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SUMMARY

A high order finite volume scheme is developed to numerically integrate a fully nonlinear and weakly
dispersive set of Boussinesq-type equations (the so-called Serre equations) [Seabra-Santos, Renouard
and Temperville, 1987; Barthélemy, 2004]. The choice of this discretization strategy is motivated by
the fact that this particular set of equations is recasted in a convenient quasi-conservative form. Cell-

face values are reconstructed using implicit compact schemes [Kobayashi, 1999; Lacor, Smirnov and
*Correspondence to: racienfu@ing.puc.cl ; tel : (33) 4 76 82 50 68 ; fax : (33) 4 76 82 70 22
Received

Copyright © 2005 John Wiley & Sons, Ltd. Revised

International Journal for Numerical Methods in Fluids



Page 3 of 55

For Peer Review Only

2 R. CIENFUEGOS, E. BARTHELEMY AND P. BONNETON

Baelmans, 2004] and time integration is performed with help of a four-stage Runge-Kutta method.
Numerical properties of the proposed scheme are investigated both, analytically using linear spectral
analysis, and numerically for highly nonlinear cases. The numerical analysis indicates that the newly
developed scheme has wider stability regions and better spectral resolution than most of the previously
published numerical methods used to handle equivalent set of equations. Moreover, it was also noticed
that the use of mized order strategies to discretize convective and dispersive terms may result in
an important overall reduction of the spectral resolution of the scheme. Additionally, there is some
numerical evidence which seems to indicate that the incorporation of a high order dispersion correction
term as given in [Madsen, Murray and Sorensen, 1991] may introduce instability in the system.

Copyright © 2005 John Wiley & Sons, Ltd.

KEY WORDS: Boussinesqg-type equations, Serre equations, finite volume method, compact schemes.

1. INTRODUCTION

In recent years, important research efforts have provided a solid theoretical background for a
new generation of the so-called Boussinesq-type wave equations. This new class of equations,
which takes advantage of pioneering contributions made by Boussinesq [1], Korteweg and de
Vries [2], Serre [3] and Peregrine [4], have proven to adequately describe most of the water wave
phenomena taking place in the nearshore zone. Recent developments concern the extension of
these shallow water sets of equations to deeper water propagation problems [5, 6, 7, 8, 9, 10],
and to describe surf zone dynamics by adding extra wave-breaking terms [11, 12, 13, 14] and
removing the originally embedded weakly nonlinear hypothesis [15, 16, 17]. Even though those
important improvements have provided a powerful set of mathematical tools to describe the
hydrodynamics of coastal zones, the question of constructing efficient, stable and accurate
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numerical schemes to solve them have received considerably less attention.

Numerical solution of Boussinesg-type equations have been mostly tackled with finite
difference methods [18, 19, 20, 21, 22, 23, 24], and to some extent, using finite element
techniques [25, 26, 27, 28]. On the contrary, the application of the finite volume method
to discretize Boussinesg-type equations have been only reported very recently [29, 30, 31].
Even though finite volume techniques have been successfully applied to the strictly hyperbolic
dispersionless set of nonlinear shallow water equations (NSWE) using shock capturing solvers
(see [32] for a comprehensive review), parabolic terms responsible for the dispersive nature of
Boussinesq-type equations make the extrapolation of such approaches to coastal applications
rather difficult. However, shock capturing methods may provide an efficient and elegant way
to numerically integrate Boussinesq equations but novel strategies are to be developed in order

to adequately handle the mixed hyperbolic-parabolic mathematical nature of the system.

In the present work, a finite volume technique is applied to the fully nonlinear and weakly
dispersive set of Serre equations first derived in [15]. The inclusion of a dispersion correction
term following the lines given in [33] allows for an extension of the range of application
of this set into moderately deep waters. The choice of integrating equations with a finite
volume technique appeared naturally because it is possible to recast continuity and momentum
equations in an attractive quasi-conservative form using an auxiliary variable as given in [34].
We recall that recent applications of finite volume methods to Boussinesqg-type equations
mostly concern weakly dispersive and weakly nonlinear versions of these sets (i.e., a KDV-like
system in [29] and a low order Boussinesq model in [30]). Similarly, discretization strategies
implemented in previous finite volume approaches appears to be at most 2nd order accurate
in space. On the contrary, our aim here is to develop an efficient high order finite volume

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 00:1-34
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scheme applicable even for strongly nonlinear situations. However, no attempt is made to take
advantage of shock-capturing methods mainly because : i) this convenient quasi-conservative
set of equations is not really in a strong conservative mathematical form, ii) high order accuracy
in space and time was intended at low computational cost, and iii) shocks do not naturally
emerge in Boussinesq-type equations because there is a balance between nonlinear and
dispersive terms [35]. Nevertheless, our numerical approach borrows some recently developed
ideas from modern CFD which make high order accuracy and high spectral resolution possible
at an affordable computational cost. Such techniques are based on a compact reconstruction
of cell-face values at a high order by solving implicit algebraical equations [36, 37]. Indeed,
fourth order accuracy is achieved by solving an implicit tridiagonal system. Similarly, spatial
derivatives are estimated with a fourth order truncation error using compact differencing
[38]. Finally, numerical solution is advanced in time with help of the four-stage Runge-Kutta
method.

The paper is organized as follows : in Section 2 governing equations are derived by vertically
integrating Euler equations, while Section 3 deals with the numerical implementation of the
newly developed compact finite volume scheme. A comprehensive linear numerical analysis of
the method is given in Section 4 and additional information on the performance of the finite
volume scheme is obtained with help of numerical experiments in Section 5. In particular the

influence that strong nonlinearities may have in stability and accuracy is investigated.

2. GOVERNING EQUATIONS

Serre equations describe the 2D, irrotational and shallow water flow of an incompressible
and inviscid fluid over uneven bottom bathymetries. This set of equations rules the total water

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 00:1-34
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\

Figure 1. Definition sketch for wave propagation over unveven bathymetries. z = 7 is the free surface

elevation, z = £ is the bottom location, and h = n — ¢ is the instantaneous water depth.

depth and the depth-averaged horizontal velocity. In the following we expand on the derivation

of Serre equations for horizontal bathymetries as given in [39].

Generally speaking, Boussinesq-like equations are valid only for long waves. Long wave
dynamics are characterized by a small parameter 0 = ho/L <« 1 where hy and L are
respectively a vertical length scale (say a typical water depth) and a horizontal length scale of

the flow. The continuity equation implies the following order of magnitude relationship,

SRS

~ 0, (2.1)

where u and v are respectively the horizontal and vertical fluid velocities (~ stands for order of
magnitude). The bottom boundary condition suggests that bottom slopes &, should be of order
o, since v/u = £, at the bottom. Obviously bottom horizontal scales are not disconnected from
the scales of the waves. In other words the flow length scales adapt to the bottom ones. Hence
bottom slopes for long wave propagation should be mild which is what is assumed here. This
settled, the scaling detailed in [39] leads to the following dimensionless forms of continuity,
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irrotationality, momentum equations and boundary conditions,

ou*  Ov*
—+-—=0 2.2
Ox* * 0z* (22)
ou* 5 Ov*
— = 2.
ozr 7 oz 0 23)
ou* , 0 9 5 0 op*
* * * — 2‘4
eat*—l-eaw*(u )+662*(u v*) e (2.4)
e’ T = €0 8_175)* + %0 u*% + %0 v*% = —glz)* - (2.5)
* * af* * *
vt = at the bottom z* =¢ (2.6)
Ox*
v = (ZZ* +eu ZZ* at the free surface z* =en* (2.7
p* =0 at the free surface z* =en* (2.8)

Where * indicates dimensionless variables and dependent variables. p* is the dimensionless
pressure, I*(x*, z*, ¢*) is related to the vertical acceleration of the fluid particles, n* is the free
surface elevation and € = a/hg is the nonlinear parameter (see Figure 1). Recall we seek a set
of equations for the depth-averaged horizontal velocity u* and the water depth h* = € n* — £*.

