral information,
while a Fourier spectral representation gives fine reso-
lution �f in the frequency domain, but cannot provide
any information that specifies the times at which vari-
ous frequencies are prominent. A surface wave record
from the ocean is a good example, as periodic motions
with well-defined frequencies are often prominent in
the record, but the strength of these periodic signals is
normally quite variable over longer time frames. So
analysis in the frequency domain is valuable, but any
implication that the mix of frequencies given by the
Fourier spectrum applies equally throughout the re-
cording period may be quite misleading (Liu 2000a,b).

A more appropriate representation should combine
these complementary descriptions in the time and fre-
quency domains. Indeed, there is no perfect represen-
tation due to the lower limit on the product �t�f re-
sulting from the uncertainty principle, which prevents
us from simultaneously localizing information from the

signal perfectly in both time and frequency. But a com-
promise, accepting moderate resolution in both time
and frequency, can be sought. In one approach, Gabor
(1946) proposed the windowed Fourier transform,
which introduces some time locality by convolving the
signal with a set of Fourier modes localized in a Gauss-
ian envelope of constant width a0. This transform al-
lows a time-frequency decomposition of the signal at a
given scale a0, which is kept fixed.

More recently, Grossmann and Morlet (1984) de-
vised a wavelet transform, which is implemented by
convolving the signal with a set of analyzing wavelets
�a,b obtained by dilation and translation of a given func-
tion �(t) representing at least one oscillation. The
wavelet transform realizes the best compromise in view
of the uncertainty principle, because it adapts the time-
frequency resolution �t�f to each scale a. In fact it gives
a fine spectral resolution �f with a coarse time resolu-
tion �t in the large scales, while on the other hand
giving a fine time localization �t with a coarse spectral
resolution �f in the small scales.

The wavelet transform has become a widely used tool
in signal processing (e.g., Chui et al. 1994; Daubechies
1990, 1992), starting with its early application to seismic
data (Goupillaud et al. 1984). Applications to ocean
surface wave data are now becoming more common to
investigate the nonstationary properties of wave
records in the time domain (Liu 2000a,b). Also,
Donelan et al. (1996) have derived wavelet methods for
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computing directional spectra from sets of time series
data, making use of a representation of the sea state as
a superposition of wave groups (Mollo-Christensen and
Ramamonjiarisoa 1978).

A similar view can be taken of the sea state in the
spatial domain. A snapshot of the sea surface will show
wave crests and troughs with a certain periodicity, and
a two-dimensional Fourier analysis will provide a direc-
tional wavenumber spectrum identifying the contribu-
tion of wave components with various wavelengths and
propagation directions, but will not indicate the spatial
variability of the wave field associated with the pres-
ence of wave groups.

The continuous wavelet transform has been extended
to two and higher dimensions by Murenzi (1989). In
two dimensions, the wavelet transform provides direc-
tional information as well as scaling and translation in
both coordinates. The resulting directional wavelet
transform found an initial application in studying dif-
fusion-limited aggregates and other two-dimensional
fractals (Argoul et al. 1989) and has since been applied
to turbulence studies (Farge 1990; Farge et al. 1993).
The directional wavelet transform is also used in image
analysis, with particular value in edge detection (Anto-
ine and Murenzi 1996; Antoine et al. 1996).

Spedding et al. (1993) applied 2D wavelet methods to
surface wave data, recorded as video imagery of flume
experiments that observed wave growth under wind
forcing. Using both nondirectional and direction-
specific (Morlet) wavelets, they were able to observe
differences between spatial distributions of energy at
harmonic and subharmonic scales. They also detected
growth in wave energy at directions away from the
mean wind direction. Their results were limited, how-
ever, by the indirect and uncertain relationship be-
tween image intensity data and the water surface eleva-
tion for which it was a surrogate. It could also be said
that the formulation is made slightly less elegant by not
incorporating directional properties explicitly into the
wavelet transform, as is done in the fully directional
formulation (Antoine and Murenzi 1996; Antoine et al.
1996). Little has since been done to follow up the initial
work of Spedding et al. (1993) in laboratory applica-
tions, or in field studies.

The advent of remote sensing techniques such as
aerial laser scanning allows for rapid determination of
the spatial variation of sea surface elevation, at a scale
that provides information at subwavelength scales over
spatial domains large enough to reveal inhomogeneity
associated with the presence of wave groups. It seems
timely, then, to consider the use of two-dimensional
directional wavelet analysis to characterize such inho-
mogeneity in both spatial and wavenumber domains.

In July 2001, a set of aerial laser scanning measure-
ments was made over the east coast of New Zealand’s
South Island. The coverage area included scanning of
coastal waters, providing records of nearshore wave

conditions. In this paper we describe the use of direc-
tional wavelet methods, as applied to this dataset.

