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[1] Short waves centered at the gravity to capillary transition
(13.5 Hz) dominate the slope statistics of the sea surface and
are responsible for most of the air-sea momentum transfer
(wind stress). Little is known about short ‘‘gravities.’’ In
contrast, long gravities, with their characteristic k�4 spectrum,
have extensive observational support. We propose a
fundamental distinction between long gravities, with their
saturated (wind-independent) spectrum, and short gravities,
with their wind-dependent spectrum. Evidence comes
(surprisingly) from sea-floor pressure fluctuations associated
with non-linear interactions between oppositely traveling
surface waves of half their frequency. The bottom pressure
spectrum shows a transition at about 6 Hz (3 Hz surface wave
frequency) from an f �7 to an f �3 dependence that we
associatewith the long to short surface gravitywave transition.
Further, the requirement of oppositely traveling energy places
an integral restraint on the directional spread of the surface
waves. Citation: Farrell, W. E., and W. Munk (2008), What do

deep sea pressure fluctuations tell about short surface waves?,

Geophys. Res. Lett., 35, L19605, doi:10.1029/2008GL035008.

1. Introduction

[2] Microseismic ‘‘noise’’ at frequencies of order 0.2 Hz
has long been attributed to deep sea pressure fluctuations
associated with long gravity waves (wave length l of order
100 m) at the sea surface. Pressure fluctuations at twice the
surface wave frequency are excited by wave-wave interac-
tion [Longuet-Higgins, 1950; Cox et al., 1984; Cox and
Jacobs, 1989; Herbers and Guza, 1991, 1994]. Webb and
Cox [1986] extended the range of this effect to 2 Hz
acoustic (l of order 1 m). We propose a further extension
to the gravity-capillary (gc) transition, which occurs at
wave frequency 13.5 Hz (l = 1.7 cm), and acoustic
frequency 27 Hz. This has interesting implications for the
frequency/wave number spectrum of short gravity waves.

2. Deep Sea Pressure Measurements

[3] There is a paucity of VLF observations of pressure in
the deep sea obtained with low-noise instrumentation of
appropriate bandwidth. The best available data set appears
to be the spectra derived by McCreery et al. [1993] from an
exhaustive analysis of a year’s worth of measurements from
many hydrophones of the Wake Island Array (WIA). We
consider data from WIA hydrophone 74, a bottomed hydro-
phone in 5500 m of water.

[4] The green circles and triangles in Figure 1 show the
average spectrum for WIA 74, under the condition that the
wind speed, U, fell in the range 8.94 < U < 10.73 m/s and
12.52 < U < 14.3 m/s, respectively. These data were derived
from McCreery et al.’s Figure 11 after applying the factor
2pf 6 to unwrap the normalization and to obtain a 1 Hz
bandwidth. Substantially the same data, for the lower wind
speed, result from digitizing McCreery et al.’s Figure 7 for
the WIA 74 median spectrum. For wind speed U < 9 m/s
and f > 6 Hz, the pressure signal fell below the instrument
noise floor at this station.
[5] In this paper we attempt to interpret the five right-

most green data pairs along the red curve labeled f �3 on the
left and f 7/3 on the right.

3. ‘‘Long’’ Surface Waves

[6] There is an extensive literature, mostly going back to
the Phillips [1958] wave number spectrum

Fz kð Þ ¼ 1=2bk
�4H k; qð Þm4;

Z p

�p
H k; qð Þdq ¼ 1; ð1Þ

which Phillips wrote down on the basis only of dimensional
considerations. The Phillips constant, b, is determined by
experiment. For small wave number, the exponent may be
smaller, and Phillips later favored a smaller exponent for all
wave numbers, but Banner’s [1990] results support the
quartic dependence. The function H, called the spreading
function, contains the directional properties of the wave
field. Integrating over all wave number space gives

hz2i ¼
Z 1

�1

Z 1

�1
Fz kð Þdk1dk2 ¼

Z 1

k0

Z p

�p
Fz kð Þkdkdq

¼ 1=4bk
�2
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for the mean square elevation. The spectrum is saturated;
there is no dependence on wind speed. The wind
dependence (in its coarsest form) enters through the lower
wave number limit, k0 = g/U2, which is equivalent to
requiring that no spectral component have a phase velocity
C0 =

