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Part 1.

INTRODUCTION

On November 25, 1954, two aircraft rendezvoused with the R. V. ATLANTIS

at a point in the North Atlantic. The aircraft made a sequence of passes over

the ATLANTIS and flew back to base. Months of preparation went into the

flight, months of thought went into the problem of what to do with the data ob-

tained on the flight and by the ATLANTIS, and mionths of work went into the

numerical processing of the data.

The results of the flight were stereo pairs of photographs of the sea sur-

face. The ATLANTIS provided base line calibration and wave pole and visual

observations. Two of the best pairs of photos were reduced to 5400 numbers

on a rectangular grid. The wave pole records were reduced to a time series

of discrete points of about 1,800 numbers each. The purpose was to take the

two sets of 5400 numbers, estimate the directional spectrum of the waves on

the sea surface and compare it with the frequency spectrunn as estimated for

the three sets of 1800 points read from the wave pole records as a check.

To go from the 10,800 stereo nunmbers and the 5,400 wave pole nuinber s

to the desired spectra required a total of about 9,000,000 multiplications and

an equal number of additions. After the directional spectra were computed,

the results obtained were inconsistent with the theoretical models, and the

St ereo data had to be carefully re-analyzed witli the result that part of the

data had to be discarded. The 5400 numbers were reduced to about 3500

numbers, and the computations were done over again.



This task has just been accomplished., and the purpose of this report

is to tell how the operation was planned, how the data were obtained, and how

the coinputations were made. Finally, the results obtained will be analyzed

and interpreted. The original data, the reduced data, and the results of all

computations are included in both pictorial and tabular form.

As this report is studied by its readers, it will become apparent that it

would never have been written were it not for the combined efforts of a very

large number of people with diverse talents and abilities. They represent a

wide variety of U. S. Navy organizations and civilian research organizations.

As many as possible have been mentioned and thanked in this report, but some

who have helped immensely in this work remain anonymous because it is not

possible to list them all. Our thanks are extended to a.-ll individuals who

helped in this work and to all cooperating groups, and the hope is expressed

that the final analysis of the results will prove of sufficient value to justify

the tremendous effort expended on this task.



Part 2

COOPERATING AGENCIES AND ORGANIZATION

TMs part concerns the arrajngesnentSj meetmgs, official letters, dis-

cussions and exchanges of ideas tlnat went into bringing togetker fee niaay di-

verse people and agencies v/iio contributed to SWOP and witkoat 'sdaose assist-

ance SWOP would not liave succeeded.

Tie problem as first presented in tke faU. of 1953 was to- ©Mais aM aceiji-

rate representation of the directional properties of real ocean waves. The

first job was to try to find out whether ®r mot tke proposed plan was i'easifeie

and to get and review the critical opinion of -others as to whether or not it

needed doii^. Marks had been studying waves by stereo te-clsniques, but on a

much reduced scale. By taking photographs from a bridge, he was able t® get

useful data on the two«"dimensionai wave spectrum, for a rather limited fetch.

This, however, was quite a different thing from taking stereo-photos from

airplanes far out in the open ocean. Letters v/ere written to people doing wave

research asking their opinion. In the replies there was general agreenient

that a good statistical treatment of a ';^^o^e area of the sea surface was neceg"

ssatry before 'like airt of understanding waves could be much advanced. In a letter

to the author in February 1954, Walter Munk, of the SIO, statisd 'that ". , «

.

the two-dimensional analysis is certainly the essential problem now. In fact,

I have some serious doubts as to whether further extensive work on frequency

analysis of records taken at a single point is even worthwhile. If uMte mses a

spectral presentation of waves, one shoxild really go all the way ox mot at all. "
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Assured that the study was needed, the first of a long series of letters,

official and otherwise, which helped bring together all the necessary people

and components which were needed to make the plan succeed were written.

In addition to the actual task of taking the photos under suitable wave con-

ditions the data had to be analyzed on a stereo planigraph or similar instru-

ment and facilities for the immense task of computing the required quantities

with high speed digital computors had to be obtained.

The first piece of official correspondence on SWOP in the files is dated

November 9, 1953. It was a formal letter from the Chief of Naval Research

to the Chief of Naval Operations outlining the reasons for the SWOP project

and asking for certain services. Cameras, airplanes and a radio link for

firing the cameras were requested. The letter went via the Bureau of Aero-

nautics for comment. It picked up a favorable endorsement recommending

that the project be assigned to the Photographic Squadron VJ-62 in Sanford,

Florida. To the practiced eye of our friends in CNO it was obvious that

the proposed job was much more complicated than the letter indicated.

The Naval Photo Interpretation Center was asked by CNO to study the

proposal and comment. As a result of the review^, a number of critical points

were raised. There were problems of control of aircraft height, of control of

distance between aircraft, of tilt and of simultaneous firing of the cameras-

Establishing a pattern that was to becoine a routine method of solving the

problems which arose, a conference of all concerned was called to discuss

each point in detail. This conference which was held at the Naval Photo-



graphic Interpretation Center, Anacostia, Maryland, on March 2, 1954 is

described by Marks in Part 4 of this report.

It would have been useless, however, to proceed with plans and the con-

struction of equipment for SWOP without some assurance that a vessel could

be made available. The vessel would have to go to the target area some place

in the North Atlantic and wait, no one knew exactly how long, for favorable

meteorological conditions to occur. This assurance was given by WHOI.

The ATLANTIS could be put at the disposal of SWOP given sufficient advance

notice. Getting an oceanographic research vessel with a very heavy schedule

of other "equally important" projects under such circumstances would have

been extremely difficult without the enthusiastic and understanding co-

operation of Dr. Columbus Iselin of WHOI.

The next item on our critical list was the weather. The Division of

Oceanography, U. S. Navy Hydrographic Office was asked for advice con-

cerning the best tim.e and place for finding the desired wave conditions.

A report on this aspect of the work is given in Part 6 of this report.

The errors which could be anticipated in the data had been estim.ated

and it had been shown that significant results could be obtained in spite of

these errors. By May of 1954 enough arguments had been mustered to

permit another try through official channels to get the airplanes and

cameras we had to have.

During a conversation with Cdr. James* about the possibility of using

blimps to do the job, he suggested that NADU was the place to go for help.

*ONR Air Branch



Fortunately, Cdr. Robert H. Woods, Commanding Officer of the Naval Air

Development Unit, and Cdr. Hoel, also of NADU, were in Washington on

some other business and the problem was discussed with them. They were

both interested, even enthusiastic about our project. We talked about using

two of NADU's blimps to do the job. Their stability, slow motion and free-

dom from vibration were particularly appealing. At last, operational people

were interested in helping us. In the next few months the officers and men

at NADU accepted each problem in the series of many to be overcome in our

job as a challenge and made it a point to find the best answer in each case.

It is impossible to give NADU too much credit for the magnificent job they

did for us.

On 16 July 1954, an interoffice memorandum was written explaining the

necessity of assigning a priority of "B" to our project with NADU. The

stringent weather requirements we had to meet and the necessity of being

able to plan well in advance in order to have the WHOI R/V ATLANTIS, the

NADU airships, and the weather all be at the right place at the same time

were outlined. The priority was granted and on 19 July a letter was sent

from ONR to NADU setting up a project directive for the accomplishment

of SWOP. An abstract of the project contained in this letter will provide

some idea of the plans at this point:

"The Naval Air Development Unit will make one flight

consisting of two aircraft (equipped with trimetrogon
cameras and an FM radio link for the purpose of triggering

the two cann.eras simultaneously) to a target area approximately
300 to 400 miles out over the North Atlantic. The Woods Hole
Oceanographic Institution research vessel "Atlantis" will be



ia the center of the target axea snaking niuimer-OJis and contiHaous
wave observatiojiK and providiag a "ground control" for tfee

aerial pliotograpliy by detearmi/oijig accurate distances between.

the ''Atlajitis" aad a buojo Persoriiiel from the Woods Hole
Oceanograpliic Institution, will assist in irAStallation of

tSie cameras and construct tHie F.M radio link, "

Tlie stabiiizatioa of tke airsMps iai &e roiigk weather they were apt to ea-

cojunter v/Mle fiyimg ou.r luis sinMi v^as a prefelem. We e-xpected to lick, this by

gyrostabiliziiag tlie caiaera m«a..uts,o

On If Julys arrangeinerits war® isade through. o«x Property Brasatsli for

the loan cf the followizig eqizipzaemt .fs'oiix the PkotograpMc Division, in. the

Bureasi of Aeroaautics:

4 CA-8 aerial recosimsiiFisaace cameras
2 GyrostablliEiiiLg tncssuTits

8 rolls of Topograpliic Base^ Pasickromatic .film

9 1/2" X 200"'

BuAer was rnosst ci^pperative aaid lielpfal in loaniag us this mttck needed

equipjnaeMo

Qa 21 Juily a3i©tlaer letter %vas serit to NAJSU from ONR desigmatiag

Wilbiar Marks 'of WHOI as ONE. field representative for tile SWOP projecto

Two weeks lat€;r a coEifersEce v/as h.aM at Souitli We^.Tiaouth to set up de-

tailed spe»ci:Q.catioH.s aad plaats £mx SWOP, Lto Jg» CJiandler was assigoied to

orgauisie NADlI's participatiois ,ia SWOP. He^ JLCdr Champ.lJj2, Cdr Hoel

and Marks were able to clai'ify ideas abtmt some of the eqjiipmeat require-

ments. Tim© autlior went to wor,k tryJjig to get some of the items not avail-

able at Woods Hole or N.ADF wMck they thonigSit they woa].d need. The results

of the conference are described by Marks in Part 4, A most important



result was tke decision to change over from. blim.ps to P2V's.

A meeting on the 19th of Aagust marked another milestone in the step

by step progress we were making. Marks, Ronne, Whitney and Walden

from Woods Hole, Cdr. Leffen, LCdrs. Finlayson, Docktor, ajid Price

from NADC, two representatives from Hydro, Pierson fromi NYU, and my-

self from ONR attended^ and Cdr. Wood, Cdn. Hoel, LCdr. Champlin,

L Cdr, HoUingshead and Lt. jg Chandler acted as hosts at NADU. Thanks

mainly to the staff at NADU, a detailed program for the accomplishment of

the operation was worked out. The participants were assigned various

tasks and dates were set up for tentative completion of various phases of the

project.

As a result of the conference my tasks were to arrange for the develop-

ment of the film at Bermuda and Anacostia, to get official authorization

through BuAer for the installation of the cameras on the P2V's by the NADG

and to get the necessary films and magazines (also through BuAer) sent to

WHOI.

A date was set for the test flight, 27 September, and a target date for

the actual photographs at sea, 1 October. Considering the many things that

still needed doing and the arrangements that had to be made, this was push-

ing things just a bit. But to delay longer would have put us into the winter

months with less chance of getting just the right meteorological conditions.

On 25 October a letter was written to the Naval Photographic Center,

NAS Anacostia, asking themi to develop our black and v^te and color film
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obtained both during the test flights for SWOP and the actual project flights.

