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AESTRACT 
This work formulates a model of the anelastic response of saline ice based on 

dislocation and grain-boundary relaxations. The dislocation-based mechanism 
generally dominates the behaviour, having a relaxation strength of approximately 
an order of magnitude greater than the grain-boundary relaxation. The latter process 
explains the anelasticity observed at higher frequencies and lower temperatures. 

An expression for the oscillatory motion of basal plane dislocations is developed 
that derives its temperature dependence from the dislocation drag term, which is 
found to be approximately the same as in freshwater ice. The results of a frequency 
shift analysis indicate that the dislocation relaxation may be described by a single 
activation energy and a distribution in relaxation time. The model applies to the 
region of behaviour that is approximately linear in stress. 

Predictions of transient and steady-state cyclic loading behaviour are examined 
in detail and compared with experimental observations. Aspects of the model that 
are still under development, related primarily to temperature effects on the 
microstructure and the incorporation of explicit microstructural parameters, are also 
discussed. 

8 1. INTRODUCTION 
As a consequence of sustained interest in the mechanical properties of sea ice, a 

number of experimental and theoretical efforts are under way to develop improved 
models of its behaviour. Since ice in general, and sea ice in particular, exhibits high 
levels of anelasticity under a wide range of conditions, a complete description of the 
anelastic component of strain is needed. Although previous work, primarily focused on 
freshwater ice, indicates that lattice dislocation processes and grain-boundary sliding 
contribute significantly to ice anelasticity, a useful physically based model incorpor- 
ating both effects has not therefore emerged. Additionally, since the anelastic strain 
expression employed in current ice creep models is based on experiments having an 
evolving microstructure, they are of very limited use in predicting behaviour for 
constant microstructural conditions. 

To gain insight into saline-ice anelasticity under constant microstructural 
conditions, Cole and Durell (1995) conducted experiments on saline (NaCI) ice 
employing the reversed direct-stress technique. The experimental observations indicate 
the operation of a generally dominant dislocation-based relaxation and a grain- 
boundary mechanism, in keeping with findings for fresh-water ice. The present paper 
addresses the physical interpretation of those results and the associated model 

t Received in final form I6 December 1994. 
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232 D. M. Cole 

development. The model includes stress, temperature and frequency effects for both 
mechanisms. Its applicability is restricted to temperatures below - 10°C, although its 
extension to higher temperatures is currently receiving attention. The model addresses 
the case of undeformed polycrystals, where the two mechanisms can operate 
simultaneously, with one or the other dominating, depending on the details of the 
microstructure, the mobile dislocation density and the experimental conditions. 

The experimental results showed a strong influence of total porosity on the 
dislocation relaxation and quantification of this effect constitutes a major goal of the 
ongoing effort. However, this aspect of the work is still in progress and the explicit 
incorporation of microstructural effects is left to the next phase of model development. 
As a consequence of the relatively low strength of the proton rearrangement mechanism 
of anelasticity (Onsager and Runnels 1969), and of a high-frequency dislocation 
resonance peak (Hiki and Tamura 1983), those contributions are ignored here. 

0 2. OVERVIEW OF THE MODEL 
Indications in the work of Cole and Durell (1995) of a low-frequency asymptote 

for the modulus of saline ice for nominally constant microstructural conditions helps 
to define the strength of the relaxation. It also lends support for a relaxation model as 
opposed to a high temperature background model. 

The analytical expression for the dislocation relaxation comes from consideration 
of a dislocation oscillating under an applied stress, subjected to lattice drag and a 
restoring stress composed of an average microstructural stress and line tension. The 
drag, which is extremely high relative to other materials, is generally believed to be 
associated with the reorientation of protons that is required for dislocations to move 
without excessive defect formation (Whitworth 1978, Weertman 1983). At - lOT, the 
drag term for basal dislocations in ice is of the order of 102Pa s, compared with values 
typically in the range of 10-5-10-3Pas for pure metals at temperatures of interest 
(Mason 1967). However, the drag mechanism is still a matter of speculation and 
continues to receive attention (Khusnatdinov and Petrenko 1994). The restoring stress 
term lumps together the effects of dislocation-dislocation interactions, dislocation- 
obstacle interactions, elastic anisotropy and line tension. A frequency shift analysis 
indicates that the basal dislocation contribution may be characterized by a single 
activation energy and a distribution in relaxation time. The model employs a 
peak-broadening term to address the effect of the relaxation time distribution on the 
frequency dependence of the anelastic strain. Considerable attention focuses on an 
adequate description of the initial transient behaviour, since it provides useful insight 
into the relaxation time characteristics and serves as a link between cyclic and 
monotonic loading responses. 