p
(g=k0) faster than the wind speed U. Phillips used

b = 0.012; a recent summary by Banner [1990] suggests
that we cannot do much better than use the Phillips formula,
with values of b ranging from 0.008 to 0.016.
[7] The Phillips spectrum has an upper limit, say kU, but

for kU 	 k0 there here is no appreciable error in taking
kU = 1 for computing mean square elevation. But the
associated mean square slope

hm2i ¼
Z 1

�1

Z 1

�1
k2Fz kð Þdk1dk2

’ 1=2 b
Z kU

k0

k�1dk ¼ 1=2 b ln k0=kUð Þ ð3Þ
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depends critically on kU. The transition in Figure 1 at about
f = 6 Hz (k = 40 radians/meter, henceforth rpm) from the
black to the red curve is associated with a transition from
the Phillips k�4 spectrum to a spectrum that falls more
like k�3.

4. ‘‘Short’’ Surface Waves

[8] Very little is known about the short gravity waves,
which are affected by surface tension at high wave numbers.
Elfouhaily et al. [1997] and Hwang [2005] have provided
syntheses of the available information (see Figure 2). To
flatten the Phillips spectrum, we have multiplied by k+4

yielding the ‘‘uni-directional saturation’’ version

Gs kð Þ ¼ 1=2b ð4Þ

of the Phillips spectrum (horizontal black lines). In
particular, we have taken b = 0.008, a value at the low
end of Banner’s range. The colored curves in Figure 2a show
the Elfouhaily et al. and Hwang estimates of GS(k) for short
gravity waves and various wind speeds. Figure 2b shows,
along with the Banner spectrum, a family of k �3 models for
the short (unsaturated) gravity waves. The models were
suggested by the deep pressure data, as shown next.

5. Bottom Pressure Spectrum

[9] Hughes [1976] derived an expression for the pressure
spectrum caused by opposing surface gravity waves inter-
acting according to the Longuet-Higgins wave-wave mech-
anism. There have been many derivations of similar
formulas (W. E. Farrell et al., Review of acoustic radiation
by ocean gravity waves, manuscript in preparation, 2008),

but the Hughes formula is unique in that it is based on the
wave number spectrum of the surface waves, not the
frequency spectrum, and includes the effect of surface
tension. Only one other author, Brekhovskikh [1966], has
included surface tension. This dependence is crucial for
modeling pressure in the short gravity wave regime.
[10] The Hughes equation, accounting for a small error

later identified (see Farrell et al., manuscript in preparation,
2008), is

FP wPð Þ ¼ p
8

r
c

� �2
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�
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[11] In equation (5), r = 1000 is the mean density of sea
water and c = 1500 its mean sound speed. FP(wP) denotes
the pressure spectrum at acoustic frequency wP, Fz(wz) the
elevation spectrum of gravity waves at frequency wz =

1=2 wP,
and I is the ‘‘spreading integral’’ (see below). The term in
curly braces is called the source term.
[12] In the long gravity wave limit, (5) reduces to the

more familiar expression [Kibblewhite and Wu, 1996,
equation 4.107]

Fp wp

� �
¼ p

2

rg
c

� �2
w3
pfF2z wz

� �
Ig ð6Þ

Figure 1. Power spectra of deep ocean pressure fluctua-
tions. Green points are the measured Holu spectrum
[McCreery et al., 1993] for 10 m/s (dots) and 13 m/s
(triangles) winds. The solid black curve is the computed
spectrum inferred from the Phillips [1958] long wave k�4

surface wave spectrum. The solid red curve is the computed
spectrum inferred from a k�3 surface wave spectrum, and
the dotted red curve is the computed spectrum for a 6 dB
stronger source. The solid and dotted curves are based on an
acoustic radiation theory that allows for surface tension. The
dash extensions show the computed spectra when surface
tension is ignored.