We wanted immediate development of the test flight film in order to be able

to check out the photographic system. The PZV's were to land at Anacostia

immediately after flying the test hop so that the films could be developed at

the NPC and inspected by someone from the Photogrammetry Division of the

U. S. Navy Hydrographic Office for accuracy with a mininaum of delay. The

test flight was planned for the third week in September. The results of the

analysis of the test data and of the data finally obtained are described by

members of the staff of the Photogrammetry Division of the U. S. Navy

Hydrographic Office in Part 6.

The flight check showed that one of the two cameras sent to Johns ville

for installation was defective. Luckily we had originally asked for four

cameras so we had spares to fall back on. The Photogrammetry Division

at Hydro checked these cameras for us and were able to find two good

cameras for us out of the four BuAer had originally sent.

On September 16th a letter was sent from ONR to Hydro asking for

their assistance in providing the required wave forecast. This request

was made supplementary to the request for services from the Photogram-

metry Branch and was intended to be part of the same project. Hydro, of

course, agreed to provide these additional services. This aspect of the

work is also discussed in Part 5.

On the 29th the test flight was made. I was waiting at the field at Ana-

costia for the PZV's to arrive. It was slightly after the desk workers quit-



ting time when both planes touched down. The magazines were removed

from both cameras and taken to the Navy Photo Center for development.

Later that night the films had been inspected. Everything was fine except

that the corners of the pictures taken from both cameras were blurred. The

cameras had been mounted too high up in the fuselage of the aircraft so that

part of the field of view was being cut off. Some nainor surgery on the mounts

was all that was required. By the 12th of October everything was ready to

roll and Marks issued detailed instructions to all parties outlining exactly

what and how each was to do his part.

On the 15th the Woods Hole Port Captain issued letter instructions to

the ATLANTIS Captain to depart Woods Hole on or about the 17th for latitude

39N, longitude 63. 5W to the rendezvous with the waves, the weather and the

PZV's. It was hoped that SWOP would be over and done with by the 25th so

that the ATLANTIS could be back at Woods Hole on the 27th as early in the

day as possible.

When the right weather and cloud conditions finally occurred, the

ATLANTIS was there after waiting for one week; the planes were there; the

cameras were functioning; and on the 25th of October the pictures were taken.

There remained the unexciting task of cleaning up after the operation.

All the various items of borrowed equipment had to be returned. There was

more correspondence back and forth piecing together some of the loose ends.

Marks sent down a data sheet for the distance between the raft and the

ATLANTIS in each pair of photographs. Prints of the best stereo pair ac-

cording to the judgnaent of Hydro's Photogrammetrists were sent to him.
10



Details of the grid arrangement were worked out. BuAer was notified that

the operational part of SWOP was over and all concerned were thanked for

«

their help and cooperation,, A similar letter was sent to NADU via their

boss, the Commanderj Uo S- Navy Air Basesj 1st Naval District.

The films exposed over tlie North Atlantic were developed and sent to

m
me HydrograpMc Office. The low light intensity available during the SWOP

flight threatened to produce negatives of ;naargiiial value, but careful develop-

ment by the NPC at Anacostia sa.ved the day.

Hydro looked over the stereo pairs, picked one of the best and began

contouring.

Furtlier work caume to a temporary halt while Hydro's presentation of

the contours were sent to Pierson and Marks for stady. As was expected

there was some tilt in the contoiu-ing. The Photogrammetry people at Hydro

did their best to level the stereo-pair befoire contooiringj but we all realized

that with no established reference plane from ^rhich to work, perfect level-

ing would be impossfbleo The contours showed a range of heights from

one foot to 24 feet wliile actual wave pole measui-ements tak.en on the

spot frorn. the ATLANTIS gave a sigaiiicant wave height of about 7 feet.

In addition to tliis tilt a somewhat closer look showed a ridge running al-

most exactly down the center of tlie 2, 000' x 4, 000' rectangle caused by the

stereo-photos paralleled by a trough about 500' away. In order for this

feature to be real, a wave with a height of at least 9 feet and a period of

about 14 seconds would have been in the area photographed. No such wave
11



could have been generated by any known meteorological disturbance in the

Atlantic area. We were forced to conclude that the contoured surface was

not only tilted but warped in some sort of "barrel" shape with axis parallel

to the long sides of the contoured rectangle. Fortunately, this barrel type

of distortion was not present in other stereo pairs and the only real problem

turned out to be that of removing tilt from the analysis and determining a

zero reference plane.

The tilt was not too serious. Mathematical analysis could take most

of the tilt out of the data. After a discussion with Hydro, it was suggested

by me that we have Hydro give us the data in the form of discrete elevations

on a grid system. They felt that such data would be nnore accurate and take

less time than contouring. It looked as if it were about time for another

small conference to see where we stood a.nd determine just what should be

done.

Dr. Pierson came down from NYU on the first of March and we had a

viry profitable discussion with the people at Hydro's Photogrammetry

Branch. He was finally able to decide on a simple 30 x 30 foot grid sys-

ta:m. with sides parallel to the photographs. Unfortunately, the sides of the

photographs did not line up with the direction of the surface waves as ex-

pected. The preliminary analysis of the data is described in Part 7 of

this report.

The important thing, however, was to have the grid system point in

the same geometrical direction in each of the three pairs of photographs

12
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which were to be processed for spot heights. By careful selection from the

available printSs Hydro was able to come up with two good pairs with iden-

tical orientation and another which was only 5° different in direction from

the other two. They set up the grid system in the third so that it was aligned

in the saane direction as in the first two„ A grid system of 60 x 90 points

was finally settled upon, and Hydro began the laborious task of grinding out

5,400 spot heights for ea.ch of three pairs of stereo photogj^aphs of the sea

surface.

With the data soon to be pouring out of HydrOj, the next important prob-

lem was to get it analyzed. We turned again to the DTMB UMVAC. By tbds

time the demands for time on their computer had gro-sTsm tremendously. They

wouldj however, be willing to run the analysis if it were first programmed.

Dr. Pier son investigated t!ie possibility of having the programming done at

NYU. The Engineering Statistics group of the NYU Research Division, under

the direction of Mr. Leo Tick undertook to do the task in about two months.

So, while Hydro was amassing the tables of numbers that were so import-

antj Mr. Eiiianuel Mehr was working out the problems of telling a mass of

vacuum tubes and wires (the UNIVAC) what to do with the numbers we in-

tended to feed it. By the first of April, Hydro was beginning to grind out tljie

data and I went out to see how they were doing and talk with thena about the

project, I was very much impressed with the careful and accurate job they

were doing. They felt that their observations were accurate to plus or

minus one foot and reproducibility to about 2/5ths of a foot. As a check, I

13



picked out two spot heights which they had already determined and asked for

a check. In both cases the operator came within 1/5 foot of the previously

recorded reading. By the 21st of April the first set of SjlOO spot heights

had been completed and Hydro was proofreading the typed tables. These

were forwarded to ONR on May 6, 1955o The second set of 5,400 SWOP

numbers came into my office from Hydro. By this time they were turning

out work at a good rate and doing an even more accurate jobo Their esti-

mate was that tl'ie second batch of data was accurate to within plus or minus

o 5 feeto

By the first of July Hydro had forwarded the last set of the three sets

of data. This also was accurate to within plus or minus ,5 feet. Thus one

phase of the SWOP operation came to a close. The extraction of the raw

data from the stereo photographs had been completed.

The question of whether or not we should have Hydro contour another

set of photos in order to show up some of the fine structure which would be

eliminated from data ts-ken from spot heights alone arose at tliis time. It

was agreed that this should be done but at a. later date when SWOP was farther

along.

It remained to analyze this data ca,refuiiy to eliminate the tilt which

wa^p known to be present in each model and finally to subject t?ae data to

analysis on an electronic computer. Our attentions were now focused to the

problem, of getting a firm comraitment from. DTMB concerning use of their

UNIVAC, It looked, as if our original estim.ate of the time required for the

14



analysis had been an order of magnitude too small. The workers at NYU

worked out a metliod for leveling the data that would take about one and one-

half hours of UNIVAC time. We hoped to get this done on the DTMB UNIVAC,

Later the job was done commercially at New Yorko While working out the

details of the programiining of the data Mehr upped the estimate of total

UNIVAC time to over 20 hours.''' This made things look a little dark for us

as far as getting the job done at DTMB was concerned.

On 26th August our letter to DTMB asking them for UNIVAC time was

answered. The Model Basin wanted to program the analysis Jxistead of having

it done at NYU and wanted to examine tlie data to see whether or not it

would be practical to do the work on their UNIVAC. Their desire to do

their own programming was uaderstandable since an improperly jirogram-

med operation could run up the total time used by the UNIVAC considerably ,^

However, Mehr had already done most of the programming at NYU. An-

other conference appeared, to be in orders so on 19 September Dr. Polachek

and Mr. Shapiro and Mr. St, Denis of DTMB and Mr. Mehr of NYU and my-

self met a.t DTMB to discuss the problem.. Mr. Mehr had finished program-

ming the a.nalysis. All that rem.3,ined to be done was to "de-bug" his pro-

gramming setup and then run tb.e analysis. He estimated that about 20 good

UNIVAC hours would be required for each of the three sets of data. Con-

sidering their other high priority commitments for the UNIVAC this was

way out of line with what we hoped to get. I agreed to try to find funds to

de-bug and run the first set of data commercially, =• the plan being then to

*For each set of data. 15



turn the rest of tke data over to DTMB to have it run in bits and pieces as

time became available. Additional funds were made available to NYU by

ONR to perform the first part of this analysis, and I wrote an official

letter to DTMB outlining our plan. We would have the ajialysis on the first

set of data done commercially to provide an absolute check on the program-

ming and then turn the remaining work over to DTMBo

From the beginning it had been our expectation that we would be able

to use the UNIVAC computer at DTMB to perform the analysis of the SWOP

data. That things did not turn out this way should not be taken as a reflection

against DTMB or any of the people on its staff. Without the encouragement

from DTMB, in particular, from Manley St, Denis, early in our planning

stage concerning possible use of their computer, we might not have gone

ahead.

Arrangements were finally made to have the work done on the

"IjOgistics Compiiter", ONR Logistics Branch. Thanks are due to Dr„ Max

Woodbury and Dr. Fred D. Rigby of the ONR Logistics Branch for assist-

ance in making the Logistics Computer available and to Dr. William Mar-

low, Principal Investigator of the Logistics Research Project, and Mr,

George Stephenson, Head of the LRP Computation Laboratory in Washington,

D. C. Fortunately the Logistics Computer was able to make use of some of

the programming already worked out for the UNIVAC. The theory for level-

ing the data, and determining the spectrum is described in Part 8 of this

report and the numerical procedures and the actual data obtained are given

16



in Part 9.

