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Abstract This paper describes an analytical model of the full-polarimetric sea surface scattering and
Doppler signature. The model combines the small-slope-approximation theory (at the second order)
with a weak nonlinear sea surface representation. Such a model is used to examine the variation of
the Doppler central frequency/bandwidth and of the normalized radar cross section as function of
wind speed and direction. The results suggest that the model can be a valuable tool for the accurate
observation of sea surface currents.

1. Introduction

Accurate knowledge of spatial and temporal surface current behavior in the open ocean and coastal waters
is essential for a variety of applications, such as the monitoring of changes in coastal regions, risk manage-
ment for coastal and offshore structures, and ship operations. Currents are generated from the forces acting
upon the water mass including the rotation of the Earth, winds, temperature and salinity differences, and
tidal forces. Additionally, depth contours and the shoreline influence the currents’ direction and strength.
Use of SAR-derived Doppler observation to estimate surface current in some selected areas of strong persis-
tent current, such as Gulf stream and Agulhas current, has emerged recently [Chapron et al., 2003, 2005;
Johannessen et al., 2008], even if the validation was based on the few opportunities offered by Lagrangian
surface drifters of the world ocean drifter program.

Surface currents moreover emerge when long-term differences are taken between scatterometer winds and
Numerical Weather Prediction (NWP) model winds, since the satellite scatterometer winds are derived from
ocean roughness, which depends on the relative motion difference between air and sea, whereas NWP
model winds are provided with respect to a fixed Earth reference. These differences have also been favor-
ably compared to SAR Doppler measurements. Although scatterometer winds are used beneficially for NWP
model initialization [Stoffelen et al., 2013], it may be clear that for the more successful use of scatterometer
winds in NWP analyses, the ocean currents and motion need to be known and taken into account.

The measurement of ocean currents from a satellite in low Earth orbit is difficult due to the very high satel-
lite velocity (�7 km/s) with respect to that of the ocean current to be measured (from a few cm/s to some
m/s). As a consequence, accurate knowledge of the satellite radar beam pointing would be required. An
alternative approach for removing the satellite and Earth-rotation components of the observed Doppler
velocity would be to make use of some reference surface currents known a priori by independent means
such as drifting buoys, current meters, and coastal Doppler radars as well as the landmasses whose earth-
relative velocity is zero by definition.

Even if promising methodology has been developed, some intrinsic limitations on the use of SAR Doppler
shift for surface current mapping remains, such as the need to rely on a model quantifying the wind contri-
bution to the total Doppler shift.

In fact, one major challenge is that Doppler shift is not only sensitive to the underlying ocean surface cur-
rent and to satellite orbital position/attitude knowledge errors, but it is also strongly dependent on wind
speed and direction. Depending on the wind speed, the Doppler shift induced by the wind (wind drift)
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could be much higher than the one induced by the current. Improved understanding and modeling of the
microwave sea surface Doppler signature thus becomes imperative for accurate determination of ocean
currents.

The modeling of the Doppler spectrum of a time-varying ocean surface has gained considerable attention
in the last decade. Knowledge of how the evolution of the ocean surface wave spectrum affects the scat-
tered electromagnetic waves is essential for a quantitative understanding of the properties of the measured
microwave Doppler spectra. Such an understanding is complex because of the complicated hydrodynamics
influencing the motion of the ocean surface waves. Nonlinear hydrodynamics couple the motion of the
large and small waves and, in turn, change the shapes and the statistical characteristics of the surface
wave components and thus its interaction with the winds. These hydrodynamic surface interactions are
not represented in the simplest linear sea surface models, which assume that each surface harmonic prop-
agates according to the dispersion relation of water waves. Among the first meaningful papers, one should
mention the early works of Bass [1968] and Barrick and Weber [1977], who used a surface perturbation
theory to predict the Doppler spectra; Valenzuela and Laing [1970], instead, obtained similar results by
using a composite surface model. Later, Doppler spectra were studied by Thompson [1989] and Romeiser
and Thompson [2000], who computed the spectra using a time-dependent composite model. This model
reduces to specular and small-perturbation limits for VV and HH-polarizations and its time dependence is
based on the use of a linear modulation transfer function. Zavorotny and Voronovich [1998] made use of
an approximate ‘‘two-scale’’ surface model based on a directional wave spectrum, which takes into account
the wave age. In Creamer et al. [1989], the authors proposed a nonlinear model for the description of
hydrodynamic surface interactions which was eventually used by Rino et al. [1991] to simulate the Doppler
spectra from dynamically evolving surface realizations. However, the simulations were performed with a
rather large electromagnetic wavelength (7.5 m) and were restricted to only 70� incidence angle. Later,
Toporkov and Brown [2000], Toporkov and Sletten [2007], Soriano et al. [2006], Li and Xu [2011], Johnson
et al. [2001], and Hayslip et al. [2003] made significant steps forward in modeling L-band and X-band non-
linear surface scattering properties at low wind speeds. In these works, since no statistical formulation was
available, Doppler spectra were generated by averaging the backscattered field from a large number of
sampled time-evolving surfaces, a procedure which is very time-consuming. A further difficulty arises from
the fact that the Creamer technique is computationally demanding and actually dissuasive for two-
dimensional surface simulations. Therefore, most of the studies have been limited to one-dimensional
surfaces.

An alternative numerical method for studying the evolution of free and bound waves on the nonlinear
ocean surface was proposed by West et al. [1987]. Although this method is more efficient than the Creamer
technique [Johnson et al., 2001], it is susceptible to instability problems and breaks down when steep fea-
tures in the surface are formed.

Recently, the use of the Choppy Wave Model (CWM) in combination with the weighted curvature approxi-
mation [Nouguier et al., 2009, 2010, 2011] in the context of sea Doppler spectrum calculation has shown sig-
nificant advantages in terms of analytical simplicity and numerical efficiency. However, the Weighted
Curvature Approximation (WCA) does not provide a full-polarimetric description of the sea surface Doppler
signature. In addition, most of the numerical results reported by Nouguier et al. [2011] refer only to one-
dimensional representations of the sea surface. Although in the last 10 years the modeling of sea surface
Doppler signature has made significant progress, an efficient analytical model of the full-polarimetric sea
surface Doppler spectrum is still missing. Additionally, not many comparisons with real measurements have
been published: among the few attempts one should mention the works by Plant and Alpers [1994] and
Mouche et al. [2008].

In this paper, we present an analytical physical model for accurate estimation of full-polarimetric
microwave sea surface scattering and Doppler signatures. This model combines an adequate sea sur-
face description, based on the CWM, with second-order Small-Slope-Approximation (SSA) wave scat-
tering theory to simulate both scattering and Doppler spectra over a wide range of wind speeds,
radar frequencies, incidence angles, different polarizations, and arbitrary radar look direction with
respect to the wind direction. In section 2, the properties of the ocean sea surface are discussed
and differences between linear and nonlinear sea surface representations are presented. Statistical
properties of the CWM are also discussed. The section ends with the description of an efficient
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procedure to undress the sea surface spectrum. Section 3 is dedicated to the description of the scat-
tering model, whereas section 4 highlights the links between the present general analytical model
and simplified scattering theories. In section 5, the results are first compared with other scattering
theories and then (in section 6) with real measurements from Envisat-ASAR (C-band radar), the well-
established Empirical Geophysical Model Function CDOP [Mouche et al., 2012], and data collected in
Ku-band during the SAXON-FPN campaign [Plant and Alpers, 1994; Plant et al., 1994].

Being capable of estimating full-polarimetric Doppler spectra of microwave backscatter from ocean surface,
this model could be used to explore ocean surface motion retrievals, thus potentially supporting the defini-
tion of future scatterometers capable of simultaneous measurement of Ocean Vector Wind (OVW) and
Ocean Vector Motion (OVM) on a global scale.