Depth averaging a function f* results from applying the following operator,

1 en’
ff=— frdz". (2.9)
h* Jes
Depth averaging continuity yields:
on* 0 —
— [h* u*| =0. 2.1
i U (2.10)

Depth averaging the z-momentum equation (2.4) and following the derivation along similar

lines as in [39] gives,

* 6? >o<_,.<am *6,’7* 2 a 677* * * * 286* 67’)* * *
hat*+€huax*+h%+06m*/ dez+a?/ ' dz* =

*

0 /ﬂ7 (u*? — (u*)?) dz*. (2.11)

— €
3:12* £+
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So far no approximation has been invoked, but the integrals in (2.11) cannot be reduced to
partial differential expressions without approximating the integrands. We aim at obtaining a
set of equations comprising terms at most of O(c?). To be consistent, the two integrals on the
left-hand side should be expanded to order 0. Further inspection is required for the one on the

right-hand side which also reads,

en”™ - o
/ (w2 — (@)?) de* = h* (m? - (u*)2) . (2.12)
This term has given rise in the past to discussions as to whether it is of O(c?) or not for uneven
bathymetries. Dingemans [40] (volume II page 613) argues it is not. It has been then taken
advantage of this argument to mistrust Serre equations for long wave propagation over uneven
topographies. Nevertheless, it can be readily shown that (2.12) is of order o*. Rearranging

results reported by Dingemans [40] (volume IT page 656) the series expansions of u* and v*

read,

(2,2, 1%) = uy(a”, 1) + 072" = €) ui(a",1) + O(o?) (2.13)
* * * gk a * * * ok * * au* * * * * ok
V2 1) = | (e 1) - (2 = €) DI 4 0%(t — €) u3a” ) 4 O0") (2.14)

showing in addition that uw* and v* also have even series expansions in ¢ for uneven
bathymetries. Using (2.13), clearly u*2 — (u*)? = O(c*) without having to express u; and
uj in terms of u* as done in [40].

Left-hand side integrals in (2.11) are evaluated with the above series expansions expressed

in terms of u*,

w(z*, 25 1) = W (2, 1) + O(0?) (2.15)
o&* u*
v (at, 25 ) = —=— uF — (2% — &) =— + O(0? 2.16
(0", 2%, = 52 W — (2" =€) 55 + (o) (2.16)
Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 00:1-34
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Retaining all terms up to O(o?) leads to the following set of equations expressed in terms of

physical variables and unknowns :

n+ (hw), =0 (2.17)

hay+hTu,+ghmn + [hQ (%P+%Q)L+£mh (%P+Q) =0 (2.18)
P = b [Tt + T Ty — ()] (2.19)

Q=& (W+TTy) + & T, (2-20)

where P and Q represent respectively the vertical fluid acceleration at the free surface and
at the bottom. This fully nonlinear set of equations contains all € order of magnitude terms
because no hypothesis have been introduced concerning nonlinearities (i.e., € ~ O(1)). Some
of these e terms are related to the convective vertical acceleration neglected in low-order
Boussinesq equations [4]. One of the interesting properties of the Serre equations for horizontal
bottom lies in the fact they have a closed form solitary wave solution which happens to be the

Rayleigh solitary wave [41], which expression is,

h(z,t) = ho + a sech® [K (z — Ct)] (2.21)

u=C (1 - %) (2.22)

3a /
K = 14+ — 2.2
4 h2 (h() T a 5 + 0 and CO gho ( 3)

where hg is the water depth at rest, a the amplitude, C the phase speed and K the outskirt
decay parameter. This solution will be used later to numerically test the finite volume scheme
developed.

Additionally, the range of validity of this set of equations can be easily extended to wave
propagation problems in deeper waters using the dispersion correction technique discussed in

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 00:1-34
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[6, 33]. A Padé (2,2) expansion for Stokes linear dispersion is achieved by adding the following

term in the left hand side of equation (2.18),
B(z,t) = _a£2[ﬂzzt + (@) 2z + g(h + §)zazls (2.24)

where a is an adjustable parameter (~ 1/15) that must be tuned in order to match (at best)
the linear Stokes dispersion relation.

Finally, it is possible to show that continuity and momentum equations, including the
dispersion correction term, can be written in quasi-conservative form [34, 31] by introducing a
dependent variable ¢ which aggregates all time derivatives of equation (2.18) and (2.24). This

convenient mathematical form reads,

hi+F, =0, (2.25)
g+ G =5, (2.26)
_ 1 - 2
g=1+ru- 3_h(h Uy )y — O Uz, (2.27)
with flux functions,
F = ha, (2.28)

G =gt glh+ &)~ J1(1+€) + (6T~ W), —af[ +g(h+ O], (229)

and the non-conservative right hand side term S (analogous to a source term) in (2.26) has

the following expression,
S = —2a& [utz + g(h + &)l - (2.30)

The latter contains a small correction for the dispersive properties of the system. Moreover,
r = (hy +&)& + %hfw and thus traduces some bathymetric effects. In what follows, overbars
will be dropped for convenience.

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 00:1-34
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3. NUMERICAL METHOD

Because dispersive terms embedded in Boussinesq-type equations may have a similar
mathematical form than lower order terms associated to truncation errors of discretized
equations, high order schemes, both in time and space, are needed. Furtheremore, nonlinear
processes and frequency dispersion are responsible for the broadening/narrowing of initial wave
length scales in time and numerical methods used to solve Boussinesq equations must be able
to adequately reproduce interactions between different wave modes without damping physical
ones nor introducing spurious short-wave noise. In this context we will develop a 4th order
compact finite volume scheme for spatial integration of equations derived in previous section
over a uniform 1D staggered grid while time integration will be performed using a standard

4th order Runge-Kutta method.

3.1. Finite volume method for spatial discretization

The computational domain is schematically described in Figure 2 where €; and 2; are control
volumes centered around i-nodes (i = 0,1,..,] — 1) and around j-nodes (j = 0,1,...,1)

respectively, i.e.,

Qi =A{z € [zj,zj11]}, (3.1)

Q; ={z € [zi-1, 2]}, (3.2)

where I is the number of ; control volumes used to discretize the physical domain. Nodal
coordinates are defined as z; = Az/2 + iAx and x; = jAz, where Az is the constant spatial
grid resolution (length of control volumes). The governing equations will be integrated over this
staggered domain in order to optimize the cell face interpolation process but also to improve

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 00:1-34
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Left Boundary Az Right Boundary

T

Ti T; Tit1
. )| & = R 4 .
1 SA i
Tj-1 Zj Zj+1
Q; Q;

Figure 2. 1D computational domain meshed with staggered control volumes €; and ;.

accuracy and minimize short-wave noise generation [42, 23].

Equations (2.25) and (2.26) can be easily integrated over control volumes §; as follows,

Tt
%/ hdx + F(zj41,t) — F(zj,t) =0, (3.3)
a Tj41 Tj+1
e gdr + G(zj41,t) — G(zj,t) = / Sdz, (3.4)

where flux functions are evaluated at cell faces of each control volume (j-nodes).
Unlike previous equations, the auxiliary relation (2.27) which links variable g, to the physical

variables h and u will be integrated over staggered control volumes €2,

/ [(1 +7r)u — ﬁ(h:"um)gE - afzum] dr = / gdzx. (3.5)

Numerical approximations will be introduced in the following to evaluate flux functions at cell
faces and volume integrals.

In continuity and momentum equations (3.3) and (3.4), volume integrals of h and ¢ can be
stored as cell-averaged values and no further approximations need to be done. For example,

the cell-averaged value of a generic function ® over control volume €; is written as

= 1 Tj41
&, / B da. (3.6)

= aa ),
The discretized counterpart of equations (3.3) and (3.4) is then obtained by performing the

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 00:1-34
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finite volume integration over the whole domain,

dh? - n . .

o :_A_ac( Hl—Fj), for i=0,1,..,1—1 and j =1, (3.7
d/q\lrl An 1 n n - N o

7 =S5 _A_:U( ]-H—Gj), for i=0,1,...,1—1 and j =1, (3.8)

where we have introduced for simplicity the notation ®} = ®(z;,t,), with the discrete time
coordinate t, = n At (n =0,1,..., N) and At is the time step. The non-conservative term will

be approximated using a centered in space approach where,

~ 1 Tit1 2c n =n
S; = A_:I}/ Sdx ~ _A_wfz(gz)l ( j+1 S]) s (39)

z;
and S = uu, + g(h + £),.

On the other hand, evaluation of flux functions at cell faces requires a reconstruction of
h; and g; values from cell-averaged variables because time integration of equations (3.7) and
(3.8) will produce 711 and q;. Here, cell face values will be estimated at each time step using
the implicit 4th order interpolation technique developed in [36, 37]. This approach results in

the following system of I — 1 equations for internal nodal points,

1 1
_q)j—l + (Dj + —(Dj+1 =

1 1 (®;_1 +®;), for j=1,2,..,1—1 and i=j. (3.10)

=] w

At boundary nodes, j = 0 and j = I, boundary conditions must provide the correct values for
h and q.

When using equation (3.10), 4th order accuracy is achieved in the evaluation of cell face
values by solving a tridiagonal system. On the contrary, using a pointwise 4th order method
where volume integrals are estimated using Simpson’s rule and cell face values are interpolated
with piecewise cubic polynomials, it is necessary to solve a pentadiagonal system (see [31]).
Thus, computational cost is significantly reduced when implementing the present compact
scheme.