The following sections examine the experimental findings concerning the 
characteristics of the two relaxation mechanisms and develop the mathematical 
expressions for the model in terms of compliance. Subsequently, attention focuses on 
comparing the model predictions with experimental observations. 

5 3. GRAIN-BOUNDARY ANELASTICITY 

Grain-boundary anelasticity in ice has been observed in laboratory-prepared 
fresh-water ice (Kuroiwa 1965, Tatibouet, Perez and Vassoille 1987, Cole, 1994) and 
saline ice (Cole and Durell 1995), and in field cores of glacier ice (Nakamura and Abe 
1979). The activation energy for the peak appears to be in the range 1.261.38 eV, which 
is considerably higher than the activation energy for self-diffusion (0.7 eV) or 
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Anelastic straining of ice 233 

dislocation glide (see below). The kinetics of the relaxation are such that the associated 
internal friction peak occurs under a 1 Hz forced oscillation between approximately 
- 15 and -2O"C, making it relatively easy to examine with cyclic reversed 
direct-stress or torsional loading techniques. Although a clear link between grain size 
and the strength of the relaxation has not been developed, grain size effects have been 
observed in freshwater columnar ice (Gold 1958, 1994), granular ice (Cole 1994), and 
field cores of granular glacier ice (Nakamura and Abe 1979). The smallest grain size 
examined in the latter work (0.7 mm) had an internal-friction peak height of 0.155, but 
the more common grain sizes in the range 1-10 mm produce peaks in the range 0.06-0.1, 
which correspond to modulus defects in the range 0.13-0.23. Interestingly, copper 
exhibits a grain-boundary internal-friction peak of approximately the same strength, 
activation energy and relaxation time as ice (Shigenaka, Manzen and Mori 1983), and 
K&, Cui, Yan and Huang (1984) report peaks of similar magnitude in fine-grain 
super-high-purity aluminium. Cole and Durell (1 995) found the grain-boundary 
internal-friction peak in saline ice to be independent of the cyclic stress amplitude. 

3 4. DISLOCATION-BASED ANELASTICITY 

As determined in creep recovery experiments on fresh-water polycrystalline ice, the 
ratio of anelastic to elastic strain ranges from 10 (as obtained by Cole (199 l), testing 
laboratory-grown granular ice in compression at - 2°C S T'S - 10°C) to more than 
60 (as obtained by Duval(l978). testing glacier ice in torsional creep at T = - 1.5"C). 
These experiments show the build-up of anelastic strain that occurs during primary 
creep. Observations on fresh-water single crystals oriented for easy glide indicate 
a smaller ratio (about 6) after a total creep strain of 0.005 (Cole 1992) 
(T  = - 5°C; oCreep = 0.3 1 MPa). Apart from the exceptional values obtained by Duval 
(1978), ice exhibits a relatively high level of creep anelasticity similar to that observed 
for dislocation-based processes in aluminium (Gibeling and Nix, 198 1). 

Vassoille, Mai and Perez (1978) linked a rise in the magnitude of internal friction 
of fresh-water single crystals to increases in the measured dislocation density and 
modelled the observed internal friction essentially as a high-temperature background. 
The activation energies from observations of groups of dislocations using X-ray 
techniques have been in the range 0.55-0.6 eV. Tatibouet et al. (1987) demonstrated 
that creep straining produces a dramatic increase in the dislocation internal friction in 
addition to causing the grain boundary peak to disappear. Cole (1993) observed the 
dislocation-based compliance of saline ice to increase markedly with pre-strain. Duval 
( 1978) noted that the time dependence of the recovery process in glacier ice implied 
a distribution in relaxation times and treated the dislocation internal friction as a 
high-temperature background. The frequency dependence was addressed in an 
empirical manner. 

Sinha (1978) examined the creep and creep anelasticity (or delayed elasticity, as 
it is refcrrcd to in that work) of columnar fresh-water ice and determined an activation 
energy of 0.7 eV for both processes. (However, in a review of the literature, Weertman 
(1 983) recommended an activation energy of 0.62 eV for polycrystalline ice creep.) 
That and subsequent work (Sinha 1990) presented a phenomenological model for ice 
creep that included an expression for creep anelasticity based on a grain-boundary 
sliding process. 

