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Summary

It is possible to calculate precisely the theoretical eigen-frequencies of
any Earth model which is non-rotating, spherically symmetric, and which
has an isotropic static stress field and an isotropic dynamic stress—strain
relation. In this paper Rayleigh’s principle is used to provide a formalism
which allows the approximate computation of the normal mode eigen-
frequencies of any Earth model which is slowly rotating and slightly
aspherical and anisotropic. This formalism is used to compute, correct
to second order, the effects of the Earth’s angular rotation, and correct to
first order, the effects of the Earth’s ellipticity of figure on the normal
mode eigenfrequencies. It is found that for an arbitrary poloidal or
toroidal multiplet, the central (m = 0) member of the multiplet is shifted
slightly in frequency and that the other members of the multiplet are split
apart asymmetrically by the effects of the Earth’s rotation and ellipticity.
The results may be used to make a preliminary correction for rotation
and ellipticity to the Earth’s raw normal mode data.

1. Introduction

The elastic-gravitational normal modes of the Earth have been excited by major
earthquakes and observed on various low-frequency seismological instruments.
Records of these observations can be used to measure the angular frequencies of
oscillation of the Earth’s normal modes. In recent years it has also become possible,
using high-speed computers, to calculate quickly and precisely the theoretical angular
frequencies of oscillation of the elastic-gravitational normal modes for a large class
of Earth models; namely, for any model having the following characteristics:

(1) the Earth model is spherically symmetric;
(2) the angular velocity of steady rotation is zero;

(3) the dynamic stress-strain relation at every point is perfectly elastic, and
furthermore is isotropic;

(4) the static stress field in the equilibrium configuration is at every point iso-
tropic.

Any such model of the Earth will be called a sNrEI (spherical, non-rotating, elastic,
isotropic) Earth model. For the purpose of computing the theoretical eigen-
frequencies, a SNREI Earth model of radius a can be completely characterized by
three functions of r, the radial distance from the centre. These three functions are
the density pqo(r), the bulk modulus k(r), and the shear modulus u(r), the latter two
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being the in situ clastic parameters appropriate to the hydrostatically compressed
state of the material.

The attention of many geophysicists has now tarned toward investigations of the
so-called normal mode inverse problem. In the most general sense, this is the
problem of enumerating and exploring the collection of all possible, not necessarily
snrel Earth models, whose theoretical eigenfrequencies are in agreement with the
measured eigenfrequencies of the real Earth. Before attempting such a problem it
is essential to have a knowledge of the precision of the normal mode data.

Probably the major source of error in the data is the presence in the records of
various types of noise: instrumental noise, stationary and non-stationary seismic
noise, and noise introduced by the methods of data analysis. Another possible
source of error arises from the fact that a time series of the Earth’s free oscillations
is not in general a record of a single impulse response of the Earth, but rather repre-
sents the response of the Earth to a main shock as well as to a series of foreshocks
and aftershocks. The manner in which the presence of an aftershock sequence can
affect the measurement of the eigenfrequency and the Q of a normal mode has been
investigated by Press (1966, 1967). Press (1967) found that if a record is analysed
as if it were a single impulse response, then this effect could lead to an error in the
measurement of the eigenfrequency of a normal mode of about 0-1 per cent. This
effect should certainly be recognized in future analyses of the data. Another factor
which could greatly affect the precision of the data is the possibility of mode misidenti-
fication. Some mode-identifying criteria can be obtained by observing correlations
among several records at one station (various components of strain, gravity, and
tilt) (Gilbert & Backus 1965), and these have been utilized (Smith 1966; Nowroozi
1966). Further mode-identifying criteria would of course be provided by any
future world-wide array of low-frequency seismological instruments (Gilbert &
Backus 1965).

The real Earth is of course not a SNREI Earth model; in fact all of the assumptions
(1)-(4) are false for the real Earth. However, because of the very large extent of the
non-uniqueness in the inverse problem (Backus & Gilbert 1967), and because of the
relative mathematical simplicity, it is customary to include only sNREI Earth models
in inverse problem calculations. In this case the fact that the real Earth is not a
SNREI Earth model may be looked upon as one of the factors affecting the precision
of the raw data. If it is desired to compare the raw normal mode data to the theo-
retical normal mode data of various sNREI Earth models, then the raw data may be
Iooked upon as contaminated by the asphericity, rotation, and anisotropy of the
real Earth. It is desirable to try to remove as much of this contamination as is
possible. At the present time of course, this contamination cannot be completely
removed because very little is known about the Earth’s anisotropies and deep in-
homogeneities.

The deviations from sphericity and isotropy of the real Earth are probably small
enough that they only slightly perturb the theoretical calculations of the normal
mode eigenfrequencies. As a first step toward a correction of the raw normal mode
data, it is necessary to gain a general idea of the kind of effect that the Earth’s slow
angular rotation and small asphericities and anisotropies will have on the theoretical
eigenfrequencies of an arbitrary sNrEl Earth model. It is customary to use the
following notation for the normal modes of a sNrRel Earth model: ,S/* denotes the
nth overtone of a poloidal mode characterized by a spherical harmonic ¥ of degree
I and order m, while , ™ denotes the nth overtone of a toroidal mode characterized
by ¥,". In this paper Y;” will denote the fully normalized complex surface spherical

harmonic
. STAFE A=) T .
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where 0 is the colatitude and ¢ is the longitude. This normalization is such that

| rmpaa =1,
N

where S is the surface of the unit sphere. Here [ and » can take on all non-negative
integral values, while m takes on all integral values between —! and I. For a fixed
! and n, all the 2/+1 poloidal modes ,S" of a SNREI Earth model have ths same
angular frequency ,o;’, while all the 2/+1 toroidal modes ,T;" have the same angular
frequency ,. The angular frequencies ,»;’ and ,@, are said to be 2/ + 1-degenerate;
i.e. associated with every eigenfrequency ,»; or ,», of a sNRel Earth model, there is
a 2I+ 1-dimensional eigenspace. The 2/+1 modes ,S* of a sNREl Earth model will
be called the poloidal multiplet ,S;; the 2/+1 modes ,T;" will be called the toroidal
multiplet ,T,. The effect of siow rotation and small asphericities and anisotropies
is to remove the degeneracy of a multiplet ,S; or ,T; by selecting certain elements of
the 2141 dimensional eigenspace and shifting their cigenfrequencies by various small
amounts, If the deviations from sphericity and isotropy of the real Earth are indeed
small, then perturbation techniques can be used to compute their effect. In this
paper, Rayleigh’s variational principle governing the small oscillations of an arbitrary
conservative system about an equilibrium configuration is used for this purpose.
If a snrEl Earth model is varied slightly to produce small asphericities and aniso-
tropies, and if it is desired to view the normal mode displacements with respect to a
coordinate system rotating with the Earth, then Rayleigh’s principle can be used to
compute approximately the normal mode eigenfunctions and the eigenfrequencies of
the resulting non-sNres Earth model. As well as allowing corrections to be made
to the raw normal mode data, the theory of the normal modes of slightly non-sNRE1
Earth models reveals other interesting features which should be visible in the data.

Investigations of the effects of rotation and asphericity on the normal modes of
rotating bodies have been made by several authors. Love (1889) and Bryan (1889)
studied the gravitational modes of a rotating homogeneous, incompressible liquid
MacLaurin ellipsoid. Cowling & Newing (1949) used a form of Rayleigh’s principle,
and Ledoux (1951) used perturbation theory to investigate the oscillations of rotating
stars composed of compressible fluid. These authors neglected the aspherical shape
of the equilibrium configuration caused by the rotation and studied only the effects
of the Coriolis force on the small oscillations. Chandrasekhar & Lebovitz (1962)
used a tensor form of the virial theorem to make a study of the small oscillations of a
rotating mass of compressible fluid about its aspherical equilibrium configuration.
Their method allowed an investigation only of the normal modes of degree | < 2.

Investigations of the effects of the Earth’s slow angular rotation on the poloidal
and toroidal normal modes of a sNrREl Earth model were made independently by
several authors soon after the Chilean earthquake of 1960. Backus & Gilbert
(1961), MacDonald & Ness (1961), and Pekeris, Alterman & Jarosch (1961) used
perturbation theories to show that the first order effect of a slow rotation is to shift
slightly the eigenfrequency ,»° or ,o of a normal mode ,S]* or , 7" of a SNREI
Earth model. For an Earth model rotating with a steady angular velocity Q, the
modes ,S" and ,T;" have, respectively, the angular frequencies

#0f +m(,B7) Q
nwlr + m(nﬁl?') Q

where terms of higher order in (Q/,®) and (©/,w]) have been neglected. The
splitting parameters ,8; for poloidal modes depend on the sNrEI Earth model under
consideration, but the parameters 87 for toroidal modes are independent of the
model (see Appendix A). Note in particular that to first order the rotation of the
Earth does not alter the eigenfrequency of the m = 0 mode. The second order
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rotational perturbation to the eigenfrequencies will produce a relative shift of about
(Q/,wf)? or (Q/,wl)?, and for the lower order modes this can amount to about
0-1 per cent. It can be shown that the second-order rotational correction does act
to shift the eigenfrequency of the m = 0 mode. A method for computing the second
order rotational correction is given by Backus & Gilbert (1961), and results of the
actual computation are presented in the present paper in Tables 1-3 (see Section 3,
equations (25) and (26)).

The largest deviation from sphericity of the real Earth is the equatorial bulge;
the shape of the Earth is very nearly that of an ellipsoid of revolution with an ellipti-
city equal to 1/298-3. It may be expected that this deviation from sphericity will
produce a relative shift of the eigenfrequencies of a sNRel Earth model by an amount
of this order, i.e. approximately 0-3 per cent. Usami & Satd (1962), using ellip-
soidal coordinates, computed the first-order effects of small ellipticity on the toroidal
normal modes of a homogeneous, elastic, non-gravitating spheroid. Caputo (1963)
studied the effects of small ellipticity on the toroidal modes of two simple Earth
models: one a homogeneous spheroid, the other consisting of a homogeneous shell,
limited inside by a sphere and outside by a spheroid. In the present paper, it is
shown how to compute the effects of small ellipticity on the normal modes of an
arbitrary sNrEl Earth model. Another obvious deviation from sphericity of the
real Earth is the differences between continental and oceanic crustal structures.
For various reasons, many investigators feel that lateral variations in density and
elastic parameters extend to depths of hundreds of kilometres into the upper mantle,
Toks6z & Ben-Menahem (1963) and Toksdz & Anderson (1966) have measured
phase velocities of mantle Love and Rayleigh waves and have detected small variations
(about one to two per cent) between different paths. Their data were partially
corrected for the effect of the Earth’s ellipticity in that they measured path lengths
on an ellipsoidal rather than on a spherical Earth. If the variations in phase velocity
for different paths are ascribed solely to regional heterogeneity, then their data reveal
that for fundamental normal mode multiplets oS, or (7;, with I greater than about
25, the perturbing effect of regional heterogeneities is greater than that of the Earth’s
ellipticity.

The existence of mountains on the surface of the Earth gives positive proof that
the static (or secular) stress field in the Earth is not purely hydrostatic, at least not
in the upper regions of the Earth. Recent satellite measurements of the low order
terms in the expansion of the Earth’s gravitational potential (King-Hele 1965;
Guier & Newton 1965; Kaula 1966) reveal that there are small deviations from
hydrostatic equilibrium in the Earth on an even much larger geographic scale than
that of mountain ranges (Jeffreys 1963; MacDonald 1966). There is evidence from
seismic refraction surveys at sea that, at least in the upper mantle directly below the
crust, the dynamic stress-strain relation is slightly anisotropic (Hess 1964; Backus
1965; Raitt et al. 1968; Morris et al. 1968). At the present time, no detailed informa-
tion is available concerning the spatial variation in the Earth of either of these devia-
tions from isotropy. Thus although a theory is provided in this paper which allows
the computation of the effects of small anisotropies on the eigenfrequencies of a
sNrEI Earth model, no detailed calculations are made.