2. The directional continuous wavelet transform

In oceanographic studies, wavelet methods have to
date mostly been applied to studies in the time domain.
In that case, we might wish to investigate a time series
s(t) of data collected at uniform intervals of time t. This
can be done by defining a convolution

S�a, b� � a�1�2� dt ��a�1�t � b��s�t� �1�

of the data with a defined analyzing wavelet function �
applied on a time domain that has been translated by an
offset b and stretched by a scale parameter a. The over-
bar denotes complex conjugation. Equation (1) defines
the continuous wavelet transformation, which can be
considered as representing the amount of variation in
the data of periodicity corresponding to the scale a,
localized at the time b.

It is necessary to choose an analyzing or “mother”
wavelet function appropriate for a particular applica-
tion. One of the practical guiding principles is to choose
a mother wavelet that has a similar shape and charac-
teristics to the signals expected in the data. In wave
studies in the time domain, the Morlet wavelet, consist-
ing of a complex sinusoidal function under a Gaussian
envelope, has proven a suitable choice, being well lo-
calized in both time and frequency (Donelan et al.
1996).

It is possible to extend this method to two dimen-
sions. We might, for example, consider a scalar quantity
s(x) measured over a horizontal plane as a function of
spatial coordinates x � (x, y). While the unitary linear
transformations that can be applied to a one-dimen-
sional variable are restricted to scaling and translation,
in two dimensions we can have scaling, translations in
both dimensions, and rotation. Hence the two-
dimensional continuous wavelet transform can be de-
fined as

S�a, �, b� � c�
�1�2a�1� d2x ��a�1r���x � b��s�x�.

�2�

The linear transformations applied to the analyzing
wavelet extend to include scaling by a factor a, trans-
lation by a vector b, and rotation by an angle 	, via the
rotation operator

r� � �cos� �sin�

sin� cos�
�. �3�

The continuous wavelet transformation can be more
conveniently calculated using Fourier transforms:

S�a, �, b� � a� d2k eib·k �̂�ar���k��ŝ�k�, �4�
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where ŝ(k) is the Fourier transform of s(x), expressed in
terms of wavenumber vectors k � (kx, ky).

The wavelet function must be selected subject to the
condition that the normalization constant

c� � �2��2� d2k

|k |2 | �̂�k� |2 �5�

is finite. For sufficiently regular functions [� ∈ L1(R2,
d2x) ∩ L2(R2, d2x)], this admissibility condition corre-
sponds to the requirement that

� d2x ��x� � 0. �6�

With these definitions, we can note some properties
of the two-dimensional continuous wavelet transform
(Antoine and Murenzi 1996; Antoine et al. 1996). First,
the transform is linear in the signal s(x), so that linear
superpositions of signals in the data will be reflected in
corresponding linear superpositions in the wavelet
transform S(a, 	, b). Second, the transform has a con-
servation of energy property:

c�
�1��� da

a3 d� d2b |S�a, �, b� |2 � � d2k | ŝ�k� |2

� � d2x |s�x� |2. �7�

Third, the transform can be inverted:

s�x� � c�
�1��� da

a3 d� d2b �a,�,b�x�S�a, �, b�. �8�

As in the one-dimensional case, it is helpful to choose
a mother wavelet of a form representing a localized
propagating wave signal. A two-dimensional version of
the Morlet wavelet can be defined (Antoine and
Murenzi 1996; Antoine et al. 1996), using a subscript M
for “Morlet,” as

�M�x� � �eik0y � e�k0
2

�2� exp��
1
2

�x2�� 
 y2��. �9�

This is a nonisotropic function, selecting a preferred
direction (aligned along the y axis), as well as a base
wavenumber k0. This property makes it suitable for ap-
plications where directionality needs to be resolved
(e.g., detecting edges and segments in images). The e�k2

0 /2

term ensures that the wavelet meets the admissibility
criterion (6), but the term is negligible with typical val-
ues k0 � 5, and is often omitted. Note that in the gen-
eral case the asymmetry parameter �  1, and so the
envelope function can be weighted differently in direc-
tions parallel and transverse to the preferred direction.

The Fourier transform of the Morlet wavelet is (An-
toine and Murenzi 1996; Antoine et al. 1996):

�̂M�k� � �� exp��
1
2

��kx
2 
 �ky � k0�2��, �10�

with the e�k2
0/2 term omitted. Retaining it, the Fourier

transform becomes

�̂M�k� � ���exp��
1
2

��kx
2 
 �ky � k0�2��

� exp��
1
2

��kx
2 
 ky

2 
 k0
2��	. �11�

The normalization factor c� for the Morlet wavelet can
be computed numerically, or approximated by a Taylor
series (as described in the appendix), from the integral
expression (5).

