
Wave orbital velocity skewness and linear transition ripple

migration: Comparison with weakly nonlinear theory

Anna M. Crawford1 and Alex E. Hay
Department of Oceanography, Dalhousie University, Halifax, Nova Scotia, Canada

Received 11 December 2001; revised 6 June 2002; accepted 19 December 2002; published 20 March 2003.

[1] Field observations of linear transition ripples during an autumn storm exhibit high
correlation between cross-shore ripple migration rate and the skewness of the near-bed
wave orbital velocity. For a bimodal spectrum of mixed sea and swell, negatively skewed
near-bed orbital velocities were accompanied by offshore ripple migration, while for
unimodal swell, ripples migrated onshore under positively skewed velocities. Bispectral
analysis and weakly nonlinear wave theory are used to show that the positive and negative
velocity skewness arose from higher-order interactions between frequency components of
the incident wave spectrum. There is good quantitative agreement between predicted
and observed velocity skewness, indicating a connection between ripple migration and
wave-wave interactions. INDEX TERMS: 4546 Oceanography: Physical: Nearshore processes; 4558

Oceanography: Physical: Sediment transport; 3020 Marine Geology and Geophysics: Littoral processes; 3022
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1. Introduction

[2] Although bed form migration is unquestionably the
result of sediment transport processes, the complexity of the
dynamics involved has yet to be incorporated into a
comprehensive theory. Nevertheless, it is frequently sup-
posed that ripple migration rate is related to net transport,
particularly the bed load component, and further that net
bed load transport rate, while not well understood, is
controlled at least in part by higher-order moments of the
nearbed velocity [Bagnold, 1963; Fredsøe and Deigaard,
1992; Nielsen, 1992].
[3] The theoretical and observational background for the

application of weakly nonlinear theory to nearshore waves
is well established [Elgar and Guza, 1985a, 1985b]. Obser-
vations of higher-order moments such as wave skewness, in
the form of bispectra, have been well described by the
theory put forward in the early work of Hasselmann [1962],
Herbers et al. [1994], and Herbers and Burton [1997]. This
theory is suitable for comparison with observations of
weakly nonlinear waves at a fixed depth. Shoaling behavior,
characterized by evolution of wave skewness and asymme-
try, is better modeled using a treatment that includes depth
change dependence, such as Boussinesq theory [Elgar and
Guza, 1985b; Norheim et al., 1998].
[4] The purpose of this paper, continuing from earlier

work presented by Crawford and Hay [2001], is to examine

observed near-bed velocity skewness in relation to cross-
shore ripple migration by comparing the velocity bispectra
with theoretical bispectra derived following the work of
Hasselman et al. [1963] and Herbers et al. [1992]. This
comparison will unambiguously determine the physical
origins of the positive and negative velocity skewness and
thereby identify a mechanism leading to onshore and off-
shore ripple migration.
[5] There are few reported field measurements of ripple

migration in the literature, and fewer relating observed
migration to local wave forcing. In 1988, Boyd et al.
[1988] commented that at that time, those of Dingler
[1974] were the only published field observations other than
their own. Subsequently, additional observations have been
reported, for example, by Vincent and Osborne [1993], Hay
and Bowen [1993], Amos et al. [1999], and Traykovski et al.
[1999]. Boyd et al. [1988] and Vincent and Osborne [1993]
attempted to relate ripple migration velocity to various non-
dimensional parameters and characteristic flow velocities;
these efforts were largely inconclusive. Amos et al. [1999]
observed ripples in a combined flow situation with a strong
current component and found that the ripple migration
velocity was related more closely to the current flow, with
the wave component enhancing sediment mobility. Traykov-
ski et al. [1999] found qualitative agreement between the
cumulative integrals of u3 and shoreward ripple displacement
in wave-dominated flow on the continental shelf.
[6] Crawford and Hay [2001] presented observations of

the migration of linear transition ripples in the outer surf
zone on a sandy pocket beach. Linear transition ripples are
low relief, short wavelength bed forms occurring at high
wave energies, just below the flatbed transition [Conley and
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Inman, 1992; Dingler and Inman, 1977]. In our previous
paper the migration velocity of these bed forms was found
to be well correlated with the evolving skewness of the
near-bed orbital velocity during a storm event, offshore
migration occurring during the growth phase of the storm
and onshore migration occurring during the decay phase.
[7] Following a very brief overview of the observations,

we will present a comparison of velocity bispectra with
theoretical bispectra, including a summary of the derivation
of the theoretical bispectrum.