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 00:1-34
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Evaluation of flux functions requires in addition the prescription of depth-averaged velocity
values at cell faces. The latter are obtained at the end of each time step, once h; and g; have
been computed at internal nodes, by solving the auxiliary relation (3.5). Different integrals

appearing in this equation are approximated as follows,
L/ L+ rjude = (1+75) 8
Az ), riudr ~ ;) Uj,
1 /z L3 1 3 3
— — —(h uz)z de ~ ——— h(uz)z - h'_ (uz)ifl 3
Az J,. , 3h 3Az h; (1 =t |

1 L
[ o - ()i - )i,

At this point, some care must be taken for the reconstruction of depth-averaged velocity
values at j-nodes using equation (3.5). Since we want to obtain u; directly and still preserve a
tridiagonal structure in the discrete system, it is necessary to link cell-averaged values 4; and
diffusive fluxes to pointwise values at j-nodes carefully. The latter can be achieved using the
following strategy.

On the one hand, combining Simpson’s rule to evaluate volume integrals over 2; and Q;,

-2 1
-2 1 4
®j = 3+ ¢ (Rie1 + %) + O(A27), (3.12)

and equation (3.10), provides the following relation,

~ 1

which still has a tridiagonal matrix form. On the other hand, the velocity gradient (u;); must
be written in terms of pointwise u-values at j nodes. Therefore, it is preferable to use an
explicit formula to approximate its spatial derivative. However, an explicit 4th order formula

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 00:1-34
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will break down the tridiagonal nature of the system because 5-point stencils will be necessary
to compute diffusive fluxes. One way to preserve a tridiagonal structure is to use a deferred-

correction approach which is expressed as [43],

(1n); = (i1 — uy) N { (wj—1 = 2Tuj + 2Tuj1 — ujpo) (w1 —uy) }old’ .1
Az 24Ax Az

where superscript old is used for depth-averaged velocities evaluated at the previous level

of the iterative process. Thus, the discretized equation associated to (3.5) must be solved

iteratively because a 2nd order approximation is used for the implicit part, and a 4th order

formula appears in the explicit contribution in brackets. When some convergence criteria will

be satisfied between old and new u;-values, the overall approximation for u, will be 4th order

accurate. In practice only few iterations will be needed to obtain sufficient accuracy. The

convergence criteria for fixed-point iterations is based on a L; norm and reads,

|lu; — {3y

< 3.15
Tl <" (3.15)

where u; is the vector containing cell face values of depth-averaged velocity and 7 is the
tolerance for the relative error between succesive iterations. Hence, internal nodal values of u;

are obtained by solving the following implicit tridiagonal system,

- h h3_, + h3
{(1;47«])_; <3h +ag>}uj1+{ 1+r; Ai:? [( - )+2 52]}
1
24

(1+7;) 1 h3 1 h? o
+{TJ—A— T i = 57(05- 1+22qj+qj+1)+A— 3h; U

—Ai{l;h } vt for j=1,2,..,1—1 and i=j (3.16)

where,
Uftd = i {uj 1 —3uj + 3ujyy —uj0}". (3.17)
Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 00:1-34
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Near boundaries, evaluation of the last relation will require to compute depth-averaged
velocity values outside the physical domain. In the case of non-periodic boundaries, “ghost
nodes” values will be extrapolated from interior nodes using suitable piecewise polynomial
functions. Similarly, boundary conditions must be treated with caution because there is a
coupling between the cell face reconstruction of ¢; values (equation (3.10)) and the right hand
side of equation (3.16). The special treatment of boundary and “ghost” nodes in the framework

of wave propagation over a beach will be addressed in a companion paper.

Finally, derivatives of water depth, h, and depth-averaged velocity, u, must be computed
at j-nodes in order to complete the evaluation of the flux function G;, the source term :S’\Z
and the dependent variable 7; at each time step. Similarly, water depth values at i-nodes
must be interpolated to compute matrix coefficients in equation (3.16) while bottom function
¢ and its derivatives must be prescribed at i and j nodes. The latter is not difficult because
bottom bathymetry constitutes a known input data which is not time dependent. On the other
hand, i-values of water depth will require an interpolation which can be performed easily from
computed values of h; and h; using relation (3.11). It is relevant to note that the strategy of

overlapping the control volumes where equation (3.5) is integrated has allowed us to minimize

this interpolation process.

Estimates of derivatives are performed using a 4th order finite difference compact scheme
as described in [38]. These compact formulae have better spectral properties for short-length
waves than their explicit 4th order finite difference counterpart and matching conditions at
boundary nodes are less tedious. It is important to note that the highest derivative that one
needs to estimate here will be of 2nd order. In fact, the finite volume method applied to
the quasi-conservative set of equations derived here has allowed us to lower the highest z-

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 00:1-34
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derivative order by one when compared to other equivalent set of equations (e.g. [17, 27]).
Derivative estimates at internal j-nodes are obtained from cell face values using the following

implicit formulae [38],

1 1 3 . . .

Z(‘I’z)jfl +(®2); + Z((I)z)jJrl = m(q’jﬂ —®;4), for j=1,2,..,] -1 and i=j,
(3.18)

1 1 6 .

E(‘I’zz)j—l + (Paz)j + I_O(q)m)j+1 = m(q’jﬂ —20;+®;_y), forj=1,2,..,1-1

and i =j. (3.19)

Again, special care must be taken at boundary nodes as discussed in [38, 44]. It is worth to
point out that these compact forms can be verified manipulating relation (3.13).

Spatial discretization of equations (3.3), (3.4) and (3.5) using the present finite volume
technique allows us to write the original system of partial differential equations (PDE) as the

following set of ordinary differential equations (ODE),

dxn
- =1 3.20
dt i (3.20)
n n n n nyold
AM}) -uit = B qff + C(hy) - {uf}*, (3.21)
where,
by 0 AFP
/X\? - and fin = —
qp st |agr

Hence, the generic vector @' contains cell-averaged values over control volumes §2; of function

® evaluated at time ¢ = t,. Similarly, the notation A®! = Aix( F <PJ“) represents the
cell face flux difference vector, and A, B and C are matrices obtained from the discretized
equation (3.16). In the next subsection, we will use an explicit 4th order Runge-Kutta method

to numerically integrate the system of ODE just derived.
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A 4TH ORDER COMPACT FINITE VOLUME SCHEME 17

3.2. Numerical time stepping

The implementation of a high order numerical ODE solver for time integration is justified
since spatial derivatives are discretized using a high order scheme as well. The finite volume
discretization technique is theoretically 4th order accurate in space so we wish to reach a
similar discretization error when integrating the system (3.20)-(3.21) in time. The 4th order
Runge-Kutta method is an attractive alternative for the solution of wave-type equations and
can be quite efficient when compared to other high order schemes [42]. In the present context
the four-stage Runge-Kutta method can be stated as follows :

First estimation at £ = t,,41/2

pM) = At i{‘*% =X+ %p(l), (3.22a)
W am] B e (3.220)
Second estimation at t = #,,41 /2
PP = At R —gp g Lp®), (3.220)
W Am] ) s em ) (3220
First estimation at ¢ = ¢, 41
p® = At = sp g p) (3.220)
ultl = AP [B gL C (Y {u;lﬂ}f’”] _ (3.22f)
Second and final estimation at ¢ = £,,41
p® = A¢frtl gl —gp gy % (p(l) +2p® +2p® 4 p(4)) , (3.22¢)
ultt = | [B gt C(artY - {u;+1}"”] . (3.22h)
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18 R. CIENFUEGOS, E. BARTHELEMY AND P. BONNETON

At each step, j-values of water depth, h, and auxiliary variable ¢ must be reconstructed from
cell-averaged quantities using the implicit relation (3.10) before solving the equation for depth-
averaged velocity, u. As explained in the previous subsection, the latter is solved iteratively
and at each stage the last computed value of u; is used as first guess. A relative tolerance for
iteration errors, 7, of 10™* has shown to give good accuracy by requiring only 1-3 iterations.
On the other hand, the numerical scheme requires at each step the inversion of tridiagonal
matrices which can be performed at low computational cost using the Thomas algorithm. The
number of operations needed to solve each matrix equation will then be linearly proportional

to the number of unknows in the system.

3.3. Initial and boundary conditions

It is worth to recall that Boussinesq equations are of hyperbolic-parabolic type and that the
associated well-posed problem will require the prescription of suitable initial and boundary
conditions. Successful numerical resolution of the discrete ODE system will be strongly
influenced by boundary conditions and the way of discretizing them (see for instance [44]).
Those questions will be addressed in a companion paper where practical implementation of
boundary conditions intended to numerically describe wave propagation phenomena over a
beach will be presented. In what follows, only periodic boundary conditions are considered in
order to perform the numerical analysis of the proposed compact finite volume scheme.
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4. SPECTRAL ANALYSIS AND LINEAR STABILITY

Important information about the general performance of our finite volume resolution can be
obtained by analyzing its linearized version. In this section we will study in particular the
stability, accuracy in spectral space and dispersion relation preserving properties (DRP) of
the scheme using spectral analysis [44]. Our main goal here is to find necessary conditions that
will ensure that the numerical scheme will behave properly when describing wave propagation
phenomena. For simplicity we will restrict ourself to the analysis of linear wave propagation
over flat bottoms.