As one last check on the quality of our SWOP data we had one more

contouring job done by Hydro. This time the reference level was deter-

mined by selecting points that had been leveled statistically. This leveled

contoured model was forwarded in May 1956 along with an evaluation of the

photogrammetric work. As mentioned beforeg, the work done by the Photo-

grammetry Division of the U. S. Navy Hydrographic Office is described in

Part 6 of this report.

And so, after 33 months and a correspondence file at ONR two and one-

half inches thick, as of June 1956 SWOP has been completed except for the

task of interpreting results, drawing conclusions from them, and, pre-

paring this report.
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Part 3

HISTORY

For some years now tke desirability of obtainiag tke two-dimeasional

sea spectrum has beeji explained in the literature (Pierson [1952] and St.

Denis and Pierson [1953]) When most of the methods considered were

found lackingi the technique of stereo-photography of the sea surface seemed

most amenable to possible methods of analysis (Marks [1954a]).

Representatives of the Woods Hole Oceanographic Institution initiated

the first steps necessary to convert the idea of aerial stereo-photography of

ocean waves into fact. At a meeting in Washington, the requirements for

such an undertaking were established, and, equally important, the Photo-

grammetry Division of the U. S. Navy Hydrographic Office expressed an

interest in the job of reducing the photos to numerical data form. As a re-

sult of this discussion, the first formal plan for obtaining the stereo-pairs

was set down (Von Arx [1952]). The basic requirements were as follows:

1. Two aircraft to fly parallel, 600 feet apart, at 1000 feet;

2. Each to have a CA=8 metrogon camera aimed vertically down and

CMae long focus 35 mm catnera aimed at companion aircraft to

determine the length of the stereo-base line;

3. Cameras to be triggered within 10 millisecoads of each other by

an FM pulsei

4. Smoke bomb pattern to provide ground control;

5. Upwind flight of planes with flaps down to reduce plane speed and
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give better resultcs;

6, Preliminary flight to determine best height and baseline suggestedo

The s.tereo-photos were made three years after the date of this first nieet-

ing. Much thought, discussion, planning and revision took place in that in-

terval, and yet the final operational plan differed little in essence from that

set forth in the VonArx note which is outlined above.

At this pointywork on the problem ceased, and almost a year passed

before interest was revived. Wave theory was advancing at a rapid rate,

ajod W. J. Pierson, convinced that basic theoretical conclusions should be

substantiated by experimental work, persuaded the Office of Naval Research

tO: begin a project of aerial stereo-photography. Shortly afterward, the

Woods Hole Oceanographic Institution agreed to help on the problem. Dr.

Iselin, Senior Oceanographer, offered the services of the R V ATLiANTIS

to provide a horizontal scale factor and to obtain with a capacitance wave

pole recorder a record of the sea surface as a fiuiction of time at a fixed

point in order to determine the sea surface spectrum as a fixnction of frs^

quency. Since this frequency spectrum is the integral (with respect to

direction) of a transformation of the two-dimensional spectrum to be obtain-

ed by stereo-photography, it is the only method of testing the validity of fee

directional spectrum.

As the mechanics of the project began to crystallize, the maltitw.de of

"minor problems" associated with an air-sea venture of this sort became

evident, and a meeting was scheduled to coordinate the facilities available
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at tke moment and to promde geaeraJ cognizance of fch.e problems of tte

various, groups involved. The U. S. Navy PfeotograpMc Interpretation Cen-

ter (NPIC) was th.e host of a meeting a.t Washmgton, D. C. which was

attended by representatives of New York University (NYUlj Woods Hole

OceanograpMc Institution fWHOIJa the Office of Naval Research (ONR),

David Taylor Model Basin (DTMB) and the U. S, Navy Hydrographic Office

(HYDRO).

The discussion was presided over by Mr. Richard C„ Vetter (ONR).

The results and conclusions of tbds conference provided the first link in

the chain of events which ended in the successful aerial stereo-photography

of the sea. surfa.ce on October 25, 19.54. The Mghlights of this meeting are

listed:

1. A justificatio.n for the missio.n was given by Professor Pierson

th.rough a descriptio.ii of the basic theory of sea spectra and a step-

by-step el3irLLna.tion of other possible techniques.

2o HYDRO expressed ability and. willingness to contour tbie stereo-

photos .if they met certain photogrammetric specifications.

3o The stereo-baseline (distance between plants) is a vital factor in

the contouring of the photos and will have to be resolved. Photo-

graphy of one plane from the other was ruled out on grounds of

measuring inaccuracy,

4s The necessity for a horizontal usiit of measurement four or five

times the length of th'.e ATLANTIS provided another uiTLaB.swered

question.
20



5. Mr, Vetter (ONR) agreed to act as administrator for the project

and to try to initiate the next link in the chaia, which was to obtaim

permission for the use of two suitable aircraft.

As a resxilt of this meeting the first operational plaa was put oa papar

(Pierson [1954]][, and the project achieved an air of reBpectabilitj eMiaaced

by the eagerness exhibited by the participants. Altitudes and baseliaes

were defined. Sources of stereo-analysis error were given, and error

magnitudes were estimated. A flying procedure was suggested. The misa^

ber of pairs of photos which would be needed 'w^as estimated, and the

functions of the ATLANTIS were established.

As soon as -definite plans had been set down the project weaat iiato- Mgh

gear. A visit by WHOI to Dr. Claus Aschenbrenner of the Optical Researcih.

Laboratory, Boston University was productive in two ways. His assuraacss

as an e3q)ert photogrammetrist, that chancps for success were high fell on

welcome ears. Of more immediate importance, his disclosure fiiat tlie

French had achieved success with an FM triggering device waa eactreanelj

heartesaing because this was a critical point in the scheme. A paper hj

Cruset'T^1951] describing the activities in France along 'these liiaes, was

studied carefully by R. G. Walden, head of the WHOI Electronic Divisioa*,

and it was concluded that his staif could match and perhaps improve ti'.e

French instrument with respect to differences in triggering time between

cameras.

The ground control problem was solved at WHOI with the discovery

*See also Cruset [1954], in the references which follow.
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of an additional use of the sonobuoy . The sonobuoy would be placed on a

raft payed out from the ATLANTIS about 1000 ft. downwind. A sotmd pulse

would be released by a transducer on the ATLANTIS. The sonobuoy hydro-

phone would pick up the signal, which travels through water, convert it to

an electromagnetic signal and retransmit it through air, at a given f?:equency,

to be picked pp by a receiver on the ship. The echo-sounder would record

the time of one round trip. The trip through water takes about 0.2 seconds

(for 1000 ft), and the return through air takes 1.08 x 10" seconds. The

time of the return trip is considered negligible, and if the rate or propa-

gation of sound in water is known as a function of temperature and salinity,
I

then the distance traveled by the signal can be computed.

In July, ONR enlisted the interest of the Naval Air Development Unit

at the Naval Air Station, South Weymouth, Mass. where a pair of blim.ps

were available for the job. A request originated from ONR for the utilization

of the NADU resources. At the sam,e time, ONR ordered four cameras, two

gyrostabilizing mounts and an abundance of film. WHOI was directed to set

up and install the FM link, W, Marks (WHOI) was appointed field super-

visor of the project.

As the pieces began to fall into place, certain difficulties became in-

creasingly apparejat.

1. The m.easurem.ent of stereo-baseline had not been resolved,

2, Since weather plays a prom.inant role in determining the desired

*Sonobuoy Instruction Manual AN-SS Q2.
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stationary sea state free from swei.lj it was decided that an expert

wave-weath.er forecasting group siioiild be asked to advise on the

operation. The Division of Oceanography of the Uo S. Navy Hydro-

graphic Office was the logical group.

3o The pilots at NADU would have to be in.a.de a part of the operation

as soon as possibleo

The last item was perhaps the most urgent because the key to the feasi-

bility of the entire undertaking was in the hands of the pilots at NADU, A

meeting was arranged for Aij.gast, 1954 at NADUj and WHOI and HYDRO pre-

sented the plan of operationo A day long discussion produced the following

results:

1. The blimps were eliminated by nautual agreement of WHOI and NADU

because the caxnera installations were inaccessible, there would be

excessive vibrationsj form.ation flying would be difficult and their

radius of operation is restricted by short range and low flying speed.

2. A pair of PZV's v/as offered as an alternative. The advantages were

that they could .Oiy in most winds up to gale force with a speed in ex-

cess of 150 kts, that photographic facilities were available, that they

had much greater range with 14 hrs flying time, that formation flight

was not difficult and that the necessary radio and power equipment

was available.

3o NADU was able to determiine stereo-baseline by a gunsight technique.

When the planes are spaced a Pleasured distance on the ground, the
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lead plane fills a certain portion of the following plane's gunsight.

If this condition is maintained in flight, then the baseline is known,

4. The Photogrammetry Division of HYDRO asked for a practice run

over a specified course to provide an evaluation of the photography,

5. Two weeks was set as the maximum operating time once the field work

started.

6. The cameras were to be sent to WHOI to facilitate preparation of the

FM link.

7. The aircraft are committed to the use of an A-priority group and

will not be forthcoming without the consent of this group.

8. A tentative meeting was scheduled at NADU for a final evaluation of

plans after the planes were fully instrumented.

During the month of August, a U. S. Navy photographer first class was

assigned to the projects ONR secured all the equipment asked for, and the

jiydrographer committed the Photogrammetry Division to the stereo analysis

job. The FM link was satisfactorily completed and installed, and a groixnd

check was miade. It was found that the FM link could trigger the cameras

within one millisecond of each other (Walden [1955]). This was an iraprove-

ment over the similar French instrument.

The final coordinating rneeting was held at NADU on 19 August 1954. All

of the mechanics were ironed out, and assignments were given to the various

cooperating groups to b# eonripleted by the test date, tentatively set for 24

September. All groups received copies of the procedure for the test run and

the actual exercise (Marks [1954b]).
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Part 4

OPERATIONAL PROCEDURE

It is worthwhile to explain briefly the technique used for making the

aerial stereo-photographs

„

It is first desired to have a stationary sea free from swell traveling at

an angle to the sea so that the data collected could be most easily interpreted.

To this ends the Wave Forecasting Branch of the Division of Oceanography,

U. S= Navy Hydrographic Office (HYDRO) was consulted. The area around

40 Na 65'W was chosen as the most likely place to achieve such resulls and the

ATLANTIS was designated to take this position an,d advise periodically on

weather,

HYDRO kept watch on the sea conditionsj and at the appropriate time,

some 24 hours in advance of the anticipated working time, notified WHOI

which served as the coordinating center of field activity. NADU and the

ATLANTIS were alerted, and when the wave situation persisted the planes

were dispatched. As soon as possible, contact was made between the planes

and the ATLANTIS, The wave pole and sonobuoy equipment were launched,

and when the planes arrived on the scene preparation for the exercise was

complete. Figure 4.1 shows the planes used in the operation. The planes

took up positions in tandem and |lew at 3000 ft (there was a layer df cumulus

clouds directly above) upwind in a path such that the ATLANTIS would appear

in some of the stereo pairs. When the run began, the cameras were "sirnTjrl-

taneously" triggered by the FM link (figure 4.2), and a series of ten
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iexposures were made at a recycling rate of 4 seconds. Ten sucli runs were

madej and the end result was that each camera (figure 4,3) had taken 100

pictures. At the same time, the ATLAlsfTIS ^7<ra.s recording waves, and the

variable distances between the sonobuoy and the ship.