Vassoille er al. (1978) found a somewhat variable apparent activation energy in the 
range 0-33-0.53 eV from their internal-friction experiments, which is in reasonable 
agreement with the value of 0.52 f 0.1 eV found for saline ice (Cole and Durell 1993,  
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234 D. M. Cole 

and the value of 0.54 eV for basal slip in single crystals of pure ice under cyclic loading 
(see Appendix). Observations on groups of basal dislocations in pure ice using X-ray 
techniques that require long exposure times have produced somewhat higher values of 
0.55-0-6 eV (Mai 1976, Fukuda, Hondoh and Higashi 1987). More recently, Shearwood 
and Whitworth (1991) found activation energies in the range 0.87-0.95eV for well 
characterized edge and screw dislocations using synchrotron radiation. Although the 
experimental technique of the latter workers is superior to that in the earlier studies of 
dislocation motion, there appears to be no evidence for such high activation energies 
in mechanical properties experiments involving the motion of large number of 
dislocations. 

From the cyclic loading observations, the dislocation relaxations in both fresh-water 
and saline ice are large and occur at low frequencies, and both materials exhibit 
approximately the same activation energy (below the eutectic point). This leads to the 
view that basal dislocation glide is fundamentally the same in both materials to a first 
approximation. 

Another matter of concern is the potential effect of pinning points of dislocation 
behaviour. Models of dislocation resonance and relaxation predicated on the bow-out 
of dislocation segments between pinning points have been widely successful. However, 
it has been pointed out (Woirgard, Riviere and De Fougnet 1981) that’such models 
frequently cannot simultaneously explain both the magnitude and the relaxation time 
of high-temperature processes. Bow-out models require the presence of pinning points 
(from point defects and dislocation interactions) but X-ray topographs in fresh-water 
ice consistently show that basal dislocation segments and semihexagonal loops expand 
freely (Liu, Baker, Yao and Dudley 1992). Hiki and Tamura (1983) found that a 
bow-out model with a loop length of 10-6m adequately explained their observations 
of a dislocation resonance peak in the megahertz range in ice containing a 0.33 at. p.p.m. 
concentration of Na + acting as pinning points. If pinning points with this concentration 
were effective in the low-frequency process in saline ice, and considering line tension 
as the restoring force (Lenz and Lucke 1975), the relaxation peak would occur near 2 Hz 
(for - 10°C and using a suitably high value of 40 Pas for the drag term). However, the 
experimental results show no  relaxation peak for those conditions. Rather, one occurs 
at significantly lower frequencies (between and 10-3Hz), which cannot be 
explained by that model. Thus, since there is no evidence of pinning point effects when 
large dislocation excursions are involved, the present model does not employ a segment 
length term. 

Q 5. MODEL DEVELOPMENT 

5.1. Dislocation relaxation 
5.1.1. Oscillatory motion of dislocations 

The physical basis for this relaxation is the oscillatory motion of basal plane 
dislocations under a sinusoidally varying stress. The assumptions of the model and their 
consequences are as follows. 

(1) On the bases of the observation of a low-frequency asymptote in the modulus 
of saline ice, the dislocation-based anelasticity is formulated as a relaxation 
process rather than high-temperature background. 

(2) Since virtually no change in cyclic loading behaviour results from continuous 
load cycling at stress levels very close to the tensile strength, the dislocation 
density is taken to remain constant for the prevailing conditions. 
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Anelastic straining of ice 235 

(3) Given the observations that saline ice obeys time-temperature superposition to 
a good approximation and that the peak is relatively broad, the underlying 
relaxation process is characterized by a unique activation energy and a 
distribution of relaxation times. 

(4) The dislocation velocities are sufficiently low to ignore inertial effects. Their 
motion under forced oscillation can thus be described by a temperature-depen- 
dent drag term and an opposing force term related to line tension and 
microstructural stress. 

The model accounts for temperature effects on the anelastic straining only and not 
as yet for temperature effects on either the elastic modulus or the porosity. Additionally, 
the model applies to material having a microstructure that has metamorphosed into 
discrete brine- or gas-filled inclusions in a pure ice matrix and does not apply to newly 
formed sea ice, which may exhibit significantly different temperature effects. The 
quantities in this section pertain to the dislocation relaxation only. Superscripts are 
introduced in a subsequent section when it is necessary to discriminate between the two 
relaxation processes. 

The governing equation for the oscillatory motion of dislocations under a slowly 
varying stress field is taken as 

BX + Kx = basin (ot), (1) 

where x is the distance, B is the temperature-dependent dislocation drag, K is the 
restoring stress acting in opposition to the dislocation, b is the Burgers vector, a. is the 
maximum cyclic shear stress resolved on the slip plane, o is the angular frequency and 
t is the time. Weertman (1955) presented a relationship similar to eqn. (1) and discussed 
the significance of K and its evaluation in the context of an internal-friction model 
applicable at higher frequencies than the present study. Kressel and Brown (1 967) and 
Joncich (1976) employed relationships similar to eqn. (1) in analyses of microstrain 
experiments of nickel and creep anelasticity in ice respectively. Lenz and Lucke (1975) 
reviewed similar modelling approaches in the context of dislocation resonance 
damping, which has many elements in common with the present effort. They pointed 
out that experimental measurements allow determination of the ratios of various model 
parameters: AlK, B/K and BlA, where A is the mobile dislocation density. More recently, 
Lakki, Schaller, Nauer and Larry (1993) applied a similar approach to model the internal 
friction of yttria-doped zirconia polycrystals. As in the present work, they also 
employed a peak-broadening term and note that the predicted internal friction reduces 
to an exponentially increasing function of temperature as the restoring stress K becomes 
small. 