When using relation (3.10) in equations (3.7)-(3.8) and assuming that fixed point iterations
have converged (i.e., {u?}°? = u7) in (3.16), the linearized version of the discretized system

of equations can be recast as,

1dhf_, dh} 1dhj, 3
z - S A 4.1
i @ i 4Aac( i~ Fl), (4.1)
ldg, dqi  1dgjy, 3 m n
Ta @ 1@ aag (G TGk (42)
%u?,z + <1 - ﬁ) (e <22 + ﬁ) uj
p p p (4.3)
2843 B

where,

and hg is the still water depth. This set of equations will be used in what follows in order to
analyze the numerical properties of the scheme. It is interesting to note the close resemblance
between equations (4.1)-(4.2) and the implicit formula for the first spatial derivative estimate
(3.18).
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4.1. Semi-discrete system of equations and numerical dispersion

Spectral accuracy of the spatial discretization is studied first by decomposing the numerical
solution into finite Fourier series. It is important to point out that spectral accuracy is related
to the ability of the scheme to resolve the different length scales present in the problem [44].
Therefore, it is paramount to assess how well the numerical scheme is able to describe the
physical range of wave lengths. In order to perform this analysis we replace the following

individual Fourier components into the discretized system of equations,

h% h
| = || (rshament), (4.4)
uj Uy

where { = /(—1) is the imaginary constant, h,, ¢, and u, are Fourier amplitudes, & is

the wave number of the individual component and w, is the associated numerical frequency.
Numerical dispersion can be studied by substituting (4.4) in equations (4.1), (4.2) and (4.3)
and solving the resulting system of equations for w,. Before doing so, we need to find the
spectral expression for the second spatial derivative that appears in the flux function G}. The
numerical estimation of this derivative has the form (hy,); = —&2 hy €/ (F982=<r 1) wwhere by
substitution in the implicit difference formula (3.19) the associated numerical wave number is

written as,

(RAz)? = 12(1 — cos KAL)

(5 + coskAx)” (45)

Similarly, substituting the Fourier components (4.4) into equation (4.3) gives the following

relation between ¢, and u,,
qli = @ uli) (46)
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where,

(1/3 4 ) (27 + cos 26Ax — 28 cos KAx)

=1
+ p? (11 + cos kKAx)

(4.7)

Finally, if we use the Fourier components (4.4) and relation (4.6) in continuity and momentum
equations (4.1)-(4.2), the compact finite volume scheme takes the following form in the Fourier
space,
e
K+Tiw,)- =0, (4.8)
Ug

where K = %( 1?2 K1) is the spatial discretization operator whose components read,

sin kAx
K = —j—omiet 4.
! L(2 + cos kAzx)’ (4.9)
Ky, el (G’
Ky, = 4 + a (RAz) ] <E> , (4.10)

I is the identity matrix and Cq = /¢ ho- Nontrivial solution of equation (4.8) provides the
discrete dispersion relation associated to our compact finite volume method which can be

written in an non-dimensional form as,

2 ~ 2
Chu 1 (et (3l e as]
c:  C KAz ! P2y

_ 3 sin KAz ? (11 + cos kAx)[p? + a(kAzx)?]

~ \ KAz (2 +coskAz) ) [p2(11 + cos kAz) + (1/3 + a)(27 + cos 2kAz — 28 cos kAz)]’

K

(4.11)

with C'y, being the numerical phase speed associated to the finite volume scheme. Therefore,
the non-dimensional discrete dispersion relation depends on the wave number, kAz, and on
the parameter p = Az/hg. Although this general expression cannot be reduced to a simple
form, some relevant information may be obtained by exploring its aymptotic behaviour as
p — 0 (which can be viewed as the deep water limit) and as p — oo (which corresponds to the
shallow water limit).
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In order to do some comparisons between the discretized system of equations and the original
set of PDE we recall that the non-dimensional physical dispersion relation that belongs to the

linearized Boussinesq model can be written as [39],

1/2

(4.12)

o [hratmar )" 1re(8)
Co |1+ (1/3 +a) (kho)® a 1+(1/3+Oé)(”ﬁm)2

In the shallow water limit it can be shown that the ratio between the physical and the
discrete dispersion relation is,

. Chpy 3 sin KAz 1 4 p
lim == = =1- —(kA A 4.1
pggo Cin KAz (24 coskAx) 180 (kAz)" + O[(rAz)"], (4.13)

proving that the numerical scheme mimics the exact relation with 4th order accuracy in KA.

Similarly, in the deep water limit we have,

lim Cro _ 3 sin KAz 6 (11 + cos kAx) 1/2
p—0 Cyp, kAT (2 + cos kAz) | (13 — cos kAz)(5 + cos kAT)

(4.14)
=1 1 (kAz)* + O[(kA2)C],

2880

which shows that the phase-speed error is also of 4th order in kAz. In the general case
the leading-order truncation error term of O [(kAz)*] will be a function of the dispersive
characteristics of the propagating waves, 0 = khg. In fact, it can be demonstrated that the
maximum value for the leading-order coefficient will always occur at the shallow water limit,
where 0 — 0, independently of the chosen a value as shown in Figure 3-a). It is also interesting
to note that the asymptotic behaviour in deep water (i.e., 0 — o00) changes when a = 0
converging then to —1/576.

Even though it is generally acknowledged that numerical dispersion constitutes an important
property of any scheme, dispersion relations associated to previously published finite difference
or finite element high order Boussinesg-type models have rarely been reported. Moreover, it is

commonly argued that numerical dispersion can be avoided if high order dispersive terms are
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Figure 3. Leading-order truncation error term v/s o = kho for, (—) a =0, (---) a = 1/30, (- -)
a =1/20 and (- - -) @ = 1/10. a) Full 4th order compact finite volume scheme. b) Mixed 4th and 2nd

order discretization strategy.

discretized with centered 2nd order finite difference formulae, while convective or first order
terms are approximated through 4th order centered finite difference formulae (e.g., [19, 21]).
Even if from a practical point of view the latter could be sufficient for well-resolved waves,
the numerical scheme will only be 2nd order accurate in KAz and in the general case more
nodal points per wave length will be needed to reproduce the associated phase speed correctly.
In order to illustrate this we will discretize high order dispersive terms appearing in the flux
function G} of equation (4.2) and in the linearized version of the auxiliary equation (3.5)
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by using explicit 2nd order finite difference approximations. It is worth emphasizing that no
direct comparison can be made with the finite difference technique used in [17, 21] or with
finite element models based on similar mized order approaches [27, 26] since our numerical
resolution is based on a compact finite volume integration on a staggered grid. In spite of that,
the following analysis can be useful to see what consequences this kind of strategy may have
in our particular numerical method. Thus, 2nd order derivatives are approximated now using
the following explicit 2nd order formula,

1

(Pez)j = N

(®jt1 — 2%+ D;-1), (4.15)

and the corresponding spectral relation is found to be (after substitution of a Fourier

component),
(7 Az)” = 2(1 — cos kAz). (4.16)

Similarly, using 2nd order approximations for high order derivatives in the linearized version
of auxiliary equation (3.5) it can be shown that,

(1/3+ a) 24 (1 — cos kAx)
p? (11 + cos kAz)

v =1+ (4.17)

Substituting relations (4.16) and (4.17) in (4.11) provides the following form for the discrete
dispersion relation associated to the mized approach,

Cho _, s lla-1/9+alar1/mo?
G =1 T W I v acfi (et 17307 KA+ Ol e

Therefore, using second order finite difference folmulae to evaluate dispersive terms results in
an overall reduction in the spectral resolution of the method. However, the coefficient that
multiplies the O [(kAz)?] term will be relatively small (but positive!) near the shallow water
limit (see Figure 3-b)) in such a way that the accuracy of the scheme would not be dramatically
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Figure 4. Ratio between computed and physical phase speed v/s KAz for « = 1/15, when (—) p — o0,
(--) p—0and (---) p=0.1. a) Full 4th order compact finite volume scheme. b) Mixed 4th and 2nd

order discretization strategy.

affected. The latter constitutes the main argument behind the mized approach used in several
finite difference and finite element Boussinesq-type models. Nevertheless, we will show in the
rest of the section that the full 4th order scheme has better numerical properties and is more

robust than its mized counterpart.