Section 2 of this paper uses Rayleigh’s principle to provide an explicit formalism
which can be used to compute to first order the small changes in the eigenfrequencies
0F or ,of of any sNrEl Earth model due to a slow angular rotation and small but
otherwise arbitrary deviations from sphericity and isotropy. In Section 3 this
formalism is used to compute to first order the effects of rotation and ellipticity on
the normal modes of three realistic SNREI Earth models. Clairaut’s theory is used to
compute the ellipticity of figure of the rotating Earth models. The second-order
rotational perturbation to the eigenfrequencies is also computed for the same SNREI
Earth models. Results presented in Section 3 may be used as a preliminary correc-
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tion for rotation and ellipticity to the Earth’s raw normal mode data. Other interest-

ing features of the normal modes of non-sNrEl Earth models are discussed in Sections
4 and 5.

2. Theory

Consider an Earth model which consists of a self-gravitating continuum occupying
an arbitrary bounded volume ¥V with surface 0V, and which has a steady angular
velocity of rotation Q about its centre of mass. Assume further that in the equili-
brium state of steady angular rotation there is a static, in general non-isotropic stress
field T,. Assume further that the continuum comprising the body is perfectly
elastic but that the dynamic stress—strain relation at every point is not necessarily
isotropic. Such a body can, of course, undergo small oscillations about the equili-
brium configuration. Let p, denote the density and ¢, the gravitational potential
of the body occupying the volume V. Let e*’ S(r) be a possible displacement field
for an elastic deformation of the body, and e’ ¢, (r) the associated disturbance in
the gravitational potential, both measured with respect to the reference frame rotating
with angular velocity € about the centre of mass.

Then if the displacement is considered small so that terms of second order in S
may be neglected, the equations of motion for an elastic-gravitational mode of such
a body may be written, in the rotating coordinate system, as:

—Po @ S+2ipo 0 XS = —~po Vi, ~py V(o +Y)
—VIS.po V(do+W)I+V.E+V[S.(V.10)] = V.(S.Viy) (2)
and V2 ¢, = 4nGp,.

In equations (2), p; = —V.(pe S) is the change in density due to the displacement,
V¥ is the rotational potential due to the centripetal acceleration

Y@ = —3[Q*r ~(Q.r)’), €))
and 1, is the static stress deviator
To = To—3(tr To) X

where 1 is the second-order identity tensor. The second-order tensor E is the
(Lagrangian) elastic stress tensor. At any point r in the body and to first order in
the displacement field S, E is related to S by the linear ¢lastic parameters appropriate
to the compressed state of the material at r. The components of E relative to an
arbitrary Cartesian axis system R,, &,, % in the rotating reference frame may be
expressed in terms of the components of S in the following manner (Biot 1965).

E;= Fijkt O —‘%Tjto(ai $,—0,S) “‘%‘Cuo(aj S,—9, Sj) 4

where 0y, = 4(6, S,+0, S}), and T, are the elastic parameters, themselves the com-
ponents of a fourth-order tensor which will be called the stress-strain tensor. The
last two terms on the right arise because the displacement field acts to rotate the
static stress field; they only occur if the static stress field is non-hydrostatic.

The equations (2) must be solved relative to certain boundary conditions which
are to be applied on the undeformed boundaries of ¥, both on the external boundary
0V and on any internal discontinuities (e.g. a mantle~-core discontinuity). These
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boundary conditions are (Alterman, Jarosch & Pekeris 1959; Backus 1967):

S continuous (note: at a solid-liquid discontinuity, only fi.S need be
continuous)

fi. E continuous, where fi is the normal to the undeformed boundary
(note: on 0V, i.E = 0) ®

¢, continuous

fi.V¢,+S.247nGp, continuous.

It is first convenient to note that the second of equations (2) can be integrated
immediately in terms of a Green’s function for the volume V.

¢ =G f o (E) G(r, ¥)dV -G f po(t) % (&, ¥) S().£1dS

where the second integral is over the surface 8V of the volume V, and where 4(r, r’)
is the Green’s function %(r,r") = 1/[r—r'|.

Now let & be the vector space consisting of all piecewise twice-continuously
differentiable vector fields on V. On &, an inner product is defined in the following
manner. For any two members u, v of &, (u, v) is defined as

(m,v) = f pou* . vdV.
14

With this definition, & becomes an inner product space which can be completed to
a Hilbert space. The equations of motion for the elastic-gravitational modes of the
body ¥ can thus be written as an eigenvalue equation for a linear operator in a
Hilbert space. Written in terms of components in an arbitrary Cartesian axis
system, this equation takes the form

Po®* S;~2ipo w &5 S, = HS; - (6)

where
HS; = =0T 00)+0; [po S; 0;(o+¥)]+p1 0o +¥)+ po 0: P4

—0; [Sk&; Tkjo] +0;(Sy 0y Tijo) +0; [%leo(ai $,—0,S)1+0; [%Tizo(aj $,—0,5)]
where p; = —0,(p, S;) and where E;; is defined in equation (4), and ¢, is defined in
equation (6), and where ¢, is the alternating symbol in three dimensions. Note
that the operator H is an integro-differential operator. It can be shown that H as
defined is a Hermitian operator, i.e. for any two vector fields u, v in & which satisfy
the boundary conditions (5), the following relation holds:

(u, Hv) = (Hu, v).

The operator i x is also Hermitian, i.e. (u, Q2 xv) = (i xu, v).
Upon taking the inner product of the displacement vector S and equation (6)
one arrives at the equation

®*(S, S)—20(S, iIQxS) = (S, p," ' HS). 0]

Now any linear operator L defined on an inner product space & may be associated
with a unique bilinear functional £(u,v) on & by the relation Z(u, v) = (u, Lv)
(Reisz & Nagy 1955). To indicate that the inner product terms in equation (7) are
in fact bilinear functionals defined on &, the following notation will be used:

H(S,S) = (S, po” ' HS)
7(8,8)=(S,9)
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#'(S,S) = (S,iQxS).
It is also convenient to write 5 (S, S) as a sum of three bilinear functionals,
H(S,S) =7(S, S)+2(S,S)+¥(S, S)

where Z(S, S) includes all terms linear in t4(r), ‘¥(S, S) includes all terms linear in
¥(r), and (S, S) is independent of 1,(r) and Y(r). Several applications of Gauss’
theorem with use of the boundary conditions (4.5) allow ¥7(S, S) and ¥(S, S) to
be written as

V'S, S) = f AV [T 4 03;6% +po S S%8,0; 60
1 4

1
+P00;$o(S;0; S;%—S;0,S*)+po S*0; by +po S;0; b, *]+ J‘deIVd’HZ ®
E

and

¥(S,S) = [ dVipoSiS%8,0,0+pod,¥(S:0,5,%=5,3,5.%) ©
1 4

where E is all of space. Similarly, several applications of Gauss’ theorem with use
of the boundary condition that fi.T, must be continuous everywhere (and thus
zero on 0V) allows (S, S) to be written as

2(S, S) = J' AVT,0 [S¢* 0,0, Si— 5% 9,0, Su— 03 0 SF+059, S5 (10)
14

In terms of these bilinear functionals, equation (7) can be written as
0* T (S, S)—20%' (S, S)—7 (S, S)—2(S,S)—-¥(S, S) = 0. 1)
If the Earth model is non-rotating, then equation (11) becomes
w*7(S,S) =¥ (S, S)+2(S, S). (12)

Equation (12) is in fact Rayleigh’s principle for a non-rotating mechanical system.
The term w?7(S,S) is twice the kinetic energy of a disturbance S, while
¥ (S, S)+2(S, S) is twice the potential energy of the disturbance. The kinetic
energy of a disturbance is thus equal to the total potential energy. The potential
energy term ¥°(S, S) includes elastic energy, gravitational energy, and work done
against hydrostatic pressure, while the term 2(S, S) represents the work done against
the deviatoric part of the static stress field. If equation (12) is regarded as defining
a bilinear functional w? of S, then Rayleigh’s variational principle states that that
functional is stationary to first order in an arbitrary small variation in S if and only
if S is the displacement field of a normal mode of oscillation whose angular fre-
quency is . Equation (11) for a rotating Earth model also expresses an equality
between kinetic and potential energies, but there are extra kinetic energy terms
because of the rotation. Also, since the operator iQ x is Hermitian, as is the operator
H, there is a variational principle similar to Rayleigh’s principle contained in equation
(11). The bilinear functional of S on the left-hand side of equation (11) is stationary
to first order in an arbitrary small variation in S if and only if S is the displacement
field of a normal mode of oscillation of the rotating Earth model whose angular
frequency is w. This can be seen by considering an arbitrary small variation 8S
in equation (11). In doing so it is necessary to remember that equation (11) is
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equivalent to equation (7), and that the operators H and i x are Hermitian; it is
convenient actually to consider a small variation 8 S in equation (7)
@*(S, 8S)+w?(8S, S)— 2w (S, i x 8S) — 2w(3S,i x S)
= (S, po” ! H8S)+(3S, p,~ " HS).
Since H and iQ x are Hermitian operators, this may be reduced to
20%(8S, S)— 4w (S, iR x S) = 2(8S, p, ! HS)
or 2(8S, (0* S—2iwQ2 x S—p,~ ' HS)) = 0.
Since &S is an arbitrary small variation, this implies
0? S—2i0Q xS = p,” ' HS

which is equivalent to equation (6). The demonstration of the converse is immediate.

Thus, as Rayleigh (1877) points out, the small shift dw imparted to any eigen-
frequency w by small perturbations dp,, 6¢9, 682, 81y, 6I';, in the static Earth model
can be calculated directly from equation (11) if the eigenfunctions S for the un-
perturbed body are known. The first order relation among all these perturbations
can be computed by taking first-order variations in equation (11), viewing the left-
hand side of equation (11) as a functional not only of S but also of py, ¢,, &, 1°,
[ A term containing 8S does not appear because of the stationary character of
the functional relative to small changes in the eigenfunctions. The unperturbed
body will be taken to be a sNREI Earth model; for such a model eigenfrequencies and
cigenfunctions are readily computed. Consider the small variations necessary to
produce a slightly non-sNRe1 Earth model from a nearby sNrel Earth model. The
rotation vector £ must be varied away from = 0, and the static stress deviator
1, must be varied away from ty = 0. Small deviations from spherical symmetry
will give rise to a dp, and a consequent d¢,. The elastic parameters I'{;, of a
sNREI Earth model are related to the bulk modulus x and the shear modulus g by

Tiim = (k=3p)0,;;04+ 18, 0;,+6,0,)

where d;; is the Kronecker delta. The elastic parameters I';;, of a nearby slightly
non-sNREI Earth model will, in general, have the form

i = Tiu+yiyu  where v, < K, p. (13)

The coefficients y,;, are the Cartesian components of a fourth-order anisotropic
tensor; the components of the isotropic part y{;,; of this tensor will be denoted by

Vi = (0, —%010) 8,504 +0 (84,0548, 6,).

Here 0k = §y;;;; and dp = 45(y;;;~ %Y.y The remaining anisotropic part of
Viju Will be denoted by y4,; = y;ju—7iu- The terms in ék and du can represent
small variations in the sNrRel Earth model from spherical symmetry, while the terms
in y4;q represent deviations of the dynamic stress-strain relation from isotropy.
The first-order relation among all these perturbations is, from equation (11)

80* T (S, S) = 5% (S, S)—w? 6T (S, S)+20W' (S, )+ 2(S, )+ ¥(S,S)  (14)
where 5T (S, S) = f 800 1S2dV
and where Y

v, S) = de{Yukt 0,04 +3py S;8;%8,0;P0+po S; S;*,0;6¢,
v

+8p0 0;Po(S;0; S;*—~S;0, S,*¥)+ po 0;640(S;9; S*~ S, 0; S;*)
+0po S;*0,¢,+3p0 S, 0,¢,*].
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Equation (14) gives explicitly the first-order change in the angular frequency of
any normal mode of a sNREI Earth model due to a non-zero angular rotation €2,
due to a non-zero static stress deviator t,, due to any deviation p,, d¢,, Ok, S
from sphericity (the variations dp,, ¢, 9k, o1t can be functions of r alone; they need
not be deviations from sphericity), and due to a slightly anisotropic stress—strain
tensor I';;;,. Note that the small change due to the rotational potential y, which
is really a term of second order in Q, has the same form as a perturbation d¢,,.