At the conclusion of the program, the ship was securedj and the planes

headed for NAS Anacostia where the film was processed at the U. S, Naval

PhotograpMc Center. The stereo-photographs were then turned over to

HYDRO for preliminary analysis.

The success of the venture of 25 October 1954 is in no small part due

to a practice test made some weeks earlier. The numerous "bugs" which

were exposed and corrected could each have meant certain farilure if they

had gone undetected. Photography of a jeep traveling at 40 mpk on the NADU

runway established the recycling rate of the cameras and the efficiency of the

FM liiik. The photo hatch, in one plane, obscured the fiducial marks on the

photographs and the camera mount had to be modified. A run over a pre-

scribed route indicated that altitude and station keeping of the planes required

more attention. The following week, a second test was made and the results

indicated that all gear was in good operating order. A detailed account of

tlie operational technique appears in the literature, Marks and Ronne [1955]

s.-rid Marks [1955],
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Part 5

WAVE FORECASTS

Introduction

Operation SWOP came into being as a result of the establishment by

ONR of a research project to be organized for the purpose of determining

the two dimensional energy spectrum of a fully developed sea. One of the

unsolved problems in present wave theory is that of the directional spec-

trum for a given sea condition. Since a vital part of the Pierson, Neumann,

and James forecasting method [195 5], now being published by the Hydro-

graphic Office, is based on accurate knowledge of the directional spectrum,

the project is one of considerable importance and interest. The presently

assximed distribution of energy moving in the various directions in a fetch

area is only approximated and the subject of considerable controversy.

It is hoped that the successful conclusion of Operation SWOP will provide

the desired information and result in improving the accuracy of our present

wave forecasting techjiiques.

The Division of Oceanography of the U. S. Navy Hydrographic Office

has participated in the project, both in selecting the site at which the oper-

ation was accomplished and in providing the wave forecasting service which

made possible the aerial-photography under the required conditions.
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Preliminary Planning

Tke following conditions were specified as necessary for successful

execution of operation SWOP; (1) fully developed sea with significant

height of 12 feet or greater, (2) ceiling in excess of 3000 feet, (3) excellent

visibilityj and (4) proper illumination level for aerial photography.

The request for selection of a site for SWOP, and prediction of occur-

rence of situations where the specifications could be met, were made early

in September 1954. The planes necessary to carry out the stereo=photography

were made available to the SWOP project for a ten day period in October

1954. The original plans were to carry out the operation in the Berm^uda

area. An analysis of historical wind and wave data at the Hydrographic

Office indicated that there was an extremely low probability that the re=

quired conditions could be m.et in October in the Bermuda area. It was

recommended that the operation be carried out off the east coast of the

United States in the general area of 40N=65W. The statistics indicated

that there was a high probability that at least one meteorological condition

would occur during the ten day period in October with the potential of gene=

rating a 12 foot sea.

New plans for carrying our operation SWOP were formulated in ac-

cordance with the above reconamendations. The photographic planes w^re

now to be based at the NAS, South Weymouth, Mass. The WHOI ship

ATLANTIS went to the area around 40N=65W to perform its functions in

connection with the stereo=photograpMc project and to take wave obser=
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vations for transmission to the U. S. Navy Hydrographic Office-o The plan

was that with the advent of predicted acceptable wave conditions, the

ATLANTIS would steam toward the forecast point in order to arrive when

wave conditions were favorable.

In order to make SWOP a successful operation, it was necessary

all four specifications be met. A note of pessimism was injected into the

selection of 40N-65W as a site because of the type of meteorological con=

ditions expected to prevail at the time wave conditions would be favorable,

During the month of October in the area 40N-65Wi, wave generation would

be accomplished by low systems moving up the east coast, accompanied

by precipitation and low ceilings. Such conditions would preclude the ex=

ecution of operation SWOP even though acceptable wave conditions were

present. The realization that favorable wave conditions wwuld exist in

conjunction with unfavorable meteorological conditions made additional

planning necessary. It was decided to carry out the photography when the

low system was moving out of the operational area and the ceiling began

to rise, but before the wind waves began to subside. This required accu-

rkte timing and a high degree of coordination between the Project Coordi=

nator W. Marks of WHOI, the Photographic Planes, the R, V, ATLANTB,

and wave forecasting personnel at the U. S. Navy Hydrographic Office.

The general plan for communication between the cooperating agencies, as

subnntitted by Mr. Marks, indicated that the necessary timing could be

accomplished. The wave forecasters at the Hydrographic Office were
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reasonably confident that required sea conditions would be met and that

they would be predicted with acceptable accuracy. In addition, it was felt

that acceptable ceiling and visibility could be predicted.

There remained only one problem with which the forecasting personnel

could not cope; this was concerned with the requirement that the illumii^ation

level be sufficiently high to carry out the aJerial photography. This require-

ment limits the operation to a daylight period of approximately six hours;

and the sequence of increasing visibility, rising ceiling, with little or no de=

crease in wave height must necessarily occur during that time. Fortunately,

these conditions did occur during daylight hours, with a decrease in wave

height very shortly after the photography was accomplished. The careful

prelim.lnary planning, with, consequent accurate timing, made possible the

accomplishment of Operation SWOP.

Analysis of Mfteorologlcal ConditionjB'''

The first significant wave height of over 5 1/2 feet was observed on

October 20th at 1100 Z, at which time the R. V, ATLANTIS was on station

near 38°N 68°W, On the synoptic surface chart of 1230 Z of October 18th,

there was a quasi^stationary front oriented NNE=SS'W and extending from.

Labrador to the Bahamas, A wave developed on this front during the 19th.

By the 20th at 1230Z (fig, 5,1a) this wave was centered near 370N 67.5°W

Extracted from "Observationg of the Growth and Decay of a Wave
Spectrtun" by Wilbur Marks and Joseph Chase, Woods Hole Oceano-
graphic Institution, Woods Hole, Mass.
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and had grown large enough to determine the wind pattern off the United

States east coast. The position of the Ro Vo ATLANTIS is indicated by an

A, and that portion of the wind field which generated waves that affected

the R, Vo ATLANTIS is outlined by the rectangle. The wind at the ship was

nearly north while over the major part of the generating area it was north=

easterly. The area of northerlies spread northward with the movement of

the low.

By October 21st (figs. 5,1b and 5.1c) the frontal wave was well to the

northeast leaving the. a(hip in a northwest flow with the fetch length limited to

the distance to the coast. A cold front oriented E= W is seen in eastern 1

Canada (fig. 5.1b). This front moved southward passing the R. V. ATLANTIS

during the morning of the 22nd. A small low which developed on this front

is seen near the ship at 1230Z of the 22nd (fig, 5. Id). Later as this low

moved northeastward a band of winds from the west=northwest moved south-

ward to the ship. The flow was almost at right angles to the isobars and

would have been difficult to forecast.

By 1230 Z of the following day, the frontal system of the twenty=first

had moved well to the east leaving the ship in a northwesterly flow for the

12 hours preceding the observation of 1200 Z.

At 0030 Z of October 24th the flow was westerly in the area ahead of

the cold front m.oving south from New England. As the front got closer and

assumed a WNW=ESE orientation, the flow became west-northwesterly as

seen in the chart for 1230Z (fig. 5,2a). The front passed the R, V. ATLANTIS
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at about 1730 Z and the wind at the sMp shifted to norfh.-north.westerly

(fig, 5.2b).

Tlie principal low of the area at this time was centered east of New=

foundland and was moving eastward. The R. V. ATLANTIS was moved east-

ward to 39°N 65°W during the 24t3i and 25th to retain moderate to fresh

breezes.

On the 25th, the day the aerial stereo-photographs were taken, the

wind was north.=northwest, Beaufort force 5 at 1230 Z (fig, 5.2c). diminish-

ing to force 4 by 1830 (fig. 5. 2d). The duration of wind up to the time of

the wave observations was from 17 1/2 to 26 hours, making the test period

the longest period of consistent force and direction for the cruise, ,,

For the entire period from October 20th to the 25th there appears to

have been little or no possibility of a. contribution to the waves at the ship

by wind fields in other parts of the North Atlantic. Therefore, the ship

vf^.s essentially in the generating surea at all times and no swell should be

recorded.

Discussion of Predicted and Observed Wave Conditions

The first system with the potential of generating the required wave

height appeared during 20 and 21 October. The prediction was for the de-

velopment of waves 12 feet in height. The R. V. ATLANTIS reported 12

feet significant height at 20 1300 Z and was the maximum reported for this

storn>-j'wave heights ranged from 9.5 to 12 feet during the day. Although

sea cQnditions were ideal, low ceilings with rain and accompanying poor
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visibility prevailed throughout the dayo This condition v/as expected to con-

tinue into the 21st with increasing ceiling and visibility but -wdth slowly de-

creasing wave height. At i300Z on the 21st, the R= V. ATLANTIS reported

nine feet with gradual decrease in height becoming a reported seven feet

at 1700Z. It was decided to take the stereo photographs on the morning of

the 21st with the expected improved ceiling and visibilityj, and while the

wave heights would still be acceptable, although not the originally desired

12 feet. The photographic planes took off, b\it one of the planes developed

mechanical difficulties and -was forced to return„ No further opportunity

was available to take advantage of this wave situation.

The second situation was expected to develop during the 23rd of Octo-

ber and carry into the 24th, but it was not expected to be quite of the in-

tensity experienced on the 20th. Wave heights of 8.5 feet were reported

by the R, V. ATLANTIS on the 23rd and 24th,' the planes, however, were not

available until the 25th. It was eJqjected that the acceptable wave conditions

would degenerate sometime during the 25th<, On the 24th it appears that

waves at least 7 feet in height w^ould prevail during the night and early morn-

ing of the 25ths, with gradual decrease during the morning. There was, how-

ever a good possibility that waves of at least seven feet significant height

would continue into the early afternoon. On the basis of this possibility, it

was planned that the stereo-photography be accomplished on the 25th, For-

tunately acceptable wave heights continued into the early afternoon, and died

down thereafter^ Wave heights of seven to nine feet were reported by the

R. V. ATLANTIS during the time the photography was accomplished,
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Part 6

PIIOTOGRAMA/LETRIC EVALOATION OF PROJECT SWOP

Introduction

Aerial photogrammetry is the science of obtaining reliable lioriiaontal

and vertical measurements of all unobscured natural and maxi-rnade features

appearing in aerial photographs o Since the aerial photograph is a detailed

and permanent record of a given section of the earth's surfaces it furnishes

more completely than any othar ineans the information required in the pre-

paration of maps E.nd chartSo Geometricallyj, all photographs are perspec-

tive views and all maps are orthographic views of the earth's surface.