Another important and challenging property to test is the ability of a particular numerical
scheme to correctly reproduce group velocities. This property is related to wave energy
propagation and usually imposes more severe restrictions on the application of numerical
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methods than the dispersion relation preservation condition. The wave group velocity
associated to the numerical scheme and the linearized set of PDE can be estimated from

the non-dimensional dispersion relation as,

10w C, 0 c

Again, the general discrete relation will depend on KAz and p but asymptotic expressions can
be found as before. In the shallow water limit the ratio between the numerical and the physical

group velocity reads,

C 1
lim =22 — 1 - —(kAz)* + O[(kAz)® 4.20
L 3¢ (8Az)" + O(rAz)], (4.20)
while in the deep water case we have,
. Cgfv _ 11 4 6

showing that the truncation error is still 4th order in KAz but with a leading-order term an
order of magnitude larger than in the phase speed case. Similarly, it is possible to demonstrate
that when mized order strategy is used the overall truncation error for the group velocity
estimate is 2nd order in kAz, except in the shallow water limit (p — oco) where it has the
same form as (4.20).

Phase speed estimates using both approaches, the full 4th order and the mized one, are
plotted using @ = 1/15 in Figure 4. It can be seen that when p — oc, both strategies provide
the same results. This means that for a given water depth, hg, phase speed estimates get
better for the mized model if Ax — oo which is of course rather problematic. Conversely, for
a fixed spatial grid resolution, the modified finite volume method tends to give better phase
speed estimates as the depth becomes shallower. However, larger errors could arise in deepest
regions of the computational domain exactly where dispersive effects become predominant
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and the model is intended to perform better. On the contrary, the parameter p has only a
marginal influence on phase speed errors when the full 4th order model is used. Thus the
full 4th order compact finite volume method is more robust, in the sense that phase speed
estimates are less sensitive to changes in the p parameter, than the mized order version. For
comparison, numerical results obtained with p = 0.1, which is a reasonable value for that
parameter, are also plotted in Figure 4. It is seen that the numerical estimate converges to
the physical solution (within a 0.5 % error) when kAz ~ 0.3257 (L/Axz ~ 6.1) in the full 4th
order case, and when kAz ~ 0.2027 (L/Az ~9.9) in the mized one. Hence, for a reasonable
value of p, the mized version requires nearly 62 % more nodal points per wave length than the
original one in order to properly describe linear phase speed. As explained before, the phase
speed error in the mized order model can be reduced if the parameter value p = Az/hg is
increased, however, the worst error occurs when Az/hg — 0. In that limit the 0.5 % error
level is reached for kAz ~ 0.1527 (L/Az ~ 13.16). Compared to the full 4th order scheme
and for a given water depth more than twice nodal points per wave length will be needed to
achieve the same phase speed accuracy in the limit of very good grid resolution. Finally and
in accordance with the leading-order truncation error analysis made before, close examination
of Figure 4 shows that when p = 0.1 phase speed of well resolved waves (i.e. KAz < 7) are

sligthly overestimated by the mized order scheme.

Similar qualitative conclusions can be stated when comparing numerical results for group
velocities presented in Figure 5. The main difference here is that one obtains negative values
for group velocities in the case of poorly resolved waves (kAz > 0.677). On the other hand
in order to describe group velocities within a 0.5 % error when p = 0.1, the full 4th order
finite volume method requieres KAz ~ 0.213 7 (L/Az ~ 9.4) while the mized scheme reaches
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a) b)
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Figure 5. Ratio between computed and physical group velocity v/s KAz for « = 1/15, when (—)
p— o0, (--) p—=0and (—-—) p=0.1. a) Full 4th order compact finite volume scheme. b) Mixed

4th and 2nd order discretization strategy.

the same accuracy when KAz ~ 0.1177 (L/Az ~ 17.2). It is confirmed then that proper
numerical representation of group velocities is a more challenging task because more nodal
points per wave length are needed to converge to the physical solution and poorly resolved
waves will transmit their energy in the wrong direction. In this particular test, the full 4th
order numerical scheme shows an even better performance when compared to the mized version
because the latter requires roughly 83 % more nodal points per wave length in order to reach
the same level of spectral resolution. In the limit of very good grid resolution for a given water
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depth (Az/hg — 0) the mized order model reaches the 0.5 % error in group velocities when
kAx ~ 0.088, thus requiring more than 22 nodal points per wave length.

The analysis that have been presented not only demonstrates the clear superiority of the
full 4th order version, but also shows that mized order approaches must be taken with care
since the associated discrete dispersion relation has a misleading dependence on p = Az/hg.
On the other hand, mized order strategies have been introduced in previous numerical models
to avoid pentadiagonal or more complicated patterns in matrices that need to be inversed. We
believe that compact schemes or deferred-correction strategies constitute a more satisfactory

way to overcome this problem in the framework of dispersive wave propagation phenomena.

4.2. Analysis of the full discrete system

In order to achieve a comprehensive numerical analysis of the scheme we study in this section
the full discrete system of equations which takes into account the Runge-Kutta time stepping.
Individual Fourier components that one needs to substitute in linearized discrete equations

(4.1), (4.2) and (4.3) have now the following form,

h}’ hy hy
I P e P D ) (4.22)
u? Up Uk

where w, and w; correspond to real and imaginary parts of the frequency and |\|= e¥iAt is the
amplification factor of the numerical scheme. It can be seen that the analysis expounded
in the previous subsection on the semi-discrete system of equations will be equivalent to
the one we are going to present now in the limit of good numerical temporal resolution as
w;At — 0. Indeed, the real part of the frequency will give information about phase speed
errors (numerical dispersion), and the associated imaginary part contains information about

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 00:1-34

Prepared using fldauth.cls

International Journal for Numerical Methods in Fluids

Page 30 of 55



Page 31 of 55

For Peer Review Only

30 R. CIENFUEGOS, E. BARTHELEMY AND P. BONNETON

the stability of the scheme (numerical amplification/dissipation). Numerical properties of the
discrete scheme are now driven by three free parameters, kAz, p = Az/hy and the Courant
number, C, = Cy At/Az.

It is worth to point out that analogous linear stability analysis have been performed recently
on a finite element resolution of an equivalent Boussinesq set of equations by Woo and Liu [27],
and on several finite volume resolutions of a KdV-like system of equations by Bradford and
Sanders [29]. In what follows we will compare the numerical performance of our scheme with
those previously published. Similarly, some comparisons between the full 4th order method
and the mized order version will be given for completion.

As before, we substitute Fourier components in the discrete system of equations (4.22). After
using relation (4.6) in order to eliminate the auxiliary variable ¢ in the 4th order Runge-Kutta
time stepping process (3.22), it can be shown that the full discrete scheme takes the following
form in Fourier space,

. by
(G(K) —T|AJe~ AT =0, (4.23)

U
where G(s) = 22:0 ﬁ (At - 5)? is the Runge-Kutta time stepping operator and K is the spatial
discretization operator introduced in the previous subsection. Nontrivial solution of equation

(4.23) yields,

2
At? 27 (A" 4
1+9 _t K1K2+—7 _t (K1K2)2_|)\|6—Lw7‘At
2\ p 8 \p

p (4.24)
At\? At\?
= 9 (At KKy 243 — | KiK>
4\ p p
Invoking definitions (4.9) and (4.10) we write,
A\ sin? KAz [p® + a(RAzZ)?]

K=(—) KiK,=- C?. 4.25
< p > e (2 + cos kAz)? P20 " (425)
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Thus, equating real and imaginary parts in equation (4.24) results in the following,

9 27
|\ cosw,At =R =1~ §|K|+§|K|Q, (4.26)

|A|sinw,At = +7 = :I:%(Q—3|K|)|K|1/2. (4.26D)

Squaring and adding previous relations gives the amplification factor, while dividing (4.26b)

by (4.26a) provides the discrete dispersion relation of the numerical scheme, i.e.,

A= VR? + 12, (4.27a)

7
tanwFAt = o (4.27h)

Although the dispersion relation (4.27b) has two roots, in the frequency range of resolvable
waves (w, At € [0,7]) only the root with a positive imaginary part is meaningful. Because of
the change in sign of the function Z when |K|= 2/3, the mode associated with the first root,
w,F At, remains in the plane of resolvable waves as far as |K|< 2/3. On the other hand, the
second mode associated with w, At, will be valid when |K|> 2/3. It is then concluded that,
even though the numerical scheme does not have any spurious computational mode in the
frequency range of resolvable waves, it is preferable to remain in the region defined by the
inequality |K|< 2/3.