The situation is comphcated because of the fact that an angular frequency ,w;
or ,o of a sNrel Earth model is 2/+1 degenerate; i.e. there is a 2/+ 1-dimensional
subspace , & or .5/’, of &, any element of which is a possible eigenfunction associated,
respectively, with ,w; or (o,T In order to carry out computations, it is necessary to
select a particular orthonormal basis of this subspacc &5 or ,#[. Denote the
members of the chosen basis by {,S[", m = —1I,. l} Orthonormality means
that (,S/", .S™) = T (S .S7) = 6,,,,",. At this point it becomes cumbersome to
retain the subscripts » and ! and superscripts S or T to indicate which particular
multiplet is being discussed. For the remainder of Section 2, the discussion will be
restricted to a single multiplet ,S, or ,7T, with associated eigenvalue ,®; or ,o].
The members of the chosen basis will be relabelled simply {S,,m= -1, ...0,...[}
and the eigenfrequency .o or ,w; will be called . Any eigenfunction S of a
SNREI Earth model associated with the degenerate eigenfrequency w may be written
in terms of the basis vectors

i a"s,,. 15

m=~1

Now equation (14) was obtained by taking the inner product of equation (6)
and the displacement vector S and then taking first variations. If instead, one
takes the inner product of equation (6) with a second arbitrary member S’ of the
2]+ 1 dimensional subspace associated with the o in equation (6), then equation (11)
would have taken the form

0? T (S, S)—20W' (S, S)—7(S,S)-2@S, S)-¥(S,S)=0.  (11.1)

It is easily shown that, since both S and S’ are eigenfunctions associated with o, the
bilinear functional in equation (11.1) is stationary to arbitrary small variations in
either S or S’.  Therefore taking first variations in equation (11.1) yields

30* T (S,S) = 67(S, S)—w? 87 (S, S)+20W (S, SN+ 2(S, SN+ ¥(S, S). (14.1)
Now S’ may be written in terms of the chosen basis vectors
=3 s, (15.1)

Substituting for S and S’ in equation (14.1) their expansions (15) and (15.1), equa-
tion (14.1) reduces to

b'a'éw® = b [677°(S;, S))— w* 67 (S, S)+20W°(S;, S+ P(S;, S+¥(S, Spla’.
But the b’ are arbitrary, so the perturbatlon problem for a degenerate multlplet
31 or T, reduces to an elgenvalue problem in the 2/+1 dimensional subspace ,&f

or ,&/; this may be written in terms of a Hermitian 2/+1 dimensional matrix R

R;d =éw?d (16)
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where

R;; =87 (S, S)— 0?67 (S;, Sp) + 20 (S;, SP+2(S;, S)+¥(S;, S). an
The bilinear functional ¥(S, S) has been retained at this stage even though it is of

second order in (Q/w) in order to assure that R;; is Hermitian. For any small
variations , Ty, dpy, 5¢,, Ok, O, ¥, the (2/+1).(21+ 1) elements of the Hermitian
matrix R may be computed in terms of the eigenfunctions {S,,,m = —1,...0,... I}
of the sNret Earth model. Denote the 2/+1 eigenvalues of the matrix R by

{(b0D), k= —1,...,0, ... I},
and denote the eigenfunctions associated with the eigenvalues by
{(ak—,, seey ako veey akl), k = _I, “es 0, ves l}.

Then the normal modes of a slightly non-sNrer Earth model can be characterized
in the following way. To zeroeth order in the small variations, the normal mode
eigenfunctions are

and to first order in the small variations the associated squared eigenfrequencies are
0*+ (6w?),. The above notation assumes that none of the eigenvalues of R is
degenerate, which implies that the degeneracy of ,w or ,@ is completely removed
by the perturbations. Backus & Gilbert (1961) showed that the effect of rotation
alone is sufficient to remove the degeneracy compietely. If the degeneracy is not
completely removed, then the eigenvalues of R in equation (16) will not all be distinct;
any eigenvalue which is not distinct will have an associated eigenspace with dimension
greater than one.

Written out in full, equation (14) is

0? f dVip, S?
1 4

= f AV [5xK +0uM +8p S, 5, 8,8, o
vV

+po S:S;%0:0;6¢p0+0pg 0; po(S:0; S;*—5;0, 5*)
+po0;6¢0(S;0; S —S;0; S¥)+dpo 5;*0;$; +6po S:10;¢1*—w?5py %]

+2ie f AV [po i S* O Sy]
1 4
-+ f dVTijo [Sk*akaj Si—S,-*ajak S,‘—O’],‘ak Si*+0'ikaj Sk*]
v

+ [ aV 160 5:5%3:3,0+po3,¥(S0: 5~ 5,05 9]
v

(18)
+ f dV[)":’ju 0, 04*)
where K =0, S,|> and M = A;; A;* where A; is the strain deviator
Ay =30;S;+0;S)~4(0, Sp) 9y
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Except for the terms in Q, t,, and 77y, equation (18) is given by Backus & Gilbert
(1967). Also the contribution from the term in Q is the same as that derived by
Backus & Gilbert (1961) using the perturbation theory of Hermitian operators, and
by Pekeris, Alterman & Jarosch (1961) and MacDonald & Ness (1961).

If the change in the sNrREl Earth model is such that the location of a discontinuity
in py, K, or p is moved, then a term must be added to the right-hand side of equation
(18) to take account of this. As in Backus & Gilbert (1967, Appendix C), this term
takes the following form. Suppose that p,, x, u have jump discontinuities at r = b
in the SNREI Earth model. For any function f'(r) which has a jump discontinuity
at r = b, denote by [f]* the limit of [f(b+¢&)—f (b—¢)] as ¢ approaches zero
through positive values. Suppose the sNrEI Earth model is perturbed so that the
location of a discontinuity in p,, x, or u is moved from r = b to r = b+h(6, ¢).
The resulting change w? in any eigenfrequency o is then given, correct to first order
in h, by

5m2de[posz] = fhdA[cozpoSz—%Iqul[Z

J nG

v Sp
~PoS#0:¢;—po S;0,¢*—xK—puM—poS; S;*0,0;0
—P00;¢o(S;0; S;#~S;0;5,%)]<

+ f AV [po 8;000(S:0; 8% — 8,0, S*)+po S; % 8,0;8¢0]. (19)
vV

The surface integral in equation (19) is over the surface S, defined by r = b, and
0¢, is the change in the gravitational potential due to the fact that the discontinuity
in py is moved from r = b to r = b+h. If the perturbation of the sNrel Earth
model includes the variation of the locations of any discontinuities (including the
surface dV'), then terms as in equation (19) must be included in the definition of
¥ (S;, S;) and 67 (S,, S)) in equation (17).

3. Results

Equations (16) and (17) define an eigenvalue problem which, when solved, allows
one to compute to first order corrections to the squared eigenfrequencies of the
normal modes of an arbitrary SNReI Earth model due to a slow angular rotation and
small asphericities and anisotropies. The main goal is to use this formulation to
correct the raw normal mode data of the real Earth. The first step in this programme
will be to compute corrections to the eigenfrequencies of several sNrel Earth models
which are thought to be fairly good approximations to the real Earth. In this paper
the sNREI Earth models used as the starting points of the computations all have
theoretical eigenfrequencies which agree well with the Earth’s raw normal mode data.

By far the largest deviation from sphericity in the Earth is the ellipticity of figure.
It will be assumed that, at least for low order normal modes, the angular rotation
and the ellipticity of the Earth are the dominant perturbations. For fundamental
modes of higher angular order, for which the displacement S is very small in the
deep interior, this assumption is probably false. Presumably it is the perturbing
effect of lateral inhomogeneities in the crust and upper mantle which will pre-
dominate when the displacement S is confined to a region near the Earth’s surface.
Various techniques have been used to estimate the maximum or the average value of
the static stress deviator within the Earth (Jeffreys 1959; Kaula 1963; MacDonald
1966), and most investigators feel that stress differences rarely exceed 10® dyne-cm™2.
If the average stress difference in the upper mantle is on the order of 10% dyne-cm™?
(which is about 10™* times the average mantle rigidity modulus of a typical SNRE1
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Earth model), then the perturbing effect of a deviatoric stress on the Earth’s eigen-
frequencies can probably be neglected with respect to the effect of the ellipticity.
Almost nothing is known about the presence of an anisotropic stress-strain relation
in the Earth, so at the present time it must be assumed that this correction is small
as well. It is partly because of a lack of information about the Earth’s anisotropies
and deep inhomogeneities, and partly because of the relative mathematical simplicity
that in this paper only the effects of the Earth’s rotation and ellipticity are computed.
The effect of the distinctions between continental and oceanic crustal structure could
also be treated (though it will not be in this paper), but relatively little is known about
the vertical extent of lateral inhomogenitiies in the mantle.

The small variations necessary to produce a rotating, elliptical Earth model starting
from an arbitrary sNRE1 Earth model can be easily enumerated. In the rotating
body, define a spherical coordinate system (r, 0, ¢), 0 being the colatitude, with
centre at the centre of mass of the body and the £ axis along the direction Q of steady
angular rotation. The equations defining the surfaces of constant density in a
slightly elliptical Earth model may be written, to first order in the ellipticity, as

ril—4e() P,%(cos®] = b

where P,%(cos0) is the Legendre polynomial, and b is the mean radius of the surface
under consideration. Then g(b) is the ellipticity of the surface of constant density
with mean radius 5. If a is the mean radius of the surface of the Earth model, then
&(a) is the surface ellipticity. Consider the elliptical Earth model which results from
the steady angular rotation €2 of a sNrRe1 Earth model.  The ellipticities of the surfaces
of constant density in the interior of the rotating Earth model can be shown to
satisfy a certain second-order differential equation (Clairaut’s equation), provided
it is assumed that the rotating and elliptical Earth model is everywhere in hydro-
static equilibrium (Jeffreys 1959; Chandrasekhar & Roberts 1963). The resulting
ellipticity ¢ (a function of radius) depends only on the value of |Q2] and on the density
po of the initial SNREI Earth model. A clever transformation of variables in Clairaut’s
equation introduced by Radau and summarized by Jeffreys (1959) allows the depend-
ence of & upon p, to be cast in a very simple manner, provided certain approximations
are valid. A careful comparison of the results of the Clairault and Radau hydro-
static theory of the Earth’s figure with recent satellite measurements of the Earth’s
exterior gravitational potential (Jeffreys 1963) reveals that the theory is not quite
valid for the Earth. The real ellipticity of the geoid ¢, is 1/298-3, while the surface
ellipticity the geoid would have if the Earth were in hydrostatic equilibrium is 1/299-8.
The conclusion is that there must be a small non-hydrostatic stress field (a part of the
1, in equation (18)) which acts partially to support the Earth’s equatorial bulge.
Various hypotheses have been put forward to explain the origin of this small stress
field (Jeffreys 1963; Munk & MacDonald 1960; Wang 1966; McKenzie 1966). For
the present purpose it is sufficient to know that its magnitude will be small, and that
the error committed in using the Radau ellipticities for the computation of the shift
of an eigenfrequency due to ellipticity will also be small (about [1/298-3—1/299-8],
or about 0-0016 per cent),

Radau’s approximation gives the ellipticity &(r) as a function of depth for an
Earth model with density p,(r), mean radius a, and angular rotation € = Q: let
Po be the mean density

3
Fo==x [ poln)x?dx
0

and let 2
m= 3Q

nGpo |
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Let 2 f po() x*dx
) = —"—
3r? f x2 po(x) dx
o
and let n(r) = B -3z(NP-1.
Then the surface ellipticity e(a) is given by the boundary condition
5m
el@) = ——
@ = @2
and ¢(r) is given by
&(r) = &(a) exp [—- f -’l)(zzc—)dx] . (20)

If the snrE1 Earth model used for this computation has the correct moment of inertia
about the axis of rotation C/Ma? = 0-3309, where M is the mass of the Earth (Jeffreys
1963), then the value of ¢(a) which results will be the hydrostatic value 1/299-8.
The ellipticity function actually used in the computations was adjusted to have the
measured surface ellipticity by multiplying equation (20) by the factor 299-8/298-3.
In terms of &(r) for any rotating, initially sNrRer Earth model, the small variations
8pg and d¢ in equation (18) can be written (Chandrasekhar & Roberts 1963)

8po(r, 0) = [%e(r) rpy' ()] P,°(cos 6)

3o(r, 0) = [3e(r) rdy’ () —3Q% r*] P,°(cos b),

dpo(r)
dr °’

@n

where py'(r) denotes etc.

