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The probability density of the total curvature of a uniform random
Gaussian sea surface in the specular points
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Abstract. Assuming that sea surface is a random uniform Gaussian function, an
analytical expression is developed for the probability distribution density of the
total curvature of the surface in specular reflection points. The density can be
expressed in terms of an integral, and its asymptotics acquire a simple form for
large values of the total curvature. A numerical experiment to verify the probability
distribution density is also given.

1. Introduction

The study of sea wave variables have been a subject of considerable interest in
oceanography. For this purpose, optical methods have been used.

Let S be the projection of the part of ocean’s surface being illuminated by parallel
light rays travelling in the direction of the unit vector p, and the surface is being
viewed in the direction of the unit vector s It is well known (Keller and Keller 1950,
Bass and Fuks 1972, Shifrin and Gardachov 1985) that the mean value of intensity
(I) of light reflected by a rough sea surface is given by

1
(I) =k(N) <@>S (1)

where, k=k(sp,5) is the coefficient not depending on surface geometry; { N) is the
average number of specular points per unit horizontal area; and Q is the total
curvature at the specular point and ( 1/|Q|) the mean value of 1/]Q].

To define the fluctuation of the intensity (/) and its probability density (w([)), a
knowledge of the total curvature probability density at the specular points (W(Q)) is
required. The statistical distribution of the total curvature (Q) for a Gaussian uniform
surface z={(x,y) (of which elevation { and derivatives 8" *™{/ox"oy™ are distributed
normally and ( {(x,y)) =0), has been derived by Longuet-Higgens (1958, 1969). The
function W(Q) has been expressed in terms of contour integrals and its asymptotics
by special functions.

The main object of the present study was to obtain a comparatively simple
expression for W(Q), convenient for use in practical computations. It is shown here
that the distribution W(Q) has an integral representation in terms of error function.
Verification of the given expression by numerical experiments was also performed.
A computation using this expression gave exactly the same result as that obtained
by the Longuet-Higgins (1969) formula.
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Let the surface of the ocean (which is assumed to be Gaussian uniform) be
defined by

z={(x,) (2)

where x and y are horizontal coordinates and z is the elevation. Then, the total
curvature of the surface (Q) is given by

2
Q: Cxxny ny (3)
(1+&+4r
where (., {,, (... (., (,, denotes derivatives o((x,y)/ox, o((x, y)/oy, &*C(x, y)/ox?,
0*{(x, yloyax, &*(x, y)lay?, respectively.
The subject is to obtain a statistical distribution of Q at the specular points,
where the following system of equations are satisfied:

L6 p)=7y = const}

,(x, )=, = const. (4)

Let, w((,, ¢, (oxs oy §y,) denote a probability density of {,,{,, .y, {4y, (- Since the
first derivatives, {, and {,, are statistically independent of the second derivatives, {
{\y» and {, , we obtain

Wl Gy oo Gn §)) = Wl ) X w (s Gy Gy (5)

The probability density functions w({,, {,) and w({,,, {,,,{,,) are normal distributions
and are given by

XX

_ ; _ mozCazc_zmanCy'*‘mzoCi
w = e ( T ) (©)
and
B 1
M/(CxX’ny’ny)_ (27‘5)3/2 \/A_g,
X exp I:_ %(Mn G+ M22C32cy + My, Ciy
+ 2M12Cxx ny + 2M13Cxx ny + 2M23 ny ny)] (7)
where
Azzdet E25E2: (mZO mll)E ( <Cx> <Cny> ) (8)
My, Mgy, (44 <C§>
My M3y My (GG (Lax ny> (Lax ny>
Ay=det By, Ex=my; my, myz|= (000 (Galy) (GG 9)
My,  Myz Moy (Lax ny> <ny ny> ( )2;y>

and {M;;} is the matrix, inverse to Ej;.
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The conditional probability density w({,.,{,,,{,,17x,7,) of the random variables
{ixs Gy )y at the specular points with a gradient of ({,,{,), which satisfies equation
(4), is defined by

M/(Cxxanyanylyx’ yy): M/('anyy)