Numerical stability is studied now by looking at the amplification factor defined in (4.27a).
The scheme produces non-amplifying solutions as far as |A|< 1, so it is straightforward to show

that if,
8
K< 5. (4:28)

the RK4 compact finite volume scheme is stable. In the general case, the stability condition
on the Courant number will be a function of a, p and kAz, but it can be shown that the most
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stringent situation occurs when p — oo. Replacing relations (4.5) and (4.7) in (4.25) provides

the following stability condition in that limit,
2v/2 (2 + cos kAz) \/5
< <24/ -. 4.2
Cr < 3 sinkAz  — 3 (4:29)

The numerical scheme is thus unconditionally stable if the Courant number is chosen to be

less than 1.633 no matter what values of a and p are used and for all resolvable wave numbers.
Nevertheless, the stability limit can be moved further on by decreasing the parameter value
p, i.e. by improving the spatial grid resolution for a fixed hg. In the limit of very good grid

resolution (p — 0), the stability condition (4.28) takes the following form,

C, < < 1.603 @

- 9 sin kAz

2v/3 (2 + coskAzx) [(1/3+a) (5 + cos kAz)(13 — cos kAx)
a (11 + cos kAx)

(4.30)

Therefore, when taking a@ = 1/15 the method remains stable for all resolvable wave numbers,
kAx, if the Courant number is less than 3.926 in the limit of very good spatial resolution. It
is interesting to note that the high order dispersion correction term introduces some kind of
instability in the system because the stability limit is increased by reducing the weight of this
term (i.e., @« — 0). On the other hand, for finite values of p, it can be shown that the stability
limit will be bounded by the two asymptotic values given in (4.29) and (4.30).

Even though stability is a necessary condition in order to ensure that the numerical scheme
will not produce unbounded solutions in time, it doesn’t say anything about the accuracy of the
method in terms of dissipative and dispersive errors. For instance, Figure 6 shows numerical
dissipation and phase speed errors for different Courant numbers and for a fixed value of
p = 0.2 (keeping a = 1/15). This particular p-value has been chosen in order to perform
a comparison with the numerical analysis presented in papers from Woo and Liu [27] and
Bradford and Sanders [29]. It is seen in Figure 6-a) that when C, = 1.0 the present compact
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finite volume scheme is stable and nearly neutral (i.e. |A| ~ 1.0), thus introducing a clear
improvement over the Petrov-Galerkin finite element model described in [27] because with the
same numerical parameters, amplifying modes were already present in the latter. In fact, those
authors were only able to ensure stability when the Courant number was less than 0.5 which
is a value more than three times smaller than the most stringent stability limit expressed
in equation (4.29). Similarly, stability of several linear finite volume schemes (Lax-Wendroff,
Fromm and Warming-Beam) and a centered 2nd order finite difference scheme used to solve a
KdV-like system of equations was compared in [29]. For an almost equivalent set of numerical
parameters (C, = 1.0 and p = Axz/hg ~ 0.18), Bradford and Sanders showed that only the
Fromm and the Warming-Beam methods were stable but they appear to be dissipative for mid
to high-range spatial frequencies. Thus, it can be concluded from this particular comparison
that the present numerical scheme has a wider stability region and is less damping than those
studied in [27, 29]. Moreover, using Maclaurin series to expand (4.27a) it can be shown that

for small values of KAz,

6
lim [A=1— Cr (kAz)® + O[(kAz)], (4.31a)
p—r00 144
li |)\|—1—C—S L?’(A)MO[(A)S] (4.31b)
PN T T g (131 ) REL) - :

Therefore, the dissipative error for the present finite volume scheme is O[(kAx)%], while the
linear finite volume schemes studied by Bradford and Sanders [29] only showed to be O[(kAz)?]
accurate.

Further information on the damping modes associated to our numerical model can be
obtained from Figure 6-a) when looking at amplification factors associated to increasingly
high Courant numbers. It is seen that for C, = 2.0 and C, = 3.0 some mid-range frequency
dissipation is present with a maximum located at KAz ~ 0.662 7. Additional computations
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Figure 6. Numerical dissipation and phase speed error of the 4th order compact finite volume scheme
for « = 1/15, p = 0.2 at different Courant numbers : (—) C, = 1.0, (- -) C, = 2.0, (---) C, = 3.0 and

(<) C, = 4.0. a) Amplification factor. b) Ratio between computed and physical phase speed.

show that the numerical scheme is non-amplifying (stable) for p = 0.2 as far as C, < 3.71.
However, mid-range frequencies begin to be heavily damped before reaching that limit (see
Figure 6-a)). As discussed in [45], this dissipative behaviour is mostly due to the Runge-Kutta

time stepping.

Phase speed errors obtained for p = 0.2 and for different Courant numbers are presented
in Figure 6-b). It is seen that phase speed estimates get worse when increasing the Courant
number. Again, an unstable rapidly growing mode can be identified and coincides with the
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one observed for the amplification factor. It is also evident from this figure the passage from
one root to the other in the numerical dispersion relation (4.27b) that takes place between
Courant numbers Cr = 3.0 and C, = 4.0. As before and in the limit of small KAz, it can be

shown that a Maclaurin expansion of the dispersion relation yields,

. Cpo 1 3 4 4 6
plLrEO Co = 1 180 <1 +3 CT> (kAz)” + O[(kAz)"], (4.32a)
TR T S S (PR VY 2 C | (kAz)* + O[(kAz)°] (4.32b)
S0 T T 2830 A/3+a)| " ‘ ‘

Therefore, phase errors dominate over dissipative errors in the present compact finite volume
scheme. Linear finite volume schemes studied by Bradford and Sanders [29] showed similar
characteristics but with larger truncation errors. Figure 6 also indicates that in the present
example, stable neutral solutions are obtained if C,. < 1.5. It is important to note that phase
speed will not be overpredicted in this range of Courant numbers.

In the general case, it is possible to construct stability and phase error contour plots
in the (Cy,kAz) plane for different values of the p-parameter. Before doing so we recall
that, to the authors knowledge, detailed analysis of the spectral resolution of previously
published numerical methods used to solve equivalent sets of Boussinesg-type equations have
not been reported. However, this property is paramount when dealing with physical problems
where different wave length scales are naturally present or can emerge as a consequence of
nonlinear interaction. For example, recent extended versions of Boussinesq-type equations
can theoretically match the Stokes linear dispersion relation up to ¢ ~ 6 when formulated
in surface and horizontal velocity variables (e.g., [33, 22]), and up to even higher values
(o0 ~ 25) if the vertical velocity is in addition retained as unknown (see [9]). Nevertheless,
if numerical schemes used to solve the associated systems of PDE are not carefully concieved
to correctly reproduce phase speed and group velocity for all physical wave lengths, theoretical
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Figure 7. Contours of 0.5 % and 5 % dissipative errors for « = 1/15 and p = 0.1 in the (C,, kAzx)
plane. |A|< 0.95 in region I (damping), and |A|> 1.05 in region II (amplifying). a) Full 4th order

compact finite volume scheme. b) Mixed 4th and 2nd order discretization strategy.

improvements concerning the extension of the o range may be unpractical. For instance, if the
mized order strategy is used to discretize convective and dispersive terms, the asympotic
error analysis given in the previous section showed that the 0.5 % phase speed error limit
remains between 0.157 < (kAz)gs% < 0.37 when w;At — 0. Therefore, the lower limit of
this inequality, which occurs asymptotically in deep waters, is an indication of the numerical
resolution of the scheme when dealing with extremely dispersive waves. This means that the
discretized model will correctly describe linear phase speed for wave numbers KAz being

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 00:1-34

Prepared using fldauth.cls

International Journal for Numerical Methods in Fluids



For Peer Review Only

A 4TH ORDER COMPACT FINITE VOLUME SCHEME 37

less than 0.157 and this value fixes the p-parameter that will ensure that all physical wave
lengths will be well represented (because KAz = op). If the physical ¢ range of the discretized
Boussinesq-type equations is 6, then a value of p = Az/hg < 0.08 must be used in the
mized order finite volume scheme. Similarly, if the physical range is moved further on to reach
o ~ 25 as it is the case in [9], then the spectral resolution of the numerical scheme imposes
the discretization parameter p to be less than 0.02. It is evident from results presented in
the previous subsection that, for group velocities, the ratio Az/hg must be further reduced
to achieve an accurate representation of this property. Moreover, for finite Courant number
values spectral resolution will drop even more. This simple but important discussion allows
us to illustrate the relevancy of the spectral resolution in terms of phase speed and group
velocity of numerical schemes. In the framework of numerical resolution of Boussinesq-type
equations, this important DRP property must be studied. More specifically, if extended versions
of those equations, which may allow for the description of highly dispersive waves are to be
discretized, the use of low-resolution explicit finite difference formulae can lead to overwhelming
computational efforts if an accurate representation of group velocities is intended (even if high
order schemes are used). Indeed, it is widely aknowledged that such approximations have

significantly worse spectral properties than equivalent compact formulae [38, 36, 37].