Figure 2. The saturation spectrum Gs(k). (a) The Banner
spectrum for long gravity waves is extended to the Banner
limit of 31 rpm. The Elfouhaily et al. [1997] spectra (solid
curves) are peaked at the gc transition. Hwang [2005]
spectra (dashed) are peaked in the short gravity wave band.
(b) Idealized representation of the saturation spectrum. The
transition from the Banner-like white spectrum with low-
frequency wind cut-offs to the Hwang spectra is not clear.
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[13] Most of the acoustic pressure is caused by wave
motion nearly overhead. Cato [1991] showed that the
energy that propagates to the far field can be represented
as a surface distribution of random, vertically-oriented
dipoles. Consider a disk of radius rmax centered over the
pressure measurement point at depth d. Then the fractional
contribution to the power at d from surface waves within the
disk is given by

FP r < rmaxð Þ
FP r < 1ð Þ ¼ 1

1þ d=rmaxð Þ2
ð7Þ

[14] Thus, for a bottomed hydrophone, half the power
comes from surface waves within one water-depth of the
overhead point, 90% from surface waves within three water-
depths. In applying equation (5) we assume that the con-
ditions for the second-order pressure generation are satisfied.
[15] Turning back to Figure 1, the black curve shows the

computed pressure spectrum FP(wP) in response to an f�5

(k�4) Phillips surface wave spectrum. The details behind
the pressure computation are provided in Table 1. In
particular, as seen in the last row, the black straight line,
and its dash extension, correspond to a value of b2IL (the
only free parameter) given by b2IL = 3.8 � 10�5.
[16] Imagine that the Phillips 58 spectrum extends indef-

initely to higher frequencies. The black curve would then
continue indefinitely along an f�7 slope, provided surface
tension was neglected (black dashed, equation (6)). When
surface tension is taken into account, the computed pressure
spectrum above 10 Hz curves upwards from the linear
extension (equation (5)). Similarly, the red curve (see
Table 1) designates the pressure spectrum for an f�3 (k�3)
surface wave spectrum, with the red dashed curve
corresponding to a gravity-only ocean.
[17] Starting from the left, the measured pressure spec-

trum (green circles) follows a straight black f�7 line, which
is the appropriate slope for the f�5 Phillips 58 surface wave
spectrum. If the Phillips 58 spectrum were to extend to the
gc transition at 29 Hz, the computed pressure spectrum
would start deviating from the straight f�7 line, curving

upwards above 10 Hz. In fact, the deviation occurs at 6 Hz
(3 Hz and 5.6 cycles/meter surface wave frequencies) and is
not the response to surface tension, but the result of a
transition of the surface wave spectrum from a Phillips 58
f�5 dependence to something like an f�3 dependence. This
important transition from long to short gravity waves is
roughly consistent with surface measurements by Elfouhaily
et al. [1997] and Hwang [2005].
[18] We notice also that the black curve is consistent with

both 10 and 13 m/s winds, whereas distinct red curves,
separated by 6 dB, need to be drawn for the two wind
speeds. Accordingly the transition marks the change from a
saturated long wave spectrum to an unsaturated short wave
spectrum.

6. Source Term and Spreading Integral

[19] The spreading integral [Wilson et al., 2003], intro-
duced in (5), expresses the extent to which there are
opposing wave numbers in the spectrum. It involves H,
the spreading function introduced in equation (1). The
spreading function is a fundamental property of the surface
wave spectrum. There is a large theoretical and experimen-
tal literature on the spreading function for long gravity
waves. Very little is known about the spreading function
for short gravity waves [Munk, 2008].
[20] Webb and Cox [1986] have demonstrated that plau-

sible estimates of the spreading integral could be inferred
from deep ocean pressure data. Wilson et al. [2003] fol-
lowed a different strategy, using deep sea pressure data in
the band between 0.1 and 1 Hz to confirm a spreading
integral calculated from surface measurements. It is implicit
in (5) and (6) that the interacting waves are exactly opposite
in direction and equal in frequency. Herbers and Guza
[1994] show calculations of the spreading integral (called,
by them, M) under more general interactions, but their
results only apply at lower frequencies.
[21] A visual alignment of the black curve and the green

points for frequencies less than 7 Hz yields the factor
b2IL = 3.8 � 10�5, where we use IL to indicate the spreading