L
(N)
X M/(Cxxany’ny)lex ny - chyl (10)

It can be shown that the matrix E; is a positive-definite; hence, by a real linear
transformation of variables, the exponent in equation (7) can be reduced to a unit
form and, at the same time, the expression

w=0,0, - (11)

can be reduced to a diagonal form (Longuet-Higgins 1958). Thus, for transformation
from variables (.., {,,, {,, to new variables 7,, 1,, 15 is obtained

XX

M, G+ M22C32cy+ M33C§y+ M 50 Gy + 2M 5 0 G+ 2M 55 Gy
=nit+m+m (12)

w= Cxnyy_ Cazcy: 1171% + 1277%+ 13 ”l%

where /,1,,/; are the roots of the cubic equation
4P —4HI-A;=0 (13)

and H is determined from H= % (m,,mqy, — 4ms,m, 5+ 3m3,). Since the roots I;, 1,1,
are all real, we must obtain

A3
0= Fs 1 (14)
and
L+L+5=0
Lii+LL+11,=-%H=<0 (15)

11,1y = %Ay> 0

L=L=0=<I (16)

It has been shown (Longuet-Higgins 1969) that average density of specular points
with gradient {,(x,y)=7,, {,(x,y)=7, can be defined by

4 L,

<N> :_Zlq) -7 M/('anyy) (17)
v A

where ®(x) is a very slowly varying monotonic function with maximum and minimum

values of ®(0)=1 and ®(%2)=n/2 \/3m 0.907, respectively.

2. Expression for probability density of total curvature
Following this introduction, we now turn to obtain an expression for the probabil-
ity density W(Q) of the total curvature Q at the specular points, determined by
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equation (4). From equations (10), (12) and (17), for a distribution of #,,#,,%5 at
the specular points, we have

1
Wy, 12,13)= TN lini + Lng + Ln3lexp [— (ni + 3 + n3)/2] (18)
First, we shall find the statistical distribution w(w), of the random variable

o=1n+5Ln3+Ln3 (19)

at the specular points. Now, from equation (19), we have

1 -
N =112, v3,w)= 7 \/a)— Lns = Ln3
1

20
oy _ 1 1 (20)
ow 2 \/1 \/a) Lns = Ln3
Then, the distribution of w is given by
Jf (11112513, ®), '12,’73) d111 dy, if w>0
(21)

Jf w(11(112, 13, @ )112,113) dmdnz if w<0
(G)

where, (G) is a region on the plane (,,#;), points of which satisfy the inequality
o> Lns+ Ln3.
If >0 from (21) we obtain

1 w
y = - — | 22
MO g B o 11/12)”6“’( 211) 1 .
where,
Ya( +
J, _Jf eXp[ 2o, 15 “3’73)] dn,dn, (23)
= Ln; - 3773

and o,=1-1L/;>0, ay=1-14/l,>0. To evaluate the integral J,, we use the
substitutions

n,=rcosaf/\[— 1,
ny=rcosaf/\[— L } (24)
and find that
rexp[—ru(o)]
Jl \/1 Z3L J \/w +r dr
e e
23 Jo

where p(o)=1/21,(1—1,/1,cos*a—I,/l;sin® ) and F(x 2/\/nJ exp(— 72)dz is the
error function.
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Hence, if > 0, for the probability density w(w), we have an integral representa-
tion in the form

1 w
)= g B L) NI Isa)exp(— 2_11)
JZn exp\lj;oﬂ( \/w’u )] do (26)

If < 0. from equation (21), we have

1
8 232 d(- 1,/1)

)
w(w)= (- w)exp(— 5)‘]2 (27)

where,

eXp[ Ya(on3 + 2313)]
Jf 212 313 d”]2d7’]3
G)

= Lns = Ln3
_ W—Fexp[w—“(“)] d (28)
2\/1213 0 \/:“(“)

Hence, if w< 0, for the probability density w(w), we have an integral representation
in the form

1 w
W)= g Bo L) NILL a’)e"p(_ 2_11)
J * explop(@)]
N TC))
From equations (26) and (29), it can be shown that

JO w(w) deJw w(w) de% (30)

- o0

do (29)

which indicates that the number of elliptical (w> 0) type of specular points are equal
to the number of saddle (w< 0) type of specular points.

