VOL. 78, NO. 12

JOURNAL OF GEOPHYSICAL RESEARCH

APRIL 20, 1973

Mean Length of Runs of High Waves
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The mean length of runs of high wave heights and the mean number of waves between the
exceedance of one level by a group of waves to the next exceedance of the same level by
the succeeding group of waves have been investigated for a range of spectral widths. Asymp-
totic forms for both these statistics are obtained for narrow band spectra. Approximate ex-
pressions for these statistics are evaluated for one spectral form and a range of spectral
widths and the results compared with data from numerical wave simulation experiments.

A run of wave heights can be defined as the
sequence of waves the heights of which exceed
a particular level p, say. The durations of such
runs are of importance in the study of ship
motions in waves. For example, ships may cap-
size or be damaged by the severe rolling motion
caused by a group of high waves. We denote
this statistic by I, (Figure 1). Goda [1970] has
studied the lengths of runs of wave heights
assuming that the sequence of wave heights is
described by a random process where successive
waves are uncorrelated. This assumption is
practically equivalent to representing the waves
by a spectrum with a large bandwidth. In this
case he shows that the mean length of runs of
wave heights exceeding the level p is

(L) = [1 — exp (=31 ¢))
where k = p/m,"”* and m, is the variance of the
wave elevation.

Another statistic considered by Goda is the
number of wave heights between the exceedance
of one level p by a group of waves to the next
exceedance of the same level by the succeeding
group of waves. This statistic, which is denoted
by I, (Figure 1), is approximately equal to the
number of waves from the peak of one wave
group to the peak of the next wave group.
Goda shows that for a random process with a
large bandwidth

(L) = [1 — exp (—3)]7" + exp (3%") ()
In addition to the theory described above,
Goda has measured directly the distribution of

Copyright © 1973 by the American Geophysical Union.

run lengths from numerical simulations of vari-
ous empirical wave spectra. He shows that the
observed values of () and (/) tend to the
limits given by (1) and (2) when the spectrum
width increases.

This paper uses some ideas of Rice [1945,
1958] and Longuet-Higgins [1957] to derive
asymptotic forms for () and () for narrow
band spectra and also discusses the effect of
spectral width on these two statistics for high
wave heights. Comparisons are made between
these results and the numerical values of run
lengths obtained by Goda.

Mean run lengths for a narrow band spec-
trum of swell waves. Consider a narrow band
spectrum E(f) that is symmetrical about some
central frequency f,. The statistics of the heights
of waves are determined by the properties of
the envelope R(¢) of the wave profile. It has
been shown [Rice, 1945; Longuet-Higgins, 1957]
that the mean number of occasions per unit
time that R(t) passes downward (or upward)
across the level p is

N = (ua/ 2"')1/2(P/ mo) exp (_Pz/ 2my) (3
where

we = @™ [ G = 10™B) 0

Here s is the 2nth moment of the spectrum
about the central frequency f,, and m, is the
nth moment of the spectrum about the origin.

Now the probability that R(f) > p is exp
(—p*/2m,). Rice [1958] therefore argues that
the average length of the intervals for which
R(t) > p is exp (—p*/2m,)/N. Since the mean
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Fig.1. Definitions of I; and l.

number of zero crossings per unit time is Ny =
7 (ma/m,)"?, the average number of waves in
this interval is

u)

3No[exp (_P2/2m0)/N] (4)
[ma/(2mua)]" k7"

where &k = p/m¢”* (K =~ 2 for a level corre-
sponding to the significant wave height).

To evaluate (), we assume that the spectrum
has the form of a normal function

B(f) = o~ '(2m) ™"
exp [—(f — 10)°/26°"]  fo> o

where f, is the central frequency and ¢ is a
measure of the bandwidth. Goda [1970] plots
his results against a spectral peakedness pa-
rameter @ = 2[,>fE*(f) df/m.’. This parameter
is found to give a more meaningful base for
plotting the numerical results when the spec-
trum is not narrow than the spectral width
parameter e[=(1 — m,’/mm,)**] used by
Cartwright and Longuet-Higgins [1956]. Large
values of @ correspond to a narrow band spec-
trum. For this choice of spectrum it can be
shown that

mz/ﬂz = (‘72 + )'02)/0'2 (5)
Q = fo/(x'%0) (6)

S (e (7
Using (4), (5), and (6), we obtain
(L) = Q/2"k ®

as the asymptotic form for (/) when @ is large.