The solution to eqn. (1) has the form 

x = [ Co + 2 I sin(wt)exp (1; df) dr] exp ( - 1; df). 

The solution to eqn. ( 2 )  is 

ba (KIB) sin ( w t )  - w cos (of) 
x =  Coexp( -:) +F 

( K/B)2 + m2 

Application of the initial conditions of x = 0 at r = 0 yields the value of 

( 3 )  

ba o 
B (K/B)* + w2 ' 

CrJ = - (4) 
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236 D. M. Cole 

Fig. 1 

o.6 I 

200 220 240 260 280 

Temperature ( K ) 

The curve labelled u = 1.0 gives the value of the bracketed term in eqn. (7) against temperature. 

The first term in eqn. (3) determines the transient behaviour and the second is the 
steady-state response. After grouping terms, the coefficient of the cosine function in 
eqn. (3) describes a relaxation peak with a central frequency determined by the value 
of WB. The temperature dependence of the peak stems from the temperature 
dependence of the drag term B: 

B =  B(T)  = Boexp - . (3 
This expression for dislocation drag pertains to basal slip in pure ice and is expected 

to be independent of the microstructure. Bo and Q in eqn. ( 5 )  are evaluated in the 
Appendix. 

A relaxation time z = B/K may be associated with the peak, which upon substitution 
into eqns. (3) and (4) yields 

bo sin (wt) - zw cos (at) 
x = Coexp ( - :) + 

1 + ( T S ) 2  

The sine and cosine terms determine the components of the dislocation strain that 
are in phase and 90" out of phase respectively with the applied stress. The curve labelled 
a = 1 .O in fig. 1 is the amplitude of the bracketed term in eqn. (7), which governs the 
frequency response of the model. The parameter a determines the peak width as 
discussed in a subsequent section. 

Given that the temperature-dependent drag term is known from independent 
observations, K can be assessed from the central frequency of the relaxation peak as 
indicated in the compliance and modulus data shown in fig. 10 and 14 of the paper by 
Cole and Dureil (1995). 

5.1.2. Relaxution time distribution 
The distribution in z results from the net contributions from a great number of 

discrete systems distributed throughout the specimen, each with its own characteristic 
geometry, and hence relaxation time. The effect of the distribution in z may be addressed 
analytically either by substituting an alternative frequency function in eqn. (6) or by 
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Anelastic straining of ice 237 

Model parameters for dislocation relaxation optimized for each specimen. 

6Dd K 
Specimen (Pa - I )  ad (Pa) 

HOFl 1.4 X 0.53 0.07 
HOF2 1.4 X lo-' 0.53 0.07 
HOP2 1.4X 0.55 0.05 
PL19 1-8 X lop9  0.59 0.07 

Fig. 2 

HOF2 

=-." 5.. - 
*..rl...,.c 

C?'.,,.,e 
-m n .-..>-. 

10" 

1 0" 
Frequency (Hz) 

The log-plot of compliance against frequency for the results from specimen HOF2 (Cole and 
Durell 1995). The points have been shifted to lie along a T =  - 10°C master curve. The 
line is the model prediction with parameter values as indicated in the text. 

incorporating an estimate of the relaxation time distribution Z(ln z) and employing the 
expression (Ferry 1981) 

Ferry ( 198 1) presented a method for approximating the relaxation time distribution 
if the compliance is known over a sufficiently wide frequency range. It is noted in 
passing that calculations camed out using eqn. (8) with l(ln z) estimated using Ferry's 
method agreed well with the experimental observations. However, the calculations can 
be simplified with no loss in accuracy by employing an alternative frequency 
dependence of the form 

a 
-- sech (as), 
2 (9) 

where s = In TO. Equation (9) reduces to the Debye expression for a = 1 and has been 
used in place of the Debye term TO/[ 1 + ( T W ) ~ ]  in similar applications for crystalline 
materials (Nowick andBerry 1972). Figure 1 shows the relaxation peaks associated with 
a = 0.54 together with the Debye peak (a = 1.0). The distribution broadens as a 
decreases, but its integral value remains unchanged. A least-squares error analysis of 
the frequency-shifted data given by Cole and Durell (1995) produced estimates of a,  
6 D  and K for several specimens (see the table). Figure 2 illustrates the frequency-shifted 
data points for a typical specimen from Cole and Durell ( 1  995). The solid line is the 
model prediction, as discussed in the next section, based upon the parameter values 
given in the table. 
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238 D. M. Cole 