The expression (21) for dp, is not valid wherever the derivative p,'(r) does not exist,
in particular at any jump discontinuity in po(r). Since ¢, (r) is continuous and dif-
ferentiable for any sNREI Earth model, the expression (21) for §¢, is valid everywhere.
The 8¢, in equation (21) is only that due to dp, and does not include i, the gravita-
tional potential. 1If it is further assumed that the elastic moduli are constant on the
same elliptical surfaces as the density and gravitational potential (this is the assump-
tion made in correcting body wave travel time data (Bullen 1963)) then one can also
write

ox(r, 0) = [3e(r) r’ (r)] P,°%(cos 6) } -
du(r,0) = [3e()rp' (] P,°(cos 6). @

If the snrEl Earth model under consideration has a surface of discontinuity in x,
i, or p, at r = b, then the ellipticity is such that this surface of discontinuity is moved
to r = b+ h(0) where

h(0) = —3%be(b) P,%(cos6).

The effect of moving the discontinuities on the perturbation computation is given
in equation (19), except that in this case the volume integral in equation (19) is not
used, as the d¢, in equation (21) includes the effect of slightly varying the position
of any discontinuities in density.

The small variations in p,, ¢, x, p and in the locations of discontinuities necessary
to produce from an arbitrary SNREI Earth model a rotating, elliptical Earth model are
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enumerated above, and Rayleigh’s principle can be used to find to zeroeth order the
eigenfunctions and to first order the eigenfrequencies of the more complicated system.
To do this it is necessary to select an orthonormal basis of every 2!+ 1-dimensional
degenerate eigenspace & or & associated with, respectively, ,0° or ,@[; it turns
out that the natural choice of basis is very convenient for the problem of a rotating,
elliptical Earth. The natural basis of a subspace ,&} or &, consists of the 2/+1
vectors ,S;* defined so that each is characterized by only one spherical harmonic
Y6, @), defined with the £ axis along the direction of the angular rotation vector
£2 (this is also the axis of greatest inertia). This is the basis that arises naturally in
determining the eigenfunctions of a SNREI Earth model. The basis vectors of a
poloidal eigenspace ,; are (Backus 1967)

&SI =1,U00) Y0, 9)+V, LV Y0, 9)), m=—1,...,0, ... [}
and the basis vectors of a toroidal eigenspace ,& are

S = —ExV W) 6,9l m=-1..,0,..4
where 2 1 .8
Vi=0%* n0®3

These basis vectors ,S;" may also be written in terms of vector spherical harmonics
(Morse & Feshbach 1953) by defining P" = ¢Y", B" =V, ¥/, C["= —¢#xV, Y".

With this choice of basis, and with ép,, d¢,, Ok, du given by equations (21) and
(22) and ¥ given by equation (3), the matrix R;; in equation (17) can be shown to
be diagonal. The eigenvectors of R;, are thus the 2/+1 Cartesian unit vectors
(1,0,0,...,0), (0,1,0,...,0), ... (0,0, ..., 0, 1). For this reason it is possible to
compute the correction due to the rotational potential v separately from the correction
due to the ellipticity. The correction due to Y will be treated as a part of the second-
order rotational correction and will be discussed later. Another consequence of the
fact that R;; is diagonal is that, to zerocth order in ¢, and in (Q/,0)) or (Q/,»),
the eigenfunctions of an elliptical rotating Earth model are characterized by a single
spherical harmonic Y”. The eigenfunction ,S[" associated with a poloidal mode
LSr is of the form ,S* = £ ,U,(r) "+ V, L,Vi(r) ¥{"], and the eigenfunction associated
with a toroidal mode ,T;" is of the form ,S" = —#xV, [[Wi(r) Y["l. The new
eigenfrequency of any normal mode ,S}* or ,7T}" can be written, correct to first order
in &, and in (Q/,®}) or (Q/,»), in the form 0" = ,w,+,(dw)!", where ,w, is used
to denote either ,w; or . and where

d0?)
2,0

nM1

0 =

is calculated from Rayleigh’s principle (16) in terms of Q, 6pg, 9¢,, 0k, Su, and the
eigenfunctions ,S;" of the unperturbed sNreI Earth model.

1
w(O0)" =3 o [0S, SI) ~ weoi® 0 (ST, ,SII+iQ(ST, 2%, SP). (23)

In Appendix A, it is shown how to evaluate the volume integrals on the right-hand
side of equation (23) in terms of the scalar functions ,U,(r), ,V;(r), and ,W;(r) which
characterize the eigenfunctions ,Sj*. It is found that the combined action of rotation
and ellipticity completely removes the degeneracy. The term iQ(,S/", 2x,S[*) on
the right-hand side of equation (23) represents the first-order effect of rotation alone,
while the other term represents the first-order effect of the ellipticity. It will be
recalled that the first-order effect of rotation alone is to remove the degeneracy
completely by a symmetric splitting of Zeeman type, as in expression (1). The
ellipticity causes the splitting to be asymmetric; for an Earth model which is ellipsoidal

¥T0¢ ‘8T AInc uo 1senb Aq /Bi0'seuinolpioxo’ 116//:dny wouy pepeojumoq


http://gji.oxfordjournals.org/

T he normal modes of a rotating, elliptical Earth 343

as well as rotating, the spacing between the eigenfrequencies of a muitiplet ,S; or
» T will not be uniform. In fact, it is shown in Appendix A that the eigenfrequency
2o of a normal mode ,S* or ,T;" of a rotating ellipsoidal Earth can be written,
correct to first order in ¢, and (Q/,w;) or (Q/,w) as

Q
Oy = 1 b o (——) L e, 4)

vl

The superscript r indicates a parameter depending only on the rotation €, while the
superscript e indicates a parameter depending on the ellipticity. The effect of
rotation alone is of the form

) o, = m B (i)

while the effect of ellipticity alone is of the form
n(éw)r/nwl = (nale'{' m2 n‘)’le) &g

Usami & Satd (1962) pointed out that ellipticity acts to split a 2/+ l-degenerate
toroidal eigenspace ,T,; of a homogeneous, non-gravitating, Earth model into /41
lines; this is in agreement with the above result.

For the Earth it is found that for a few low-order normal modes, the second-order
perturbing effect of the Earth’s rotation is as important as the first-order perturbing
effect of the ellipticity. One effect on an eigenfrequency ,;+,(6w)]* which is of
order (Q/,wf)* or (Q/, ) is the effect of the rotational potential ¥; another term
of order (Q/,»)* or (Q/,w)* arises from the second-order rotational perturbation
theory of Backus & Gilbert (1961). This theory is valid even in the case when
ellipticity as well as rotation is considered, since in either case the degeneracy is
completely removed to first order. The net effect of all the second-order rotational
theory is to impart to all eigenfrequencies ,w,+,(éw)]" a small additional shift which
will be denoted by ,(6w,)". As stated above, the effect of the rotational potential
¥ is conveniently treated as a 8¢, term in Rayleigh’s principle, equation (18). The
small shift ,(5w,")[" in any eigenfrequency ,,+,(6w)" due to the effect of a rotational
potential is expressed in terms of the scalars ,U,(r), ,Vi(r) in Appendix B. The
additional small shift (6w, )" arising from the second-order perturbation theory
of Hermitian operators applied to the Coriolis force term is given by Backus &
Gilbert (1961).

B0 = (0N (Qfywy)? 25
L@ = 2,000 = ~2i(,S, 2% (S, ) (26)

where (o) = m(,B) and where ,(S,")" is the first-order rotational correction to
the eigenfunction. This correction to the eigenfunction is the unique particular
solution of the non-homogeneous equation

(= Po @2 I+Ho) (S = po 0 [2,(6,)" SI"—2i8 % S]] (27

such that (,S", ,(S,)]") = 0, where I is the identity operator and where H, is that
Hermitian lmear operator such that the equation H, S = p, »* S defines the normal
mode eigenvalue problem in the unperturbed sNrer Earth model. In order to com-
pute ,(dw,"), equation (27) must first be solved for ,(S;")* and then the volume
integral in equation (26) evaluated. The details are straight-forward and will not
be given. Note that Backus & Gilbert (1961) have two extra terms in their expression
for ,(o,7)". One of these terms is identically zero and the other arises because they
have used a Lagrangian formulation of the equations of motion.
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The net result of all the second-order rotational theory is that the additional
frequency shift ,(0w,)" = (6,”)[" +4(6w, )" is of the form

W(0w) = Gl +m? ) (). (28)
Thus correct to first order in ¢, and to second order in (Q/,@]) or (Q/,»/), a normal

mode ,S7" or T of a rotating, elliptical Earth model has an angular frequency of
oscillation given by

nwlm/nwl = 1 +n°‘l +m nﬁl +m2 n'yl (29)
where
= 0 (Q/ nwl)z_ + i 8
nﬂl = nﬂlr (Q/nwl)

all = n‘y{ (Q/ nwl)2+n)’le Eq-

The second-order effect of the rotation contributes to the asymmetry in exactly the
same manner as does the ellipticity. Tables 1-3 give values of the splitting para-
meters o, ,f; and ,y; for several low-order poloidal and toroidal modes for three
SNREI Earth models. The models used are model 1 of Backus & Gilbert (1967),
and models G1 and QI of Gilbert & Backus (1968). All three of these models fit
the observed raw fundamental normal mode data in the period range 1:4 to 53-9 min
with an r.m.s. relative error of less than 0-3 per cent. All three of these are conti-
nental models, and none has a solid inner core; all have the correct mass M and
moment of inertia C = Ma®. Several other SNREI Earth models which also fit the
raw normal mode data have been found (Anderson 1965; Landisman, Saté & Nafe
1965; Pekeris 1966; Bullen & Haddon 1967; Press 1968). The splitting parameters
<% and ,y, are of course dependent upon the properties of the sNREI Earth model
used. For example, for the three particular sNreI Earth models used in this paper,
the splitting parameters listed in the tables differ in some instances by as much as
20 per cent. Fig. 1 gives a schematic representation of the computed asymmetrical

11945x10° rod s’ 4279107 rod s”
-2 - ',o 2 -2 -l lo |2
{ | {
] l |
i 1 i
52 multiplet | S multiptet
6-887 xi07rad ¢ 2:941x107rad s
-2—1}012 -3 -2 -t :04 23
| |
| I
1 1
25, muitiplet oS3 multiplet
2:378x10% rad s 2:547x10 rad 57!
-2 o= 12 - }o |
| |
l ]. , H

o7 multiplet 1S, multiplet

[ 1 i
o] 0-5x10%  |-0xI0*
rad s’

F1G. 1. Schematic indication of line spacing for six low-order multiplets. The

splitting parameters are those of model 1.  The dashed line in each case represents

the angular frequency ,«,5 or ,»,” of the degenerate multiplet before perturbation.
Note the relatively close spacing between w,” and ;w,%,
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line spacing in the spectra of several low-order multiplets for model 1. In the spec-
trum of the real Earth, all lines appear as broadened peaks because of the dissipation
(and because of the finite record length). However, for all modes shown in Fig. 1,
the splitting is sufficiently greater than the broadening that it should be possible to
completely resolve all the peaks. All but T, and ,S, have been partially resolved
by Slichter (1967).