2. Properties of the Ocean Sea Surface

The 2-dimensional properties of the sea surface determine the characteristics of the measured
Normalized Radar Cross Section (NRCS). In this section, we focus our attention on the properties of
the surface wave spectrum and how they depend on environmental parameters such as the local
wind vector. Evaluation of the wave height variance spectrum over the footprint of a microwave
radar is extremely challenging. This is not only because of the broad range of roughness scales
present on the sea surface, from millimeter wavelengths to wavelengths on the order of hundred
meters, but also because no single technique is able to determine wave height variance spectral
densities over the entire range of wavelengths: resolution and dynamic range constraints are the
main limitations. Most routine measurements of the sea surface are limited to the height and
directional characteristics of the wavefield collected from a wave buoy at a single position in space
as function of time. Many studies in the recent literature have tried to incorporate such measure-
ments into stationary models for the sea surface wave height variance spectra. These models gen-
erally characterize the measured properties of the sea surface through the spectral moments.
Today, one of the most well-known and accepted spectral models is the Elfouhaily unified spec-
trum [Elfouhaily et al., 1997]. The development of this spectrum was based on available field and
wave-tank measurements along with physical arguments. It is fully consistent with Donelan spec-
trum [Donelan and Pierson, 1987] for the long-wave part, whereas, for the short-wave part, it is
consistent with the optical tank measurements by J€ahne and Riemer [1990]. The reader is referred
to the original paper in order to obtain the explicit expression of the wave height variance spec-
tral density. The ocean surface wave spectrum by Kudryavtsev et al. [1999] has improved the mod-
eling of short gravity and capillary waves. The spectral shape results from the solution of the
energy spectral density balance equation. In the original paper, Kudryavtsev demonstrated that the
measured statistical properties of the sea surface (related to the short waves), their wind speed
dependence and angular spreading, and the wind speed dependence of integral mean square
slope and skewness parameters are well reproduced by the model. Across this paper, also other
well-known ocean surface wave vector spectra will be analyzed and their effect on both NRCS and
Doppler shift will be addressed; among them, the Apel composite wideband spectrum [Apel, 1994],
the Pierson-Moskowitz spectrum [Pierson and Moskowitz, 1964] and the advanced roughness spec-
trum by Hwang et al. [2011]. Very often, the ocean sea surface is represented by a Gaussian wave
height distribution: this is also called linear sea surface model, which assumes that each surface
harmonic propagates according to the dispersion relation typical of water waves. However, nonlin-
ear surface waves can have an important impact on the interpretation of scattering data and can-
not be ignored for a correct estimation of the sea surface Doppler shift. Nonlinear hydrodynamic
modulation of short waves by large waves changes the statistics of the sea surface waves and it is
one of the reasons for the observed upwind/downwind asymmetry of the measured NRCS. The
deviation from the Gaussian law of the sea surface slope distribution has been well documented
since the pioneering work by Cox and Munk [1954]. One should also mention the early works of
Hasselmann [1962] and Longuet-Higgins [1963]; however, these theories are only applicable to long
gravity waves. For short waves, instead, nonlinear wave-wave interactions become important and
must be accounted for: a way of doing this is to use the nonlinear model for surface waves by
Creamer et al. [1989]. This theory captures the lowest-order nonlinear behavior of surface waves,
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but lacks a statistical formulation and the numerical implementation of this theory is highly time-
consuming and actually dissuasive for 2-D (two-dimensional) surfaces simulations. A numerically effi-
cient weakly nonlinear model, called ‘‘Choppy Wave Model’’ (CWM) has been recently developed to
overcome these main limitations [Nouguier et al., 2009]. The CWM is based on a nonlinear transfor-
mation of the linear surface and it allows a statistical formulation of the surface height/slopes and
higher-order moments. The CWM is limited to the lowest-order nonlinearity. Its main strength is to
provide a good compromise between simplicity, stability, and accuracy. Because of these desirable
features, the Choppy wave model will be adopted in this paper.

2.1. Linear Sea Surface Model
Without loss of generality we can express the linear sea surface in time as

hðr; tÞ5
ð

dk½ĥðkÞexp ð2ixktÞ1ĥ
�ð2kÞexp ðixktÞ�eik�r; (1)

where ĥðkÞ is the complex amplitude of the wave, r5ðx; yÞ is the horizontal coordinate, k is the correspond-
ing wave number of polar coordinates ðk;uÞ, and xk is the gravity-capillary dispersion relationship for
infinite-depth sea

xk5
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with kM5363:2 rad=m being the wave number with minimum phase speed and g59:81 m=s2 the gravity
acceleration constant. Denoting with Cðr; tÞ5hhðr; tÞhð0; 0Þi the spatiotemporal covariance function of the
surface, that is,
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In (4), SðkÞ is the centrosymmetric wave spectrum and the angle /w is the wind direction.

2.2. Nonlinear Sea Surface Model
As a nonlinear representation of the sea surface, we will use the CWM that is based on a Lagrangian
approach and takes into account the horizontal displacement of particles. Practically, the nonlinear surface
can be expressed as a horizontal deformation of the linear surface as follows:

ðr; hðr; tÞÞ ! ð~r; ~hð~r; tÞÞ; (5)

where

~r5r1Dðr; tÞ
~hð~r; tÞ5hðr; tÞ

:

(
(6)

The displacement D is the so-called Riesz transform of the function h

Dðr; tÞ5
ð

dki
k
k

eik�rĥðk; tÞ; (7)

and
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ĥðk; tÞ5 1

ð2pÞ2
ð

dre2ik�rhðr; tÞ (8)

is the two-dimensional spatial transform of the linear surface. The transformation (6) defines a modified pro-
cess ~hð~r; tÞ which has been shown to possess non-Gaussian height and slope distributions, as well as a
modified spectrum [Nouguier et al., 2009].

2.3. Statistical Properties of the Sea Surface Model
Following the example of Nouguier et al. [2009], this section shortly recalls the spatial statistical properties
of the nonlinear sea surface, ~h, at a given time t 5 0. Let us introduce the partial and total absolute
moments of the spectrum

r2
abc5

ð
kx

aky
b

jkjc SðkÞdk; r2
n5

ð
jkjnSðkÞdk; (9)

where kx and ky are the components of k along the x and y axis. Using the same notation as in Nouguier
et al. [2009], the characteristic function of the nonlinear surface is given by

UðmÞ5 <eim~h > 5ð12imr2
11m2R1Þexp 2

1
2
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0
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; (10)
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1112r2

201r
2
021. A Fourier inversion of (10) provides the probability distribution function (pdf) of
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being P0ðzÞ a Gaussian distribution of elevations with standard deviation rn and zero mean value. Starting
with a zero mean linear surface, the resulting nonlinear surface becomes a nonzero mean random non-

Figure 1. (left) Distribution of elevations and (right) distribution of slopes for linear and CWM surfaces at wind speed of 10 m/s.
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Gaussian process. An expression of the
slopes of the nonlinear surface can be
obtained by differentiating equation (6).
An integral formula providing the pdf of
slopes has been provided in Nouguier
et al. [2009, equation (47)]. Figure 1
shows the pdf of elevations (left) and
the pdf of slopes (right) of a linear and
CWM surfaces for wind speed of 10 m/s
(Elfouhaily spectrum). The skewness of
the CWM surface is slightly negative and
the mean square height (msh) is slightly

decreased. There is no significant creation of kurtosis with respect to the Gaussian case. The tail of the slope
distribution of the CWM surface shows a slower decrease than the one of the linear surface. Statistics of the
linear and nonlinear sea surface are summarized in Table 1: this table highlights a magnification of the rms
slopes induced by the nonlinear CWM transformation of the sea surface. This magnification may generate
small errors in the estimation of the radar cross section. A way to correct this artifact is to undress the non-
linear sea surface spectrum.

2.4. Spectral Undressing
With reference to Figure 2a, we consider the Elfouhaily spectrum as the reference measured sea surface wave
height spectrum, Sref ðkÞ. Being the result of a measurement, this spectrum already includes nonlinear features.
By applying the nonlinear sea surface transformation (6), Sref ðkÞ is changed in ~SðkÞ, named ‘‘dressed’’ spec-
trum, which statistical properties are different from the ones of Sref ðkÞ. In particular, the dressed spectrum
shows an enhanced curvature that needs to be corrected: a way to do this is by ‘‘undressing’’ ~SðkÞ. We call the
‘‘undressed’’ spectrum, SðkÞ, the spectrum that after CWM transformation provides the same root mean
square height and slope as the reference spectrum Sref ðkÞ.

Soriano et al. [2006] proposed a
simple undressing method
based on an optimization of
the high-frequency part of the
spectrum. Nouguier et al. [2009,
2010] used the iterative proce-
dure proposed by Elfouhaily
et al. [1999] to perform the
undressing. However, not
many details on the practical
implementation were provided
in the above mentioned
papers.

In this work, we propose an
alternative technique that is
based on the use of a paramet-
ric representation of the direc-
tional sea surface spectrum.
The parameters are then opti-
mized through an iterative pro-
cedure to make both mss
(mean square slope) and msh
(mean square height) of the
parametric spectrum consist-
ent with the mss and msh of
the measured spectrum. For
each wind speed, we first

Figure 2. (a) Schematic of the undressing procedure. (b) Comparison between (left) the
Elfouhaily and the undressed curvature spectrum and (right) the spreading function for
12 m/s wind speed.

Table 1. Statistics of Linear and CWM Surfaces

Wind
Speed
(m/s) SURFACE

Root Mean Square

HEIGHT (M) Slope Upwind Slope Crosswind

5 Linear 0.1625 0.1369 0.1120
5 CWM 0.1628 0.1382 0.1129
7 Linear 0.3195 0.1516 0.1255
7 CWM 0.3201 0.1533 0.1266
10 Linear 0.6573 0.1870 0.1562
10 CWM 0.6586 0.1902 0.1585
12 Linear 0.9481 0.2035 0.1693
12 CWM 0.9498 0.2076 0.1723
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represent the sea spectrum as linear combination
of seven different directional spectra: Elfouhaily
et al. [1997], Kudryavtsev et al. [1999], Apel [1994],
Pierson and Moskowitz [1964], Hwang et al. [2011],
Fung and Lee [1982], and Plant [2002]. The 14 coef-
ficients of the linear combination (seven coeffi-
cients for the curvature spectrum and seven for
the spreading function) are optimized, for different
values of the wind speed, to match as close as pos-
sible the root mss and the root msh of the
Elfouhaily spectrum. Practically, the calculation of
the parameters is performed with the help of the
Matlab routine lsqnonlin [Coleman and Li, 1996]. A

similar optimization procedure has been used efficiently in Fois et al. [2014a] to match Ku and C-band experi-
mental normalized radar cross sections.