2. Observations

[8] The experiment site was located on Queensland
Beach, a pocket beach at the head of St. Margarets Bay,
west of Halifax, Nova Scotia, Canada. The suite of instru-
ments deployed included a coherent Doppler profiler (CDP)
[Zedel and Hay, 1999] for measurement of near-bed veloc-
ity, narrow- and wide-beam scanning sonars (A. E. Hay et
al., manuscript in preparation; 2003), and a laser-video
system [Crawford and Hay, 1998] for bed form measure-
ments. The instruments were deployed approximately 60 m
from the mean water line in 3.2-m mean water depth. A
more complete description of the field site and instrumen-
tation is given by Crawford and Hay [2001].
[9] Observations were obtained over an 18-hour period

spanning an autumn storm event (year day 261, 1995).
During the growth of the storm, as significant wave height
increased to a maximum of 1 m, the peak wave period

shifted from 4-s sea waves to lower-frequency (7-s) swell.
As the storm subsided, the dominant wave energy was at the
swell frequency. Of interest were two time periods before
and after the peak of the storm when linear transition ripples
were present, designated intervals I and II. During both
intervals, the grain roughness Shields parameter was
between 0.3 and 0.6, increasing through interval I and
decreasing through interval II (the median grain diameter
was 174 mm). The evolution of the orbital velocity power
spectrum through the two intervals is shown in Figure 1.
The ensemble average peak frequencies were fI = 0.14 Hz
and fI

0 = 0.23 Hz during interval I and fII = 0.12 Hz during
interval II. The subscripts denote the interval, with the
primed variable referring to the sea frequency in interval I
and the unprimed variable referring to the swell.
[10] The response of the linear transition ripples to the

changing wave forcing during these two time periods was in
the measured ripple migration velocities. There was very
little change in bed form geometry: The average ripple
wavelength was 8.5 cm for both intervals, with a steepness
(height/wavelength) of 0.04 measured during interval I. Bed
form profiles were obtained using a fixed narrow-beam
sonar during both intervals, and higher resolution measure-
ments were obtained during interval I using the laser-
illuminated video imaging system [Crawford and Hay,
1998]. Ripple displacement (and hence migration velocity)
was determined from the spatial lag of the peak correlation
between successive averaged bed profiles. The migration
velocities were found to be well correlated with the skew-
ness of the demeaned near-bed orbital velocity, as shown in
Figure 2. Note that this figure differs slightly from that

Figure 1. Power spectral densities of CDP-measured near-
bed orbital velocity during (a) interval I and (b) interval II.
The spectra pairs (alternating solid and dashed lines) are
from 7.2-min CDP runs 10 min apart, labeled with the start
time of the first run, with a y-axis offset proportional to the
time elapsed from the first CDP run in each interval.
Ensemble-averaged peak frequencies are indicated by
dotted lines.

Figure 2. Transition ripple migration velocity Mr plotted
against orbital velocity skewness Su. The dashed and dotted
lines are a least squares linear regression and the 95%
confidence interval. Circles denote measurements during
interval I (both acoustic and laser-video measurements) and
triangles denote interval II (acoustic measurements).
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presented by Crawford and Hay [2001]. The laser-video
migration velocity data have been reprocessed so that the
laser-video time segments coincide exactly with the 7.2-min
CDP runs. The correlation is slightly lower due to the two
points in the lower left, but overall the relationship between
migration rate and velocity skewness is still clear. In
particular, offshore ripple migration is associated with
negative skewness and onshore migration is associated with
positive skewness.