5.1.3. Dynamic compliance 
Employing eqns. (9) and (6 )  results in the loss compliance Di  of 

Dd- d 1 
2 - a  SDd 

exp (ads) + exp ( - ads) 

The storage compliance Dy(o) is 

where the lower limit of integration si corresponds to the value of In (zw) of interest. 
Upon integration, eqn. (1 1) yields 

2 
D f ( o )  = Dt + 6Dd tan - 1 [exp (adsi)~). (12) 

Figure 3 shows the dynamic compliances as a function of frequency for the 
relaxation, computed for T =  - 10°C. Equations (10) and (12) define the dislocation 
relaxation and these, together with analogous expressions for the grain-boundary 
relaxation (discussed in the next section), fully define the model. 

Fig. 3 

Frequency (Hz) 1 I .  

4 x  

Frequency (Hz) 

(b)  

Model predictions of the dynamic compliances as a function of frequency for the dislocation 
and grain-boundary relaxations, calculated for - 10°C: (a) the storage compliance D I ;  
(b) the loss compliance D2. 
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Anelastic straining of ice 

Fig. 4 

239 

Calculated dislocation density (rn-') 

Model predictions of modulus against mobile dislocation density for frequencies as indicated. 

5.1.4. Relationship between dislocation density and compliance 
The dislocation contribution to the total strain &d is 

&d = AQbxd, (13) 

where A is the dislocation density, 52 is an orientation factor, b is the Burgers vector 
and xd is given by eqn. (6). Examination of eqns. (10) and (13) indicates that 

The specimen compliance change ascribable to dislocations is thus a linear function of 
the mobile dissociation density A and inversely proportional to K .  The orientation factor 
Q is estimated as x -  for the S 2  columnar ice under consideration; K was estimated 
from the experimental results to be approximately 0.07 Pa as discussed in an earlier 
section, and b = 4.52 X 10-''m. The estimated value of 6D = 1.4 X 10-9Pa-1 leads 
to a reasonable value for the mobile dislocation density of 1.5 X lO9mP2. Figure 4 
shows the predicted initial modulus as a function of the mobile dislocation density on 
the basal planes for four frequencies. It has not yet been possible to verify the predicted 
values directly, however, because the dislocation density has proven to be too high to 
allow discrimination of individual dislocations in topographs employing synchrotron 
radiation (1. Baker 1994, private communication). 

5.1'5. Transient behaviour 
The transient behaviour is governed by the term exp( - t/z) in eqn. (6) .  The 

experiments indicated that the duration of the transient effects scaled with the driving 
frequency, that they persisted past the end of the first cycle and that the hysteresis loops 
are not centred about the point ( E  = 0, o = 0), but exhibit a bias in the direction of initial 
loading. Using a constant relaxation time T = 1/00 (where wo is the central frequency 
of the dislocation relaxation peak) produces transient effects that proceed too slowly 
for driving frequencies greater than 00. The expression 

2 
- tan - {exp [ad In (TO,)]  1, (15) 
7c 

where z = l/w (w is the angular driving frequency), however, which uses the frequency 
dependence of DY (see eqn. (12)), adequately describes the observed transient 
behaviour. Time enters the expression explicitly by setting wr = t - '  (Ferry 1981). 
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240 D. M. Cole 

Fig. 5 

T=-IOaC 
0.8 - 

a, 

Time (s) 
Function values against time for a simple exponential and the transient function employed in the 

analysis. 

Figure 5 shows a plot of [ l  - exp( - t / z ) ]  against time for z = l/w together with 
the transient function described in the preceding paragraph. The peak-broadening effect 
of the relaxation time distribution prolongs the transient effects, thereby producing 
hysteresis loops that are offset appropriately from the origin. Although it is assumed 
that the form of the relaxation time distribution is not a function of the applied 
frequency, it is recognized that this may not be the case. 

The anelastic strain effectively vanished for 1 Hz and - 30°C for the stress levels 
under consideration. This corresponds to 0;‘ = 1.2 X 10 - l o  Pa I ,  or to a threshold value 
of 0.065 of the transient function (which runs from zero to unity). The model employs 
this threshold value, and the transient function value is scaled appropriately to maintain 
its range from zero to unity. 