A few low-order modes have been partially resolved by several investigators, but
discrepancies between individual measurements are about as great as computed
asymmetries due to ellipticity and rotation. At the present time, contamination of
the data by various types of noise seems to limit severely the quality of the measure-
ments. Fig. 2 shows the results of one of the analyses of data for the ,S, quintet
(spectrum from Smith (1961)). The record used was collected after the Chilean
earthquake of 1960 on a Benioff quartz strain gauge located at Isabella, California.
Smith took two relatively long portions of the record (about 15 days and 30 days),
multiplied by a proper fading function and computed the Fourier transforms of these
two portions. The shorter record was virtually free of large aftershocks. Fig. 2
is the result. The three highest peaks can with reasonable certainty be identified

as, from lefttoright, m = —1,m = 0,and m = 1. Note that a measurement between
the m = +1 peaks allows one to determine 2, §;, and a measurement of the spacing
between m =0 and m=1 or m =0 and m = —1 then allows one to determine

- The parameter o, cannot be measured from the raw data as it represents the
amount by which the entire multiplet is shifted; only ,», (1+,%) can be measured.
If the position of the central m = O line is taken to be defined by the solid vertical
line in Fig. 2, then the computed theoretical positions (using model 1) of the other
four lines are indicated by the dashed vertical lines. The agreement between

m=~2 m=~|
5562 5468
800 Ir h
7= 38 200 min
8 | —
2 600 - ;
3 1
5 7= 19100min |
I
2 400 [\ LA R
200 | ; /i
I
'..'! E1e !
o [N
) . lJ 1 Il t i l 1

i ! { |
0-0i78 0-0i80 0-0l82 0-0184 00186 0-0i88

Angular frequency (c/min)

FiG. 2. Fine resolution of poloidal quintet ,5,. Recorded after Chilean earth-

quake of 1960 on a quartz strain gauge located at Isabella, California. Fourier

analysis of two lengths of record, 19 100 min and 38 200 min, sample interval

2 minutes {(data from Smith (1961)). The dashed vertical lines represent the

computed positions (periods designated in minutes) of the m = +1and m = +2
peaks for model 1 (see text).
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the theory for model 1 and the data is certainly well within probable experimental
error. The fact that the data is rather severely contaminated by noise may be seen
from the fact that the three peaks do not have the symmetrical shapes of typical
resonance peaks. The quintet S, has also been partially resolved by Slichter
(1965, 1967), using data collected on Lacoste gravimeters after the Alaskan earth-
quake of 1964. Slichter (1967) lists the positions of the centres of the peaks
m= —2,m= ~1and m =1 as recorded by two different gravimeters, both located
at UCLA. If the means of the values indicated by the two records are taken, it
appears from this data that there is no measurable asymmetry in the splitting of the
oS, multiplet. However, the separate data from the two gravimeters do not agree
to better than 0-15 per cent, an amount which is about the same as the theoretical
asymmetry. The gravimeter data is apparently contaminated by some type of noise.

The parameter ., represents the relative amount by which the position of the
eigenfrequency for m = 0 is shifted. If a muitiplet can be resolved and the position
of the m = 0 peak measured, then ,; represents the amount by which this measure-
ment must be corrected before comparison with the theoretical data of sNre1 Earth
models. It is seen that the corrections to the raw normal mode data due to the
Earth’s rotation and ellipticity are fairly small, on the order of 0-1 per cent. The
values of o, in Tables 1-3 may be used as a first step in correcting the raw normal
mode d~ta. The sNrEI Earth models used to compile Tables 1-3 all fit the raw
normal mode data. If it is desired to make a better correction for ellipticity and
rotation, it will first be necessary to construct sNREl Earth models which fit the
partially corrected raw data, and then to compute new splitting parameters for these
sNREI Earth models which fit the corrected (for ellipticity and rotation) raw Earth
data. Model 5821 of Backus & Gilbert (1968) was obtained by inverting corrected
data. The parameters of Table 1 were used.

The eigenfrequencies of all radial modes ,S, are unaffected to first order by
ellipticity and rotation. For fundamental modes S; and 7, of higher angular order,
the splitting due to ellipticity will completely dominate that due to rotation, since
(Q/ow!) and (/) decrease as [ increases. In this case the splitting looks nothing
at all like Zeeman splitting, but instead the m = 0 member lies at one end of the multi-
plet while the m = +] members lie very close together and at the other end. Even
for extremely high order fundamental modes, there will be a highly asymmetrical
splitting of this type due to ellipticity. It has been pointed out by Backus (personal
communication) that in the limit of very large / and for n = 0 (fundamental modes)
the total spacing between the m = 0 line and the m = 41 lines is related to the
difference in travel times of surface waves over equatorial and polar paths. The total
spacing should in fact be Aw,/ow, = 1¢, = 017 per cent, where Aw; = o0, — (+,),
and ¢, is the surface ellipticity. It is shown in Appendix B that the parameters
<7 and ;p/ describing the ellipticity effect are related by

o = —31+1) 0
Thus, since the total spacing for very large [ is very nearly
Aoy /0wy = 1 |o¥f] €0
the splitting parameter oo for very large ! will be
. g I1+1)

018 = —

o= R 055,107,

One consequence of the fact that high-order fundamental normal modes are split
by about 0-2 per cent by the ellipticity is that it will not be possible to measure the
Q of these modes by merely measuring the width of the unresolved spectral peak.
This is because most of the broadening of an unresolved peak is due not necessarily
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to dissipation but to splitting. Thus, for these high-order fundamental modes, the
lower limit of the spin gap introduced by Gilbert & Backus (1965) must be redefined
to include perturbations due to ellipticity. Appendix C of this paper discusses
further the manner in which the splitting interferes with measurements of the dis-
sipation.

It has been pointed out that the surface wave data of Tokséz & Ben-Menahem
(1963) and Toksdz & Anderson (1966) indicate that for higher order fundamental
normal modes, the Earth’s rotation and ellipticity is no longer the dominant perturbing
effect. It is most likely that the dominant perturbation for these higher order funda-
mental modes (for which the displacement is concentrated near the Earth’s surface)
is the effect of lateral inhomogeneities in the crust and upper mantle. A few pre-
liminary studies of the nature of the lateral inhomogeneities in the Earth’s upper
mantle have been made by utilizing measurements of average phase velocities of
surface waves over various great circular paths (Tokséz & Ben-Menahem 1963;
Backus 1964; Toksoz & Anderson 1966). At the present time, however, there is
probably not sufficient information to write expressions for dpg, d¢g, dx and Su due
to the regional variations in upper mantle structure. Toksdz & Anderson (1966)
have shown that the surface wave phase velocity data cannot be explained by postu-
lating just two different types of structure, one under continents and one under
oceans. They have suggested that the distinction between continental shield areas
and continental tectonic areas is as important as the more obvious continental-
oceanic distinction. Even if there were sufficient information about lateral inhomo-
geneities dp,, 6y, O, Sy, to compute the new matrix elements R;; for any normal
mode multiplet ,S, or ,T; the problem would still be more difficult than the ellipticity
and rotation problem, because the matrix R;; would not in this case be diagonal.
This means that for those normal mode multiplets significantly affected by the lateral
inhomogeneities (which includes at least all fundamental modes with [ greater than
about 25, and probably fundamental modes of considerably lower angular order),
a single normal mode cannot be characterized to zeroeth order by a single spherical
harmonic Y¥;". The normal modes of an Earth with asymmetrical lateral inhomo-
geneities will be to zeroeth order of the general form

;
% RSy
with associated eigenfrequencies ,w;+,(0w),. {The subscripts » and ! dropped from
the coefficients a7 in Section 2 have been added here.)

Backus & Gilbert (personal communication) have pointed out an important
consequence of the fact that a normal mode can no longer be characterized by a
single Y;": their statement (Backus & Gilbert 1961) that a low-frequency geophysical
instrument placed at the Earth’s north or south pole would observe only a single
member of a multiplet (the member with m = 0) is erroneous when continentality
plays an appreciable role in splitting the muitiplet. For fundamental modes of high
angular order (at least for I > 25) the geographical perturbations appear to be
dominant; thus every normal mode is to zeroeth order of the form

i
Z "a;"l‘ nSIm >
m=-—]

and in particular every normal mode contains a term of the form ,S,°. Thus every
normal mode can have a non-zero amplitude at the Earth’s north or south pole, and
an instrument placed there will observe a broad envelope for every multiplet due to
the splitting caused by lateral inhomogeneities. It is indeed unfortunate that a
single instrument at the Earth’s north or south pole will not succeed in producing
high-quality normal mode data for modes of higher angular order. The installation
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of a world-wide array of low-frequency seismological instruments will be necessary
if one wishes to resolve the high-order multiplets. For the low-order multiplets for
which the rotation and ellipticity perturbations are dominant, polar stations should
observe mainly m = 0 modes.

4. First-order displacement fields

In order to compute the second-order rotational perturbation of the eigen-
frequency of a normal mode ,S}* or , T/, it is necessary to introduce and to compute
the first-order correction to the eigenfunctions. Correct to first order in (Q/,w)
or (Q/,»), the displacement field S of a normal mode ,SJ" or ,T;" of a rotating Earth
model may be written S = ,SP+ (@) (S, The vector field (S, is the
unique solution of the non-homogeneous equation (27). The perturbation technique
used in this case to determine corrections to the eigenfunctions is the perturbation
theory of Hermitian operators using an expansion in powers of the perturbation
(Kato 1966; Messiah 1966). To deal with an Earth model which is ellipsoidal as
well as rotating, it was decided to use Rayleigh’s variational principle rather than
perturbation theory of Hermitian operators to compute, correct to first order in
ellipticity as well as rotation, the change in the eigenfrequencies. If the only desire
is to compute the first-order perturbation to the eigenfrequencies, the two methods
are equivalent. The only reason that the former is more convenient in the present
case is because it is easier to use the bilinear functional [6¥°(S, S)—w?dZ (S, S)]
than it is to use the unique Hermitian operator associated with it. Denote this
particular Hermitian operator by [6¥ —w?877). This operator is related to the
bilinear form §7°(S, S) — 0?37 (S, S) by the equation

([6¥ —0*877]S,8) =6%(S,S)—w? 87 (S, S).