The science of aerial photogrartiixietry is used, to convert the perspective

views of tlie aerial photographs into the orthographic view of a maps and

also to record properly all the photographed information into a true map

presentation.

For regular photograrnnietric mapping purposes^ a.eriai photography

obtained with the camera optical axis vertical, is accomplished in such a

manner th£.t there is approximately 60 percent overlcip betv^^een photographs

in lime=of=£Lightj and approxim.ately 30 percent sidelap between adjacent

strips of pliotographSo The 60 percent overlap provides at least two differ-

ent views of all features photographedg and is necessary to achieve the

stereoscopic effect by which interpretation and measurements may be

accoraplishedo
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There are several types of photogrammetric instruments capable of

utilizing aerial photography to plot topographic map manuscripts. All the

first-order photogrammetric instruments are precision mechanical-optical

stereoscopic devices which re-create the three-dimensional view of the

photographed area and permit the plotting of horizontal and vertical infor-

mation of the terrain onto a map manuscript. The accuracy of this infor-

mation is basically a function of the flying height of tlie photographic air-

craft and the type of plotting instrument.

Application to Project SWOP

Photogrammetric techniques lend themselves to the solution of many

non-mapping problems. Thus, the ocean wave data required for the com-

plete fulfillment of Project SWOP are readily obtained by photogramm.etric

techniques. Because of the nature of the project, however, several unusual

problems were introduced. Ordinarily, over the stable terrain, stereo-

scopic photo coverage is obtained by the proper exposure interval of the

aerial camera during flight of a single aircraft. Since the sea surface is in

constant motion^ two photographic aircraft with synchronized cameras were

required to "stabilize" the images inthe stereoscopic photo coverage. Also,

some known ground control is a requisite for accurate photogrammetric

mapping. No such control exists on the sea surface^ therefore, for SWOP,

a vessel towing a raft at a known distance was necessary to establish the

"ground control". If all other factors are equal, greater final accuracy

is obtained with lower flying height, and greater area coverage is obtained
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-with higher altitude. In order to conform with both the desired final accu-

racy and area coverage for the project, the optimum photographic con-

ditions were determined and are shown in figure 6.1.

Test Flight

Of primary importance to the successful photographic accomplishment,

was the ability to assure simultaneous exposure of the two aerial cameras.

It was therefore necessary to build and check an electronic link to fire the

two cameras. Oscillograph measurements made on the ground with the

engines turned up, indicated that the cameras could be fired within one

millisecond of each other, or better. To further substantiate this ability,

a test flight was made over an airfield runway. Traveling in tandem at

160 mph, the two aircraft continuously photographed a truck traveling in

the opposite direction at 40 nmph fthe fastest wave speed anticipated). The

photographs were mad© with various delays installed in the cameras. That

is, one camera was purposely fired 5 milliseconds after the other one.

Then the delay was reversed. The result was that in no pair of photographs

could it be visually ascertained thif.t there was any chap„ge in position of the

truck, Furthermore, the photos were enlarged 25 times and no difference

could be measured that was greater than the measuring error itself.

Operation Procedure

The sea surlaet preseats a relief pattern which is always moving and

changing its shape, and it offers no fixed marks which can be used as con-

trol. HoWever, as in the case of the rough sea required for this project,
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3000'

FIG. 6.1 SCHEMATIC REPRESENTATION OF OPERATIONAL PROCEDURE

43-



there was a great deal of contrast between tlie foam and the water, and this

contrast was utilized for the separation of tonal values in the photographs.

The serious problem of reflection glare w^as overcome by taking the pic=

tures when the solar altitude was below 40°o This, however, reduced the

light intensity and caused a reduction in image definition.

The operational procedure involved the use of two aircraft flying in

tandem 2,000 feet apart and at an altitude of 3,000 feet. Each plane was

equipped with a. standard mapping camera (Navy CA-8) and the cameras

were triggered simultaneously from the forward (master) plane by an FM

radio link. The square 9" x 9" format of the aerial photography repre=

sents 74" side-to=side coverage from the camera lens. The planes flew

directly into the wind, thereby eliminating crab and reducing the air speed.

To help establish the ground control, the research vessel ATLANTIS

was stationed in the operational area. The vessel towed a target raft 500

feet behind it. The distance between the raft and the ship was continuously

monitored by a sonar buoy on the raft which received a radio impulse

through the air from the vessel, and retransmitted, the signal to the vessel

through water. The distance was recorded every two seconds.

The plajies adjusted their altimeters to the barometer on the ship at

the time the pictu.res w-ere taken. The distance between the two planes

was maintained at about 2,000 feet by means of a range fiD.der located in

the slave plane, and utilizing the wing span of the master plane as base

line.
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The ATLANTIS v/a,s instructed by radio at the moment each photo=

gi-apMc run started 3.nd a Kide=ma.rk was made on the record, of the dis=

tance monitoring device„ Ten paiis cf photographs were taken on each

run which required about 36 seconds. A total of 100 stereo pairs was

accomplished for the projects

Stereo Analysis

The stereophotogramrnetric graphic results were prepared by the

Photogrammetry Branch of the U^ S, IMavy Ilydrographic Office, A total

of four stereo pairs of aeri.al photographs was selected for detailed axs.aly=

sis. They were chosen on the basis of photographic quality and also be=

cause they showed the AT.LANTB=raft combinatio:t;,. The instrument used

was the Zeiss Stereoplariigrapha. considered to be among the most accurate

of the first-order photogrammetric plotting instruments. The direct read-

ing ability of this instrument is 0„01 mmo

The first inodel fa inodel is iihe rectangular overlapping portion of

two aerial photographs which can be viewed stereos copically) was contoured

by establishing an assuixied vertical d,atum„ That is, in each corner of the

model the low point of a tro^ugh wa,« assumed zero elevation and the contour

data throughout the model was based en that datum. Each model represented

a ground rectangle with sides of approximately 2700 feet and 1800 feet, or

nearly 5 million square feet of ocean surfaces at a scale of 1;?,000. This

model was used to determine the spacing to be used on the spot height grid,

but it is not reproduced herein.
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Im order to determiiie the energy spectmm. of tke sea surface a grid of

spot .feeigbts must be made„ Accordingly, the next three models to be analyzed

presented tkis spot height data. A total of 5612 spot heights per model were

determined at 30 feet ground distances in a square grid pattern.

The above described grapMcs were forwarded to N. Y, U. for analysis and

a. new verticaJ. datum was derived analytically. * From this information eight

spot h.ei^3!is were established along the model periphery. This information

was forwarded to the Hydrographic Office and was used to re-establish a verti-

cal datom oa. the final model set=up. This final model is shown in figure 6.2.

Of the eigkt spot heights, six were held photogrammetrically and two could not

be held. One of these was located in the left=center and. had an error of -3.0

feet? the other was located in the low^er-right corner and had an error of =7.0

feeto Table I shows the (NYU) computed values, the instrument values, and

t'fee errorsg for all eight points.

Table L Final level values for the stereo wave data

Computed Instrument
Potet No,



PROJECT SWOP

T^rO BT-31

SST^^^C^

Prepared by the U.S. Navy Hydrographic

Office for the Office of Naval Research

using stereophotogrammetric methods
(stereoplanlgraph). April 1956

CONTOUR INTERVAL 0.30 mm
(1.0mm-9.8fl25lt.)

Spei hdihii rnn in fiundi*dihi ol milii

SHEET NO. 2

Run No. 3. Model No. 6

Date of Photography: 25 October 1954

Time of Photography: |728 GCT

FIGURE 6. 2 GRAPHC for data set no. 2
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Accuracy of Results

Reconnaissance-type film was used erroneously in the aerial ca^neras

itsstead of the more stable topo=base filna. The film furnished this Office

was not dJj:nensiona.lly stable^ and made the recapturing of the precise in-

strument settings ixnpossible when the last model was re-compiled. There-

for e^, the final, photogrammetric solution could not match all the computed

va].ues„ This explaijis the discrepancy in holding all eight points as de-

scribed above. The computed values for the leveled data are more valid

since tb.ey are substantiated by the leveled graphic analysis which shows

about equal areas above and below sea level.

The final graphic forwarded to N. Y. U. exhibits both contour and

spot=lj,eigM information over the nearly 5 million square feet of ocean

surface. The spot height accuracy is +0.05 mm (at 1:3,000 scale) or

i:. 0.5 feet. The contour interval is 3 feet and is accurate to +0,2 mm

oi i; 2 feeto The relatively short distance represented by the ATL.ANTIS-

rait combination is not adequate to assure a precise horizontal scale^ and

the horizontal accuracy is estimated to be +2 feet.
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Part 7

PRELIMINARY ANALYSIS, CHOICE OF GRID SPACING AND
DISCUSSION OF ALIASING

Weather and Wave Pole Observations

Weather and wave pole observations were made prior to and at the time

of the flight of the planes. A running graph of the wind direction and velocity

and of the estimated significant wave heights and the dominant wave direction

as observed on the R. V. ATLANTIS prior to and at the time of the wave pole

and stereo observations is shown in figure 7.1, The times of the wave pole

observations and of the two pairs of photos finally chosen for a complete

analysis are also shown. The winds 6 hours prior to the time of the stereo

observations averaged about 19 or 20 knots.

The significant heights of the uncorrected wave pole observations were

computed at WHOI, and the results of these computations yielded the follow-

ing values.

Table 7.1

Significant heights from uncorrected wave pole observations

Time Significant Height

1547 to 1610Z 5.02 feet

1652 to 1715Z 5,04 feet

1756 to 1821Z 5.12 feet

A paper by Marks and Chase [1955] summarizes these results and the way

the visually observed values seemed to be quite a bithigher than the wave pole

values and seemed to remain high for quite a while after the 19 to 20 knot
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winds had died d.owi3.o Note that the visual, estimate of the significant height

was 7„ 5 feet at 1800 Z„

Stereo Contour Data

The first data prepared by the, Photogrammetry Division was iji the form

of a contour analysis of one of the stereo pairso It was soinewhat discomcert=

ing because the expected waves with lengths of from 100 to 300 feet or so

could not be seenin the contours and the range of contoured, heights was far in

excess of anything to be expected from a 20 knot wind„

The first hint of where the difficulty lay came from Woods Hole where lime

sections of the contoured surface were drawn. These sJkowed almost a, straight

line tilt along a given section with the waves we were looMngfor superi;rn.po!?ed

thereon-o A line section with arbitrary scale units from the lower left to the

upper right of the contoured surface is shown in figure 7.2o The un.foreseen

difficulty of determining a true mean zero reference plane on the open ocean

with no known reference points had arisen,,

It was also pointed out at this time that spot heights could be deter=

mined by Hydro with far greater accuracy than the contauLi^s could be drawm

due to the nature of the techniques involved. The original plan had been to

choose an appropriate grid and read spot heights from the contoured, data.