Contour plots for the dissipative errors in the (C,, kAz) plane are presented in Figure 7 for
the full 4th order scheme and the mized order approach. The p-parameter is fixed at 0.1, a
value that allows both numerical approaches to describe all physical wave lengths because the
linear dispersion relation associated to the PDE system match the theoretical Stokes relation
up to o ~ 3 when a = 1/15 [39]. This figure shows that there is a wide region where both
schemes remain stable and nearly neutral (white region). In region I, the numerical scheme
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Figure 8. Contours of 0.5 % and 5 % phase speed errors for &« = 1/15 and p = 0.1 in the (C,, kAzx)
plane. a) Full 4th order compact finite volume scheme. b) Mixed 4th and 2nd order discretization

strategy.

starts to damp mid-range frequencies but it remains stable. Amplifying unstable modes begin
to disturb the numerical solution when the thin region located between zones I and II is
reached. Therefore, the upper edge of region I roughly represents the stability limit of the
scheme. It is seen that the full 4th order version will be stable for all frequencies if C, is taken
to be less than 3.8, and that the mized order one will remain non-amplifying if C, is less
than 4.1. Hence, the use of low order explicite finite difference formulae to discretize dispersive
terms results in a slight improvement in stability and similar conclusions were given in [46].
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Figure 9. Contours of 0.5 % and 5 % group velocity errors for @« = 1/15 and p = 0.1 in the (C,, kAzx)
plane. a) Full 4th order compact finite volume scheme. b) Mixed 4th and 2nd order discretization

strategy.

However, for practical computations, spectral resolution in terms of phase speed, group velocity
and numerical dissipation will impose more stringent conditions than stability and the Courant
number will be in general choosed to be less than 1.5 in order to ensure a proper representation

of all physical wave lengths.

As discussed before, spectral resolution and DRP properties of numerical schemes used
to solve wave-type equations must be studied as emphasized in [44]. A wide range of
stability region is for sure a desired quality for any numerical solver because small unphysical
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perturbations will not grow unboundly. However, the use of too high Courant numbers (even
if they are below the stability limit) to integrate the equations in time can produce poor
results in terms of phase and group velocities and this was already illustrated in Figure 6.
Now we generalize this result plotting countours of phase speed and group velocity errors in
the (Cy, kAz) plane in Figures 8 and 9. It is seen that numerical errors in phase speeds and
group velocities are rather insensitive to changes in the Courant number as long as the latter
remains below a value of 1.5. For Courant numbers laying above that limit, the extent of
the DRP region in terms of wave numbers kAz is reduced as the Courant number increased
and this is more evident for the full 4th order scheme. On the other hand, the DRP region
for a given Courant number is bigger when using the full 4th order approach than when
discretizing dispersive terms with 2nd order explicit finite difference formulae. Indeed, if the
Courant number is kept below a value of 1.5, the extent of the region where numerical errors
in group velocities are less than 0.5 % is almost two times bigger in the full 4th order version
than in the mized one. A similar trend is observed in Figure 8 for the comparative analysis of
numerical representation of phase speeds. This clearly shows the inconvenience of using mized
order strategies to simplify the numerical treatment of high order terms because it results in an
important overall reduction of the spectral resolution in this particular finite volume scheme.
Therefore, significative more nodal points per wave length will be needed to properly describe
wave kinematics; moreover, if the numerical scheme must also be able to deal with extremely
dispersive/short waves, this critical limitation may also obscure theoretical improvements in

the o-range of application of Boussinesq-type equations.

Finally, it can be concluded from the linear analysis that keeping the Courant number below
1.5 and using p = 0.1 for numerical computations will ensure that the compact finite volume
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scheme used to discretize the set of PDE derived here is stable, non-damping and with a

maximized DRP region.

5. NUMERICAL EXPERIMENTS AND DISCRETIZATION ERROR

In this last section we study the stability of the proposed numerical scheme using an heuristal
approach that allows us to explore how this property is affected by nonlinearity. Besides, the
discretization error is estimated numerically by comparing analytical and computed results
using the solitary wave solution presented in Section 2. Discretization error is related to the
order of approximation of the scheme and is different (although somehow related) from the
spectral properties investigated in the previous section. Here, we will instead determine how
truncation errors, which belong to numerical approximation of partial derivatives, are reduced

when the spatial and temporal grid is refined.

5.1. Discretization errors

Whithout dispersion correction terms (i.e. & = 0) and for a flat bottom, equations (2.17)-
(2.18) have the solitary wave solution expressed by relations (2.21)-(2.23). This interesting
property is used here to estimate discretization errors by comparing the numerical and the
exact solution for this particular PDE system. In order to do that, a solitary wave of relative
amplitude a/hg = 0.2 is propagated during two characteristic wave periods over a still water
depth of hg = 1 m. The characteristic period is estimated from the characteristic length of
the solitary wave, L, following the definition used in [27]. Hence, L is the distance over which
1/ho > 0.001, where 7 is the location of the free surface. The equivalent solitary wave period
is then defined as T'= L/C and can be computed invoking the definition for the phase speed
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Figure 10. Discretization errors for a propagating solitary wave. (——) Ideal 4th order slope; (o)
computed errors when a/ho = 0.2; (A) computed errors when a/ho = 0.6. a) Convergence error in Az

using a fixed At = 0.002 s. b) Convergence error in At using a fixed p = 0.1.

of the soliton given in equation (2.23). The average numerical error is estimated using the L,

norm and reads,

=1
=4y
=1

AT

where h¢ and h™ are respectively the exact and the numerically computed solution, I is the

€

: (5.1)

total number of finite volumes used to discretize the spatial domain, and water depth values
are evaluated at cell faces of each control volume (j-nodal points). Equations are integrated
using the solitary wave solution centered at z = X as initial condition. Computations are
carried out during two wave periods and results compared with the analytical soliton centered
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at position z = Xy + 2L. All numerical tests are performed using a fixed point iteration
tolerance of 7 = 10~* to solve (3.16). Spatial discretization error is studied using a small
time step of At = 0.002 s in order to ensure that most of the errors belong to the spatial grid
resolution used to perform computations. Estimated convergence errors obtained by increasing
the number of finite volumes per wave length (i.e. decreasing p) are presented in Figure 10-a)
where it can be seen that, except for the last two computed errors using the smallest p, the
ideal slope for a 4th order spatial discretization is fairly well recovered. It is believed that for
the two last computed values, round-off errors or some influence of the time step (because
it is not small enough for the prescribed p value) are responsible for the slight divergence
from the ideal slope. Nevertheless, it is widely confirmed that the finite volume discretization
of the system of PDE is O[(Az)*] accurate. An equivalent numerical test is performed on
discretization errors due to time integration for a fixed p = 0.1 and monotonically decreasing
the Courant number. Associated numerical errors are presented in Figure 10-b) and compared
against the theoretical 4th order slope. Again, it is fairly well confirmed that the convergence
error is O[(At)*], except for the last point where, probably for the same reasons stated before,
the computed slope slightly diverges from the theoretical one. Therefore, the proposed RK4
compact finite volume scheme is O[(Az)%, (At)*] accurate. In addition, convergence errors
obtained for a highly nonlinear propagating solitary wave (a/hg = 0.6) are also plotted in
Figure 10. It is seen that the rate of convergence for the discretization error in Az is slightly
worse than the one observed in the moderately nonlinear case investigated before. The latter
is not surprising since strong nonlinearities may affect the model performance. Nevertheless,
the convergence rate is still well above O[(Az)?3] for this challenging test and the computed

slope only starts to diverge from the theoretical one when Axz/hg < 0.4. This trend, which
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has been also noticed in the previous example, is probably associated to the fixed time step
value used to estimate errors since in this highly nonlinear case the equivalent wave length
(and the associated wave period) is much smaller than the previous one. On the contrary,
the convergence rate for temporal discretization appears to be rather insensitive to changes in
nonlinearity since the ideal slope is well recovered. Thus, the four-stage Runge-Kutta scheme
used to integrate the system in time has an excellent performance even for highly nonlinear

cases.

This numerical test also validates the chosen deferred-correction approach used to preserve
the tridiagonal structure of the matrix that links the auxiliary variable ¢ with the depth-
averaged velocity w in matrix equation (3.16). Moreover, the convergence rate was rather
insensitive to changes in the fixed point iteration tolerance as long as 7 > 10~*. Indeed,

7 =10~ proved to be a sufficient choice in all computations.