The scale a can be related to wavenumber k by cali-
brating with a monochromatic sinusoidal wave field and
finding the value of a where |S | is a maximum. By anal-
ogy with time-domain analysis (Torrence and Compo
1998), for the Morlet wavelet we find an equivalent
wavelength

� �
4�a

k0 
 �2 
 k0
2

. �12�

It should be noted that all values above are dimension-
less—that is, we assume a data interval �x � 1. Dimen-
sionally appropriate values can be obtained by scaling
by �x. Hence the equivalent wavenumber correspond-
ing to scale a is

keq �
k0 
 �2 
 k0

2

2a�x
. �13�

3. Application to sea surface data

When we come to apply the continuous wavelet
transform to sea surface data, it will be instructive to
draw some analogies with standard Fourier spectral
methods. Using the correspondence between a and keq,
we can define a wavelet spectrum

F �keq, �, b� � |S�a, �, b� |2. �14�

This quantity is analogous to a directional wavenum-
ber spectrum localized at position b. We can take vari-
ous moments, including a direction-averaged spectrum

F1�keq, b� � � d� F �keq, �, b� �15�

and a local variance, or energy density:

E0�b� � ��keq dkeq d� F�keq, �, b�

� �� da

a3 d� |S�a, �, b� |2. �16�
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The quantity 4(E0)(1/2) is analogous to a localized sig-
nificant wave height. From the “conservation of en-
ergy” relationship (7), we note that the spatial average
of E0 is proportional to the total variance in the data.

4. Waitaki River aerial laser scanning data

Surface elevation data were obtained from an aerial
laser scanning (ALS) survey of the vicinity of the lower
Waitaki River, a braided river flowing to the east coast
of the South Island of New Zealand (Fig. 1). Scanning
was conducted in July 2001 by AAM Geoscan of Aus-
tralia using an Optech ALTM1225 ALS system (Hicks
et al. 2001, 2003).

Data were collected in swaths of approximately
800-m width, with the laser scanning back and forth in
sweeps transverse to the aircraft’s flight path. The
sweep frequency was 28 Hz, laser pulse frequency was
16000 Hz, flying height was approximately 1100 m, and
the flight speed was approximately 56 m s�1 (200
km h�1). As a result, the surface elevation was sampled
in a zigzag path, with sample points spaced at approxi-
mately 1-m intervals along each sweep and successive
sweeps crossing under the flight path at intervals of less
than 1 m. This resulted in an average sample point
spacing of 1.2 m. The vertical accuracy of ground el-
evation measurements was checked against 207 ground-
surveyed test points. This showed a standard error of 5
cm for points that collocated with a laser “shot” and 8
cm for points interpolated from nearby laser shots. The
ALS data were located within the New Zealand map
grid (NZMG) coordinate system (Fig. 1b) and refer-
enced to the Lyttelton mean sea level datum. The latter
involved establishing a local geoid model across the
project area from 25 control points for which both
WGS84 ellipsoidal and Lyttelton datum orthometric
heights were known (Williams and Jonas 2001).

The dataset includes several swaths over water (Fig.
1b). Of these, we selected one transect that was flown
running shore-normal, crossing the coast near the
Waitaki River mouth. Data were collected along this
transect on successive days: “swath 2.6” was recorded
on 11 July 2001 (Fig. 2), and “swath 2.9” was recorded
on 12 July 2001 (Fig. 3). In these figures, data are shown
in local coordinates (x, y) rotated by –76.7° from north
about an origin at NZMG coordinates (5583463N,
2365026E) to align with the flight direction, and inter-
polated onto a rectangular grid at 5-m resolution.

At normal river flows, the Waitaki River mouth con-
sists of an elongated lagoon behind a wave-built gravel
barrier. The lagoon drains to the ocean via a relatively
narrow channel that is often offset northward of the
river channel center line. During floods, the river cuts a
wide breach in the barrier and deposits a submerged
delta offshore. This delta material is subsequently
transported shoreward by waves, accretes to the bar-
rier, and is eventually transported northward by long-

shore drift. Waves approaching the coast at the river
mouth are locally refracted by any remnant submerged
delta. Shore-normal bathymetry profiles sounded in
1977 (Fig. 4) indicate that the remnant delta topogra-

FIG. 1. Location maps of (a) the South Island of New Zealand,
showing the location of the Waitaki River study region and the
Banks Peninsula wave buoy, and (b) the coast adjacent to the
Waitaki River mouth. Boxes show where ALS swaths were taken
that include sea coverage. Those referred to in the text are marked
by boldface lines. The dotted lines mark the 20- and 50-m isobaths.
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phy may rise at least 2 m above the normal nearshore
profile, (as represented by a profile surveyed south of
the river mouth). The regions covered by the ALS
swaths in 2001 were all in shallow water of less than
10-m depth. However no detailed bathymetry data
were available at comparable resolution to the ALS
data.