Thus, equations (26) and (29) give statistical distribution of the random variables
o at the specular points.

3. The asymptotics of probability density
The asymptotic expression for distribution w(w) can also be obtained. From
equation (26) for large values of w, we obtain:

N 1 \/ 27'5
M~ So i NI - L — )

\/wexp( 2&;) -+ (31)
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Evaluating the asymptotic of the integral in equation (29), as w — — » , we find

1 \/ 2n(— 1) ® Y
W(w)NS(I)(—ZZ/ll) AT \/ wexp( 21) w—> — o (32)

In the following two special cases, w(w) can be expressed in terms of known functions.

Case 1°: Let 1,=0. Then [, = — /;. Which is the case when the surface {(x,y)
really consists of two distinct system of long-crested waves intersecting each other
at a small angle. It can thus be shown that distribution w(w) is defined by

1 o]
W)= g 101Ky (7) (33)

where, K,(x)=]/; "¢ "’“/\/12 —1d¢ (x>0) is the modified Bessel function with
imaginary argument The distribution is symmetrical about the origin.

Case 2°: Let I,=1,. Then /;, = —2/,. This might occur in a variety of circum-
stances—for instance, when the surface is isotropic or when the angular spread of
energy is small and has a certain ‘peakedness’. Since

e Ly I, (b3 __3
o= g 1= geostam sina )= o (1= 7 )= 5=~ 21

from equations (26) and (29), we find

1 w 3w
w(w)= 8lzwexp( 3 )I:I—F(\/—E):l (w>0) (34)

and
)= 23~ o) =) (©<0) (35)
w(w)= 52 ) exp o o<
respectively.
Since the statistical distribution of w has already been found, the distributions
of
Q=w/q, [q=(1+y;+7;)] and p=1/|Q| can also be readily defined:
1 /o
W)= —w(—) (36)
9 \4

E OS]

Then, the average value of p=1/|Q| can be simply evaluated by

T Qdo=—49 38
|Q| J LT 0,0 LiL) (38)

The second moment of W(p) and its higher moments, are all infinite.
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4. Numerical experiments and discussion

The validity of the formulas obtained for W(Q) were tested by carrying out
numerical experiments, using E(k,,k,), the energy spectrum of the surface z= {(x, y),
for wind waves. All harmonics were taken from the gravitational part of the spectrum
(with A, =2.5m, A, = 1020m) and, at the wind speed v=10m s~ ! were found:
1, =0.00390, 7, = —0.00194, /= —0.00196. The average number of specular points
per unit area and the average radius, determined by equations (17) and (38), were
(N) =0.128 (m~2) and ( p) =(1/|Q|) =221.7 (m?), respectively. The graph of W(Q)
for y, =0, y, =0 is shown in figure 1.

Further, the uniform Gaussian surface is generated by

c= )= Y pcos(hr +hpy+dy) (39)

where the phases ¢, were taken as being randomly and uniformly distributed between
0 and 27, and the amplitudes (c,) were such random positive variables that in any
small region [k, k, +dk 1x [k ,k,+dk, ] of the plane of the wave numbers (k,,k,)
satisfy

1
ZE »=Ek,k,)dk dk, (40)

which is the summation of all amplitudes with (k,,k,), belonging to the region

x> Ny

[y, + dk 1% [k, k, + dk, ],

50

)
8

(o)
(@]

Lttt vt gty r ey brrya el

The distribution density W(Q) (m’
N
o

(@]

(@]

T T T T[T T O TT Y [ TI TV T T[T O T AT T [T OO T AT R PP T Ao v T T T v i T irrrrrg

-0.08 —-0.06 —-0.04 -0.02 000 0.02 0.04 0.06 0.08
The total curvature Q (m™?)