Another important property that any numerical scheme used to solve Boussinesqg-type
equations must fulfill concerns its ability to conserve wave form and phase speed in time. These
qualities have been already investigated from an analytical point of view through the linear
spectral analysis given in Section 4. However, it is important to test these properties in the case
of highly nonlinear waves propagating over long distances. This can be achieved using again
the closed form solitary wave solution of the original Serre equations. Similar tests have been
reported in [21, 26, 27] for moderately nonlinear solitary waves. For instance, Figure 11 shows
computed results for the propagation of a solitary wave of relative amplitude a/hg = 0.6 over 50
equivalent wave lengths using C,, = 1 and p = 0.1. A perfect agreement between the analytical
and numerical solution is noticed. It is remarkable how this result confirms the analysis given
in previous section where it was shown that these set of numerical parameters may produce
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Figure 11. Strongly nonlinear solitary wave propagating over 50 equivalent wave lengths where
a/hg = 0.6, L = 14.7 m, T = 3.7 s. Exact solution (—) and numerical computations performed
with C, = 1.0, p=0.1 (——), p=0.2 (), and p = 0.5 (— - —). a) Overview of the hole domain and

initial and final locations of the solitary wave. b) Close inspection of numerical results.

stable non-damping solutions for all physical wave lengths. In addition, when decreasing the
number of nodal points per wave length some phase speed and amplitude errors can be noticed.
Nevertheless, even for p = 0.2 the agreement with the analytical solution is almost perfect.
Although an objective comparison with previously published models used to solve equivalent
set of equations cannot be performed, we recall that a similar grid resolution (~ 75 elements per
wave length but with C, ~ 0.5) was used in [27] on the base of a Taylor-Galerkin finite element
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model and some phase speed errors were already noticed when propagating a moderately
nonlinear (a/hg = 0.3) solitary wave over a shorter distance (~ 25 wave lengths). A similar

trend was also reported in [21] and [26].

Finally, when increasing the p-value further to reach 0.5 (~ 29 nodal points per wave lenght),
bigger discrepancies show up. Nevertheless, the relative error in phase speed over this long

distance appears to be less than 2 %.

5.2. Nonlinear stability

The way nonlinearity affects the stability of the proposed scheme is investigated now
performing numerical experiments where we estimate the maximum Courant number for which
a propagating solitary wave remains stable. Computations are carried out over three equivalent
wave lengths for different relative amplitudes a/ho and for monotonically increasing Courant
numbers until numerical instability shows up. The influence of the correction dispersion term
is also investigated because it was analytically demonstrated in Section 4 that this term
may produce some destabilizing effects in the system (see inequality (4.30)). Therefore, three
different a-values are investigated, namely, a = 1/15, a = 1/30 and « = 0. It is important to
recall that it is expected that when a = 0 important numerical (and mathematical) properties
of the system may change as it was illustrated in Figure 3 where a totally different behaviour
was noticed for this a-value. Numerical estimation of the stability limit in terms of the Courant
number is given in Figure 12. Theoretical values obtained from linear analysis is also included
in the figure (when a/hg — 0) for & = 1/15 and a = 1/30. The limiting Courant number
predicted by linear theory when a = 0 and p = 0.1 is roughly C;, = 16. Such a high value
was not recovered numerically probably because the stability analysis performed in Section
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Figure 12. Stability limits estimated numerically using p = 0.1 for increasing nonlinear solitary waves

and different values for the dispersion correction parameter : (—) a = 1/15, (——) a = 1/30, and

(= —)a=0.

4 may only be valid for finite values of a as discussed before. Nonetheless, for the two finite
values of a investigated here, numerical experiments confirm in a satisfactory way the linear
stability analysis as depicted in Figure 12. Moreover, when the dispersion correction term is
switched off the stability region is considerably increased as it was expected from the numerical
analysis of the scheme. It is also noticed that for finite a-values, nonlinearity does affect the
stability of the scheme because the maximum stable Courant number is reduced. Nevertheless,

numerical experiments show that the RK4 compact finite volume scheme remains stable, even
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for extremely nonlinear waves, as long as the Courant number is kept below a value of 1.9
when a < 1/15. Undoubtedly, this result constitutes a major improvement in stability when
compared to previously published numerical solvers for Boussinesg-type equations.

It was noticed that for the finite a-values investigated, numerical instability was mainly
triggered because the resulting matrix of equation (3.16) appeared to be ill-conditioned in the
presence of high nonlinearity. On the contrary, when dispersion correction terms were set to
zero, numerical instability appeared to be mainly due to intrinsic stability properties associated
to the 4th order Runge-Kutta time stepping, and this may partially explain why the region
of stability was only slightly affected by changes in a/hg when o = 0. We believe that this
misleading dependence on the chosen a value must be further investigated on a mathematical
basis because it was demonstrated that the dispersion correction strategy used here may lead
to an important reduction of the stability region. Moreover, it was rather surprising to confirm
numerically that the stability limit may reach such high Courant numbers when the dispersion

correction term was switched off.

6. CONCLUSIONS

A novel approach to numerically handle a set of fully nonlinear and weakly dispersive
Boussinesqg-type equations was presented and deeply investigated using numerical analysis.
The chosen set of extended Serre equations can be written in a quasi-conservative form which
makes the use of finite volume methods very attractive. Indeed, recently developed compact
strategies for cell-face reconstruction in the framework of finite volume methods were borrowed
from CFD and adapted to this particular set of PDE. High order accuracy was achieved
in spectral space and numerically estimated discretization errors confirmed that the newly
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developed scheme is fully 4th order in space and time while computational efforts were kept
at a very reasonable level. The latter constitutes an important feature of the present scheme
because extensions in two horizontal dimensions (2D-H), where relatively large scale problems
(~ km) are to be discretized, may be achieved at affordable computational costs. In fact,
the use of the present compact approach allowed us to reduce CPU time by more than three
times when compared to our previous explicit 4th order finite volume model [31]. Moreover, we
believe that the particular choice of this compact finite volume method will allow us to extend
the model in 2D-H staightforwardly taking advantage of developments already available in

several space dimensions and unstructured grids [37].

On the other hand, the use of linear spectral analysis provides important information
concerning the performance of the newly developed scheme. For instance, we have good reasons
to believe that the widely used strategy of discretizing convective and dispersive terms using
mized order finite difference formulae may lead to phase and group velocity errors which are
difficult to control. This drawback can be specially critical for computations dealing with
extremely dispersive waves since a good description of the whole range of characteristic wave
lengths will certainly impose the use of a very fine grid resolution. Therefore, some recent
theoretical improvements for Boussinesq-type equations may be unpractical for real world
applications. The latter has a strong analogy with some difficulties encountered in the field
of CFD where, for direct numerical simulations (DNS) of Navier-Stokes equations, the range
of spatial lengths that a particular numerical scheme should be able to correctly represent
is broadened towards smaller scales for increasing Reynolds number (thus requiring further
refining of the grid size). This question has not really been tackled yet in the framework
of coastal engineering. However, if numerical modelling of nearshore hydrodynamics is to be
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handled with help of Boussinesg-type equations, efficient, accurate and stable larger scale

models are to be developed.

Additionally, qualitative comparisons with previously published numerical schemes used to
solve equivalent set of equations were performed in Section 4 and 5. Linear spectral analysis
and some numerical experiments showed that the present RK4 compact finite volume model
possesses a wide stability region, good spectral resolution and an excellent numerical behaviour
even when dealing with high nonlinearities. For instance, stability is only ensured in some of
the previously published numerical strategies to solve equivalent set of equations for Courant
numbers which should remain below 0.5 (e.g., [27, 23]). On the contrary, the present finite
volume scheme has shown to be unconditionally stable (i.e., for all wave numbers and spatial
grid resolutions) if Courant number is fixed to a value below 1.6, thus introducing fundamental
improvements over previous ones. Moreover, this limit could be moved further on if grid
resolution was improved and it was found in Section 5 that, even in the case of the propagation
of an extremely nonlinear solitary wave, solution remained stable as far as C, < 1.9 for a
grid resolution of p = 0.1. Indeed, it was found analytically in Section 4 that the dispersion
correction term as given in [6, 33] introduces some kind of numerical instability in the system.

This indesirable situation was also confirmed by numerical experiments.

Ongoing developments of the present model concern its extension into the surf zone by
including extra breaking terms. For instance, wave-breaking was recently incorporated using
the parametrization given in [47]. Similarly, the numerical treatment of appropriate boundary
conditions and the validation of the model for wave propagation over uneven bottoms will be

addressed in a companion paper.

Finally, it is also worth to point out that in more complex wave propagation problems (i.e.,
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over uneven bottoms, periodic waves and added breaking effects), high-frequency waves can
arise as a consequence of nonlinear interaction. In this context, the use of high-order filters
to damp out spurious wave components is of common usage. The spectral analysis performed
here gives insight of how this can be achieved without affecting the range of resolved physical

wave lengths.
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