Wave conditions off the South Island east coast dur-
ing this period are available from a wave buoy located
in 76-m water depth off Banks Peninsula, some 200 km
to the northeast (Fig. 1a). Significant wave heights at
the buoy site rose from 2–3 m during the 11 July survey
to approximately 4 m on 12 July (Fig. 5). Both mean
and peak wave periods were also higher on 12 July
(Tpeak � 13–14 s) than on 11 July (Tpeak � 11–12 s),
while mean wave direction remained close to 180°
(from the south) throughout. From linear wave theory

we expect waves of 11- and 14-s periods to have wave-
lengths of 103 and 134 m, respectively, in 10-m water
depth.

The ALS data show an apparent increase in wave-
lengths from 11 to 12 July. The principal wave direction
evident in the ALS data is from the southeast, differing
from the southerly mean wave direction off Banks Pen-
insula, most likely because of a difference in expo-
sure combined with refraction. There also appears to
be a shorter wavelength pattern present on both days
consistent with wind sea from a more southerly direc-
tion.

Wind data were available from the nearby Oamaru
Automated Weather Station (Fig. 1b). During the 11
July survey, winds were from the westerly quadrant
(i.e., offshore), with speeds less than 4 m s�1 (Fig. 5).
The following day the wind shifted through southwest

FIG. 2. Surface elevation s(x) gridded at 5-m spacing from a shore-normal ALS swath (swath
2.6) crossing the coast near the Waitaki River mouth. Data were recorded on 11 Jul 2001. Data
are shown in local coordinates (x, y) rotated to align with the flight direction. The shoreline
is marked by a solid line, and north is marked by an arrow.
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to southerly, with variable speeds in the 3–7 m s�1

range.
Swath 2.6 was recorded flying in the seaward direc-

tion, while swath 2.9 was flown shoreward. Because a
transect is flown in a finite time, the ALS record is not
truly instantaneous. Rather, the movement of the
waves during the scan produces a Doppler effect.
Waves moving with a positive velocity component in
the aircraft’s flight direction appear elongated in wave-
length by the distance a crest moves while the aircraft
moves between overtaking successive crests. Con-
versely, waves with a velocity component opposing the
flight direction will appear to be shortened. This means
that a component of the wave field with true wavenum-
ber vector k will appear Doppler shifted to an apparent
wavenumber:

kapp � k � |k |
C

Va
n̂, �17�

where C is the phase speed of the waves, while Va and
n̂ are the magnitude and unit direction vector of the
aircraft velocity.

In water depths up to h � 10 m, linear waves can
have phase velocities up to C � (gh)(1/2) � 10 m s�1.
For a flight speed of Va � 56 m s�1, this implies Dopp-
ler shifts of up to C/Va � 18%. Clearly this is an im-
portant effect, which would need to be accounted for
before accurate wavenumber information can be ex-
tracted from ALS data. For example, inspection of the
swath-2.6 data in Fig. 2 shows a predominant swell with
apparent wavelength of approximately 110 m, propa-
gating at 33° from the transect direction. This corre-
sponds to an apparent wavenumber |kapp | � 0.057 rad
m�1, with components kapp � (0.048, 0.031) rad m�1

in the along-track and cross-track directions, respec-
tively. Similarly, the predominant swell in the swath-
2.9 data (Fig. 3) has an apparent wavelength of ap-
proximately 150 m, propagating at 42° from the

FIG. 3. As in Fig. 2 except data were recorded on 12 Jul 2001.
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transect direction. The corresponding apparent wave-
number is |kapp | � 0.042 rad m�1, with components kapp

� (0.031, 0.028) rad m�1. As swath 2.6 was recorded
flying seaward, and swath 2.9 flying landward, it ap-
pears that much of the difference between apparent
wavenumbers is due to equal and opposite Doppler
shifts in the along-track wavenumber component.
These values are consistent with the expected Doppler
shifts for a common true wavenumber k � (0.04, 0.03)
rad m�1, if we use the limiting value C � 10 m s�1

appropriate for 10-m water depth. As actual wave
speeds going into shallower water will be somewhat
lower, it is likely that some genuine change in peak
wavenumber also occurred.

We should note that Doppler shifts in the cross-track
direction can also be considered, but the ground speed
with which the tracking beam crosses the swath is suf-
ficiently high (about 45 km s�1 in this case) to render
this negligible.

While it was possible to make the estimates above, in
the absence of detailed wave speed information it was
not possible to accurately compute full Doppler shift
corrections to the ALS data. This means that all Fou-
rier and wavelet analysis was in effect carried out in
“apparent wavenumber” space and should be inter-
preted accordingly.

5. Directional continuous wavelet transform of
Waitaki River ALS data

ALS data from swath 2.9 were gridded by averaging
data within each cell of a 166 � 295 cell grid at 5-m
resolution, aligned with the flight direction (Fig. 3). The
shoreline was subsequently masked out. The wavelet
transform is most conveniently carried out on a square
grid, with equal spacing and number of cells in the x and
y directions. We also note that in one-dimensional
wavelet transforms, errors can be caused near the ends

of a data sequence by the abrupt start and end of the
data (Torrence and Compo 1998). This can be partly
ameliorated by zero padding up to a record length that
is a power of 2, optimizing the efficiency of the fast
Fourier transform.