3. Velocity Bispectra

[11] The bispectrum has been shown to be a valuable tool
for investigating nonlinearities in shoaling waves [Hassel-
man et al., 1963; Elgar and Guza, 1985a; Herbers et al.,
1992]. The complex digital bispectrum B of a stationary,
Gaussian time series is calculated from

B f1; f2ð Þ ¼ E C f1ð ÞC f2ð ÞC �f1 � f2ð Þ½ �; ð1Þ

where E[ ] denotes the expectation value and C( f ) is the
complex Fourier coefficient with frequency f (�fN � f � fN,
where fN is the Nyquist frequency). From symmetry
considerations, the bispectrum is unique in a frequency-
frequency domain bounded by 0 � f1 � f2 and f1 + f2 � fN.
A property of the bispectrum that is particularly useful when
applied to a shoaling wave time series is that the third
moment can be obtained from the real part [Elgar and Guza,
1985a]. Taking account of the symmetry in frequency-
frequency space, this is written as

E u tð Þ3
h i

¼ 12
X
i; j;i>j

< B fi; fj
� �� �

þ 6
X
j

< B fj; fj
� �� �

; ð2Þ

where <{ } denotes the real part. The third moment E[u3]
and skewness S are related by

S ¼
E u tð Þ3
h i

E u tð Þ2
h i3=2 ¼ u3

u3rms

; ð3Þ

where the expectation and average (denoted by the over bar)
values are assumed to be equivalent. Examining the real
part of the bispectrum in frequency-frequency space reveals
the interactions at pairs of frequencies that contribute to the
total skewness.
[12] The real part of the observed bispectral density

(<{B( f1, f2)}/�f 2 where �f is the frequency resolution)
during the two time intervals is shown below the diagonals
in Figure 3. The 7.2-min CDP velocity records were
resampled from 28 to 9.6 Hz (12,000 to 4096 samples).
This was done for comparison of the skewness of the
measured velocity with that of velocity calculated using
linear theory from surface elevation sampled at 8 Hz. This
comparison was favorable, indicating a suitably low level of
wave nonlinearity [Crawford and Hay, 2001]. Bispectra
were then calculated from 512-sample segments (Hanning
windowed) with 75% overlap and ensemble averaged, then
smoothed by two-point merging in both frequency direc-
tions. All the CDP runs occurring during each time period
(see Figure 1) were included in the calculations: eight runs

during interval I and 10 during interval II, giving 252 and
316 degrees of freedom, respectively.
[13] An expression for the theoretical bispectrum can be

derived as follows [Hasselman et al., 1963]: The Fourier
components of the time series can be considered as pertur-
bation expansions,

C fð Þ ¼ C 1ð Þ fð Þ þ C 2ð Þ fð Þ þ . . . ; ð4Þ

and the second-order contributions can be expressed as
functions of the first order terms:

C 2ð Þ fð Þ ¼
X

f1þf2¼f

K f1; f2ð ÞC 1ð Þ � f1ð ÞC 1ð Þ f2ð Þ; ð5Þ

where K( f1, f2) is a coupling coefficient between C (1)( f1)
and C (1)( f2). To lowest (third and fourth) orders, the

Figure 3. The real part of the observed bispectral density
(below the diagonal) and the theoretical bispectral density
(above the diagonal) during (a) interval I and (b) interval II.
Dashed contours are negative values and solid are zero and
positive, at intervals of 0.002 in Figure 3a and 0.005 in
Figure 3b. Shaded scales are shown by the bars on the right.
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bispectrum can then be written (by substituting equation (4)
into equation (1)) as

B f1; f2ð Þ ¼ E C 1ð Þ f1ð ÞC 1ð Þ f2ð ÞC 1ð Þ �f1 � f2ð Þ
h i

þ E C 1ð Þ f1ð ÞC 1ð Þ f2ð ÞC 2ð Þ �f1 � f2ð Þ
h i

þ E C 1ð Þ f1ð ÞC 2ð Þ f2ð ÞC 1ð Þ �f1 � f2ð Þ
h i

þ E C 2ð Þ f1ð ÞC 1ð Þ f2ð ÞC 1ð Þ �f1 � f2ð Þ
h i

; ð6Þ

where the first triple-product term vanishes for a Gaussian
process. If the spectrum F( f ) is written

F fð Þ ¼ E C 1ð Þ fð ÞC 1ð Þ �fð Þ
h i

; ð7Þ

then, using equation (5)

Bt f1; f2ð Þ ¼ 2 F f 1ð ÞF f 2ð ÞK �f1;�f2ð Þ
�
þ F f1ð ÞF f1 þ f2ð ÞK �f1; f1 þ f2ð Þ