The physical interpretation of the foregoing analysis is that elements with 
progressively longer relaxation times are able to operate fully as the driving frequency 
decreases, and the time required for the transient to subside consequently increases as 
well. Based on physical reasoning, the relaxation times are distributed about T,,, when 
the driving frequency drops below llz,,,. 

5.2. Grain-boundary relaxation 
The saline-ice data do not allow for a reliable estimate of the activation energy; so 

the value of 1-32 eV observed by Tatibouet et al. (1 987) is employed. The results further 
indicate that the pre-exponential in the relaxation time expression should be in the range 
2.7 X 10-27-8 X 10-28s, which corresponds to a range in the peak location of 
approximately 5°C. The model employs the lower value, which is commensurate with 
the order of magnitude value of lO-”s reported by Tatibouet et al. (1987). 

The 18°C width at half-height for the grain-boundary peak corresponds to ugb = 0.6 
in eqn. (9). This value reproduces the grain-boundary peak observations in saline ice 
reasonably well and is employed in the analysis. As in the case of the dislocation 
relaxation, agb depends on the distribution of relaxation times associated with the 
grain-boundary relaxation and its value could change for significantly different 
microstructures. Although the peak characteristics may be influenced by the presence 
of brine- and gas-filled inclusions, a comparison of the grain-boundary internal-friction 
peaks observed in freshwater and saline ice (Cole 1994) showed them to be very similar 
to magnitude and width. The model uses 8Dgb = 3 X 10- ’ I  Pa- I ,  which corresponds 
to Dqbmax = 9 X 10-I2Pa-’ and is appropriate for grain sizes in the range 3-10mm. 
Adding the dislocation contribution of Di = 2.3 X 10- ”Pa-  produces a peak value 
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Anelastic straining of ice 

Fig. 6 

24 1 

0 -1 0 -20 -30 40 -50 

Temperature (" C) 

Model predictions for compliance against temperature for 1 Hz illustrating the grain-boundary 
peak and dislocation contribution. 

of the observed height, as seen in fig. 6. The transient in the grain-boundary relaxation 
has been calculated in the manner discussed in the preceding section. Frequencies and 
temperatures of practical interest are typically well below the relaxation peak, with the 
result that the strain associated with this relaxation is primarily in phase with the applied 
stress, contributing to the modulus defect. 

0 6. COMPARISON WITH EXPERIMENTAL OBSERVATIONS 
In the absence of deformation that would effectively lock the grain boundaries, both 

the grain boundary and dislocation relaxations are expected to operate simultaneously 
so D1 = DY + ofb and D2 = D: + Dlb (see curves labelled Total in fig. 3), where 

1 
D:(o)  = ad SDd __ 

exp (adsf) + exp ( - ads') ' 

The superscripts d and gb indicate quantities pertaining to the dislocation and grain 
boundary relaxations respectively; sf = In (tdo) and sFb = ln (+'a). The transients in 
both relaxations are governed by eqn. (15) with the appropriate values of the 
peak-broadening term and relaxation time. 

Figure 7 compares hysteresis loops obtained from the model with experimental 
results and fig. 8 illustrates the temperature and frequency dependences of the modulus 
for the first and second loading cycles. Plots of experimental data appear to the right 
in these figures, and the predicted first cycle moduli were calculated for approximately 
the same total strain level ( E  of the order of as the values calculated from the 
experimental data. 

Figure 9 compares the predicted hysteresis loop widths with results for a single 
specimen from Cole and Durell (1995). The grain-boundary peak is primarily evident 
in the 1 Hz results. It becomes only vaguely evident at the lower frequencies as it shifts 
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Fig. 7 
0.6 
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;ii 0.2 n 
5 0  
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-0.6 
Predictions 

VYV w -30' C 
Strain 

Strain 

(b) 

Comparison of model predictions and experimental observations for T = - 30°C. t 0.6 MPa 
and the four test frequencies. (a) Model predictions with a dislocation density of 
1.8 X lo9 m - ', ad = 0.54 and K = 0.07. Other than the input frequency, there were no 
parameter changes in the model for the various loops. (b) Stress-strain loops from 
specimen HOP2 (Cole and Durell 1995). The loops have been shifted by arbitrary 
amounts along the strain axis for clarity. 

to lower temperatures and as the magnitude of the dislocation contribution increases 
significantly. The predictions are based on a single set of values for all the model 
parameters. A value of 9.0 GPa has been used for the unrelaxed modulus in all cases, 
which is representative of the results presented by Cole and Durell (1995). 

5 7. DISCUSSION 
The model yields very reasonable predictions of the transient and steady-state cyclic 

loading response of laboratory-prepared saline ice over the stated range of loading and 
environmental conditions. Although simplified in certain respects, the model captures 
the main features of the response and provides a physically based framework for further 
development. 