The two-dimensional swath data came from a spatial
domain with irregular edges. This means that either
truncation or zero padding is unavoidable in preparing
a rectangular array for analysis. For this dataset, direc-
tional wavelet spectra were computed after zero-
padding the data to a 512 � 512 cell grid. After the
wavelet transform was computed the zero-padded areas
were discarded.

Morlet wavelet parameters of � � 1 (isotropic), and
k0 � 5.6 were used, following previous studies (e.g.,
Spedding et al. 1993), which have found satisfactory
results with 5 	 k0 	 6. Wavelet spectra were computed
at 10° increments in direction, with the scale set at a �
2s, with power s ranging from 1 to 6 at uniform inter-
vals of 1⁄4. That is, the intervals between fully indepen-
dent power-of-two scales were subdivided into four
“voices.” The shortest length scale examined is 2 times
the spacing of the 5-m grid onto which ALS data were
averaged. Because of the high wavenumber selectivity
of the wavelet transform, any sea surface variation at
shorter scales (�5 m) that might have been retained by
sampling at higher resolution would effectively be av-
eraged out by the transform.

Errors induced by edge effects occur over a distance
from the domain boundary to a length scale propor-
tional to the wavelet scale a (Torrence and Compo
1998). If we were to imagine including missing data
from beyond the domain boundary, this would make a
certain contribution to the wavelet spectral density,
with the magnitude of the contribution decreasing ex-
ponentially with distance from the boundary. For the
Morlet wavelet, the e-folding length, over which wave-
let power drops by a factor e�2, is given by 21/2a�x.

FIG. 4. Shore-normal seabed profiles surveyed in 1977 at the Waitaki river mouth
(elevation relative to Lyttelton mean sea level datum).
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For k0 � 5.6, the e-folding length is 1.28 times the wave-
length associated with the scale.

Figure 6 shows the spatial distribution of wavelet
spectral density F(k, 	, b) � |S(a, 	, b) |2, derived from
swath-2.9 data (collected on 12 July 2001). We found
that for this swath, the highest spectral densities oc-
curred for 	 � 40° and a � 26.91, corresponding [(12)]
to a wavelength (�) of 149 m. Contour plots are shown
for a range of fixed values of a and 	 around this peak.
The direction 	 is taken clockwise from the y axis of the
local grid, and so the corresponding wave propagation

direction relative to true north is 	0 
 (	 � 180°),
where 	0 � �76.7° is the grid orientation. The 180°
ambiguity cannot be resolved from a single image, but
we would infer that 	 � 40° � 10° corresponds to waves
from 143.3° � 10° true. Spectral densities at all other
scales and directions computed, but not plotted in Fig.
6, were small (less than the second or third contour
level shown here). This includes the signature of the
wind sea, which we shall return to later. For now we
shall concentrate on properties of the wavelet spectrum
around the swell peak.

FIG. 5. (top three panels)Wave statistics [(top) significant wave height, (middle) peak and
mean period, and (bottom) mean direction] recorded at the Banks Peninsula wave buoy.
(bottom two panels) (top) Wind speed and (bottom) direction recorded at Oamaru, during
11–12 Jul 2001.

956 J O U R N A L O F P H Y S I C A L O C E A N O G R A P H Y VOLUME 35



It can be seen that wavelet spectral density is
strongly localized, at space scales of order one wave-
length. At the peak scale-direction combination (	 �
40°, a � 26.91), for example, the spatial distribution is
dominated by one envelope of quasi-Gaussian form.

For comparison, a two-dimensional Gaussian distribu-
tion

F �x, y� � F0 
 F1 exp �
1
2 �xr

2

l1
2 


yr
2

l2
2� �18�

FIG. 6. Contour plots of wavelet spectral density F(k, 	, b) � |S(a, 	, b) | 2 (m4) computed from ALS data collected in swath 2.9. Plots
are for fixed values of scale a [decreasing from (left) a � 38.05 to (right) a � 19.03] and direction 	 [increasing from (top) 	 � 30° to
(bottom) 	 � 50°], with a uniform contour spacing across all plots. The direction is also indicated by arrows in the top-left corners of
the plots. Dashed contours mark the boundary of the domain for which ALS data were available and the e-folding distance (2)(1/2)a�x
in from the domain boundary.
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with rotated coordinates

�xr

yr
� � � cos
 sin


�sin
 cos

��x � x0

y � y0
� �19�

was fitted to the wavelet spectral density around the
peak. The fitting procedure varies the parameters (x0,
y0, l1, l2, �, F0, F1) to minimize

�2

�2 �
��Ffit � F�2

��F � �F��2
�20�

using the simplex method of Nelder and Mead (1965).
It was found that the Gaussian function provided a
close match (�2/�2 � 0.01) with the wavelet spectral
density (Fig. 7). The fitted Gaussian distribution was
centered at (x, y) � (563, 573), with a semimajor axis of
l1 � 201 m aligned at � � 14° (26° from the propagation
direction 	), and a semiminor axis of l2 � 138 m. In
addition to this main peak, there is a smaller quasi-
Gaussian envelope evident in the bottom-left corner of
the swath (Fig. 6).