þ F f2ð ÞF f1 þ f2ð ÞK �f2; f1 þ f2ð Þ�; ð8Þ

where the notation Bt has been used to distinguish this
theoretical expression from the observed bispectrum
(equation (1)). The coupling coefficient K( f1, f2) between
the horizontal velocity spectra components can be derived
from that for the velocity potential given by Hasselman et
al. [1963]. For the simplified case of parallel, shore-normal
wave vectors obeying the dispersion relation

w2 ¼ gk tan h kh; ð9Þ

where w = 2pf is wave radian frequency, g is gravitational
acceleration, h is water depth, and k is wave number, it can
be shown that

K f1; f2ð Þ¼G k1; f1; k2; f2ð Þ k1 þ k2

k1k2

cos hk1h cos hk2h cos h k1 þ k2ð Þz
cos hk1z cos hk2z cos h k1 þ k2ð Þh :

ð10Þ

Here z is height above bottom,

G k1; f1; k2; f2ð Þ ¼ 1

2p f 2þ � f1 þ f2ð Þ2
	 


�
�
f1 þ f2ð Þk1k2 tan hk1h tan hk2h� 1½ �:

� 1

2

f1k
2
2

cos h2k2h
þ f2k

2
1

cos h2k1h

� �
ð11Þ

and

2pfþð Þ2¼ g k1 þ k2ð Þ tan h k1 þ k2ð Þh: ð12Þ

Equation (8) gives a bispectrum calculated from the velocity
spectrum F( f ) which only has a real part and does not
exhibit the twelvefold symmetry shown by that calculated
from the complex Fourier coefficients. This must be taken

into consideration when comparing with the observed
bispectrum. According to this treatment, the imaginary part
of the theoretical bispectrum vanishes [Hasselman et al.,
1963; Herbers et al., 1994]. The observed bispectra do have
nonzero imaginary content with significant bicoherence,
particularly during interval II where evidence of shoaling
behavior can be seen in biphases approaching �45�. This
compares well with observations of shoaling gravity waves
reported by Elgar and Guza [1985a, Figure 4], showing
biphases scattered around �50� at similar water depth and
frequencies.
[14] The theoretical bispectral densities for both time

intervals are shown in Figure 3 above the diagonals. These
were smoothed by two-point merging in both frequency
directions to match the frequency resolution of the observed
bispectra, and so are coarser than the spectra shown in
Figure 1 by a factor of 2.
[15] Table 1 shows a comparison of values calculated

from the velocity time series and from the observed and
theoretical bispectra. The bispectra summations were car-
ried out up to 0.4 Hz (over the regions shown in Figure 3);
there was no significant contribution to either total above
this frequency. The good agreement between the third
moment of the time series and the sum of the real part of
the observed bispectrum verifies that the bispectrum has
been calculated correctly. The favorable comparison
between the integral observed values and the sum of the
theoretical bispectrum provides quantitative support for the
idea that the observed differences in skewness between
intervals I and II are due to weakly nonlinear interactions
among the frequency constituents of the wave spectrum.
[16] The theoretical bispectral densities compare favor-

ably with the observations (Figure 3). The bispectral peak
locations match with spectral peak frequencies to within the
lower frequency resolution. Both the observed and theoret-
ical bispectra in interval I exhibit a negative peak at the
difference frequency fI � fI

0, though there is more negative
(difference) content at lower frequencies in the theoretical
bispectrum, probably due to the finite length of the velocity
time series from which the observed bispectrum was calcu-
lated. The magnitudes of the bispectral peaks in interval I
are also well predicted, though the sum of the theoretical
bispectrum over-predicts the magnitude of the (negative)
third moment. As described in the previous paper [Crawford
and Hay, 2001], the near-bed velocity skewness was neg-
ative throughout interval I, despite the growth of the swell.
Observed and theoretical bispectra computed over shorter
segments through interval I (disregarding the reduction in
statistical significance) show persistence of the negative
skewness contribution by the difference interaction between