The activation energies for the two mechanisms adequately describe the observed 
temperature dependence for T S  - 10°C. Apart from the activation energies and 
perhaps the central relaxation time for the grain-boundary process, the other model 
parameters (SO', mi, K, A and a) are functions of the particular microstructure and defect 
structure. 

The quantities 6Dd and GOgb determine the maximum anelastic strain associated 
with each mechanism. As indicated in eqn. (14), 6Dd increases with increasing mobile 
dislocation density and decreases with increasing opposing stress K. Calculations 
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Anelastic straining of ice 243 

Fig. 8 
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(b )  
Model predictions of the initial modulus as a function of temperature for four loading frequencies 

for the initial tensile loading for (a)  the first cycle and (b)  the second cycle. The figures 
on the left are calculated from the model and the adjacent figures on the right are 
experimental results from specimen HOFl (Cole and Durell 1995). 

indicate that the variations in compliance associated with the range in specimen porosity 
stated by Cole and Durell ( 1  995) correspond to a fifteenfold increase in the mobile 
dislocation density. 

Although held constant at a representative value for larger grain sizes, GDgb clearly 
depends on the details of the microstructure. The associated anelastic strain is of the 
order of the elastic strain, in keeping with observations of grain-boundary sliding in 
other materials (Gibeling and Nix 1981). As noted earlier, the strength and relaxation 
times of grain-boundary sliding in ice appear to be very similar to those in some metals. 
The ease with which a wide range of microstructures can be produced and optically 
examined in  ice recommends this material for use in detailed studies of grain-boundary 
processes. 

The parameters ud and ctgb (which control the peak widths for each relaxation 
process) are functions of the relaxation time distributions for each mechanism and can 
be determined from the cyclic loading response over a range of frequencies at a fixed 
temperature. Although they are expected to depend on microstructure, they appear to 
vary little for the laboratory-prepared ice examined thus far. 

The value of K = 0.07 Pa, estimated from the experimental results, is lower than the 
value of about 0.5 Pa calculated by Joncich ( 1976) for deformed ice single crystals. It 
is lower still than the value of 3.2Pa calculated from the expression 3pb2N given by 
Weertman (1955) for metal single crystals. The reasons for the disagreement are unclear 
at present. It is noted, however, that, since the relaxation time is T~ = B/K, significantly 
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Fig. 9 
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(b)  
Comparison of model predictions (on the left) and typical experimental results (on the right) for 

loop width against temperature for peak cyclic stress levels as indicated, and loading 
frequencies of (a) 1 Hz and (h) Hz. Experimental results are from specimen HOFl 
from the work of Cole and Durell (1995). 

greater values of K would lead to implausibly short relaxation times for the dislocation 
peak. 

The independent assessment of the dislocation density A ,  a key quantity in the 
model, presents a problem since typical values for saline ice are much too high to be 
reliably determined from X-ray topographs. Although an eventual goal in this regard 
is to estimate A from known growth conditions, for the near term it appears necessary 
to estimate an effective value from laboratory compliance measurements. 

An important feature of the model is the incorporation of the effects of a relaxation 
time distribution, which explains both the frequency dependence of the anelastic 
straining and the transient behaviour observed from the start of loading. As noted by 
Cole and Durell (1995), the hysteresis loops are generally not centred on the point 
( E  = 0, CT = 0) during nominal steady-state cycling but tend to have an offset in the 
direction of the initial loading direction. The model reproduces this behaviour because 
the relaxation time distribution provides for relaxation times longer than the duration 
of the experiments. It is noted that the present treatment assumes that the relaxation time 
distribution is symmetrical about its peak, but this need not be the case. 

Improvements to the model will incorporate the relatively minor temperature 
dependence of the elastic modulus (Hobbs 1974) and the dependence of the modulus 
on the net porosity of the specimen (Cox and Weeks 1983). Such effects are expected 
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Anelastic straining of ice 245 

to become very strong for T >  - lO"C, which is above the range of applicability of the 
present formulation. These effects will be incorporated as the model is extended to 
higher temperatures. 

Although the two mechanisms are treated independently, grain boundaries can 
influence the magnitude of the dislocation relaxation when pre-strain or annealing 
effects are considered (Narutani and Takamura 1991, Llanes, Rollet, Laird and Bassani 
1993). A grain size effect might occur in the dislocation mechanism since the population 
of dislocation sources such as grain-boundary ledges and triple points scale with the 
grain-boundary area. 