The advantage of combining existing sea surface spectra is that the solution of the optimization has always
a physical meaning. Other approaches based on parametric fitting of the sea surface spectra, instead, very
often bring to nonphysical solutions. As a starting point of the optimization, we consider a spectrum identi-
cal to the Elfouhaily one; the coefficients of the linear combination are eventually changed to solve a non-
linear least squares problem, so that the nonlinear surfaces possess the same height and slopes root mean
squares as the linear Elfouhaily surface. In Table 2, both root mss and root msh of the linear and undressed
nonlinear sea surface are compared for different wind speeds.

Figure 2b shows the undressed spectrum against the Elfouhaily spectrum for 12 m/s wind speed: both curva-
ture spectra and spreading functions are plotted. For the spreading function, we have limited our study to
spectra with second harmonic. From our analysis, the undressing procedure was found to have very little
impact on the Doppler signature. Therefore, for the specific purpose of Doppler analysis, such a complicated
spectral correction can be avoided.

2.5. Scattering Model
An example of an advanced backscattering model for the ocean surface is the Kirchhoff approximation
model (KA) [Beckmann and Spizzichino, 1987], which can only be applied to surfaces with horizontal rough-
ness scale and average radius of curvature (rc) larger than the electromagnetic wavelength, that is,

rc � kcos3 hi � 1; (12)

where hi is the incidence angle. The formulation of the Kirchhoff approximation is based upon the Green’s
theorem, which states that the scattered field at any point within a source free region, bounded by a closed
surface, can be expressed in terms of tangential fields on the surface. The Kirchhoff approximation correctly
models quasi-specular scattering, but disregards polarization. The KA model is exact when the signal wave-
length tends to zero (geometrical optics limit, GO), if multiple reflections/shadowing can be neglected. When
both the standard deviation and correlation length of surface heights are smaller than the wavelength, a dif-
ferent method must be used. One standard approach is the small-perturbation method (SPM) [Ulaby et al.,
1990], which requires the standard deviation of heights (r) to be less than about 5% of the electromagnetic
wavelength. In addition to the standard deviation requirement, the average slope of the surface should be of
the same order of magnitude as the wave number times the standard deviation of heights, mathematically,

kr < 0:3ffiffiffi
2
p

r=l < 0:3
;

(
(13)

being l the correlation length of the surface (for power law type of spectra, typical of sea surface, is not easy
to define unambiguously l). The SPM yields the proper polarization sensitivity, but does not account for
long-scale features in the surface spectrum and does not account for specular scattering either.

KA and SPM involve two special types of rough surfaces: the surface roughness has to be either large or small,
compared with the incidence wavelength. Natural surfaces, however, may include both types of roughness in

Table 2. Root Mean Square of the Undressed Spectrum

Wind
Speed
(m/s) Surface

Root Mean Square

Height (m)
Slope

Upwind
Slope

Crosswind

5 Linear 0.1625 0.1369 0.1120
5 Undr. 1 CWM 0.1625 0.1370 0.1120
7 Linear 0.3195 0.1516 0.1255
7 Undr. 1 CWM 0.3196 0.1516 0.1254
10 Linear 0.6573 0.1870 0.1562
10 Undr. 1 CWM 0.6579 0.1874 0.1562
12 Linear 0.9481 0.2035 0.1693
12 Undr. 1 CWM 0.9490 0.2036 0.1691
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various proportions. Some surfaces may
have one continuous distribution of
roughness instead of two significantly dif-
ferent average sizes. For two-scale surfa-
ces, a simple approximate treatment of
this two-scale surface problem is possible.
The combination of GO, for small inci-
dence angles, and SPM, for incidence
angles above 20� , is called two-scale
model (TSM) [Wright, 1968]. The main
weakness of the classical TSM is the arbi-
trariness of the separation scale between
small and large waves. The two-scale
model is unable to correctly predict the
cross-polar signal in the plane of inci-
dence, and it sensibly underestimates the
scattering at large incidence angles.
Models which do not have the above
mentioned drawback are called unified

scattering models. They, in fact, replace the two-scale description of the scattering process with a unique expres-
sion of the scattering amplitude with a smooth transition from GO-regime to SPM-regime. Among these models,
we mention the small slope approximation (SSA) [Voronovich, 1994], which, in principle, can be applied to any
wavelength, provided that the tangent of grazing angles of incident/scattered radiation sufficiently exceeds the
rms slope of roughness. For a sea surface, the slopes are generally small except for steep breaking waves, which
represent a relatively small percentage and occur only at strong and very strong wind speeds. The small-slope-
approximation is the result of a Taylor expansion with respect to the powers of surface slopes. It is common prac-
tice to call SSA1 and SSA2 the expansion performed at the first and second order, respectively, the second being
able to estimate the cross-polarized component of scattering in the plane of incidence. Another unified scattering
model is the weighted curvature approximation (WCA) [Elfouhaily et al., 2003]. It is more accurate than the SSA1 and
can work at larger incidence angles; in particular, it improves the horizontal polarization estimation. Being a single
scattering theory, as for the KA and SSA1, the WCA predicts null cross-polarization in the plane of incidence. In this
paper, we will refer to the second-order small-slope-approximation model, SSA2, being the only model able to pro-
vide accurate full-polarimetric sea surface scattering signatures [Fois et al., 2014b].

2.6. Scattering Geometry, Notations, and Definitions
Let us choose the right Cartesian coordinate system as depicted in Figure 3. The sea surface z5hðrÞ, with
r5xx̂1yŷ , separates two homogeneous half-spaces with permittivities e1 (upper half-space, z > 0) and e2

(lower half-space, z < 0). In the following, we will consider waves of frequency x and the time dependence exp
½2ixt� will be omitted. The rough sea surface is illuminated by a plane monochromatic e.m. wave, coming from
the upper half-space, impinging on the surface at incidence angle hi . The incident direction is defined by the
wave vector Ki5ki2qki ẑ, with ki5kix x̂1kiy ŷ and qki5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K 2

1 2k2
i

p
, where the wave number K1 in the upper half-

space is given by K15
ffiffiffiffiffiffiffiffiffi
l1e1
p

2p=k, being k the wavelength in vacuum. The incident plane wave is given by

Ei5
1ffiffiffiffiffiffi
qki
p exp ðiki � r2iqki zÞ ei

ai
ðkiÞ; (14)

where ei
ai
ðkiÞ is the unit vector defining the polarization of the incident plane wave. Here ai 5 1, 2 is the

index describing the vertical and horizontal polarizations of the electromagnetic wave, respectively. In par-
ticular, we can express ei

ai
ðkiÞ in the following way:

ei
1ðkiÞ52

ðk2
i ẑ1qkikiÞ

K1ki
; ei

2ðkiÞ5
ðẑ3kiÞ

ki
: (15)

The incident field Ei gives rise to a scattered field Es in the upper half-space, moving in the direction
Ks5ks1qksẑ , with ks5ksx x̂1ksy ŷ and qks5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K 2

1 2k2
s

p
. Following the Rayleigh decomposition, the scattered

field can be written as superposition of outgoing plane waves

Figure 3. Geometry of surface scattering problem.
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Es5
X

as51;2

ð
dksffiffiffiffiffiffi

qks
p Sasai ðks; kiÞexp ðiks � r1iqkszÞes

as
ðksÞ; (16)

where Sasai ðks; kiÞ is the so-called scattering amplitude (SA) and es
as
ðksÞ is the scattered polarization given,

for as 5 1, 2, by

es
1ðksÞ52

ðk2
s ẑ1qkskiÞ

K1ks
; es

2ðksÞ5
ðẑ3ksÞ

ks
: (17)

With reference to the four polarization coefficients, ai 5 1, 2 and as 5 1, 2, the scattering process can be

described by the following 2 3 2 matrix:

Sðks; kiÞ5
S11ðks; kiÞ S12ðks; kiÞ

S21ðks; kiÞ S22ðks; kiÞ

" #
: (18)

Some more quantities must be defined to better describe the scattering from the sea surface, such as the

scattered power ensemble averaged moments. The first-order moment, also known as the coherent scat-

tered amplitude, is defined as

Vasai ðks; kiÞ5hSasai ðks; kiÞi: (19)

The incoherent second-order moment or scattering cross section of the rough surface is

rasai ðks; kiÞ5hjSasai ðks; kiÞ2hSasai ðks; kiÞij2i: (20)

For distributed targets, the common quantity used in remote sensing is the normalized radar cross section

(NRCS), which is defined as

r0
asai ðks; kiÞ5 lim

A!1

4phjSasai ðks; kiÞ2hSasai ðks; kiÞij2i
A

; (21)

where A is the area illuminated by transmit antenna pattern. Only normalized radar cross sections will be

reported in this work.