This now had to be revised, and it was now necessary to find a way to deter-

mine the true zero reference plane and to choose a grid, the desired number

of points to be read, and the desired resolution and statistical reliability,

all on the basis of the data then on hand,
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11

Decision on G;rid Jntery^l a^d Nuimb.er of Points ^9 be Head

Fortunatel,Y thre^-iheoretical aspects of the problQrn Ixad bfeen carried out

to the point wl^ere tl;(,e methods for tJ-^e gnc^d^Tie^ipLB^xx!^} ayn^lys'QS Qi t{iioa^e series

developed by Tukey [l9'^-9] hpid bee^i c::r(j,a-A:i^;i3jd- t® ^1,€ twortdirnerisjonal v/aye

number analysis desired in t2iis problena, Thuo tap formuLas for reaolution^

aliasing^ and, deg^ireos of freedoj.Ti -wj-nre ay:a,i.la';4e,. • They vviil be derived in-

Part o. It v/ao also jrealized tlv^it it was nqt es3ejTi^;aJ. tp ha.ve the dominant

wave direction roughly parallel to the gides of^:^c recta^ngular grid of points

to be used.

The leveling problem wag then studied and forniulas were derived for

determining the true zero reference plfiinei*. ft wa.s assumed that the spot

heights would be reportedi with refqrgnce to some; unknown a.r'bit.rary refer-

ence plane of the form z = ax + I y + c. If f) is th<? reported value,, then-

Yl^
* = Tl - a^' ^^by r c is the vaiuo. with ref^rqnce ip a true xerg) refajrence plane,

and SS(/l*)^ will be a rninimump, Ly atjcJ-jidard least squares tschniques,, the

values for a,, b and c can be determined, aj^d t^e data can be leveitd^ The

derivation and tlie procedures t.,T.ed a.re descr-^bod V* ^XQ following two parts

of this r oporto

Since leveling was no longer a problem, t^Ae problanns of Gt£',ti:;tic?.l re-

liabilityj aliasinga and reso/lutdan were Et'-cliqd. Suppose that Ci'i spot heights

are read at an interval of A.vr. fe.:t on a square grid. Th|Sn, due to the nature

of the metliods of analysis^ sorae ;:pectrai components shorter than 2A::. and

all corxiponfiintG shorter than V^,\x v.dU be aliased ao that they appeal* as



longer waves than they actually are. Suppose that m lags are to be used in

the X and y directions of the rectangular grid. Then the E value contributed

by the waves with lengths from infinity to 4mAx will all be concentrated at the

zero wave number of the spectral coordinate system., The next wave number

will correspond to a wavelength of 2mAx and will actually cover a range from

4mAx to 4mAx/3. On a line at 45° to the grid system of the spectrum, it is

necessary to shorten the above wavelengths by 1/2/2. Finally, if N^ and N

are the nunnber of points on the grid system in the x and y directionsj, then

Wr)
the number of degrees of freedom is given by

f = 1.581 -^ -^

where for purposes of symmetry it was decided to let m^ = my.

The significant wave heights reported by the wave pole observations cor-

responded to a wind of about 17 knots, and an attempt was made to choose a

method of analysis such that a theoretical Neumanjn spectrum. (Neumiann [1954])

for 17 knots would be adequately resolved. Also since winds of 20 knots had

. i
occurred previously, it was decided to guard against wavelengths due to a wind

of 20 knots in addition to those due to 17 knots.

It was estinnated that periods from 2.25 to 10 seconds would be present

and that approximately 10 percent of the energy would be at frequencies above

0.29 cycles per second (or a period of 3.45 seconds). A wavelength of 60 ft

corresponds to this period, and hence a spacing of 30 feet between points

would be needed to insure no more than 10 percent aliasing.
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A grid of 30 feet was therefore chosen„ Smaller values of Ax w^ould, requsire

a much greater m. than that actually chosen and majiy more spot heights

o

The winds at the surface varied from 17 to 20 knots just prior to the

time of the observations and hence the values seemed consistento Spectral

periods a,s Mgh as 11 seconds mj.ght have been present in the waves due to

the 20 knot winds. This period, would correspond to a wavelength of about

600 feet.

With a grid spacing of 30 feet, the area of the stereo ajialysis for one

pair of photographs was found to contain about 60 points on the short side

and more than 90 points on the long side. This would imply the determinationi.

of 5400 spot heights from each stereo pair„

Various lags were then tested and a value of m equaJ. to 20 wa.s chosen

for two reasons. The first was that there would be adequate resolution,,

and the second was that there would be enough statistical reliability.

With respect to resolution, wavelengths greater than 2400 feet woxxld

then show up at the origin and since this corresponds to a period of over 20

seconds the energy at zero wave number should be entirely due to aliasing

and white noise reading error on the assumption that the Neumann spectrum

was roughly correct. The next wave number would cover a range in J.eni.gths(

from 2400 feet to 800 feet, and it would also not be expected to show any

appreciable wave energy.

These values were also checked on the assumption that the peak of the

spectrum would fall at an angle of 45 degrees to the coordinates of the spec^
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trurrio A wavelength, of 1680 feet would still not be expected, and a wave-

length of 560 feet would just barely be beginning to shov/ up.

On the basis of tiie transformation needed to go from the theoretical

Neumann frequency spectrum to the v/ave number spectrum, it was estimated

that tlie peak in the spectrum would fall four or five wave numbers away from

the origin, and that the range covered would adequately trace out the details

of the shape of the spectruin. The full consequences of these decisions will

be discussed in a later section^

With respect to statistical reliability, tliere are 16 degrees of freedom

for each point estimated on the spectrum for each set of data. Fifty degrees

of freedom, are desirable so it was decided to do three pairs of stereo photos,
j

since, with the same grid alignment of all three, the estimates for each set

of data could be averaged to obtain final estimates with 48 degrees of freedom.

One of the stereo pairs spot heighted by Hydro turned out to have serious

"barrel" distortion in addition to tilt, and it had to be discarded so the final

.e3.It= will be ba=.,i on 33 d.g,ees of f.eedo^.
|

A choice of a 60 by 90 grid and 20 lags (really 20 to the left, 20 up and

20 down plus all conibinations such as, say, 5 to the left and 17 up) implies

861 points to be determined .for the co=variance surface and S6l points for

the final spectrurn„ About 4,000,000 multiplications and an equal number of

additions are needed to get ea,ch of the co-variance surfaces, and about

720,000 iTiUltiplications and additions are needed to get each of the raw spectra.

Much the same considerations entered in the above choices as enter in
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the choice of time interval, number of lags, resolution and degrees of

freedom in the analysis of a wave record as a function of time at a fixed

point (Pierson and Marks [1952]) except that far more data processing

and numerical computation is necessary. As an example, to double the

resolution with the same grid spacing and same number of degrees of

freedom would require 40 lags and four times the number of spot heights.

The covariance surface would then require about 48 million multipli-

cations and additions. The time required would be more than twelve

times greater than was actually used. To have reduced the aliasing by

halving Ax, would have required four times the number of spot heights,

40 lags, and the above number of multiplications. Moreover, the total

energy over 3/4 of the area of the spectrum would have been only 10

percent of the total energy of the sea surface.

For these reasons, Hydro was requested to read spot heights on a

square grid with 30 feet between intersections. Essentially all of the

details of the analysis were decided by this one choice of grid interval.

References

Marks, W. , and J. Chase [1955]; Observation of the growth and decay
of a wave spectrum. Contribution No. 769i from the Woods Hole
Oceanographic Institution.
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Part 8

EQUATIONS FOR LEVELING THE DATA, ESTIMATING
THE DIRECTIONAL SPECTRUM, AND CORRECTING THE

WAVE POLE SPECTRUM

Leveling the Data

The original spot height data reported by Hydro was reassigned a position

code for computational purposes such that the points would fall in the first quad-

rant of a Cartesian coordinate system ajid such that the first column of 90 points

would fall on the y-axis and the bottom row of 60 points.would fall on the x-axis.

For simplicity in writing the following equations, let the free surface, "H, be

represented by an N when a spot height is considered. The pattern of the

points was as follows:

. Nn

I

Nq, 89 '59,89

Nq.3

No,2

0, 1 1,1

^0,0 ^1,0 ^2,0 N
59,0
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and the general element will be designated by N^j^.

These 5400 points cover an extensive area of the sea surface such that

quite a few waves are involved. Were they measured with respect to a zero

determined by the level of the water in the absence of the waves., they would

average to zero and the sum of their squares would be a minimumo However,

they were read witli reference to an arbitrary tilted plane instead of with refer-

ence to the sea level.

The values desired with respect to zero level are given by equation {8, 1)

where the unknown constants a, b, and c absorb the effects of the grid spacing

{S= 1) N*^ = N.^ - aj - bk - c

j = Oj . . , , , n-1 k = Oj . „ , . , m-1

n = 60 m = 90

Consider equation (8. 2),

m-1 n-1 m-l n-l
(8. Z; Y = i: ^ "^^* '^

k=
2 (n1)^- S S (N-1^ - ai - bk - c)'

:0j = J^ k-0 j=0 J^^

The value of V should be a minimum with reference to true sea level {if

the area covered by the points is large enough), and this can be accomplished if

8a

(8o 3) aT = ° '

8V
and Qi

= ,

dc

Equations (8,3) lead to equations (8.4).
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m- 1 n-

1

S S (N., - aj - bk - c)j =0
k=0 j=0 ' Jk ''

'-*

(8.4)

m- 1 n-

1

k=0 j=0

m- 1 n-

1

(N.y. - aj - bk - c)k =

S S (N - aj - bk - c) =

k=0 j=0
jk

The last equation simply states that the average of all the points in the

plane when truly leveled should be zero. Points on a tilted surface could still

average to zero, but V would not be a minimum; and thus the other two equa-

tions assure that V will be a minimumo

The indicated summations can be carried out, and the result is three

simultaneous linear equations in the three unknowns, a, b, and c.

(8.26)

mn(n - l)(Zn - 1) n(n - l)m(na - 1) mn(n - 1 )

n(n - l)m(m - 1) nirL(m.- l)(Zm- 1) nm(m- 1)

mn(n - 1)

2
nm(m - 1)

Z
nm

m- 1 n-

1

k=0 j=0 -^

m- 1 n-

1

2 E kN
jk

m- 1 n-

1

S N
k=0 j=0

jk

For m = 90j n = 60, the determinant is known, and the indicated sum-

mations on the right hand side, when performed on the data, then permit the

values of a, b and c to be found.

Estimating the Directional Spectrum.