Grain-boundary sliding promotes stress concentrations at ledges and triple points 
and thereby enhances crack nucleation (Evans 1980). In the flow with cracking regime 
(from approximately to 10-3s- '  at - 10°C), ice exhibits a shift from mixed 
intergranular and intragranular cracking with appreciable dislocation activity at the 
lower rates to grain-boundary cracking accompanied by very little dislocation activity 
at high strain rates (Gold 1972, Cole 1986). This trend coincides with the shift from 
dislocation- to grain-boundary-dominated anelasticity predicted by the model (see fig. 
3) at about 1 Hz at - 10°C. 

0 8. CONCLUSIONS 
The anelastic strain of saline ice for constant microstructural conditions is well 

represented by a model based on a dislocation relaxation and a grain-boundary 
relaxation. In saline ice, which has a characteristically high dislocation density, the 
dislocation relaxation generally dominates the cyclic loading response. The activation 
energy for the dislocation process, which comes from the dislocation drag term, was 
assessed by cyclic loading experiments and found to be effectively the same for both 
fresh-water and saline ice. Laboratory-prepared saline ice exhibits a distinct 
grain-boundary relaxation peak as found in fresh-water ice, despite the presence of gas- 
and brine-filled inclusions along grain boundaries. The relaxation peaks for both 
processes were broadened by the effects of a distribution in relaxation times. A 
peak-broadening term in the frequency function adequately modelled the frequency 
response, simplified calculations and provided a convenient means for determining the 
transient response. 

A direct comparison with experimental results demonstrated that the model 
adequately reflects the main features of the transient and steady state cyclic loading 
behaviour. 

The model provides a framework for continued development and current efforts 
focus on the incorporation of explicit microstructural effects on the parameters, 
developing a temperature- and microstructure-dependent expression for the elastic 
modulus, and extending its range of applicability to higher temperatures and lower 
frequencies. 
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A P P E N D I X  
An estimate of the temperature dependence of the oscillatory motion of basal 

dislocations was determined from experiments on a single crystal of fresh-water ice 
oriented for easy glide, employing the same experimental technique as used in the 
saline-ice experiments. The single-crystal experiments will be described in detail in a 
forthcoming paper. The activation energy was determined by the frequency shift 
analysis described in the text. 

The dislocation velocity in ice has been shown to be a linear function of stress at 
relatively low stresses and a simple exponential function of temperature (see the review 
by Whitworth (1 978)): 

v d  = Aaexp ( - g), 
where ud is the velocity of basal dislocations, A is a proportionality constant, (T is the 
shear stress on the basal plane and the other terms have their usual meanings. For 
temperatures below approximately - 1O"C, for stresses in the range of the present 
experiments, and assuming linearity, Mai (1976) reports an activation energy of 
0.55 f- 0.05 eV for basal dislocations observed with X-ray topography. As pointed out 
by Whitworth (1978), the activation energy determined from those data can vary, 
depending on how one accounts for the nonlinearity evident at higher temperatures. 
However, examination of the results indicates that the linear assumption is reasonable 
for temperatures below approximately - 10°C. 

The analysis of the experimental results on an oriented single crystal by the present 
author included temperatures of - 2, - 3, - 5 ,  - 10, - 20, - 30, - 40 and - SOOC, 
stress levels of ? 0.4, 2 0.6 and 2 0.8 MPa, and frequencies of 1, lo - ' ,  l op2  and 
10-3Hz. Figure A 1 shows the calculated values of the apparent activation energy. 
The values are plotted as bars extending over the temperature interval used for the 
calculation. Estimates of the creep effects have been removed from the results for the 
values obtained at 10 ~ Hz. The data exhibit a sharp rise for temperatures above - 10°C 
and sustain a relatively constant value, averaging 0.54 eV, between - 10 and - 50°C. 
This value closely agrees with the activation energy observed by Mai (1976) as noted 
above. 
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Anelastic straining of ice 247 

The drag term and velocity are related to the applied stress by the following 

BUd = ba. (A 2) 

relationship: 

Substituting for the velocity from eqn. (A 1) yields 

Thus the term Bo in eqn. ( 5 )  in the text has the value blA. The results of Fukuda and 
Higashi (1973) allow an estimate ofA. For observations at - 18"C, they report a stress 
dependence in the form 

U d  = ca, (A 4) 

where the constant c absorbs the exponential term and varies with the geometry of 
the dislocation line. Using an average value of c = 5.1 X l 0 - ' *m3N- ' s -  ', and an 
activation energy of 0.55eV, yields A =0.375. This in turn produces a value of 
Bo = 1.205 X 10 ' Pa s. The temperature-dependent drag term is thus given by 

B ( T )  = 1.205 X lO-'exp ~ , 
( O I 3  

where B ( T )  has unit of partial seconds. 
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