2.7. Second-Order Small-Slope Approximation for a Linear Sea Surface
The computation of SSA2 scattering amplitude is very complicated as it requires the calculation of fourfold

integrals with oscillating functions. The SSA2 presents the following expression of the scattering amplitude

for a linear sea surface:

SSSA22
asai

ðks; ki; tÞjLin:5
1

Qz

ð
dr

ð2pÞ2
exp ½2iQH � r1iQz hðr; tÞ�3 Basai ðks; kiÞ2

i
4

ð
Masai ðks; ki; nÞĥðn; tÞein�rdn

� �
;

(22)

where

Masai ðks; ki; nÞ5B2ðks; ki ; ks2nÞ1B2ðks; ki ; ki1nÞ12Qz Basai ðks; kiÞ; (23)

and

Qz5qks1qki; QH5ks2ki; QH5jks2ki j:

Values M, B2 and B are 2 3 2 matrices; their expressions are given in the Appendix. The second term in the

squared parenthesis of equation (22) represents the second-order correction to the SSA1 model. The spatio-

temporal covariance function is the limit of the statistical average

Covðks; ki; tÞjLin:5

lim
A!1

4phjSSSA22
asai

ðks; ki ; tÞ2hSSSA22
asai

ðks; ki ; tÞij2i
A

;
(24)

for an infinite illuminated area A. After tedious manipulations, the following expression can be found:
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Covðks; ki; tÞjLin:5

4p
Q2

z

ð
dr

ð2pÞ2
Rasai ðks; ki; r; tÞexp ½2iQH � r�;

(25)

where

Rasai ðks; ki ; r; tÞ5
2e2Q2

z Cð0;0ÞjBasai ðks; kiÞ2Fasai ðks; ki ; 0Þj21

e2Q2
z ðCð0;0Þ2Cðr;tÞÞ

�
1

16

ð
jMasai ðks; ki ; nÞj2Sðn; tÞein�rdn1

ðBasai ðks; kiÞ2Fasai ðks; ki ; 0; tÞ1Fasai ðks; ki; r; tÞÞ3

ðBasai ðks; kiÞ2Fasai ðks; ki ; 0; tÞ1Fasai ðks; ki; 2r; tÞÞ�
�
;

(26)

with

Fasai ðks; ki; r; tÞ52
Qz

4

ð
Masai ðks; ki; nÞSðn; tÞein�rdn (27)

and

Cðr; tÞ5hhðr; tÞhð0; 0Þi5
ð

dn Sðn; tÞexp ði n � rÞ; (28)

being Sðn; tÞ5SaðnÞexp ð2ixntÞ1Sað2nÞexp ðixntÞ, the spectrum of roughness. Note that the spatiotemporal
covariance function computed at the time t50 provides the Normalized Radar Cross Section (NRCS), that is,

Covðks; ki; 0ÞjLin:5r0
asai
ðks; kiÞjLin:: (29)

The Doppler spectrum is the Fourier transform of the spatiotemporal covariance function

SDopðxÞjLin:5

ð
dt e2ixtCovðks; ki ; tÞjLin: (30)

and f 5x=2p is the Doppler frequency shift.

2.8. Second-Order Small-Slope Approximation for Nonlinear Sea Surface
We use the Choppy wave model described in section 2.2 as nonlinear sea surface representa-
tion. In this case, the SSA2 presents the following expression for the scattering amplitude at
the time t:

SSSA22
asai

ðks; ki; tÞjNon2Lin:5
~S

SSA22
asai

ðks; ki ; tÞ5 1
Qz

ð
dr

ð2pÞ2
Jðr; tÞexp

�
2iQH � ðr1Dðr; tÞÞ1iQz hðr; tÞ

�

3 Basai ðks; kiÞ2
i
4

ð
Masai ðks; ki ; nÞĥðn; tÞein�rdn

� �
;

(31)

where Jðr; tÞ is the Jacobian of the transformation r! r1Dðr; tÞ

Jðr; tÞ511r � Dðr; tÞ1@x Dxðr; tÞ@y Dyðr; tÞ2@x Dyðr; tÞ@y Dxðr; tÞ: (32)

By neglecting the quadratic terms in Dx and Dy, we may approximate

Jðr; tÞ 	 11r � Dðr; tÞ: (33)

The spatiotemporal covariance function can be written as

Covðks; ki; tÞjNon2Lin:5

4p
Q2

z

ð
dr

ð2pÞ2
~Rasai ðks; ki ; r; tÞexp ½2iQH � r�;

(34)

where
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~Rasai ðks; ki ; r; tÞ52jvasai
ðks; ki; tÞj21

X4

n51

X4

m51

Wðm;nÞasai
ðks; ki; r; tÞ:

(35)

The expression of the terms Wðm;nÞasai
ðks; ki; r; tÞ and vasai

ðks; ki; tÞ are reported in the Appendix.

2.9. Doppler Central Frequency and Doppler Spread
The Doppler central frequency fD and the Doppler bandwidth BD can be obtained through the first two
moments of the Doppler spectrum

fD5
1

2p

Ð
x � SDopðxÞdxÐ

SDopðxÞdx
(36)

and

BD5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ð2pÞ2

Ð
x2 � SDopðxÞdxÐ

SDopðxÞdx
2ðfDÞ2

s
: (37)

These quantities can be quickly computed by the model since they do not depend on time. To better clarify,
there are two alternative ways to compute fD and BD. The first requires the evaluation of the scattering
amplitude as function of time: its Fourier transform will then provide the Doppler Spectrum and from this,
by using equations (36) and (37), fD and BD can be derived. The second approach consists in using the fol-
lowing relationships between Doppler spectrum and the spatiotemporal covariance function:

ð
x � SDopðxÞdx52i

@Cov
@t

�����
t50

(38)

and

ð
x2 � SDopðxÞdx52

@2Cov
@t2

�����
t50

: (39)

The second approach represents a more direct derivation of the Doppler central frequency and the Doppler
spread which does not require the computation of the Doppler spectrum, SDopðxÞ. This computation could
be quite time-consuming, particularly at high frequencies (X, Ku, and Ka-bands) where a smaller time step is
required to avoid aliasing effects. Through the use of equations (38) and (39), both central Doppler fre-
quency and Doppler spread can be calculated at the same cost as the NRCS.

3. Derivation of Special Scattering Cases

3.1. The Kirchhoff Approximation
Equation (34) provides the complete expression of the spatiotemporal covariance function of the analytical
model. From this equation, special scattering cases can be easily derived. For instance, if only the terms
Wðm;nÞasai

, with m 5 1, 2, 3, 4 and n 5 1, are considered, we obtain exactly the Kirchhoff Approximation com-
bined with the Choppy Wave Model (KA-CWM), a model that has been widely investigated by Nouguier
et al. [2009, 2010, 2011]. Thanks to its simplicity, KA-CWM can be used to quickly check the effect of differ-
ent input wave height spectra on both Doppler shift and Doppler spread. Figure 4 shows fD and BD in V-
polarization versus incidence angle at X-band at 5, 7, and 9 m/s wind speed (upwind) for linear and CWM
surfaces. Because of the use of the Kirchhoff approximation, the results in V and H-polarization are identical.
As expected, higher Doppler frequencies are observed when passing to nonlinear surfaces, the increase
being more pronounced at high winds. An even more visible impact is observed on the Doppler width,
which is found much larger than in the linear case and quasi-insensitive to the incidence angles above 40�,
while the linear counterpart falls off rapidly. Both Doppler shift and the Doppler spread change with the
wave height spectrum. In Figure 4, four sea surface spectra are analyzed [Elfouhaily et al., 1997; Apel, 1994;
Pierson and Moskowitz, 1964; Hwang et al., 2011]. The highest Doppler shift and Doppler spread is found
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when the Elfouhaily unified sea surface spectrum is used. It is also interesting to note that results obtained
with the linear sea surface model are much more sensitive to spectral changes than the results obtained
with the CWM nonlinear sea surface. This particular behavior explains also why the Doppler signature after
CWM transformation is weakly sensitive to the spectral undressing procedure discussed in section 2. In
Figure 4, for the linear surface case, the maximum Doppler shift and, also, the maximum Doppler bandwidth
occur at different incidence angles depending on the input spectrum. When, instead, the CWM is used,
these maximum levels occur approximately at the same incidence angle, which is around 22� for the
Doppler shift and around 28� for the Doppler bandwidth. With reference to the results reported by
Nouguier et al. [2010], a not negligible difference is found on the Doppler bandwidth, at small incidence
angles.

This difference is related to the fact that Nouguier et al. assumed the waves to travel only toward (or away
from) the radar. This means that in equation (3) SaðkÞ vanishes in the half-space of wave number pointing
to the radar look direction (i.e., SaðkÞ is half sided).

In our model, instead, we have made the assumption of a centrosymmetric wave spectrum, where the
waves are supposed to move in all directions following the law reported in equation (4).

3.2. The High-Frequency Approximation of SSA2
We have already pointed out that the computation of SSA2 scattering amplitude is very complex as it
requires the calculation of fourfold integrals with oscillating functions. To facilitate calculations, Voronovich
and Zavorotny [2001] performed the following transformation:

Figure 4. Comparison of KA (solid lines) and KA-CWM (solid lines with diamonds) Doppler shift and Doppler spread, in X-band (10 GHz) for three different wind speeds: 5 m/s (green
lines), 7 m/s (read lines), and 9 m/s (black lines), upwind. Four input sea surface wave height spectra are analyzed [Elfouhaily et al., 1997; Apel, 1994; Pierson and Moskowitz, 1964; Hwang
et al., 2011].
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Basai ðks; kiÞ2
i
4

ð
Masai ðks; ki; nÞhðn; tÞein�rdn 	

Basai ðks; kiÞ � Exp 2
i

4Basai ðks; kiÞ

ð
Masai ðks; ki ; nÞhðn; tÞein�rdn

� �
:

(40)

This simple model is often called High-Frequency Approximation of SSA2, or SSA2-HF. Our simulations con-
firm the adequacy of this approximation for the computation of the NRCS.