In, theoretical discussions of wind generated gravity waves, it has been

shown by Cox and Munk [1954] and by Pierson [1955] that
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(8.6) Q(x',y',t')=lim j^
T-*co

T X Y
2/2/2

T / X -^ Y
2 2" 2

7i(x, y, t) Ti(x+x', y+y', t+t') dxdy dt

«Tr ,oo

(
^i) U [A(|a., 6)]^ cos[— (x'cose + y'sine) - HLt'ldfxde

-IT

oo c»

=
^ j

[J
[A*(c, p)]2cos(ax' + py' - ,/g{a^+ p^)^/^ t')dp] dc

-CD'-OO

In equation (8. 6), a = (x cos0/g, P = fJ. sinS/g, jx = \^(cl + P ) >

liand G = tan"^{p/c)„ Also

(8.7)
.2 VF[A{ /g(a2 +

p2)l/4^
tan-1 ^/a)f

[A*(c, p)]'^ = ^

If x' and y' are chosen to be zero, then an average over time can re-

place an average over space and time, and the result is

(8.8) Q(t') = lim -^ j
Ti(x,y, t)Ti(x, y, t+t')dt

T-^OO / r|n

n yr CO

if [A(|4„ 6)] cosfxt'd(j.de

.oo

1 I ?
[A(|j.)]'^ cos|j.t' diJ.
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The above is equivalent to observing the waves at a fixed point as a

function of time, and aJl knowledge of the direction of travel of the waves is

lost since ^Tir

[A(p., e)]^de = [A(fjL)]2

The procedures for analyzing waves as a function of time at a fixed point

have been described by Pierson and Marks [1952], and Ijima [1956] has

carried out quite a number of such analyses in Japan with very interesting

results. The same techniques are being used by Lewis [1955] to analyze

the spectra of model waves and ship motions in a towing tank. The wave

pole records will be analyzed using the methods described by Pierson and

Marks [1952].

If t' is chosen to be zero, then an average over space can replace

an average over time and space and the result is

X Y
/Try

(8.9) Q(x',y') = lim ^^ J j t,(x, y) ti(x + x', y + y') dxdy
X-*oo _ X „ Y
Y-»oo ^ 2

oo GO

i / / [A*(c, p)]2cos (ex' + (3y')dpda~ 2

-oo oo

In equation (8.9) the same right hand side results if -x' and -y' are substi-

tuted for x' and y', and therefore Q(x', y') = Q(-x',-y').

The above is equivalent to observing the waves at an instant of time over

an area. Some knowledge of the direction of travel of the waves is lost. Con-

sider, for example, a progressive simple sine wave observed at an instant
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of time. A line parallel to the crests can be determined, and the direction

of travel of the wave will be perpendicular to this line, but the direction can

be either one of two directions, one the opposite of the other.

This indeterminancy is avoided in this analysis by considering a positive

direction, x', to be the dominant direction of the wind and by assuming that

the spectral components of the waves being studied are all traveling with an

angle of +90° to the wind. Then [A(|j.', 8')] would be zero for tt/2< 0'<. it

and for -it/2 < e'< -tr, and [A(c', p')]^ would be zero for -oo<r P'< 0. (Note

|jl', G', a* and p' would have to be redefined with respect to the x' direction.)

When these assumiptions are applied to the results to be obtained the directions

will be completely determined.

Consider equation (8.9) again. One can form the indicated operation

given by equation (8.10).

M N
2/2

(8.10) lim Q(x'y') cos(c*x' + p*y')dx'dy'

M-*oo

"2 2

M-* oo / ,

N-^co -— —

^

-M N oo .oo
2/ 2 /

= lim —
M-^oo III

Z 2

/
i2[A*(a,p)]''cos(ax' + py')co8(c*x' + p*y')da dp]dx' dy'

The term after the equals sign can also be written
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CO ,00 f /^
(8.11) lim

N->oo ^-00 ^-00 ^-^ ^-^

i[A*(a.p)]' co8[x'(a + c*) + y'(p + j3*)]

+ cos [x'(a = a*) + y'{p- |3*)]j dx' dy' dc d(3

CO ^00

/
= lim

N-*0 '-c» '-OD

[A*(a,(3)]'

sin^(a+<z*) sin^(P+P*) sin-|(a-c») sin^ (p- p*)
]

(a + c*)(p + p*) (o - a*)(p - p*) J

When Dirichlet's formula is applied, the result is finally that equation

(8. 12) is obtained.

(8.12) [A*(#:^]^ + [A*{-c*,-p*)f =-^
it''

CO / 00

1

Q(x',y')cos(a*x' + P*y') dx' dy'

00 '-CX)

Note that substituting -a* and -p* for o* and p* leaves equation (8. 12) un-

changed.

Equations (8. 9) and (8. 12) are the x, y plane analogues of the classical

time series equations which state that the covariance function is the Fourier

transform of the power spectrum and conversely that the Fourier transform

of the power spectrum is the covariance function. When applied to tl:.e problem

of finding the directional spectrum of a wind generated sea from discrete data,

the integrals have to be replaced by summations and formulas analogous to

the Tukey formulas for time series have to be derived.

In deriving the equations used to determine the directional spectrum, the

analogy to the one-dimensional case given by Tukey [1949] will be shown. The
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theoretical equations in the one-dimensional case are given by

(8.13) • Q(t') = lim ^ I

-r^t) 1 (t + t')dt

ts>oo

and
CD

(

(8.14) [A(|JL)]^=-i
IT

Q(t') cos fxt' dt'

-oo

The equations due to Tukey [1949] are given by equations (8. 15) to (8. 17)

where Ni , No, N^j ..... N^ are given values equally spaced usually in time.

(8. 15) Q(p) = -^^ Y N(^) N(k + p)
^-1 p = 0,lj...<,5m.

Q;'' = Qq. Qp* = 2Qp. (p = 1 to m - 1), and Q^ = Q^'o

<^-^^>
1 "^ « ^ph

JLv =~ S Q cos
ii m "^p m

P=u h = 0, 1, o . . o s m

Let L_-j^ = L._|_j^ , and Lm-l = ^m+l

(8.17) Uj^ = 0.23 1^_^ + 0.54 1^ + O.ZSI^^],,

h=0, 1, .,.., m,

Define U^* =• U^/Z, Uj, = Uh (h = 1 to 19), U^ = U^/2,

In the above equations (8. 15) is the discrete approximation to equation

(8.13). Also in equation (8.13), Q(t') equals Q(-t') and to obtain the

65



discrete approximation to (8„ 14), Q(p) is expanded as a periodic even function

about p equal to zero. Thus Q received a weight of one, Q, through Q ,

receive double weight, and Q^ received a weight of one.

The values of L are the discrete estimates of the Fourier coefficients of

the even expansion of Q.

Due to the fact that the L's are only estimates of the spectrum since the

series of readings is finite, they have to be filtered to recover a smoothed

estimate of the spectrum in terms of the U's.

There is^, of course, another way to estimate the spectrum. The original

series of points could be expanded in a Fourier series. Sine and cosine co-

efficients a^^ and b^^, for periods of nAt/1, nAt/2, nAt/3, etc. would then be

2 2 2
computed. The quantity c^^ = a + b is then a very unstable estimate of

the energy at that particular frequency. A proper running weighted average

of the values of c^ would then recover the spectrum as determined by the

Tukey method. The number of degrees of freedom (f) is a measure of the num-

2
ber of values of c weighted in the average and of the shape of the weighting

process. The U's have a Chi Square distribution with f degrees of freedom.

The values of U have the dimensions of (length) , and U-, as given

above is an estimate of the contribution to the total variance made by frequen-

cies in the range from 2iT(h --1)/Atm to 2iT(h +"2)/Atm.

The theoretical equations in this two-variable problem are given by

+
For h 3 and h = m the values of U must be halved since one of the

frequencies defined above is not applicable.
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(8.18) Q(x'y') = lim
\ \

'^^ (x, y),?2.(x + x', y + y')dxdy
Xhoo

2 2

and
OO CO

(8.19) [A*(c*,p*)]^ + [A*(-c*,-p*)]2=-^
\ \

Q(x',y')cos(cx' + (3y')dx'dy'

OO -OO

The analogous summation formula for the covariance surface over the

set of leveled readings N-^ is given by

m-l-lql n-l-p]vrr tst* ,
,

(8.20) Q(p,q)= S S J^ J+P' ^+q

k=0 j = (n-p)(m-|q|)

p = 0. 1. . . . ., 20

q = -20, -19, -18, .„., -1, 0, 1, „.., 20

This determines the estimates of the covariance surface for the first and

fourth quadrants of the q, p plane (really x', y'). Since Q(p, q) = Q(-p3 -q)s the

results can be extended into all four quadrants of the q, p plane.

The function must no-w be extended into the entire q, p plane so that its

Fourier coefficients can be determined, and the property that Q(p,q) = Q(-p,-q)

must be preserved. This is accomplished by simply translating the covari-

ance surface parallel to itself to fill the whole plane.

As a consequence, the Q's have to be redefined slightly in order to

weight them properly. The definitions are that
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Q*(p, q) = 2Q(p, q)

for p = 1 to 19, q = -19 to +19

that

Q*(0, q) = Q(0, q) q = -19 to +19

Q*{20, q) = Q(20, q) q = -19 to +19

/ Q*(p, 20) = Q{p. 20) p = 1 to 19

Q*(p,-20) = Q(p,-20) p= 1 to 19

and that

Q*(0, 20) =-iQ(0, 20)

Q*{0,-20) =1q(0,-20)
2

Q*(20,20) = -iQ(20,20)

Q*(20,-20)=-iQ(20,-20)
.

Thus points on the q-axis have unit weight (but since Q(0, q) = Q(0,-q),

they could be considered as one set of values weighted twice). Points off the

p-axis in the first and fourth quadrants are weighted twice due to extension into

the -p quadrants, points on the sides are weighted once, (really 1/2 on four

sides of the full expansion) and corner points are weighted one half (really

1/4 on the four corners).

The raw estimates of the spectrum are then found from equation (8.21).

, +20 20

(8.21) L(r, s)=-I- 2 S Q*(p. q) cos [
JL (rp + sq)]

800 q=_20 p=0
^"

where r = 0, 1, 2, . , . , 20

s = -20, -19, .... +20 .

Note that L(r, s) = L(-r^ -s) and that the spectral estimates have the same

property as equation (8. 12)„
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A check of the computations can be made at this point by defining the

quantities, L'', as below. The sunn of the 861 values of L* thus obtained

should equal Q(0, 0). Thus

L*(r, s) = L(r, s)

for r » 1, , , . , , 19, s = -19 to + 19

and

L*(0,s) =-Jl(0,s) s = -19 to +19

L*(20,s)=-|l(20, «) s = -19 to +19

L*(r, 20)=-iL(r,20) r = 1 to 19

L*(r,-20)=4L(r,-20) r = 1 to 19

and

L*(0, 20) = ]-L(Gu20)

L*(0,-20) =1l(0,-20)

L*(20.20) =|l(20,20)

L*(20,-20) = ^L(20.-20).

Also, in order to smootk on the line r = and on the edges, the

values of L, are continued by the following equations.

L(-l, b) = L{1, -b) a = 0, 1, , +20

L(a, 21) = L(a. 19) b = -20, -19, . . . . , 0, , +20 .