In terms of this operator it is possible to use perturbation theory to compute the
perturbation to the displacement field to first order in ¢, as well as to first order in
(Q/,wp) or (Q/,wf). If the displacement field S of a normal mode of a rotating
elliptical Earth can be expanded in the form S = Sy+(Q/,w0)S, +¢,S,° then
So, S,, and S can be computed. It has in fact been shown that rotation and
ellipticity act to remove the degeneracy completely and that S, is of the form S,
an eigenfunction of the unperturbed snrer Earth model characterized by a single
spherical harmonic Y". The associated first-order fields ,(S,)" and ,(S) are
then the unique particular solutions of the non-homogeneous equations

(0o w2 1—Hy) (S0 = —po w0 [24(0," ) ST —2i 2% ST, 27
(po nwlz I-Hp) (SO
= —{2p0 x> Gor +m? y0) S -7 [0 —,02 8T 1,57} (30)

It is clear that if ,(S,")" is to be a solution of equation (27), then the inner product
(:(S:)", 2% ,S") must necessarily be non-zero, and similarly if ,(S)" is to be a solu-
tion of equation (30), the inner product (,(S,)", (6% — w267 ] «S(") must be non-
zero. Since equations (27) and (30) are solved in the sNreI Earth model by expanding
SO and (SO in series of vector spherical harmonics, this means that the
expansion of ,(S;")" can contain no vector spherical harmonics not in the expansion
of 2 x ,SI" and that the expansion of ,(S,%)]" can contain no vector spherical harmonics
not in the expansion of [6¥ —,w,?67],S". Note that the stipulation that the
inner product (,(SOF, [6¥ — 02 8T -Si") be non-zero is equivalent to the stipula-
tion that the bilinear functional 8% (,(S,°)", ,SI") —,@,% 67 ((S)", ,SI") be non-
zero. It is thus possible to determine a great deal about the nature of the first-order
displacement fields ,(S,")" and ,(S,°)" without actually having to solve equations
(27) and (30). In order to compute ,(o,")" from equation (26), it is however
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necessary to solve completely equation (27) for ,(S;")*. Let of" denote an arbitrary
poloidal vector field of degree ! and order m and let ©* denote an arbitrary toroidal
vector field of degree I and order m. Then o]" must be of the general form

o =tU, Y,"+V,(V I[") = U, P+ V| B,

and 1" must be of the general form 1" = —¢#xV (W, ") = W, C[* where U,, ¥,
and W, are arbitrary scalar fields. It is easily shown that if ,S" is poloidal of the
form of", then 2x ,S" is of the form 6 +1,-,+1,,.,, and if ,S" is toroidal of the
form 1", 2x,S" is of the form t"+6]" ;+6 ;. Hence if ,S* is poloidal of the
form of%, then ,(S,")" is necessarily of the form ,(S,")" = %, +1",, and if S is
toroidal of the form 1%, then ,(S,");" is necessarily of the form ,(S,")" = e/, +06]",
(Backus & Gilbert, personal communication). One can say that to first order,
rotation acts to couple a poloidal field of order I to toroidal fields of order I+1
and to couple a toroidal field of order / to poloidal fields of order I+ 1. It may
similarly be shown that for an elliptical Earth model, it the bilinear functional
Y (SO, ST — 02 8T (J(SOF, ,ST") is to be non-zero, then the nature of
A8 is simply related to that of ,S;”. Namely, if ,S[" is poloidal of the form
o}, then ,(S,%)" is necessarily of the form

WSON =T F Lt ol o,
and if ,S;" is toroidal of the form 1", then ,(S,°)/" is necessarily of the form
WSO = 6%+ o+ T,

Thus one of the first-order effects of the ellipticity is the same as that of the rotation,
namely to couple poloidal modes of order [ to toroidal modes of order /41, and to
couple toroidal modes of order ! to poloidal modes of order I+1. Note that if
other perturbations such as lateral inhomogeneities are more important than ellip-
ticity, the simple relation given above between the zeroeth order and first-order
displacement fields is no longer valid. The perturbation to the displacement field
1 to first order in arbitrary small lateral inhomogeneities dpg, o, dxc and dpu will
in general be a much more complicated combination of poloidal and toroidal fields
of various degrees [ and orders m.

The most important conclusion to be drawn from the above discussion is the
following fact. A normal mode of a non-sNrREI Earth model will not comnsist of
purely toroidal or of purely poloidal motion. Thus if one observes the normal
modes of the real Earth and then somehow effects a separation of the motion into
poloidal and toroidal motion (for example a gravimeter can observe only a poloidal
displacement field as there is no perturbation of the gravitational potential associated
with toroidal motion), then in the spectrum of the poloidal motion there will be
peaks at toroidal eigenfrequencies, and in the spectrum of the toroidal motion,
there will be peaks at poloidal eigenfrequencies. The amplitudes of the first-order
displacement fields will in general of course be small, on the order of (Q/,@) or
(Q/,wF) or & times the amplitudes of the zeroeth order displacement fields. In
fact the signal to noise ratio has been so low in all existing data that the first-order
displacement fields do not seem to have been detected. Nonetheless, their existence
should not be overlooked in future analyses of the normal mode data. A qualitative
explanation of the fact that the Coriolis force acts to couple poloidal and toroidal
motion was given by MacDonald & Ness (1961).

5. Quasi-degeneracy

Whenever two degenerate eigenfrequencies ,w, and ,w; of the unperturbed
SNREI Earth model are so close together that the first-order corrections introduced
by the perturbations are larger than |,w;—,;], the theory in Section 2 becomes
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invalid. It is however possible to treat this quasi-degenerate case using perturbation
techniques (Messiah 1966). Consider a sNre1 Earth model which has two eigen-
spaces , &, and ,.%, associated respectively with quasi-degenerate eigenfrequencies
0 and ,p, and denote (,,)*>—(,w)® by A. Let P’ be the orthogonal projection
operator on the 2I'+ l-dimensional space ,.%, defined relative to the inner product
(o, v) = fypo u#* . vdV. Define the operator K = Hy— AP’ where H is the Hermitian

operator which defines the normal mode eigenvalue problem in the sNret Earth
model, HyS = p,w?S. Then K has eigenspace ,%, ® ,&), the direct sum of
«71 and &, with associated eigenfrequency ,,. Now the normal mode eigenvalue
problem for the sNrRel Earth model may be written in terms of the operator K as
KS+AP'S = py0®S. (31)
Taking the inner product of equation (31) and the field S yields
0> (S, 8)~(S, po™* KS)—(S, po"* AP'S) = 0. (32
If bilinear functionals #°(S, S) and 2(S, S) are defined by #°(S, S) = (S, p, ! KS)
and 2(S,S) = (S, p, ! P’ S) then equation (32) can be written
»*7 (S, S)~A'(S,S)~-A2(S,S) = 0. (33)

If o = ,w, and S is a vector in the (2/+ 1)+ (2I'+1) dimensional space ,%, @ , s,
then the functional equation (33) is stationary to first order in an arbitrary small
variation in S. Taking first variations in equation (33) (including a small variation
in  away from € = 0), treating A as a small perturbation and retaining the rota-
tional potential (a term of second order in ©/w) leads to

50* T (S, S) = 6V (S, S)—w?6 T (S, S)+20W (S, )+ 2(S, S)
+¥(S, S)+A2(S,S). (34)

Now choose an orthonormal basis of the subspace %, @ ,.&, consisting of 2/+1
orthonormal basis vectors {,S*,m = —~1, ..., 0, ... [} of %, and 2I'+1 orthonormal

basis vectors {,. S, m = -I',...,0,..,I'} of ,.%,. Relabel the elements of this
basis by Sy, ..., S,, where S, ..., S,, are in ,%; and S, 4, ..., S, are in ,&;. Then

any element S of &, ® &, can be written in the form
q .
S = Z aJ Sj.
=

Now, as in Section 2, equation (34) can be readily reduced to an eigenvalue problem
for a Hermitian matrix K. The dimension of R in this case is the dimension of
L1 @ Sy, thatis RI+1)+ 21 +1).

R;d = (bw?)d (35)
where
Ry =8V (S, S)-w?87 (S, S)+20% (S, S;)
+P(S;, S)+¥(S,, S)+AD(S, S). (36)

The inclusion of the rotational potential term W(S, S) is necessary in order to assure
that the matrix R is Hermitian.

As before, the eigenvalues of R represent the first-order correction to the eigen-
frequencies of the perturbed non-sNREI Earth model, while the eigenvectors of R
serve to characterize the zeroeth order eigenfunctions associated with the new eigen-
values. Note that in the case of two quasi-degenerate multiplets ,&; and ,. &,
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the zeroeth order eigenfunctions of the perturbed non-snrer. Earth model will in
general be elements of &, ® ,&,. The quasi-degenerate theory reduces to the
ordinary separate theory for the two multiplets unless there is some element S of
»F; and some element S’ of &, such that #°(S,S)#0 or 6¥'(5,S)# 0 or
0T (S,8)#0 or (S,S)#0 or ¥(S,8) # 0. On an elliptical, rotating Earth
this means that the quasi-degenerate theory need only be applied to a few cases.
Not only must A = ,.@;.%—,w,* be very small compared to spacing between adjacent
eigenfrequencies, but also if ,&, is of the form ,& 5, then ., must be of the form
LT or o F5ys, and if &, is of the form &7 then &, must be of the form
w251 OF o FTi,. The most interesting case is the quasi-degeneracy of a poloidal
multiplet of order ! with a toroidal multiplet of order 141 since this is affected by
both rotation and ellipticity to first order. In this case the eigenfunctions to zeroeth
order are of the form 6,+7;:,; each of these eigenfunctions is associated with a
squared eigenfrequency ,w,%+,(6w?)" where (6w?) is computed by determining
the eigenvalues in equation (35). Fig. 3 is a diagram showing the eigenfrequencies
2o and ,o of sNrer Earth model 1. The same diagram for models G1 and Q1
would look very similar. It can be seen that there are for this model several pairs
of multiplets to which the quasi-degenerate perturbation theory must be applied.
In particular, over a broad range of angular order numbers (from about ! = 10 to
about I = 25), the fundamental poloidal eigenfrequency o, is very nearly equal to
the fundamental toroidal eigenfrequency ,w}:,. For example the degenerate eigen-
frequencies (w, and (w7, are equal to within 0-15 per cent; the degenerate eigen-
frequencies (w3, and w?, are equal to within 0-001 per cent. When the ordinary
perturbation theory described in Section 3 of this paper is applied to fundamental
modes ,S; and ,7; in this range, the second-order rotational splitting parameter
ot (Q/ow;)? generally turns out to be one or two orders of magnitude larger than
the first-order parameter of,/(Q/ow;). Also the first-order rotational displacement
field ,(S,")/* in general turns out to be of about the same order as the zeroeth order
displacement field ,S;>. This was taken as an indication that it would be necessary
or at least more convenient to use a quasi-degenerate perturbation theory to examine
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the effect of rotation and ellipticity on these multiplets. This is the reason that
Tables 1-3 were not extended to include fundamental modes with angular order
I> 10. To zeroeth order in ¢, and in (Q/,w) or (Q/,w;"), the fundamental modes
for 10 < ! < 25 will be of the form o,+ 1., partly of poloidal nature and partly of
toroidal nature. Presumably unless the near degeneracy of ow and jw], ; is severe
(as in the case of ¢S|,, oTy2 and 4S44, ¢ T»o for this Earth model), any given mode
will be primarily of one nature, so that one can speak of a primarily poloidal split
multiplet and a primarily toroidal split multiplet. It can in fact be shown that in
the limit when A is large compared to the ordinary perturbation parameters ,x,
B w¥i and oy, B, .Yr, the quasi-degenerate perturbation theory reduces to the
ordinary theory (which gives rise to a purely poloidal split multiplet and a purely
toroidal split multiplet, if the first and higher order displacement fields are neglected).

A forthcoming paper will discuss the results of the application of the quasi-
degenerate perturbation theory to the fundamental poloidal and toroidal modes in
the range 10 < I < 25. It is likely that the quasi-degenerate theory for rotation and
ellipticity alone will not suffice for many if not all of the multiplet pairs in this range
because of the perturbation by the lateral inhomogeneities in the crust and upper
mantle. If the effect of these lateral inhomogeneities is to be taken into account,
the computations become much more involved; in general, it will no longer suffice
to consider individually a single poloidal and toroidal multiplet pair.

The eigenfrequencies for the modes 4T, and ,S; have never been accurately
measured in any of the existing data, presumably because they have never been
sufficiently excited, but for Earth models 1, G1, and QI, the fwo degenerate eigen-
frequencies ow,’ and ;w,° are within about 10 per cent of each other. For these
three sNrREI Earth models, the spacing is not close enough to necessitate the use of a
quasi-degenerate theory, but there may be other SNREI Earth models close in some
sense to models 1, Q1, or Gl for which the eigenfrequencies ,w, and ;w5 are almost
exactly equal. This question is being pursued. Since the modes T, and {S; have
probably never been clearly observed, it is not clear whether a quasi-degenerate
theory will in fact be necessary for the real Earth.

Fig. 3 also reveals the close spacing between eigenfrequencies for model 1 of the
modes ;S; and ,S, (within 0-5 per cent). These modes are coupled to first order by
ellipticity but not by rotation. It can however be shown that in the second order
approximation, rotation also will act to couple these two modes. Slichter (1967)
has resolved three peaks near the theoretical eigenfrequencies of {S; and ,S; which
he identifies as belonging to m = —2, m = —1 and m = +2 of multiplet ,S;. A
quasi-degenerate theory, correct to first order in the ellipticity and to second order
in rotation, for poloidal modes of order ! and /42 is also presently being pursued.

