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A P P R O X I M A T E  SOLUTIONS TO T H E  INVERSE N O R M A L  

MODE P R O B L E M  

BY FREEMAN GILBERT AND GEORGE E. BACKUS 

ABSTRACT 

Observed normal mode periods in the range 1.388 min to 53.90 min are com- 
pared to two approximate solutions to the inverse normal mode problem. Each 
solution fits the observed periods with an r.m.s, relative error less than 3.1 X 
10 -3 and a maximum relative error less than 1.29 X 10 -2. Each solution fits 

the observed mantle surface wave periods with a maximum relative error less 
than 3.9 X 10 -3, a phase velocity error of 0.016 km/sec. The two solutions 
have S velocity distributions in the upper mantle that have a mean relative 
difference of 1.5 X 10 -2 and a maximum relative difference of 2.8 X 10 -5. 
The mantle surface wave periods of the two solutions have a maximum relative 
difference of 8.5 X 10 -4, a phase velocity difference of 0.004 km/sec. The 
structural details of the two solutions are significantly different in the upper 
mantle. Two addit ional solutions are presented for mantle surface wave modes 
in the period range 1.388 min to 6.044 min. The spectrum of each solution fits 
the data with a maximum relative error less than 2.2 X 10 -3, a phase velocity 
error of 0.009 km/sec. The spectra of the two solutions have a maximum rel- 
ative difference of 4.0 X 10 -4, a phase velocity difference of 0.002 km/sec. 
Both solutions have a zone of low-shear velocity with a minimum at a depth of 86 

km. Other features of the two solutions are dissimilar. 

In a recent paper (Baekus and Gilbert, 1967) we presented a procedure for ob- 
taining solutions to the inverse normal mode problem. Several numerical experi- 
ments with raw data have been performed using that  procedure and some of the 
results are reported here. The normal mode data used in our first two experiments 
are summarized in Table 1. None of the normal mode data was corrected for per- 
turbations due to aspherieity, anisotropy, rotation, or the possible misidentifieation 
of a spectral line. For every multiplet the reported datum was taken to be the line 
m = 0. In all of the numerical experiments the Earth 's  mean density (5517 kg/m a) 
and moment of inertia ( I  = 0.33089 Ma 2) were preserved. I t  appears that  the data 
can be fit within experimental error by significantly different Ear th  models. There- 
fore, we feel that  no useful purpose is served by publishing detailed tables of these 
models. 

In Table 1, the UCLA data are derived from Ness, Harrison and Slichter (1961) 
for the 1960 Chilean earthquake (C) and Sliehter (1966) for the 1964 Alaskan 

) 

earthquake (A). The C I T R  data are derived from Ben-iV[enahem and ToksSz 
(1962) for the 1957 l~{ongolian earthquake (M).  The CITM data are derived from 
Benioff~ Press and Smith (1961) for the 1960 Chilean earthquake and Smith(1966)  
for the 1964 Alaskan earthquake. The CTIL  data are derived from ToksSz and 
Ben-Menahem (1963) for the 1957 Mongolian earthquake. The C I T R  (Rayleigh 
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wave) and CITL (Love wave) phase-velocity data were converted to equivalent 
free oscillation data by using the approximation l(1 + 1) = k2a 2. 

In all of the numericM work reported in this paper we have assumed that  the 
E~rth has a fluid core of radius 3473 km and a solid mantle of 6371 km. Although 

T A B L E  1 

SUMMARY OF NORMAL MODE DATA 

Data Range Designation Earthquake 

nS~ 0 -< l -< 32 U C L A  A, C 
oS~ 33 < l =< 97 C I T R  M 
0Tz 2 -< l -< 32 C I T M  A, C 
0Tz 33 < l -< 105 C I T L  M 

I I I I I i I I I 

f 

I I I ! I I I I I 

RA D IU !~ 

FIG. 1. T h e  G u t e n b e r g  mode l  u s e d  as  m a  in t h e  f i rs t  invers ion .  T h e  c u r v e  l abe led  p is t h e  
d e n s i t y ;  ful l  sca le  is 16551 k g / m  ~. T h e  c u r v e s  l abe led  vp a n d  v~ are  t h e  P a n d  S ve loc i t i e s ;  full  
sca le  is 20551 m / s e c .  

it is not difficult to investigate the effects of a solid inner core, oceanic crust, dissi- 
pation, and changes in the depth of discontinuities, we have chosen to ignore such 
effects in this paper. 