A further function of sech2 shape

F �x, y� � F0 
 F1 sech2�
1
2 �xr

2

l1
2 


yr
2

l2
2�� �21�

was also fitted to the main peak, in the light of theo-
retical results from solutions of the nonlinear
Schrödinger equation (Hui and Hamilton 1979). This
provides a somewhat narrower envelope than either the
computed wavelet spectral density or the Gaussian fit
(Fig. 7).

The calculation of the shape of the envelope will be
affected by its proximity to the edge of the swath. As
noted above, we can expect a deficit in the spectral
density due to the absence of data beyond the domain
boundary. The peak of the computed envelope is near
the e-folding distance for such contributions to S
(marked on Fig. 6), so any boundary error in |S |2 will be
diminished by a factor e�2 � 0.135 there. Hence, any
such errors are unlikely to significantly affect the gen-
eral form of the envelope near its peak, but the distri-
bution may be distorted near the domain boundary.

The wavelet spectral density at other directions and
scales also takes the form of one or more envelopes of
quasi-Gaussian form. However, the location and shape
of these peaks do not in general match closely across
wavelet scales and directions. Gaussian functions were
fitted to the most prominent peaks in the wavelet spec-
tral densities plotted in Fig. 6. The resulting parameters
are listed in Table 1. The location and dimensions of the
envelope at the dominant values (	 � 40°, a � 26.91)
are approximately reproduced (with diminished magni-
tude) for neighboring propagation directions (	 �
30–50°, a � 26.91) and at the next longer scale (	 �
30–50°, a � 32.0, corresponding to a wavelength of
177 m), but with a slight seaward displacement (by

40–100 m) at the longer scale. The envelopes at the next
lower scale (a � 22.63, corresponding to a wavelength
of 125 m) show a more pronounced shoreward displace-
ment (by 150–190 m) relative to those of a � 26.91
wavelets. This displacement is of magnitude compa-
rable to the half-widths (l1, l2) of the envelopes, which

FIG. 7. Cross sections in the (top) x and (bottom) y directions
through the peak of the directional wavelet spectrum F(k, 	, b) �
|S(a, 	, b) | 2, computed for direction 	 � 40° and scale a � 26.91
from swath-2.9 data. Fitted curves using two-dimensional Gauss-
ian and sech-squared functions are also shown.
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are in turn of similar order to the dominant apparent
wavelength. If we are to consider the sea state as con-
sisting of an ensemble of wave groups, this places the
majority of energy at this wavelet scale in the leading
edge of the group envelope.

We also observe that the minor peak observed in the
bottom left of the swath for the dominant (	 � 40°, a �

26.91) wavelet is also evident in other wavelets, most
strongly around (	 � 50°, a � 22.63), while another
wave group is evident in the top left of the swath, pre-
dominantly around (	 � 30°, a � 19.03).

Integrating the wavelet spectral densities over scale
and direction results in the total energy density E0(b)
shown in Fig. 8. A high degree of localization is still

TABLE 1. Parameters for fitting Gaussian functions [(18) and (19)] to the wavelet spectral density F(k, 	, b) � |S(a, 	, b) | 2

computed from ALS data collected on swath 2.9 (as plotted in Fig. 6).

	 (°) a x0 (m) y0 (m) l1 (m) l2 (m) � (°) F1 F0 �2/�2

30 32.00 537 529 177 150 132 29.1 0.9 0.022
30 26.91 575 623 186 148 34 38.6 0.0 0.033
30 22.63 644 773 152 106 23 27.9 0.6 0.025
40 32.00 556 524 179 137 158 51.5 �1.3 0.007
40 26.91 563 573 201 138 14 67.8 0.0 0.010
40 22.63 627 764 149 109 5 43.0 2.1 0.010
50 32.00 571 493 184 133 159 27.2 �0.6 0.006
50 26.91 563 528 187 135 �2 40.5 2.8 0.017
50 22.63 594 746 233 127 169 22.7 1.0 0.038

FIG. 8. Total variance E0(b) of the directional wavelet spectra for swath-2.9 data, with
arrows showing peak direction. Four sites for which wavelet spectra are plotted in Fig. 9 are
marked. The shoreline is marked by a solid line, and north is marked by an arrow.
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evident, even after averaging across the offset locations
of the individual wavelet scales and directions, which
spreads the overall width of the envelope to cover a
group of approximately 5 crests, as is evident in the
original data (Fig. 3). The alignment of the peak wave-
number is also shown in Fig. 8 (up to the 180° ambigu-
ity). This is consistent across offshore areas with higher
wave energy, but shows some variation between wave
groups, and also shows the effect of refraction near the
coast, toward the top of the plot.