The fact that many normal modes (in particular fundamental modes in the range
1 = 10 to 25) will not be even to zeroeth order of a purely poloidal or a purely toroidal
nature will certainly tend to hamper the problem of mode identification.

6. Summary and conclusions

Before attempting to use the Earth’s normal mode data to investigate the interior
properties of the Earth, it is essential to consider the various factors which may
affect the precision of the data. Because of the very large extent of the non-unique-
ness in the inverse problem and because of the relative mathematical simplicity, it is
customary to include only SNREI Earth models in inverse problem calculations. In
this case the fact that the real Earth is not a sNREI Earth model may be looked upon
as one of the factors contaminating the raw data. It is necessary to correct the
contaminated raw data for variations away from zero angular rotation, sphericity
and isotropy. In this paper, Rayleigh’s principle is used to provide an explicit
scheme for computing first-order corrections to the theoretical eigenfrequencies of
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an arbitrary SNREI Earth model due to slow angular rotations and small asphericities
and anisotropies. For the lower order fundamental normal modes, it is expected
that the Earth’s rotation and ellipticity are the dominant perturbing effects. The
computed rotational and elliptical splitting parameters depend upon the properties
Po» K, y of the unperturbed sNrel Earth model. In this paper, the eigenfrequencies
20f and .o and the associated 2/+1 dimensional eigenspaces were computed for
three different sNRE1 Earth models, and then Rayleigh’s principle and second-order
rotational perturbation theory were used to determine the corrections to the eigen-
frequencies, correct to first order in the ellipticity &, and to second-order in the rota-
tion. The degeneracy of any muitiplet ,S; or ,T; is in general completely removed;
to zeroeth order the eigenfunctions of a rotating elliptical Earth without geographical
variations in properties can be characterized by a single spherical harmonic Y.
The first-order effect of ellipticity and the second-order effect of rotation not only
act to shift the entire multiplet but also cause the splitting of a multiplet to be asym-
metrical. It is pointed out that another effect of rotation, ellipticity and lateral
inhomogeneities is to give rise to the presence of small amplitude first-order dis-
placement fields. In particular there will be poloidal fields at toroidal eigen-
frequencies and toroidal fields at poloidal eigenfrequencies.

Acknowledgments

I gratefully thank my research advisors, Professor G. E. Backus and Professor
J. F. Gilbert, for suggesting this problem and acknowledge their continual guidance
throughout. Both Professors Backus and Gilbert read the manuscript and suggested
many improvements. This work was supported by the National Science Foundation
under NSF Grant GP-4096.

Institute of Geophysics and Planetary Physics,
University of California,
La Jolla,
Cdlifornia.

1968 June.
References

Alsop, L. E., Sutton, G. H. & Ewing, M., 1961. Measurement of Q for very long
period-free oscillations, J. geophys. Res., 66, 2911-2915.

Alterman, Z., Jarosch, H. & Pekeris, C. L., 1959. Oscillations of the Earth, Proc.
R. Soc., A252, 80-95.

Anderson, D. L., 1965. Recent evidence concerning the structure and composition
of the Earth’s mantle, Physics and Chenistry of the Earth, ed. by L. H. Ahrens
etal., Vol. 6, pp. 1-131.

Backus, G. E. & Gilbert, J. F., 1961. The rotational splitting of the free oscillations
of the Earth, Proc. natn. Acad. Sci., 47, 362-371.

Backus, G. E., 1964. Geographical interpretation of measurements of average
phase velocities of surface waves over great circular and great semi-circular
paths, Bull. seism. Soc. Am., 54, 571-610.

Backus, G. E., 1965. Possible forms of seismic anisotropy of the uppermost mantle
under oceans, J. geophys. Res., 70, 3429-3439.

Backus, G. E., 1966. Potentials for tangent tensor fields on spheroids, Arch. Rat.
Mech. Anal., 22, 210-252.

Backus, G. E., 1967. Converting vector and tensor equations to scalar equations
in spherical coordinates, Geophys. J. R. astr. Soc., 13, 71-101.

Backus, G. E. & Gilbert, J. F., 1967. Numerical applications of a formalism for
geophysical inverse problems, Geophys. J. R. astr. Soc., 13, 247-276.

¥T0¢ ‘8T AInc uo 1senb Aq /Bi0'seuinolpioxo’ 116//:dny wouy pepeojumoq


http://gji.oxfordjournals.org/

360 F. A. Dahlen

‘Backus, G. E. & Gilbert, J. F., 1968. The resolving power of gross Earth data,
Geophys. J. R. astr. Soc., 16, 169.

Benioff, H., Press, F. & Smith, S., 1961. Excitation of the free oscillations of the
Earth by earthquakes, J. geophys Res., 66, 605-619.

Biot, M. A, 1965. Mechanics of Incremental Deformations,; Theory of Elasttc:ty and
stcoelasnc:ty of Initially Stressed Solids and Fluids, Including Thermodynamic
Foundations and Applications to Finite Strain, Chap. 2, John Wiley, New York.

Bryan, G. H,, 1889. The waves on a rotating liquid spheroid of finite ellipticity,
Phil. Trans R. Soc., A180, 137-219.

Bullen, K. E., 1963. An Introduction to the Theory of Seismology, pp. 179-181 and
239, Cambridge University Press.

Bullen, K. E. & Haddon, R. A. W., 1967. Derivation of an Earth model from free
oscillation data, Proc. natn. Acad. Sci., 58, 846-852.

Caputo, M., 1963. Free modes of layered oblate planets, J. geophys. Res., 68,
497-503.

Chandrasekhar, S. & Lebovitz, N. R., 1962. On the oscillations and the stability
of rotating gaseous masses, Astrophys. J., 135, 248-260.

Chandrasekhar, S. & Roberts, P. H., 1963. The ellipticity of a slowly rotating
configuration, Astrophys. J., 138, 801-808.

Cowling, T. G. & Newing, R. A., 1949. The oscillations of a rotating star, Astrophys.
J., 109, 149-158.

Gilbert, J. F. & Backus, G. E., 1965. The rotational splitting of the free oscillations
of the Earth—2, Rev. Geophys., 3, 1-9.

Gilbert, J. F. & Backus, G. E., 1968. Approximate solutions to the inverse normal
mode problem, Bull. seism. Soc. Am., 58, 103-131.

Guier, W. H. & Newton, R. R., 1965. The Earth’s gravity field as deduced from the
Doppler tracking of five satellites, J. geophys. Res., 70, 4613-4626.

Hess, H., 1964. Seismic anisotropy of the uppermost mantle under oceans, Nature,
Lond., 203, 629-631.

Jeffreys, H., 1959. The FEarth, 4th edn, pp. 195-201 and 145-153, Cambridge
University Press.

Jeffreys, H., 1963. The hydrostatic theory of the figure of the Earth, Geophys. J.
R. astr. Soc., 8, 196-202.

Kato, T., 1966. Perturbation Theory for Linear Operators, Springer-Verlag, New
York.

Kaula, W. M., 1963. Elastic models of the mantle cortesponding to variations in
the external gravity field, J. geophys. Res., 68, 4967-4978.

Kaula, W. M., 1966. Tests and combination of satellite determinations of the
gravity field with gravimetry, J. geophys. Res., 71, 5303-5313.

King-Hele, D. G., 1965. Recent progress in determining the zonal harmonics of
the Earth’s gravitational potential, Nature, Lond., 207, 575-576.

Landisman, M., Satd, Y. & Nafe, J., 1965. Free vibrations of the Earth and the
properties of its deep interior regions, Geophys. J. R. astr. Soc., 9, 439-468.
Ledoux, P., 1951. The non-radial oscillations of gaseous stars and the problem of

Beta Canis Majoris, Astrophys. J., 114, 373-384.

Love, A. E. H,, 1889. On the oscillations of a rotating liquid spheroid and the
genesis of the Moon, Phil. Mag., 27, 254-264.

MacDonald, G. & Ness, N., 1961. A study of the free oscillations of the Farth,
J. geophys. Res., 66, 1865-1911.

MacDonald, G., 1966. The figure and long term mechanical properties of the
Earth, Advances in Earth Science, pp. 199-245, ed. by P. M. Hurley, Mas-
sachusets Institute of Technology Press, Cambridge, Mass.

McKenzie, D., 1966. The viscosity of the lower mantle, J. geophys. Res., Tl
3995-4010.

¥T0¢ ‘8T AInc uo 1senb Aq /Bi0'seuinolpioxo’ 116//:dny wouy pepeojumoq


http://gji.oxfordjournals.org/

The normal modes of a rotating, elliptical Earth 361

Messiah, A., 1966. Quantum Mechanics, Vol. 2, pp. 685-712, especially Section 14
John Wiley, New York.

Morse, P. M. & Feshbach, H., 1953. Methods of Theoretical Physics, part 2, pp.
1898-1901, McGraw-Hill, New York.

Munk, W. H. & MacDonald, G. 1960. Continentality and the gravitational field
of the Earth, J. geophys. Res., 65, 2169-2172.

Nowroozi, A., 1966. Terrestrial spectroscopy following the Rat Island earthquake,
Bull. seism. Soc. Am., 56, 1269-1288.

Nowroozi, A., 1968. Measurement of Q values from the free oscillations of the
Earth, J. geophys. Res., 73, 1407-1415.

Pekeris, C. L., Alterman, Z. & Jarosch, H., 1961. Rotational multiplets in the
spectrum of the Earth, Phys. Rev., 122, 1692-1700.

Pekeris, C. L., 1966. The internal constitution of the Earth, Geophys. J. R. astr.
Soc., 11, 85-132.

Press, F., 1966. Free oscillations, aftershocks, and Q, from The Earth Beneath the
Continents, pp. 498-501, ed. by J. Steinhart and T. J. Smith, American Geophy-
sical Union Monograph 10, Washington, D.C.

Press, F., 1967. Spectra of free oscillations from an aftershock sequence, Geophys.
J. R. astr. Soc., 13, 219-222.

Press, F., 1968. Earth structure by Monte Carlo inversion of geophysical data
(abstract), Trans Am. geophys. Un., 49, 114.

Raitt, R. W., Shor, G. G., Francis, T. & Morris, G. B., 1968. Anisotropy of the
Pacific upper mantle (abstract), Trans Am. geophys. Un., 49, 296.

Rayleigh, Baron, 1877. The Theory of Sound—I, last paragraph of Section 88,
Macmillan, London.

Riesz, F. & Sz-Nagy, B., 1955. Functional Analysis, p. 202, Ungar, New York,

Smith, S., 1961. An investigation of the Earth’s free oscillations, Ph.D. Thesis,
California Institute of Technology, Pasadena, California.

Smith, S., 1966. Free oscillations excited by the Alaskan earthquake, J. geophys.
Res., 71, 1183-1193.

Slichter, L., 1965. Earth’s free modes and a new gravimeter, Geophys., 30, 339-349,

Slichter, L., 1967. Spherical oscillations of the Earth, Geophys. J. R. astr. Soc.,
14, 171-1717.

Toksdz, M. N. & Ben-Menahem, A., 1963. Velocities of mantle Love and Rayleigh
waves over multiple paths, Bull. seism. Soc. Am., 53, 741-764.

Toksdz, M. N. & Anderson, D. L., 1966. Phase velocities of long period surface
waves and structure of the upper mantle, J. geophvs. Res., 71, 1649-1658.

Usami, T. & Satd, Y., 1962. Torsional oscillation of a homogeneous elastic spheroid,
Bull. seism. Soc. Am., 52, 469-484,

Wang, C-Y., 1966. Earth’s zonal deformations, J. geophys. Res., 71, 1713-1720.