Table 1. Properties of Long and Short Surface Gravity Wave Models and the Double-Frequency Pressure Models That Are Excited by

the Wave-Wave Interaction Mechanisma

Long Gravity Waves Short Gravity Waves

Dispersion relation w2 = gk w2 = gk(1 + (k/kgc)
2)

kgc =
p
(g/g) = 374 rpm

Wave models Fz(k) = 1=2bk�4 m4 Fz(k) = gk�3 m4

Fz(wz) = bg2w�5 m2/(rad/sec) Fz(wz), not a single power of w
Wave number and frequency limits kmax = 40 rpm kmin = 40 rpm, kmax = kgc

wmax = 20 rad/sec wmin = 20, wmax = 85 rad/sec
fmax = 3.15 Hz fmin = 3.15, fmax = 13.6 Hz

Pressure frequency limits wP = 2 wz wP = 2 wz
fPmax = 6.3 Hz, U = 10 fPmin = 6.3 Hz, fPmax = 27 Hz
fPmax = 4.5 Hz, U = 13

Pressure source model 1=2b2g
6wz

�13 IL
2g2wzk�5

g 1þ k=kgcð Þ2
� � IS
� 2 g2g4wz

�9 IS, k � kgc

Pressure spectrum model FP(wP) = Aw�7b2 IL Pa2/(rad/sec) FP is not a simple power law, but
A = 6.3 � 108 (512p(rg3/c)2) FP(wP) = (A/(2g)2)w�3g2 IS, k � kgc

b2 IL = 3.8 � 10�5 g2 Is = 5.7 � 10�9

g = b/80, if Is = IL
aThe pressure source model is the source term of equation (5), evaluated for the dispersion relation and defined wave models.
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integral of long gravity waves. The spectral amplitude of the
wave field and the spreading integral cannot be separately
evaluated from these data alone. However, since the spread-
ing integral can never exceed 1/(2p), we can place a lower
bound on the Phillips constant,

b �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p3:8� 10�5

p
¼ 1:5� 10�2 ð8Þ

[22] The lower bound given by (8) is near the upper limit
of the range Banner considered. However, in view of the
cautions expressed by McCreery et al. [1993] over calibra-
tion accuracy, we emphasize our method of analysis rather
than this particular result. Furthermore, bottom interaction,
which may raise the acoustic pressure several dB and cause
a proportional over-estimate of b2IL, has been neglected.
[23] A qualitative fit to the five green dots (U = 10)

with f > 5 Hz is obtained with a short gravity wave model
that intersects the long gravity wave model at an acoustic
frequency of 6.3 Hz. At this frequency the acoustic source
functions are equal, and using the formulas in Table 1, we
infer that

g2IS ¼ g

2w2
z

 !2

b2IL ¼ 1:5� 10�4b2IL ð9Þ

[24] Alternatively, noting that the frequency where the
pressure models intersect, 6.3 Hz, corresponds to the wave
number, 40 rpm, where the wave models intersect, we
immediately see that g = b/80, which is the same as (9)
in the case where the spreading integrals are identical.
[25] From (9), and the value of b2IL, the following

bounds are obtained for g,

g 10ð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p5:7� 10�9

p
¼ 1:9� 10�4

g 13ð Þ � 4:0� 10�4
ð10Þ

[26] The spreading integral can range from 0 (no azi-
muthal overlap) to 1/(2p) (equal energy in all directions). As
shown above, deep sea measurements provide an integral
constraint on H(q) through (5). But the accuracy with which
the spreading integral can be estimated is constrained by its
linkage to the wave Phillips constant, which appears qua-
dratically in the pressure formula.

7. Conclusions

[27] Interpreting the pressure fluctuations by the standard
acoustic radiation theory provides evidence for a transition
near 6 Hz (3 Hz, 6 cycle/meter surface waves) from long to
short gravity waves. The transition frequency decreases as
the wind speed increases. The long wave spectrum is

saturated, the short wave spectrum is not saturated. The
pressure measurements confirm the w�5 (or k�4) long
surface wave spectrum (as has long been known), and
suggest an w�3 (or k�3) short surface wave spectrum.
Further, the requirement of oppositely traveling wave energy
places an integral restraint on the directional spread of the
surface waves. The inferred wave spectrum is not inconsis-
tent with the Elfouhaily et al. [1997] andHwang [2005] wave
models developed by direct surface observations.
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