There are several ways to display the wavelet spectral
density F(k, 	, b) � |S(a, 	, b) |2. Instead of taking slices
at fixed scales and directions, the data can be localized
in space, and plotted at fixed b as the equivalent of a
directional wavenumber spectrum, up to a 180° ambi-
guity. In Fig. 9, this is done for four points selected from
the swath 2.9 domain. Two of the points correspond to
the peaks of two of the fixed (	, a) slices discussed
above. These are b � (563, 573) (Fig. 9d), and b � (627,

764) (Fig. 9b), which represent peaks in the wavelet
spectral densities for (	 � 40°, a � 26.91) and for (	 �
40°, a � 22.63), respectively. Both of the directional
wavelet spectra show a distinct swell peak, but this peak
is offset to higher equivalent wavenumbers at the down
wave point (627, 764) relative to that at (563, 573), as
well as having a peak direction rotated slightly toward
a more shore-normal position, and the peak spectral
density reduced by a factor 2/3. There is also a small
peak evident at higher wavenumber, corresponding to
the southerly wind sea of approximately 30-m wave-
length evident in Fig. 3.

The other points selected (Figs. 9a,c) were at a near-
shore location [b � (500, 1300)] and a more offshore
site [b � (200, 800)], both outside any of the group
envelopes identified above. The directional wavelet
spectral density is correspondingly much reduced (by
1–2 orders of magnitude) relative to the other sites. The
spectrum at the nearshore site (Fig. 9a) is not only re-

FIG. 9. Wavelet spectra F(k, 	, b) (m4) at fixed locations b (marked on Fig. 8) from the swath-2.9 data. (a) A
nearshore point b � (500, 1300); (b) b � (627, 764), the maximum of the (	 � 40°, a � 22.63) wavelet spectral
density distribution; (c) b � (200, 800); and (d) b � (563, 573), the maximum of the (	 � 40°, a � 26.91) wavelet
spectral density distribution.
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duced in magnitude relative to those seen at the off-
shore sites, but rotated by refraction and broadened to
contain relatively more energy at higher wavenumbers
in the principal propagation direction. The wind-sea
component is relatively strong at the “low energy” off-
shore site (Fig. 9c), but reduced near shore (Fig. 9a).

6. Conclusions

Wave fields in the sea surface show a level of inho-
mogeneity that is not consistent with the fully regular
assembly of sinusoidal waves of various amplitudes,
wavelengths and directions implied by the Fourier ap-
proach. It is therefore valuable to seek a description of
the sea state that identifies and quantifies the spatially
periodic signals present, but also localizes that signal in
space. A method based on two-dimensional directional
wavelet analysis is described by which such inhomoge-
neity can be characterized in the spatial and wavenum-
ber domains. When this method has been applied to
aerial laser scanning measurements of near shore wave
conditions, it has allowed a high level of spatial vari-
ability to be observed. Evidence was found of en-
sembles of wave group envelopes of quasi-Gaussian
form. It was also noted that the spatial localization of
these envelopes is not necessarily uniform across the
various spatial scales and propagation directions of
wave components making up the groups. Rather, ex-
amples were found of components with length scales
shorter than those of the peak being displaced in the
down wave direction relative to the envelope of energy
distribution at the dominant length scale.

ALS records of the sea surface can be influenced by
Doppler effects due to the relative motions of waves
and the scanning aircraft. Estimation of the magnitude
of such effects can be made, and we have found for
example that much of the apparent difference in wave-
number structure between swaths 2.6 and 2.9 (recorded
with opposite flight directions) can be attributed to
Doppler effects. While distortions can arise, features
such as the shoreward displacement of wave envelopes
noted above cannot simply be Doppler artifacts, as evi-
denced by their occurrence in swaths recorded in both
flight directions. Given adequate wave speed informa-
tion, correction for Doppler effects should be consid-
ered in future studies.

The directional wavelet transform provides a valu-
able analytical tool for studies of the spatial structure of
sea states. Allowing a selective balance between spatial
resolution and spectral resolution, it has a potential role
in filtering spatial data for studies of wave processes. It
could also assist in developing models that accurately
reflect the group structure of surface wave fields.
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APPENDIX

Calculation of c�

The normalization parameter c� is defined as

c� � �2��2� d2k

|k |2 | �̂�k� |2. �A1�

For the Morlet wavelet, we have (Antoine and Murenzi
1996; Antoine et al. 1996)

| �̂M�k� |2 � � exp����kx
2 
 �ky � k0�2��

� �1 � exp��kyk0��2, �A2�

and so the normalization parameter can be expressed as

c� � �2��2��
�




ds�
�




dt exp����s2 
 t2��F �s, t�

�A3�

with

F �s, t� �
�1 � exp��k0�k0 
 t���2

s2 
 �k0 
 t�2 , �A4�

where we have made the substitutions s � kx and t �
ky � k0.