As depicted in Figure 5, in fact, there is no significant difference in NRCS between SSA2 and SSA-HF. We
cannot say the same for the Doppler shift, since the high-frequency approximation leads to an overestima-
tion of the Doppler central frequency, particularly for HH-polarization. This is clearly shown in Figure 5a,
where the SSA2 model (for a linear surface) and the SSA2-HF model are compared in C-band for wind speed
of 5 m/s (upwind). Although, the two models provide about the same Doppler bandwidth (Figure 5b) and
the same NRCS (Figure 5c), the estimated Doppler shifts in HH-polarization look very different and this
makes the equation (40) questionable when used to accurately estimate the Doppler signature of the sea
surface. An additional drawback of this simplified model is its inability to estimate cross-polarized scattering
components in the plane of incidence.

4. Simulation Results

4.1. Linear Versus Nonlinear Sea Surface
In this section, we compare the Doppler spectra corresponding to dynamic nonlinear choppy sea surfaces
and to linear sea surfaces. The wind speeds used for the comparison are 5, 9, and 13 m/s.

Three incident wave frequencies are analyzed: 5.3 GHz (C-band), 10 GHz (X-band), and 14 GHz (Ku-band).
Figure 6 shows Doppler shift, Doppler spread, and normalized radar cross section. Three colors are used to
represent the wind speed behavior: the blue lines refer to 5 m/s, red lines to 9 m/s, and finally green lines
refer to 13 m/s. Solid lines are used for VV-polarization, dashed lines for HH-polarization, whereas the lines
with circles depict the VH-polarization. As anticipated from the theory, we observe a polarization dependency.
The predicted wind-induced Doppler shift is larger in HH than in VV-polarization. This result is not surprising,
because the radar signal is more sensitive to the smaller waves in VV-polarization than in HH. On the contrary,

Figure 5. Comparison between SSA2 (linear surface case) and its high-frequency approximation in C-band (5.3 GHz), at 5 m/s upwind. The Elfouhaily spectrum has been used as input
for the calculation.
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the radar signal is more sensitive to larger propagating waves in HH-polarization than in VV-polarization.
Shorter gravity ocean waves are slower, whereas larger propagating waves are faster. As compared to the
copolar signals, the cross-polarized backscatter experiences a much lower Doppler shift across the full range
of incidence angle investigated, due to its different scattering properties. The Doppler shift of the cross-
polarization looks less sensitive to wind speed variations than the copolarization; in fact, the blue, red, and
green fD curves almost overlap above 30� incidence angle. Another important difference is that the central
Doppler frequency for the copolar signal shows an evident peak around 22� incidence, whereas this peak is
not visible in VH-polarization. For the copolar case, the Doppler width BD, experiences a peak around 25� inci-
dence, whereas for angles above 25� it decreases almost linearly. For the cross-polar case, instead, BD, does
not show any peak and, at low incidence angle (hinc< 20�), BD is expected to be larger than its copolar coun-
terpart. An even more evident difference is observed on the NRCS, which is found weakly sensitive to the inci-
dence angle in VH-polarization (because of the absence of specular contribution in the scattering
mechanism) and very sensitive to hinc in VV and HH-polarization. For a more detailed discussion on the VH-
pol. NRCS over the ocean, the reader is referred to Fois et al. [2014b], Van Zadelhoff et al. [2013], and Hwang
et al. [2010] where the potential of the cross-polar product to observe and retrieve very strong wind speeds is
pointed out.

Figure 7 provides the same information as Figure 6 but for a nonlinear CWM sea surface. At small incidence
angles, linear and nonlinear Doppler spectra almost coincide, because the influence of the horizontal veloc-
ity component on the Doppler spectrum is small. As the incidence angle increases, nonlinear sea surfaces
show larger Doppler central frequency and Doppler spread than the corresponding linear sea surfaces.

Figure 6. Doppler shift, Doppler bandwidth, and NRCS computed by SSA2-LIN in three different bands: (first row) C-band, (second row) X-band, and (third row) Ku-band. Green lines
refer to 13 m/s wind speed (upwind), whereas the red and blue lines refer to 9 and 5 m/s, respectively. Dashed lines are used for HH, solid lines for VV, and circles for VH.
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This happens because the Choppy wave model corrects the horizontal component of particle velocities by
adding a displacement, related to the surface elevation, to the horizontal position of the particles. These
considerations are also supported by the results found in Toporkov and Brown [2000], Li and Xu [2011], and
Nie et al. [2012]. In the linear case (see Figure 6), VV and HH Doppler spectra almost overlap at low incidence
angles: the relative shift between the two spectra increases with the angle of incidence in the range 20–50�

(with the H-pol central Doppler frequency being larger than V-pol one) and eventually decreases at very
high incidence angles (i.e., above 50�). For nonlinear surfaces, instead, the relative shift between the two
copolar spectra keep growing above 50�, with the horizontal polarization displaying increasingly larger val-
ues than the vertical polarization. By comparing Figures 6 and 7, the dependence of the cross-polar
Doppler signatures on the wind speed is about the same, with the exception of a small decrease in the
cross-polar Doppler shift, as result of the CWM transformation. As already pointed out for the simple KA
model, also for SSA2 the Doppler width is found much larger than in the linear case above 30� incidence,
where BD falls off rapidly for linear surfaces. It is worth noting that the Doppler bandwidth in VV-
polarization is found larger than the one in HH-polarization, particularly for higher incidences and speeds.

The difference between BD in VV and BD in HH is almost negligible at small incidence angles and becomes
visible above 30�. Compared to SSA2-CWM, the SSA2-LIN provides slightly different normalized cross sec-
tion with maximum differences occurring at high incidence angles, up to 1 dB in Ku-band, 1.5 dB in X-band,
and about 2 dB in C-band, for the wind speeds investigated.

5. Comparison With Real Measurements and Empirical Geophysical Model Functions

To validate the model, we use the WM (Wave Mode) data collected by the Advanced Synthetic Aperture
Radar (ASAR), onboard the Envisat satellite. The C-band (5.35 GHz) instrument was able, during 10 years of

Figure 7. Same as Figure 6 but for SSA2-CWM (see text).
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mission, to obtain measurements of Doppler anomalies versus wind speeds as reported in Mouche et al.
[2008] and Chapron et al. [2005]. Two incidence angles were investigated: 23� in VV-polarization and 33.5�

in both VV and HH-polarizations. In both cases, the Doppler shift was evaluated over a 10 3 10 km2 area. In
Mouche et al. [2008], the authors state that with such a resolution cell the effect of sea current on the meas-
urements of central Doppler frequency was negligible. Collocated wind speed and direction measurements
were used to find a relationship between the radial wind speed component and the induced Doppler shift.

In Figure 8, we present the results given by our analytical model, based on SSA2-CWM (and Elfouhaily wave
height spectrum), considering only wind speeds in up- and downwind direction. The white curves corre-
spond to our model, whereas the dashed black curves refer to the CDOP [Mouche et al., 2012] geophysical
model function. The solid black line instead refers to the high-frequency approximation of the scattering
model, as described in section 4.2 (for a more detailed description of this model, the reader may refer to
Mouche et al. [2008]). The simulated SSA2-CWM Doppler frequency shifts display a functional relationship
versus wind speed in good agreement with the observations, up to a wind speed of 615 m/s. The consis-
tency of SSA2-CWM with the data at 23� incidence in VV-polarization is particularly remarkable. As shown in
Figure 8a, the high-frequency approximation by Mouche et al. [2008] reproduces also rather well the ASAR
data at 23� in VV-polarization, whereas at 33.5� incidence and low wind speeds it overestimates the
Doppler shift for both polarizations. The joint distribution map of Figure 8a looks approximately centrosym-
metric: in fact, it shows about the same behavior in upwind and downwind cases, except for the different
sign of the Doppler shift. At 33.5� incidence, instead, the joint distribution maps (in VV and HH-polariza-
tions) of observed Doppler anomaly and line-of-sight winds show some asymmetries between upwind and
downwind. In particular, the absolute measured Doppler shift in upwind is a few hertz larger than in down-
wind (see Figures 8b and 8c). The fact that SSA2-CWM was not able to reproduce such asymmetry does not
surprise, as the Choppy wave model is a weak nonlinear sea surface model. The measurements collected at
33.5� incidence show that the scatterers in HH-polarization are faster than in VV-polarization: horizontally
polarized Doppler spectra are, in fact, shifted toward higher frequencies than the corresponding vertically
polarized spectra. This was also observed at X and Ku-band both at sea and in tanks [Lee et al., 1995, 1996;
Plant, 1997; Plant et al., 1999] and more recently in L-band [Forget et al., 2006]. This phenomenon was inter-
preted as the manifestation of bound waves or non-Bragg mechanisms. Numerical computations con-
ducted with SSA2-CWM (and reported in Figures 8b and 8c) confirm the role of water waves nonlinearities
in the difference between the HH and VV Doppler spectra, by reproducing (both qualitatively and quantita-
tively) the main features of the observed wind-driven Doppler shift, as a function of incidence angle, wind
speed and polarization of the electromagnetic waves. In Figure 9, we have further analyzed the difference
between fD in VV and HH-polarization at four different incidence angles (30, 35, 40, and 45�). Comparison
with the CDOP relative Doppler shift between HH and VV-polarization shows a remarkable agreement.