Now consider the average number of waves
(I.) between the exceedance of one level p by a
group of waves to the next exceedance of the
same level by the succeeding group of waves.
In this case, ({,) is the average number of waves
between upward crossings of the level p by the
envelope R(t). Using the results of Rice [1945]
and Longuet-Higgins [1957] discussed above,
we obtain

(lz) = %NO/N

[mo/(2mus) k" exp (357 (9)

This expression differs from the corresponding
result for (,) by a factor exp (¥2k*). We there-
fore find that the asymptotic form when Q is
large is in this case

Q exp (1k°
(L) = 232502 _) (10)
Figures 2 and 3 show that both relations 8 and

10 fit Goda’s numerical results for large values
of @ (in practice for @ > 8 or e < 0.2).
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Effect of spectral width on run lengths.
Cartwright and Longuet-Higgins [1956] have
derived the cumulative probability q(y) of a
maximum exceeding a given value (n is the
ratio of wave height to rms elevation m,/*) in
terms of the spectral width parameter ¢. The
cumulative probability g(»n) has the following
forms for different ranges of . When € — 0,

%0(n) — 1 750
go(m) = exp (—39) 122>0

For large values of 5 (in practice y > 2 is

(11)
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adequate) the following approximations are
valid. When 0 < e < 1,

qi(n) ~ (1 — €)' exp (—37") (12)
When e — 1,

2:(n) ~ exp (—3n")/(2m)" "y (13)

For a narrow spectrum the envelope follows
the crests of the waves, and the distribution of
maximums ¢.(n) has the same properties as
the envelope. For broader spectra the envelope
does not describe the distribution of maximums,
and the extent to which this is so is approxi-
mately determined by the ratios ¢./q, and
@2/ ¢, in the case of a very wide band spectrum.
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Fig. 2. Mean length of runs of wave heights
for a level corresponding to the significant wave
height from numerical simulations compared with
estimates evaluated for a Pierson-Moskowitz spec-
trum and an asymptotic form. Open circles re-
late to spectra with m — 5 and » = 4, and closed
circles represent the results for spectra obtained
by using other values of m and n.

Fig. 3. Mean number of waves between the
exceedance of the level corresponding to the sig-
nificant wave height to the next exceedance of the
same level by the succeeding group of waves.
Open circles relate to spectra with m = 5 and n =
4, and closed circles represent the results for
spectra. obtained by using other values of m and
n.

In the previous analysis we can replace N by
N(q/q) or N(g:/g) to obtain

() ~ @1 — &)V [ma/(2mps) ]k (14)
0<e<1
(L) ~ (mo/ps)"* e— 1 (15)

Expressions corresponding to (14) and (15)
but with an additional factor exp (14%®) are
obtained for ().

For a very wide band spectrum, (m./u.)"*
— 1 as ¢ = 1, and we obtain limiting values of

(ll> =1 (16)
(L) = exp GGK%)
Expressions 16 are in accord with Goda’s results
for a random process (1) and (2) when £ is
large.

Computation of run lengths. We now evalu-
ate (L) and (l,) using (14) and its equivalent
expression for the case when the level p corre-
sponds to the significant wave height (ie., kb =
2) for different wave spectra considered by
Goda. These spectra are of the form

Ef) =of "exp (=) [ X[ 1

where the truncation frequency f, varied from
2 to 10 times the modal frequency and f, was
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set at about 0.5 times the modal frequency.
When m = 5 and n = 4, the spectra correspond
to the form derived by Pierson and Moskowitz
[1964].

Figures 2 and 3 compare the results with
the numerical simulsations, which are shown by
open and closed circles. The computations for
a Pierson-Moskowitz spectrum are shown by a
curve lying below values of ({,) and (L) for the
simulated run lengths.

The computations of run lengths for the
spectra used by Goda to obtain values at @ =
28 and Q = 4.3 were found to have values
very close to the curve for the Pierson-Mosko-
witz spectrum. These computations also lie
below the values obtained by Goda.

As @ increases, the asymptotic forms (8) and
(10) lie, as was noted earlier, close to the re-
sults for the numerical simulations irrespective
of the form of the spectrum.

Conclusions. Asymptotic forms have been
derived for the average length of runs of wave
heights exceeding a specified level () and the
average number of waves between the exceed-
ance of one level by a group of waves to the
next exceedance of the same level by the suc-
ceeding group of waves (/,5 when the spectrum
has a narrow bandwidth. In practice these forms
are adequate approximations to run lengths
when € < 02orQ =8

For spectra of intermediate width approxi-
mate expressions can be used to evaluate ()
and () for high wave heights.

Very wide band spectra have been investi-

WaAvVES

gated by Goda using random process theory.
This theory predicts the mean and standard
deviation of run lengths and can be used when
the spectral width is close ‘to 1.

Application of these results to particylar
problems requires a knowledge of the variabil-
ity in run lengths associated with a particular
average length. The probability distribution
of run lengths has at present been determined
only for wide band spectra, but useful indica-
tions of the standard deviation of run lengths
have been obtained from a wide range of spec-
tral widths in the simulation studies of Goda.
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