Figure 1. Probability distribution density of the total curvature at the specular points: (solid
line) were obtained by using equations (26) and (29); (dashed line) obtained by using
numerical experiments.
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The number of harmonics (N) in equation (39) were taken as equal to 80, for
the distribution of {(x, y) at this value of N becomes practically a normal one.
The system of equation (4), which takes the form

CX(’Y’y): - ananin(kxnx + kyny + ¢n) = VX

M=

=
I

n
—_
~
=
-

L0a )= = cakyusin(k e, x + kyuy + )= 7,

M=

el
I
SN

were solved numerically and {(x;,y;), i=1,2,3... M} sets of specular points and their
total curvatures {€; = {, (¥, 1) (¥, )~ Ly (P AL+ 24+ 2P i=1,2,3... M)
were found. Using the set {Q,, i=1,2,3.. M}, the statistical distribution (histogram)
of Q, which was denoted by W,(Q2), were evaluated. The distribution W,(QQ), obtained
for 6500 specular points (M = 6500), is shown in figure 1 by a dashed line. In general,
the curves of W(Q) and W, (Q) differ non-essentially, showing, therefore, that the
formula obtained for W(Q) herein is correct.

A striking feature of the distribution W(Q) is its nonsymmetricity, which is the
general property of random gaussian uniform surfaces.

5. Application

As one of the possible applications, we give an idea of the method of indication
of oil films on the sea surface by using the distribution W(p) of the reciprocal of
curvature p=1/|Q|. It is well known that oil films extinguish the high-frequency
region of the wave spectrum. According to the measurements of Cox and Munk
(1954), for a clear sea surface the dispersion of surface slopers (gradients)

L, p), Gy (x, ) are
02=316x10"3y
(42)
0;=0.003+192x10">v
and oil films covering the surface have a dispersion 2-3 times less than that of a
clear sea surface. For oil covered surface, we take

G2=02/3
I (43)
y

Therefore, to get the same values of dispersions o3, ¢, and 43, 6;, clear and oil-film-
covered sea surfaces have been modelled by the wave spectrum that includes harmon-
ics with wavelengths A> 24, =4.5cm and 1> /_;, = 60.0 cm, respectively. In this case
the parameters /;, /,, [;, which were evaluated from the energy spectrum E(k,,k,) at

x>y
v=10m s~ ', were found as /,=63.0m™% /,=-308m™?% /;=—-322m"?and /, =
0.090m~2 1, = —0.044 m~ 2 /;= — 0.046 m~ 2, for clear and oil-film-covered surfaces,
respectively.

The graphs of distribution density W(p), calculated by the theoretical formulae
(26) and (29) for clear and oil-covered surfaces, are shown in figure 2. The mean
value of p evaluated by equation (38) was ( p) =0.014m? for a clear surface and
( p) =9.6m? for an oil-covered surface. The average number of specular points N
calculated by equation (17) was ( N) =409.3m"~2 and ( N) =1.8m~ 2 for clear and
oil films covered surfaces, respectively. As is seen, when an oil film exists on the sea
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Figure 2. Probability distribution density of the reciprocal of curvature at the specular points:
(a) clear sea surface; (b) oil-covered sea surface.

surface, the number of specular points decreases by about 200 times; the mean value
of p (in other words, the mean value of the sizes of images of the specular point-
glitters) increases by about 700 times, and the graph of W(p) shifts essentially to the
right. By designing an appropriate optical system to sense the changes occurring in
these parameters, the problem of remote sensing of oil films existent on the sea
surface can be solved.

6. Conclusion

It is seen that the distribution W(p) of radius of curvature p=1/|Q| depends on
two parameters (any two of /,,/,, /5 or H, A;), which can be determined by the energy
spectrum of surface waves. A comparatively simple form of W(p) is convenient for
the calculation of statistical characteristics of a reflected light from the sea surface.

The number of specular points and radia of curvatures are quantities very
sensitive to the surface geometry structures. Therefore, these variables can be used
for solving various remote sensing problems, such as studies of currents and internal
waves, near-by surface processes, etc., which influence the sea surface geometry
structures.
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