As additional verification, we use the data collected between 10 and 15 December 1991, during phase II of
the SAXON-FPN experiment [Plant and Alpers, 1994]. Two coherent, continuous wave (CW) microwave sys-
tems with pencil beam antennas were operated from the German research platform ‘‘NORDSEE.’’ These

Figure 8. Joint distribution maps of observed Doppler anomaly (in C-band) and line-of-sight winds versus predictions given by our analytical SSA2-CWM (white curves) model for upwind
(positive wind speed values) and downwind cases (negative wind speed values). In dashed black, the Doppler shifts provided by the CDOP empirical model and solid black the Doppler
shifts as predicted by the high-frequency approximation of the scattering model, proposed by Mouche et al. [2008]. (a) VV-polarization and 23� incidence angle; (b) VV-polarization and
33:5� incidence angle; and (c) HH-polarization and 33.5� incidence angle. The colors used in the Doppler maps represent the occurrence of the ASAR measurements.
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systems operated at Ku and Ka
bands, 14 and 35 GHz, respec-
tively. Each system used two
antennas, one for transmitting,
and one for receiving. Both
antennas were dual-polarized,
and the two polarizations were
separated upon reception by
offsetting the transmitted fre-
quencies by 60 MHz. Only like
polarizations, HH and VV on
transmission and reception,
were recorded. One way, half-
power antenna beam widths at
Ku-band were 6.6� in the E-
plane and 5.0� in the H-plane.
The antennas were operated at
a height of 26 m above mean
low water level

The antenna foot-print on the
surface varied from 3 3 5 m at
50� to 5 3 10 m at 80� inci-
dence. The spot sizes were
much smaller than the domi-
nant wavelengths which ranged

from about 60 to 150 m during the experiment. The presence of sea currents during the measurements is
unknown, although one of the instrument deployed during the SAXON-FPN campaign was a current meter.
Figure 10 shows an analysis in Ku-band of the measured Doppler shifts and bandwidths at HH and VV-
polarization as function of wind speed and direction (for 50 and 60� incidence). The measurements are
compared with the analytical SSA2-CWM model. This figure clearly shows the increase in the HH-VV differ-
ence with increasing incidence angle when looking upwind and also shows that this difference disappears
when the antennas are directed perpendicular to the wind direction.

Furthermore, the data indicate a slight tendency for the offset difference to increase with increasing wind
speed for the upwind case. It is worth noting that both VV and HH offsets are negative when the antenna
look direction has a downwind component. The modulation of fD with the wind direction predicted by the
model looks overall in good agreement with the measurements taken at different wind speeds. In Figure
10, the squares and the circles refer to VV and HH measurements respectively. Blue, red, and green colors
identify the measurements corresponding to wind speeds within the range 0–5, 5–10, and 10–15 m/s,
respectively. Overlaid are the simulated results: in particular, solid lines represent VV simulated data and
dashed lines HH simulated data. The analysis has been made at three wind speeds: 5 m/s (blue lines), 10 m/
s (red lines), and 15 m/s (green lines). From our simulations, the Doppler bandwidth, BD, is expected to
show an almost flat behavior versus the wind direction: this is found consistent with the measurements. As
opposed to the real data, the simulations predict a slightly larger bandwidth in V-pol than in H-pol. We
have limited our investigation up to 60� incidence, because above this limit the main hypothesis at the
basis of the small-slope-approximation theory may be violated, as the tangent of grazing angles of inci-
dent/scattered radiation may not sufficiently exceed the rms slope of roughness for most winds.

6. Conclusions and Future Prospective

The Doppler shift measured by a spaceborne active microwave instrument over the ocean can be expressed
as the sum of three main terms:

fD Total5fD wind1fD current1fD geometry : (41)

These terms represent the contributions to the central Doppler frequency associated with the wind, e.g., wind
drift, (polarization dependent), the ocean current (polarization independent), and the geometry of observation

Figure 9. Difference between the VV and HH central Doppler frequency as derived by our
analytical SSA2-CWM model (in red) and as provided by the CDOP geophysical model
function (in black).
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(polarization independent). Nowadays, thanks to the very accurate knowledge of spacecraft attitude and
motion, the last term can be easily estimated and removed to get a geophysical Doppler shift or velocity. A
last geophysical processing step is then needed to estimate the radial surface current. This final step is defi-
nitely the most complex one because it must rely on a Geophysical model function providing the wind driven
Doppler shift associated with a specific wind speed and direction. With this picture in mind, the analytical
model described in this paper could be a valuable tool to retrieve ocean surface currents. The results reported
in the previous sections show that the ocean Doppler spectrum at microwave frequencies can be different for
different polarizations. Copolar scattering experiences Doppler frequency shifts higher than the cross-polar
scattering. The Doppler shift increases with the wind speed. The rate of this increase depends on the wind
directions (as we approach the cross-wind direction, the wind speed sensitivity gets weaker). In principle, we
could use the frequency shift between two polarizations (VV-HH, HH-VH, or VV-VH) to identify the wind contri-
bution to the sea surface velocity, thus allowing for the observation of ocean currents.

In this paper, we have presented an analytical model for the full-polarimetric sea surface scattering and
Doppler signature based on the small-slope-approximation theory at the second order combined with a
weakly nonlinear sea surface representation, named Choppy wave model. This would be the first full-
polarimetric physical-based model describing both scattering and Doppler signature of nonlinear sea surfa-
ces. The analytical expression of the model avoids the use of highly demanding Monte-Carlo simulations
which are required for more physically based models using exact numerical solution of Maxwell’s equations.
By using an IntelVR CoreTM i5–4590 Processor (Quad Core, 3.30GHz Turbo, 8GB DDR3 SDRAM at 1600MHz),
no more than 4 h are needed to generate NRCS, Doppler shift and Doppler spread versus incidence and
direction angles at five different wind speeds, in three different frequencies bands. All the simulations have

Figure 10. Difference in Ku-band between HH and VV Doppler offsets and spread as function of the angle between the antenna look direction and the wind direction at two incidence
angles: (a–c) 50� and (b–d) 60� . Blue, red, and green colors identify the measurements corresponding to wind speeds within the range 0–5, 5–10, and 10–15 m/s, respectively. Overlaid
are the simulated results: in particular, solid lines represent VV simulated data and dashed lines HH simulated data. The analysis has been made at three wind speeds: 5 m/s (blue lines),
10 m/s (red lines), and 15 m/s (green lines).
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been performed considering a 2-D sea surface representation, whereas most of the results in the literature
refer to a 1-D sea surface representation. To our knowledge, only few attempts to describe the sea surface
scattering and Doppler signature of a 2-D sea surface have been made [Soriano et al., 2006; Li and Xu, 2011];
but those attempts were always limited, due to computational constraints, to very low wind speeds (<5 m/s)
and low frequencies (L-band).

Simplified scattering theories have been derived from the proposed SSA2-CWM model. Simulation results
have been compared with real measurements from Envisat-ASAR and from the SAXON-FPN Ku-band cam-
paign, showing remarkable agreement. The results are also consistent with the empirical Geophysical model
function CDOP. In future prospective, this model could be used to resolve one of the biggest unknowns in
ocean current retrieval: the determination of the wind-driven contribution to the total sea surface Doppler
shift. The SSA2-CWM model may also support the definition and the exploitation of new observation princi-
ples, based on multipolarimetric Doppler scatterometry, such as the DopSCAT concept [Fabry et al., 2013;
Rodriguez et al., 2014], aiming to provide simultaneous measurements of the ocean vector wind and the
ocean vector current on a global scale. The proposed Doppler model is also particularly suited to the inter-
pretation of along-track interferometric synthetic aperture radar data, which include information on surface
currents.