While the denominator of F vanishes at (s, t) � (0,
�k0) [(kx, ky) � (0, 0)], the numerator does also; in such
a way that F remains finite. The variation of the inte-
grand is dominated by the exponential function, and
decays rapidly away from the maximum at (s, t) � (0,
0). Hence, if we take a Taylor expansion of F about
(0, 0):

F �s, t� � F �0, 0� 
 sFs�0, 0� 
 tFt�0, 0� 

s2

2!
Fss�0, 0�



2st

2!
Fst�0, 0� 


t2

2!
Ftt�0, 0� 
 · · · , �A5�

we expect only the low-order terms to contribute sig-
nificantly to the integrand. The integral can then be
expressed as

c� � c�
�n� 
 R�n� , �A6�

where

c�
�n� � �2��2��

�




ds �
�




dt exp����s2 
 t2��F �n��s, t�

�A7�
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is the integral with the Taylor series for F retaining
terms to order n, while

R�n� � �2��2��
�




ds �
�




dt exp����s2 
 t2��

� �F �s, t� � F �n��s, t�� �A8�

is a remainder term. This can be computed by numeri-
cal quadrature with small errors, due to a high level of
cancellation in the integrand. Further, due to the sym-
metry of the integration domain, Taylor series terms
odd in s and/or t will integrate to zero. The c(n)

� terms
can be computed analytically, making use of the iden-
tity

In�a� � �
�



dx x2n exp��ax2�

�
1 × 3 × 5 × · · · × �2n � 1�

2nan 
�

a
�A9�

(Abramowitz and Stegun 1970).
Retaining just the zeroth-order term,

c
�

�0� � �2��2��
�




ds �
�




dt exp����s2 
 t2��F �0, 0�

� 4�3 �� � 1

k0
2 �1 � e�k0

2
�2�. �A10�

Retaining up to the second-order term,

c�
�2� � �2��2��

�




ds �
�




dt exp����s2 
 t2���F �0, 0� 

1
2

s2Fss�0, 0� 

1
2

t2Ftt�0, 0��
� 4�3 �� � 1

k0
2 


1

k0
4 �3

2
�

1
2�� 
 e�k0

2��2 �
4

k0
2 


1

k0
4 ��3 


1
���
 e�2k0

2�4 

3

k0
2 


1

k0
4 �3

2
�

1
2����,

�A11�

and to fourth order,

c�
�4� � 4�3 �� �F �0, 0� 


1
4�
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1
4
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3
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FIG. A1. Normalization parameter c� as a function of k0 and �,
computed using a fourth-order Taylor series expansion [(A12)].

TABLE A1. Values of c� computed for the Morlet wavelet with
various values of the parameters � and k0. The contributions of
the Taylor series terms c(n)

� are shown to zeroth, second, and
fourth order, along with the fourth-order remainder term R(4).

� k0 c� c(0)
� c(2)

� c(4)
� R(4)

0.5 5.0 3.5328 3.5080 3.5781 3.5318 0.0010
0.5 5.6 2.8180 2.7965 2.8411 2.8177 0.0004
0.5 6.0 2.4546 2.4361 2.4699 2.4544 0.0002
0.5 7.0 1.8019 1.7898 1.8080 1.8019 0.0001
1.0 5.0 5.1379 4.9610 5.1594 5.1356 0.0023
1.0 5.6 4.0698 3.9549 4.0810 4.0689 0.0009
1.0 6.0 3.5334 3.4451 3.5408 3.5329 0.0005
1.0 7.0 2.5798 2.5311 2.5828 2.5796 0.0001
2.0 5.0 7.3733 7.0159 7.3667 7.3688 0.0045
2.0 5.6 5.8188 5.5930 5.8160 5.8171 0.0017
2.0 6.0 5.0430 4.8722 5.0413 5.0420 0.0010
2.0 7.0 3.6714 3.5796 3.6709 3.6711 0.0003
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For typical values of k0 � 5, the exponential terms
are negligible, and so the contribution from nth-order
terms is of order k0

�2�n. Some numerical examples of c�

computed in this way are listed in Table A1. At k0 � 5.6
and � � 1, for example, we see that values computed
with Taylor series to zeroth order (A10), second order
(A11), and fourth order (A12) have errors of 2.82%,
0.28%, and 0.02%, respectively. The fourth-order esti-
mate c(4)

� is plotted as a function of k0 and � in Fig. A1.
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