Table 1. Comparison of Summed Calculated and Theoretical

Velocity Bispectra With the Third Moment of the Velocity Time

Seriesa

Interval hu3i �<{B} �Bt

I �0.0033 �0.0036 �0.0042
II 0.0025 0.0026 0.0027
aThe ensemble average of the third moments of the velocity time series is

denoted by hu3i, �<fBg and �Bt are the frequency-frequency sums of the
real part of the observed bispectra (equation (1)) and the theoretical
bispectra (equation (8)).
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the sea and swell waves, despite the difference in the wave
spectra from beginning to end of the interval (Figure 1).
During interval II the strong positive self-self interaction
peak is well reproduced in the theoretical bispectrum,
however the theoretical bispectrum over-predicts the mag-
nitudes of both the dominant positive peak and the lesser
negative peak. Nevertheless, the sum of the theoretical
bispectrum during interval II agrees quite well with the
third moment of the time series. Over-prediction of the
magnitude of bispectral peaks has been noted in similar
calculations by other investigators in situations where the
Ursell number approaches a significant fraction of 1 (0.6 in
a case shown by Herbers and Burton [1997]). Here the
Ursell number (a/k2h3, the ratio of the second-order Stokes
expansion coefficient to the first) is smaller: approximately
0.1 in interval I and 0.3 in interval II; the equivalent Ursell
number for the difference frequency response in interval I
was as large as 0.4.

4. Conclusions

[17] We have shown that the observed velocity skewness
is consistent with values predicted using weakly nonlinear
wave theory and the full wave energy spectrum. Previously,
using a discrete frequency representation of the wave field
[Biésel, 1952; Miche, 1944], we showed that good agree-
ment between predicted and observed skewness could be
obtained; however, this approach involves a degree of
subjectivity in the choice of representative wave height.
Good agreement was obtained using the significant wave
height; better was attained with twice the significant wave
height [Crawford and Hay, 2001]. The full spectrum
approach does not suffer from this limitation.
[18] The favorable comparison between observed and

predicted velocity skewness reported here clearly indicates
that the sign of the skewness derives from wave-wave
interactions. This in itself is not a new result. However,
the close association between skewness and cross-shore bed
form migration (both onshore and offshore) is new. This
result provides compelling evidence for a direct connection
between nonlinear wave forcing and the cross-shore direc-
tion of sediment transport, particularly the bed load com-
ponent. Thus simplified representations of the incident wave
field, such as the commonly used significant wave height
and peak period, would predict transport in a direction
entirely opposite to that observed when the wave spectrum
was bimodal. Therefore it would appear to be essential,
when predicting cross-shore sediment transport in the field,
that the full wave spectrum be considered for even weakly
nonlinear irregular waves. This differs from the provisional
conclusion drawn a decade ago by Kraus and Horikawa
[1990, p. 797], based on the evidence available at the time,
that ‘‘cross-shore transport produced by irregular waves can
be described by simple modification of expressions devel-
oped in studies performed using regular waves, if the
appropriate statistical wave height parameter is used.’’ In
contrast, the present results indicate that the direction of
cross-shore bed load transport can change by 180 degrees
due solely to differences in the shape of the wave spectrum.
Specifically, we have shown, for very similar wave energies
and peak periods, that reversals in the direction of cross-
shore ripple migration are associated with changes in sign of

the near-bed velocity skewness arising from nonlinear
interactions among the frequency components of the wave
spectrum. Assuming that bed load transport and skewness
are related, an assumption consistent with existing bed load
transport models, it then follows that the direction of cross-
shore bed load transport can also change by 180 degrees,
due solely to differences in the wave spectrum shape.
[19] We have demonstrated a clear connection between

sum and difference interactions across the frequency spec-
trum of the incident wave field and onshore/offshore bed
form migration. This result has implications for cross-shore
sediment transport (bed load) prediction. Sediment transport
theories are commonly based on skewness (velocity cubed)
[Bowen, 1980; Bailard and Inman 1981] or on stress
[Sleath, 1995]: The linkage between observations like those
presented here and predictions of sediment transport by
these types of theories needs to be explored further.

Notation
xrms root-mean-square value of x.
hxi ensemble average of x.
�x time average of x.
B bispectrum.
C complex Fourier coefficient.

E[ ] expectation value.
f frequency.
F spectrum.
g acceleration due to gravity.
h water depth.
k wave number.
K coupling coefficient.
Mr ripple migration velocity.
r2 correlation coefficient.

<{ } real part.
S skewness.
t time.
T spectra peak period.
u horizontal velocity (demeaned).
z distance above bottom.
f velocity potential.
w radian frequency.
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