Appendix A: Useful Kernals and Covariance Functions
A1. The Bragg Kernels
As clearly discussed in Voronovich and Zavorotny [2001], the general expression for the first-order Bragg ker-
nel writes

B11ðks; kiÞ52qksqki
ðe221Þ ðqð2Þks qð2Þki k̂ s � k̂ i2e2kskiÞ
ðe2qð1Þks 1qð2Þks Þðe2qð1Þki 1qð2Þki Þ

; (A1)

B12ðks; kiÞ52qksqki
ðe221ÞK1qð2Þks ðk̂s3k̂ iÞ � ẑ
ðe2qð1Þks 1qð2Þks Þðq

ð1Þ
ki 1qð2Þki Þ

; (A2)

B21ðks; kiÞ52qksqki
ðe221ÞK1qð2Þki ðk̂s3k̂ iÞ � ẑ
ðqð1Þks 1qð2Þks Þðe2qð1Þki 1qð2Þki Þ

; (A3)

B22ðks; kiÞ522qksqki
ðe221ÞK2

1 qð2Þks ðk̂s � k̂ iÞ
ðqð1Þks 1qð2Þks Þðq

ð1Þ
ki 1qð2Þki Þ

: (A4)

The vertical components of the appropriate wave vectors in the first (air) and the second (dielectric)
medium are

qð1Þks 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K 2

1 2k2
s

q
qð2Þks 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2K 2

1 2k2
s

q
Im qð1;2Þks 
 0;

qð1Þki 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K 2

1 2k2
i

q
qð2Þki 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2K 2

1 2k2
i

q
Im qð1;2Þki 
 0:

The second-order Bragg terms write

ðB2Þ11ðks; ki; nÞ5

2qksqkiðe221Þ
ðe2qð1Þks 1qð2Þks Þðe2qð1Þki 1qð2Þki Þ

"
22

e221

e2qð1Þn 1qð2Þn

ðqð2Þks qð2Þki ðk̂ s � nÞ ðk̂ i � nÞ1e2kskin
2Þ

2ðe2K 2
1 ðq

ð2Þ
ks 1qð2Þki Þ12qð2Þks qð2Þki ðq

ð1Þ
n 2qð2Þn ÞÞðk̂s � k̂ iÞ

12e2
qð1Þn 1qð2Þn

e2qð1Þn 1qð2Þn

ðki q
ð2Þ
ks ðk̂s � nÞ1ksqð2Þki ðk̂ i � nÞÞ

#
;

(A5)
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ðB2Þ12ðks; ki; nÞ5

2qksqkiðe221ÞK1

ðe2qð1Þks 1qð2Þks Þðq
ð1Þ
ki 1qð2Þki Þ

"
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e221
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2ðe2K 2
1 1qð2Þks qð2Þki 12qð2Þks ðq

ð1Þ
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12e2
qð1Þn 1qð2Þn

e2qð1Þn 1qð2Þn

ksððn3k̂ iÞ � ẑÞ
#
;

(A6)

ðB2Þ21ðks; ki; nÞ5

2qksqkiðe221ÞK1

ðqð1Þks 1qð2Þks Þðe2qð1Þki 1qð2Þki Þ

"
2

e221

e2qð1Þn 1qð2Þn

ðqð2Þki ðk̂ i � nÞ ððn3k̂ sÞ � ẑÞÞ

2ðe2K 2
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ð1Þ
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2qksqkiðe221ÞK2
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ð1Þ
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�
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�
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�
:

(A8)

A2. Spatiotemporal Covariance Function Determination for Nonlinear Sea Surfaces
The spatiotemporal covariance function of the backscattered field is the limit of the statistical average for
infinity illumination area A

Covðks; ki; tÞjNon2Lin:5

lim
A!1

4phj~SSSA22
asai

ðks; ki; tÞ2h~SSSA22
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ðks; ki; tÞij2i
A
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ðks; ki; tÞij2Þ
A

;

(A9)

with

h~SSSA22
asai

ðks; ki ; tÞ~SSSA22
asai

�ðks; ki ; tÞi5 1
Q2

z

ð ð
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e2iQH�ðr12r2Þ

	
eiQzðhðr1;tÞ2hðr2;tÞÞe2iQH�ðDðr1;tÞ2Dðr2;tÞÞ

f11r � Dðr1; tÞ1r � Dðr2; tÞ1ðr � Dðr1; tÞÞðr � Dðr2; tÞÞg

3
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i
4
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ð
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2
i
4

B�asai
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ð
Masai
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1
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ð ð
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(A10)

and
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<~S
SSA22
asai

ðks; ki; tÞ > 5

5
1

Qz

ð
dr

ð2pÞ2
Jðr; tÞexp ½2iQH � r� < exp ½2iQH � Dðr; tÞ1iQz hðr; tÞ�

3½Basai ðks; kiÞ2
i
4

ð
Masai ðks; ki; nÞhðn; tÞein�rdn� > :

(A11)

Using standard properties of Gaussian processes [Papoulis, 1965], we have

Covðks; ki ; tÞjNon2Lin:5
1

Q2
z

ð
dr

ð2pÞ2
~Rasai ðks; ki ; r; tÞexp ½2iQH � r�; (A12)

with

~Rasai ðks; ki ; r; tÞ52jvasai
ðks; ki; tÞj21

X4

n51

X4

m51

Wðm;nÞasai
ðks; ki; r; tÞ: (A13)

The expressions of the different components of ~Rasai ðks; ki; r; tÞ are provided here below.

A2.1. Expression of vasai

The term vasai
ðks; ki; tÞ5 < ~S

SSA22
asai

ðks; ki; tÞ > represents the coherent scattered amplitude and it can be
expressed as

vasai
ðks; ki; tÞ5

Exp

"
2Q2

z r
2
02Q2

Hr2
Q̂H

2

#

ð12iQzr

2
1ÞBasai ðks; kiÞ 2

i
4

ð
dnein�rMasai ðks; ki; nÞ�

½ð12iQzr2
1ÞðiQz Sðn; tÞ2QH � n̂Sðn; tÞÞ2jnjS�ðn; tÞ�

�
;

(A14)

with

r2
05Cð0; 0Þ5

ð
dn Sðn; 0Þ

r2
15C1ð0; 0Þ5

ð
dn jnjSðn; 0Þ

r2
n5Cnð0; 0Þ5

ð
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Q̂H

5CQ̂H
ð0; 0Þ5

ð
dnðQ̂H � n̂Þ2 Sðn; 0Þ

:

8>>>>>>>>>>>><
>>>>>>>>>>>>:

(A15)

A2.2. Expression of Wð1;1Þasai

The term Wð1;1Þasai
in equation (A9) is simply given by

Wð1;1Þasai
ðks; ki; r; tÞ5jBasai ðks; kiÞj2Exp

2Q2
z S0ðr; tÞ2Q2

HSQ̂H
ðr; tÞ

2

" #
5jBasai ðks; kiÞj2Eðr; tÞ; (A16)

with

S0ðr; tÞ52½r2
02Cðr; tÞ�

SQ̂H
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Q̂H
2CQ̂H
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CQ̂ H
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ð
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8>>>><
>>>>:

(A17)

and

Eðr; tÞ5Exp
2Q2

z S0ðr; tÞ2Q2
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2

" #
: (A18)
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A2.3. Expression of Wð1;2Þasai

The term Wð1;2Þasai
in equation (A13) has the following form:

Wð1;2Þasai
ðks; ki ; r; tÞ5 i

4
Basai ðks; kiÞExp

"
2Q2

z S0ðr; tÞ2Q2
HSQ̂H
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2

#
3

ð
dnM�asai

ðks; ki ; nÞS�ðn; tÞfðeir�n21Þ½iQZ2QH � n̂�g;

(A19)

or equivalently

Wð1;2Þasai
ðks; ki; r; tÞ5 i

4
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ð
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5
i
4
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(A20)

being

Z2ðn; tÞ5S�ðn; tÞfðeir�n21Þ½iQZ2QH � n̂�g

mzdðks; ki; r; tÞ5
ð

dnM�asai
ðks; ki; nÞZ2ðn; tÞ

:

8><
>: (A21)

In order to simplify the notation, the dependence of mzd on as; ai will be intentionally omitted.

A2.4. Expression of Wð1;3Þasai

Similarly to Wð1;2Þasai
, the term Wð1;3Þasai

can be written as

Wð1;3Þasai
ðks; ki; r; tÞ5

2
i
4

B�asai
ðks; kiÞExp

�
2Q2
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2

�
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(A22)

We also define

Z1ðn; tÞ5Sðn; tÞfð12eir�nÞ½iQZ1QH � n̂�g

mzuðks; ki ; r; tÞ5
ð

dnMasai ðks; ki ; nÞZ1ðn; tÞ
;

8><
>: (A23)

thus

Wð1;3Þasai
ðks; ki ; r; tÞ52

i
4

B�asai
ðks; kiÞEðr; tÞ3mzuðks; ki; r; tÞ: (A24)

In order to simplify the notation, the dependence of mzu on as; ai will be intentionally omitted.

A2.5. Expression of Wð1;4Þasai

The term Wð1;4Þasai
is the result of two double integrals, one over the wave number vector n1 and the other

over the wave number vector n2

Wð1;4Þasai
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16
Exp

�
2Q2

z S0ðr; tÞ2Q2
HSQ̂H
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M�asai
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h i
3
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h i

g;

(A25)

and it can be also expressed as
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Wð1;4Þasai
ðks; ki ; r; tÞ5 1

16
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2Q2

z S0ðr; tÞ2Q2
HSQ̂ H
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2

�
3

(ð
dnjMasai ðks; ki ; nÞj2Sðn; tÞeir�n1

ð
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(A26)

and by using a more compact notation

Wð1;4Þasai
ðks; ki ; r; tÞ5 1

16
Eðr; tÞ3fmzqðks; ki; r; tÞ1 mzuðks; ki; r; tÞ �mzdðks; ki ; r; tÞg; (A27)

where

mzqðks; ki ; r; tÞ5
ð

dnjMasai ðks; ki ; nÞj2Sðn; tÞeir�n: (A28)

The dependence of mzq on as; ai has been intentionally omitted in order to simplify the notation.