Using the criterion rain [Im - ma  II 2 (Backus and Gilbert, 1967, sec. 5) we per- 
formed two inversions, taking as gross Earth data the Earth's mass and moment of 
inertia and the 16 modes 0S0,1So, ~So, oS4,0Ss, 1Ss, 0S16,0S32, oS64, oS97, oT4 , 
oTs, o t i s ,  0T32, oT64, oT~05 • 
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In the first inversion m e  was the Gutenberg model shown in Figure 1. The third 
iterate, designated G1, is shown in Figure 2. I t  fits the 16 modes with an r.m.s. 
relative error of 2.4 X 10 -5. The eigenfrequencies of G1 are compared with the ob- 
served data in Table 2. The r.m.s, relative error is 3.1 X 10 -3 and the maximum 
relative error is 1.29 X 10 -2 (0S2~). The relative difference between the UCLA 
datum 0S22 and the C I T R  datum 0S2~ is 1.88 X 10 -2. Thus, these two data, which 
should be identical if they belong to m -- 0, differ by more than the maximum rela- 
tive eiwor of G1. At present, the multiplet structure of 0S22 has not been resolved so 

I I I I I L I I 

I I I I I I 

RADIUS 
Fro.  2. Model  G1. 

I I I 

we cannot determine where the two observed data stand in the multiplet. However, 
0S22 for G1 stands between them and is presumably within the unresolved multiplet. 
Only six modes of G1 differ from the data with a relative error greater than 10 -2. 
Model G1 is a good fit to the CITR and C I T L  data, the maximum relative error 
being 3.9 ) 10 -3 (0S71) which corresponds to a phase velocity error of 0.016 km/sec. 

In the second inversion ma  was the quadratic Gutenberg model shown in Figure 
3. This "start ing" model is described by Backus and Gilbert (1967, sec. 6). The 
third iterate fits the 16 modes with an r.m.s, relative error of 3.8 X 10 -4. I t  is shown 
in Figure 4. At this stage the frequencies of the two modes 2S0 and 1S1~ of G1 were 
added to the data. Two more iterations produced a model, designated Q1, tha t  fits 
the 18 modes with an r.m.s, relative error of 1.6 X 10 -5 and that  also has nearly the 
same spectrum as G1. I t  is shown in Figure 5. The eigenfrequencies of Q1 are com- 
pared with the observed data in Table 3. The r.m.s, relative error is 3.0 X 10 -~ and 
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FIG. 3. T h e  qu&dr~tic  G u t e n b e r g  m o d e l  u s e d  as  m e  in t h e  s e c o n d  inve r s ion .  
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FIG. 4. T h e  t h i r d  i t e r a t e  in t h e  s econd  inve r s ion .  
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the maximum relative error is 1.27 X 10 -2 (0S22). Only seven modes of Q1 differ 
from the observed data with a relative error greater than 10 -~. Model Q1 is also a 
good fit to the C I T R  and CITL  data, the maximum relative error being 3.6 X 10 -3 
(0S71) which corresponds to a phase velocity error of 0.015 km/sec. 

The eigenfrequencies of G1 and Q1 are compared in Table 4. The r.m.s, relative 
difference is 4.0 X 10 -4 and the maximum relative difference is 2.4 X 10 -3 (2S5). 
Only five modes have a relative difference greater than 10 -3. For 0Sz, 1 > 5, the 
maximum relative difference is 8.5 X 10 -4 (0S~6) or 0.004 km/sec in phase velocity. 

t 
I I I I I I ,I I I 

I I 1 I I I I I L 

RADIUS 

FIG. 5. Model Q1. 

For 0Tz the maximum relative difference is 2.2 X 10 -4 (0T2) or .001 km/sec in phase 
velocity. Models:G1 and Q1 have very nearly the same spectrum for the 216 modes 
used in our experiments. They are equally good fits to the observed data. In most 
instances the fit is better than the estimated experimental error in the observed 
data. Yet, models G1 and Q1 are distinctly different. 