:

APPENDIX A
First-order computation of eigenfrequency shift due to ellipticity and rotation

Correct to first order in g, and in (Q/,0) or (Q/,@), the shift "(Sw),"‘ in the
eigenfrequency ,o; or ,o associated with a normal mode ,S7" or , T;" may be written
as

1

wG@)" = ———[37°GSY, WSI) =02 8T (ST, S +1Q(ST, 2%,ST). (23)

n Ml

If the mode is poloidal, then ,S[* may be written
S =1,U,) Y+, [Vi(r) V7]
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and if the mode is toroidal, then ,S;" may be written
S = —Ex V[, W) Y.

Backus & Gilbert (1961), and Pekeris, Alterman & Jarosch (1961) have evaluated
iQ(,S", 2x,S") and have shown that for a rotating, spherical Earth model (for
which 8Y°(S[", S = 0T (ST, \SI") = 0) 4(6w)"/yo0, = m B} (Q/yw;) where for a

toroidal mode 8] = I—(l!_i—_——l—) , and for a poloidal mode
hr 20
LA+ )M,
where "

na=f#m@km®&b

a

Mi= [ o) LYOF dr

a

Q= [ 7% 9o LU Fif)dr

0o

It remains to evaluate the ellipticity contribution. For convenience in what
follows, the subscripts n and [ and superscript m will be dropped from ,w,, ,S/,
i), (), and \Wi(r), and it is to be understood that a single normal mode ,S;"
or ,T7" is under consideration. The frequency shift dw due to the ellipticity may be
written, in terms of components in a Cartesian axis system, as

5 f [po S21dV

1
+p0S; S;%0,0;0¢0+0po 0; §o(S;0; S;¥—5;0,8:%)

+p00;0¢0(S;0; S;¥—S;0; S*)+06po(S;*0; 0, +8S,0; ¢1*)— w? dp, S?] 41)

where 8py, d¢q, Ok, Sy are given in equations (21) and (22). Since ¢, is spherically
symmetric for a sNREI Earth model, equation (41) may be reduced to

S f [po S*}dV
v

1
=2—de[5,cK+5yM+4ncpo s,2
w
1 4

+ A8, o 8po+20py S*, Vo, + po S.V(S*, Vo) — po(V.S)(S¥, Védo) — w? 8py S?]
where S, is the f component of S, and where
A=8.VS#-8,V.S*-2r1§2
(Backus & Gilbert 1967).
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For a toroidal mode, V.S = 0 and S, =0, thus A = 0. In fact for a toroidal
mode, equation (42) reduces to

5wf (00 S21dV = —ilade[éyM-i—épo(—wz s (43)

Recall that 4uM is the shear energy density in a SNREI Earth model and that
M = 1r[(A). ()],
where A is the strain deviator tensor
A =3[(VS)+(VS)T1-4(V.9)1

and where the dagger 1 denotes the conjugate transpose. Denote for simplicity

Sp = 1, (r) P,%(cos0),  8p, = p,(r) P,(cos8),

dx = Kk, (r) P,°(cosB),  S¢o = g,(r) P,°(cos0);
then

py(r) = &re(r) (' (r),  pa(r) = 3re() po'(r),  x1(r) = gre(r) «'(r),

and £10) = 3re() 4o’ () - 49717,

The evaluation of the integrals in equation {43} is vastly simplified by making use
of the tangent tensor representation theorem (Backus 1966) and many consequent
formulae from Backus (1967). Some applications of Gauss’ theorem as well as
several formulae from Backus (1967) show that equation (43) can be reduced to

1 a
S U101 = 57— [ drr? () M) +0,0) R0 (“4)
n Ml o

where
an(r) = Alm ["‘lz(l+ ])2 r-2 W2]+Blm [r_z(rW’— W)2+ (2[([+1)_8) r-Z WZ]
Ri() = B [—0® W?]

a

W= f r2 po, W] dr

]
and where

Ig+1)—3m?

Am= POym m*dQ:——-——————
! f 2 W'Y QI-1)(2+3)

Br = f P,OB" B dQ = f PO C.Cl* dQ = [I(1+1)=3] AP
s S

If a discontinuity in k, u or p, located at r = b is moved to r = b+h(0) where
h(0) = —3be(b) P,%(cos ), then similar methods may be used to show that the
effect on an eigenfrequency of a toroidal mode is given by

1
n Oy

WO [[A+1), 0] = 3 b (b) (1, M+ po ,Ri1E (45)

where for any function f (r), the symbol [f]* denotes the limit as & tends to zero
through positive values of [/ (b+&)—f(b—¢)l.
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The volume integrals in equation (42) for a poloidal mode are more difficult to
compute, but similar methods may be used to show that equation (42) reduces to

a

o f P drli, () ,K, () +

w(G0)" Lo+ 10 +1) M) =

B1(r) M)+ p1 (r) (Ri(r) +81(1) 1G] (46)
where

Ki(r) = AU+ F)?
M) = A7 [FQRU - F)? =P+ 1)*r 2 V7]

+BP 2V =V + U+ (AA+1)=8) 172 V2]
R = AP [8nGpo U~y U(F +2r 1 U)+2U¢,’

47G
—wr U =5 f dr (AU =310+ 1) UV)]
0

4nG [
+Br [ V(Udy +2¢)—w* Vi+ r—Tg- f drrt p, UV]
&

WGiP) = po AP LA+ D~ UV —10r 2 UV) +18r~2 U?

+PA+ )22V =I0+ ) V(U + F)]

+po B [=IU+Dr 2 V3i4r VU + ) +4r UV —r~ UV
where

F(r) = L RU-1+DH V]
r

If a discontinuity in x, u or py located at r = b is moved to r = b+h(f) the effect
on a poloidal eigenfrequency is similarly given by

1
n W1

W) [LLi+1(+1) M} = 3 b3 e(b)[x, Ky + p M+ po R 12,

where
K = AP [-0? Ut—¢'U(F+2r * U)}+B} [—? Vitr ' V(Ugy +2¢.)]

In equations (45) and (47), U, ¢y, ¢y, ¢, are continuous at r = b while V, W, U’,
V', W' and ¢,’ may be discontinuous.

Note that since A" and B! are both proportional to the quantity /(4 1)—3m?,
the frequency shift ,(Sw)"/,, may be written in the form (uf +m? /) ¢, and that
wof = —H{I+1) 7.

APPENDIX B
Evaluation of the effect of a rotational potential
The perturbing effect of the rotational potential can be computed by treating
¥ as a 8¢, term in Rayleigh’s principle, equation (41)

1
6 [ Voo 1= 5= [ dVlpo 5:5/* 0103 +p0 00(5:0,S# = 5,0, 5] (48)
v 4
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where , the rotational potential, is equal to
y(r) = —3[Q*r*—(Q.1)%] = —1Q?r? sin?0. €)

This may be reduced, using Gauss’ Theorem, to

5wde[po S = de[s.vp0+2p0V.S] [@xr). (&xS#)]. (49)
14 1 4

For a toroidal mode, the frequency shift ,(5w,”)]* due to the rotational potential
is zero, as expected. For a poloidal mode, the expression (49) for ,(6w,?)" is easily
evaluated.

n(éwZP)lm

nl

WL tid+ DM = [CF P — A7 5] (Q0)? (50)

where A" is given in equation (44), and where
m_ 200+ =1+m?]

o= Q-DQI+3)
and where
nPl = f drrz U [rpo’ U+2r poD]
0
WS = f drr?Virpy U+2rp, D]
o
where
20 I(I+1

If the sNrEI Earth model pg, %, u is such that there is a discontinuity in p, at r = b,
then a surface integral contribution of the following form must be added to equation
(50)

0\2
) P U AT p UL 1)

-l

w00 ")

Y]

Note that ,(dw,?)/" is of the form
(ncxlr + m2 ny{) (Q/ nwt) 2'

LL+10+1),M,] = (

APPENDIX C
Interference with measurements of dissipation

The observed dissipative properties of the Earth may be conveniently described
by giving the Q of each normal mode. The Q of a normal mode is defined as

0= (F) 2

whcrg AE/E is the fraction of the total energy of oscillation which is dissipated as
heat in a single cycle. Equation (52) may be used to measure Q; an alternative
method of measurement is to utilize an amplitude spectrum of the decaying signal.
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In an amplitude spectrum whose peaks are broadened only by the dissipation, the
Q of a free oscillation whose angular frequency is @ may be given by

-1 Ao
0t == (53)
where Aw is the width of the peak at the half-power level. Measurements of the Q’s
of some of the Earth’s normal modes have been attempted by both methods and
by several investigators (Benioff, Press & Smith 1961; Alsop, Sutton & Ewing 1961;
Nowroozi 1968).

The rotation and ellipticity of the Earth interfere with both types of measure-
ments; with the first by introducing beats due to the interference of the 2/+ 1 modes
in a single multiplet, and with the second by broadening the spectral peak of a muiti-
plet because of splitting. It is easiest to see the effect of ellipticity and rotation by
considering the second method of measurement, the measurement of spectral peak
widths at the half-power level.

In an Earth in which the dissipation process is not spherically symmetric, the
individual Q’s of the members of any given multiplet will not all be the same. At
the present time, however, the errors and uncertainties in the measurement of Q are
so great that it is still convenient to speak of the @ of a multiplet (by this one means
some kind of average over the individual Q’s in the multiplet). Consider a spectral
peak, produced by an unresolvable multiplet and centred at angular frequency .
It is clear that one cannot determine the Q of this multiplet by merely measuring the
spectral peak width since part of the width is produced by the splitting. However,
if the splitting is known for a given multiplet, then it is possible to assign bounds to
the actual Q of the multiplet in terms of the measured Q. In fact the Q which one
determines by a direct application of formula (53) is a lower bound @, to the actual
Q of the multiplet since it may be that only one element of the multiplet is excited.
On the other hand, if all members of the multiplet (or at least both end members)

600 1200
500 Mode S5 1000 Mode 0S5
400+ 800k
300}~ 600~
o 200F 400k
S oot- / s =113 200+ @;= 193
g f i
2 s | 1 L1
8 o 25 &0 75 100 0 50 100 150
g 1200 1200
5
1000~ Mode 057 1000 Mode (5%
8001 800~
600 600]-
400k~ 4001
200} @,:297 200 0, =448
1 1 ! 1 1 1 1 1 I
0 50 100 150 200 250 0 50 100 150 200 250 300 350 400

Measured, &= @,

FiG. 4. Graphs for four poloidal modes showing how the upper bound on Q is
related to the measured Q. Splitting parameters o, and 4y; used are those for
model 1. O, is given by Q;~! = (Aw)/w.
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Fi1G. 5. Schematic indication of line spacing for the four poloidal multiplets of
Fig. 4. The splitting parameters are those of model 1.

are excited to about the same level, then the measured width includes the total
splitting width; it is thus possible to assign an upper bound @, to the actual Q of
the multiplet. If (Aw), is the total splitting due to rotation and ellipticity, and if
(Aw),, is the measured spectral peak width at the half-power level (the measured
Qis Q = (Aw),/w), then an upper bound Q,, is given by (Backus & Gilbert, personal
communication)

0,5 = (Aw), _ (Aw), (54)

@ w

The total splitting of a given multiplet may be computed from the coefficients in
Table 1.

In Fig. 4, graphs are provided which allow the determination for four funda-
mental poloidal modes of Q,, in terms of the measured Q (the measured Q = (Aw),,/o
is Q). The rotational and elliptical splitting parameters of model 1 were used in
preparing these graphs. The total width was not assumed to be merely I*|,yf] &,
as is the case for the higher order modes. Fig. 5 is a schematic indication of the line
spacing for model | for the same four multiplets. Note that as / increases the splitting
looks less and less like a Zeeman type splitting as the effect of ellipticity begins to
dominate that of rotation. Similar graphs for other modes listed in Tables 1-3
could of course be easily constructed.

It is seen that the effects of ellipticity and rotation can cause a serious uncertainty
in the estimation of the Q’s of the Earth’s normal modes. The actual bounds are
not exact since the computed splitting parameters for rotation and ellipticity depend
upon the Earth model used, and since splitting due to effects other than rotation and
ellipticity was neglected.
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