A2.6. Expression of Wð2;1Þasai

The term Wð2;1Þasai
can be calculated as a product of three terms

Wð2;1Þasai
ðks; ki ; r; tÞ5jBasai ðks; kiÞj2Exp

�
2Q2

z S0ðr; tÞ2Q2
HSQ̂H
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�
3 2

Qz S1ðr; tÞ
2

1QH � rCðr; tÞ
� �

; (A29)

or, equivalently

Wð2;1Þasai
ðks; ki ; r; tÞ5jBasai ðks; kiÞj2Eðr; tÞ3 i R1ðks; ki ; r; tÞ;

where

( S1ðr; tÞ52½r2
12C1ðr; tÞ�52

ð
dnjnj½Sðn; 0Þ2Sðn; tÞein�r�

Q̂H � rCðr; tÞ5i
ð

dnðQ̂H � nÞ Sðn; tÞeir�n
(A30)

and

R1ðks; ki; r; tÞ52
Qz S1ðr; tÞ

2
1QH � rCðr; tÞ:

A2.7. Expression of Wð2;2Þasai

The term Wð2;2Þasai
in equation (A13) has the following form:

Wð2;2Þasai
ðks; ki; r; tÞ5 i

4
Basai ðks; kiÞEðr; tÞ3fmsdrðks; ki ; r; tÞ1i �mzdðks; ki ; r; tÞ � R1ðr; tÞg; (A31)

where

(
msdrðks; ki ; r; tÞ5

ð
dnM�asai

ðks; ki ; nÞv2ðn; tÞeir�n

v2ðn; tÞ5jnjSðn; tÞ
; (A32)

omitting the dependence of msdr on the polarization.

A2.8. Expression of Wð2;3Þasai

As for Wð2;2Þasai
, the term Wð2;3Þasai

can be computed as

Wð2;3Þasai
ðks; ki ; r; tÞ52

i
4

B�asai
ðks; kiÞEðr; tÞ3fmsu0ðks; ki; 0; tÞ1i �mzuðks; ki ; r; tÞ � R1ðks; ki; r; tÞg; (A33)

where
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(
msu0ðks; ki; 0; tÞ5

ð
dnMðks; ki; nÞv1ðn; tÞ

v1ðn; tÞ5jnjS�ðn; tÞ
: (A34)

For the sake of notation simplicity, the dependence of msu0 on the polarization has been intentionally
omitted.

A2.9. Expression of Wð2;4Þasai

The compact form of Wð2;4Þasai
is

Wð2;4Þasai
ðks; ki; r; tÞ5 1

16
Eðr; tÞ3fmsu0 �mzd1i �mzq � R11mzu �msdr1i �mzu �mzd � R1g; (A35)

where the dependence of the different functions on ks; ki; r; t has been intentionally omitted to simplify
the notation.

A2.10. Expression of Wð3;1Þasai

This term can be expressed as

Wð3;1Þasai
ðks; ki; r; tÞ5jBasai ðks; kiÞj2Exp

2Q2
z S0ðr; tÞ2Q2

HSQ̂ H
ðr; tÞ

2

" #
3

Qz S1ðr; tÞ
2

2QH � rCðr; tÞ
� �

5jBasai ðks; kiÞj2Eðr; tÞ3i R2ðks; ki ; r; tÞ;

(A36)

with

R2ðks; ki; r; tÞ5 Qz S1ðr; tÞ
2

1QH � rCðr; tÞ:

A2.11. Expression of Wð3;2Þasai

The expression of Wð3;2Þasai
is similar to the one of Wð2;2Þasai

Wð3;2Þasai
ðks; ki; r; tÞ5 i

4
Basai ðks; kiÞEðr; tÞ3fmsd01i �mzd � R2g; (A37)

with

msd0ðks; ki; 0; tÞ5
ð

dnM�asai
ðks; ki ; nÞv2ðn; tÞ: (A38)

For simplicity, we have omitted from the notation the dependence of msd0 on the polarization.

A2.12. Expression of Wð3;3Þasai

As for Wð3;2Þasai
, the term Wð3;3Þasai

can be expressed as

Wð3;3Þasai
ðks; ki ; r; tÞ52

i
4

B�asai
ðks; kiÞEðr; tÞ3fmsur1i �mzu � R2g; (A39)

with

msurðks; ki; r; tÞ5
ð

dnMasai ðks; ki; nÞv1ðn; tÞeir�n: (A40)

A2.13. Expression of Wð3;4Þasai

The term Wð3;4Þasai
can be expressed as sum of four main elements

Wð3;4Þasai
ðks; ki; r; tÞ5 1

16
Eðr; tÞ3fmsur �mzd1i �mzq � R21mzu �msd01i �mzu �mzd � R2g: (A41)

A2.14. Expression of Wð4;1Þasai

After simple manipulations, this term can be written as

Wð4;1Þasai
ðks; ki; r; tÞ5jBasai ðks; kiÞj2Eðr; tÞ3f2DCðr; tÞ2 R1 � R2g; (A42)

where DCðr; tÞ is the Laplacian operator, that is,
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DCðr; tÞ5r � rCðr; tÞ52
Ð

dnjnj2Sðn; tÞeir�n: (A43)

A2.15. Expression of Wð4;2Þasai

Wð4;2Þasai
ðks; ki ; r; tÞ5 i

4
Basai ðks; kiÞEðr; tÞ3fi �msd0 � R11i �msdr � R21mzd � ½2DC2 R1R2�g: (A44)

A2.16. Expression of Wð4;3Þasai

Wð4;3Þasai
ðks; ki; r; tÞ52

i
4

B�asai
ðks; kiÞEðr; tÞ3fi �msur � R11i �msu0 � R21mzu � ½2DC2 R1R2�g: (A45)

A2.17. Expression of Wð4;4Þasai

The last term of the summation in equation (A13) is

Wð4;4Þasai
ðks; ki; r; tÞ5 1

16
Eðr; tÞ3fmsu0 �msd01msur �msdr1i �msur �mzd � R1

1i �msu0 �mzd � R21i �msdr �mzu � R21i �msd0 �mzu � R11mzq � ½2DC2 R1R2�1

1mzu �mzd � ½2DC2 R1R2�g:

(A46)

A3. Some Important Analytical Expressions
In the case of sea surface spectra with two azimuthal harmonics, the correlation functions and related
Kirchhoff integrals can be efficiently computed with the help of the Bessel functions. The two-dimensional
sea spectrum can be expressed as

Sðn; tÞ5SaðnÞexp ð2ixntÞ1Sað2nÞexp ðixntÞ; (A47)

where

SaðnÞ5SðnÞcos 2 u2uw

2

� 

5SðnÞcos 2 H

2

� �

Sað2nÞ5SðnÞsin 2 u2uw

2

� 

5SðnÞsin 2 H

2

� � ;
8>>><
>>>:

(A48)

being H the angle with respect to the wind direction. The centrosymmetric spectrum SðnÞ is equal
to

SðnÞ5MðnÞð11DðnÞcos ð2HÞÞ: (A49)

The function MðnÞ represents the isotropic part of the spectrum modulated by 11DðnÞcos ð2HÞ, corre-
sponding to the angular function. With the previous assumptions, the correlation function can be writ-
ten as

Cðr; tÞ5
ð

dn Sðn; tÞexp ði n � rÞ5
ð1
0

ð2p

0

dndHn½SaðnÞexp ð2ixntÞ1Sað2nÞexp ðixntÞ�3exp ½irncos ðH2/rÞ�5

ð1
0

dn

" X1
n521

ðiÞnein/r

2p
JnðrnÞ



exp ð2ixntÞ3

ð2p

0

dHn MðnÞð11DðnÞcos ð2HÞÞcos 2 H
2

� �
einH1

exp ðixntÞ
ð2p

0

dHn MðnÞð11DðnÞcos ð2HÞÞsin 2 H
2

� �
einH

�#
;

(A50)

where JnðrnÞ is the Bessel function of order n. After some straightforward calculation, we obtain
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Cðr; tÞ5
ð1
0

dnn



cos ðxntÞMðnÞ3½J0ðrnÞ2J2ðrnÞDðnÞcos ð2/rÞ�1

1
2

sin ðxntÞMðnÞ3

½ð21DðnÞÞJ1ðrnÞcos ð/rÞ2DðnÞJ3ðrnÞcos ð3/rÞ�
�
:

(A51)

Similarly for DCðr; tÞ and C1ðr; tÞ we get

DCðr; tÞ52

ð1
0

dnn



cos ðxntÞn2MðnÞ3½J0ðrnÞ2J2ðrnÞDðnÞcos ð2/rÞ�1

1
2

sin ðxntÞn2MðnÞ3

½ð21DðnÞÞJ1ðrnÞcos ð/rÞ2DðnÞJ3ðrnÞcos ð3/rÞ�
� (A52)

and

C1ðr; tÞ5
ð1
0

dnn
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1
2
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�
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(A53)

With some algebra we obtain also

Q̂H � rCðr; tÞ5
ð1
0
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1
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11
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(A54)

and

CQ̂H
ðr; tÞ5

ð1
0
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(A55)
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