In  the upper mantle we take ~ as a measure of the relative difference between G1 
and Q1 where 

Z 
r2  

~2 = 3 drr2A~(r) 
1 

r23 -- rl 3 (1) 

G1 Q1 A(r) = I 1 -  v8 (r ) /v8  (r)[. 
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For  rl = 5935 km and r2 = 6343 km we have 

-- 1.5 X 10 -2 

A .. . .  = 2.8 X 10 -2 at r - -  6271km.  (2) 

The relative difference between the spectra of G1 and Q1 for 1 > 5 is no greater 
than  8.6 X 10 -4. In  other words, the mantle  Rayleigh and Love wave spectra of G1 

Vp 

I I I I 
.6 .8 

RADIUS 

FIG. 6. me in the first inversion of mantle surface waves. 

and Q1 are practically identical, but  their upper  mant le  structures are not. For  the 
218 gross Ear th  data  tha t  we have used, the inverse normM mode problem appears 
not to possess a unique solution. Whether  the difference between G1 and Q1 repre- 
sents the lack of sufficient resolving power in the data, or is an intrinsic non,unique- 
ness, is a mat te r  tha t  we shall pursue elsewhere. 

In  the two experiments just described, we used all the available data from normal 
modes which have appreciable energy in the deep interior. I f  we restrict our input  
data  to normal modes confined to the intermediate and upper  mantle, we can in- 
vestigate the extent to which ordinary short period surface-wave dispersion rela- 
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tions determine upper-mantle structure. For this inquiry we performed two nu- 
merical experiments with data in the period range 1.388 min to 6.044 min. The 
C I T R  data were used for 19 < 1 < 97 (oS~) and the C I T L  data for 21 _< 1 < 105 
(0Tz). 

The criterion min II m - ma  II ~ was used to find solutions to the inverse problem. 
We took as gross Ear th  data the Earth 's  mass and moment of inertia and the 17 

] I I J 

I I ] J 

.6 .8 
RADIUS 

FIG. 7. Model GM. 

modes 0S19, oS23,0S2s, oS35, oS43,0S52, oS64,0STs, oS97, oT23,0T29,0T36, oT44,0T55, 
oT6a, oTs4, oTlo5 • In each inversion the iterative scheme was terminated when the 
r.m.s, relative error became less than 10 -3. 

In  the first inversion m e  was the Gutenberg model shown in Figure 6. The final 
solution, denoted GM, is shown in Figure 7. The eigenfrequencies of GM are com- 
pared with the observed data in Table 5. The maximum relative error is 2.2 X 
10 -3 (oS72), a phase velocity error of .009 km/sec. 

In the second inversion ma  was the homogeneous model shown in Figure 8. The 
final solution, denoted CM, is  shown in Figure 9. The eigenfrequencies of CM are 
compared with the observed data in Table 6. The maximum relative error is 2.1 X 
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10-3(0S72), a phase velocity error of .009 km/sec. The eigenfrequencies of GM and 
CM are compared in Table 7. The maximum relative difference is 4.0 ;4 10-4(0T36), 
a phase velocity difference of .002 km/sec. 

The mantle surface wave spectra of GM and CM are nearly identical, but the 
mantle structures of GM and CM are not. However, there is one common feature of 
GM and CM; a zone of low-shear velocity with a minimum at a depth of 86 km. 
Gutenberg (1953) hypothesized such a zone and estimated the depth of the mini- 
mum to be about 75 kin. Other workers [see the reviews of Nuttli (1963) and 
Anderson (1967)] have shown that  such a feature is compatible with the surface- 
wave and travel-time data. We have no proof that  the low-velocity zone is a feature 
of the real earth, but it is a feature of all solutions, that  we have so far obtained, to 
the inverse problem for the 1Viongolian surface wave data regardless of the mo 's  
used in our numerical experiments. 

A second zone of low-shear velocity with a minimum at a depth of 320-340 km is 
compatible with the observed data, but the detailed features of GM and CM are 
sufficiently different to make a more positive statement unwarranted. 

The shallower low-velocity zone is also evident in the P velocity structure of GM 
and CM, but the deeper zone is absent in CM. 

The density structures of GM and CM are quite obviously distinctly different. 
These results are certainly in coarse qualitative agreement with those reviewed 

by Anderson (1967) although it is disappointing how little we can learn about the 
structure of the upper mantle from surface waves alone. Of course, the situation 
could change very much for the better if travel time data and normal mode over- 
tones (leaking modes) were also used as constraints on the solution (the subject of 
a subsequent paper). Even then the outlook for learning much about the density 
distribution from surface waves is not bright. 
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