L(a,-21) = L(a,-19)

L(21.b) = L(19.b)

L(-21,-21) = L(-19.-19)

L(21,21) = L(19,I9)

The smoothing filter ia ft Utraightforward extension of the smoothing
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filter used in the one-dimensional case as shown by the following scheme

where the product of the two one-dimensional smoothing filters give the filter

values over a square grid of nine points.

Table 8.1. The Smoothing Filter

0. 23 0, 54 0. 23

0.23 0.053 0.124 0.053

0. 54 0„ 124 0. 292 0. 124

0. 23 0.053 0. 124 0.053

The smoothed spectral estimates are finally obtained frona equation (8.23),

(8.22) U(r, s) - 0.053[L,(r+l, s+1) + L(r+1, s-1) + L(r-1, s+1) + L(r-1, s-1)]

+ 0.124[L{r, s+1) + L(r, s-1) + L(r+1> s) + L(r-1, s)]

+ 0.292[L(r, s)]

where again U(r, s) = U(-r, -s) and r = 1, 2, , . . . , 20

s = -20, ..... +20 .

The U's are esl.'mates of that contribution to the total variance of tl).e sea sur-

face made by wa^es with frequency componerats between 2T7(r -—)/<!OAx and

2ir(r + —)/40 Ax in the r direction, and between 2tt(s - -i) /40 Ax and
^ 2

1 +
2it(s +—)/40Ax in the s direction.

One difficulty with estimating power spectral by these techniques is ^hat

the operations on the original data described by the above equations do not

guarantee that the spectral estimates will be positive, and yet in the theory

they should he. This is because a term of the form

sin cX sin (3Y

X ' Y
operates on the spectrum in the complete derivation when X and Y are kept

^
Except at the borders—see Part 11. 70



finite in equation (8, 9). This term, can have negative values which can make

the L's and the U's come out negative. The L's in particular can be nega-

tive quite frequently because of the operation of the above term on the esti-

mated spectrum. The purpose of the smoothing filter is in part to eliminate

as much as possible some of the negative values. Usually the negative values

are quite small and do not materially affect the analysis.

In time series theory in general, the spectrum is usually defined so

that an integral over a given frequency band represents that contribution to

the total variance of the process being studied made by the frequencies in

that band. In ocean wave theory, another convenient way to define the spec-

trum is so that an integral over a given frequency band represents the sum

of the squares of the amplitudes of those simple harmonic progressive waves

which lie in that frequency band. This is the definition used by Pierson

[1955] and Pierson, Neumann and James [1956]. The E value thus defined

is equal to twice the variance of the process under st\idy.

Equations (8, 6) through (8.14) and equations (8. 18) and (8, 19) are de-

rived with ti^e definition of the spectrum used in ocean wave theory. Equations

(8.15), (8.16), (8,17), (8.20), (8.21) and (8, 22),have been derived in terms

of variance. To place all equations in terms of ocean wave theory equations

(8. 15) and (8. 12) should be multiplied by 2 on the right hand side and then

all results would be obtained in terms of E values.

In what follows, all results will be discussed in terms of variances and

covariances as far as the «4irectional spectra are concerned except that
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when the U values for the two independently obtained estimates of the spec-

trum are added together to get the best final estimate, the results will be

in terms of E values.

Degrees of Freedom

In the single variable case, each of the final spectral estimates has a

Chi Square distribution with f degrees of freedom where f as given by Tukey

is determined by equation (8,23).

(8.23) f=2(^4)

This result is obtained from rather complex considerations of all of

the operations on the original time series which have led to the final values

of the U's. In the case of an electronic analogue analyzer, the procedure is

described by Pierson [1954], and the results depend on the shape of the

smoothing filter.

In the two variable case under consideration here, the smoothing filter

is known only at 9 points as given in Table 8.1.

The values of U(r, s) for a particular r and s is a random variable

with a Chi Square distribution with an as yet to be determined number of de-

grees of freedom. When U is considered as a random variable the degrees

of freedom can be found from the following equation,

(8.24) {- 2(E(U))^ _ (SWk)^ M^M^

E(U2) 4(SWj^)2 m^m^^



In equation (8. 24), the W„'s are given by Table 8.1, M^ is the average

number of x points, and M is the average number of y points used in com-

puting a value of Q.

It can be shown that the average number of x points used in computing

the Q values is N - (rn/2) and the average number of y points is

N^ - (m /2). All of the Q's enter in each value of U. The number of x

points used for the individual Q's ranges by integer steps from N to N -mX X X

•with an average value of N - (m^/2), and similarly for the y points.

The value of ( S Wj^)^/4(Z; Wj^^) is equal to 1. 58, and hence the final

expression for the number of degrees of freedom is given by equation (8.25).

Nx 1
(8.25) f = 1. 58 1 A 1

my "Zj

Equation (8. 25) may iinder estimate the number of degrees of freedom.

Instead of (-^ * — ) as in equation (8. 23), it has the product of two terms

Nx 1
" V 1

/ " T ) and ( _, "'"7) and instead of a factor of 2 it has a 1.58. The valuesmx 2 vm^ ^/

of Q near Q(0, 0) are much larger than the values of Q on the edges, and

therefore values of 1/4 instead of 1/2 might weight them more properly in

equation (8. 25).

A Correction for the Wave Pole Spectrum

The wave pole used by the R. V. ATLANTIS was free floating, and its

dimensions are shown in figure 8. 1. Therefore it probably underwent a

rather complex non-linear motion in heave, pitch and surge. If the motions

can be linearized, the heaving motion is the most important, and the pitch
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and surge can be neglected.

The heaving motion in response to simple harmonic waves of amplitude

a can be described by equation (8. 26)»

(8. 26) Mz + f z + pgA^z = pgAj^[<^((jL)]aQCOs fj.t

where Qi[i-) is determined from the wave pressures on the horizontal areas of

the wave pole, and M includes the added mass of the water set in motion by

the moving wave polCo

is given by equation (8. 27)

(8.27) ((l(H.) = e" g +^ je" g -e ^ k ^i

where A,, A28 and A_ are the cross sectional areas of the top, middle, and

bottom portions of the wave pole respectively.

Note that as \i. approaches infinity ^i{\i) approaches zero and there is no

force on the wave pole. As [x approaches zero p,(^) approaches one and the

wave pole follows the wave profile exactly.

For this particular wave pole as shown in figure 8. 1, (A2/A-,) = (6/2o5) ,

and (A^/Aj) = (12/2.5) . The function ^([i) is graphed in figure 8.2. Because

of the greater magnitude of the areas of the larger submerged tanks and the

rate of change of the wave pressure with depth, a wave crest actually produces

a downward force instead of an upward force for most wave frequencies and

this force is 5— tinaes greater than that which would have been produced by

a very long wave acting on a pole of constant diameter A,

.

The wave pole was calibrated in still water by measuring the period of
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FIGURE 8.1 CAMCTONCE WAVE POLE USED BY THE flv ATLANTIS

-75-



/
^

\

\

\

CM
(0
0)

tt

4.

soNooasc

SaN033S V — -

-^ A0Nan038J XNVNOSau

•*> n

SaN003S9 —

SaN003S 9 — -2f

.o

SQNOOBS Z\ — 4-a>

w

N

u>



oscillation and the dampingo The resonant frequency was between |jl = 2tt/41

and |JL - Zy^lAZ and the ratio of observed damping to critical damping was 0.16.

When these calibration values are used, equation (8, 26) can be put in the form

given by equation {8, 28)o

(8«28) -^ +-^-^z + z = aoi{fi)costJLt

in which \i^ is 2tt/41o The true resonant frequency works out to be 2ir/41,5

(a period half way between the two observed values) and the damping is 0. 16

of critical damping.

Ttie motion of the -wave pole under the above conditions is given by

equation (8, 29).

(8„ 29)
[1 - (H'/M-o)]aQ0{H.) cosjo-t K(ix/(j.^) a^ (5(|j.) sin (j.t

[l = (lJL/ii^)2]2+K2{jx/fjL^)2 [l.(^l/HL/]^ + K2(^x/M.o)^

in which K equals 0. 32„

For |JL corresponding to a period of ten seconds, the coefficient of the

cosine is positives and the sine term is small compared to the cosine term.

Therefore the wave pole will move up as the crest of a wave passes and the

height of the recorded wave will be less than the height of the actual wave.

The forcing function tends to force the pole downward in a wave crest, but the

left hand side of the equation is so far past resonance at the high frequency end

that an additional 180 degree phase shift is introduced, and the wave pole

naoves up in a passing wave crest.

The height of the water on the moving wave pole was recorded, and the

spectrum of this function is to be obtained. What is desired is the spectrum of
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the function that would have been obtained had the wave pole been stationary.

Let ^*(t) be the recorded wave height and let /^ (t) be the true v/ave

height. Then equation (8. 30) cs,n be obtained.

(8.30) ^ ^'^(t) = 91 {^ - z(t)

It states that if the pole were stationary, (^(t)*. 0) , rf-'^it) v/ould equal

9? (£) S-^id that if the wa.ve pole followed the v/ave profile exa.ctly,

(?? (t) = z(t) ), '/[ =:=(t) would be zero.

From equations (8. 29) and (8. 30) the result is ths.t

<S-31) ^.(t) = '"
D(ilj / ^o c°^ ^^t-l

[K(t.'./^i-o)]0(^^)

D(|i) ao sill [JLt

where D(]j.) is the denominator of the terms in (8. 23).

If the wiwz jjole rosponcse is linear, and if the free surface ca.n be re-

presented by a itatioaary Gaussian process with the jpsctrum [A(]j,)]'", it

then follows tha.t the spectrunn of the recorded function is related to the

spectrum of tlic waves by equation (8. 32). The term i:..
'. rackets is just the

sum of the 3qua.res of €ae two coefficients in (8. 31)

(8.32)

^[(iWtx^)^ - 1 + 0(H.)]^" + K^(!..'-/piJ^'

[((.../M - 1]^ + K (|i./tJ-o)

[A(ix)]'

Over the rr.r.ge of frequencies expected in the W3,ve record, the numer-

ator of thi,:: expression is a,lways less than tlie denorr!ina.tor . Therefore the

vv^aves recorded by the insti'ument will be too low £,nd 'cae spectrum, computed

from the v/ave record v/ill have to be amplified to get the correct spectrum..

"> 2
The final equation given that [A*(|i)]'' is known permi ts one to find [A([j.)] .
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(8.33) [A(is.)f =
[(HL^/lo.^^) - 1]^ + K^(//m.,^)

[{\i/ixy - 1 + cj,(,.)]^+K^(|x/|ao)^
[A*(H^)]^

The form of the correction curve is shown in figure 8.3.

The spectrum actually determined will be discussed in a later pajj"! oi

the report. The authors are indebted to Professor B. V. Korvin-Kroukovsky

of the Experimental Towing Tanl<: at Stevens Institute of Technology, and

Harlow Farmer of Woods Hole Oceanographic Institution for the derivations

discussion and clarification of equation (8.26) and to Mr. Farmer again for

calibration data. Prof. Korvin-Kroukovsky found from purely theoretical

considerations using an added mass of unity that the resonant frequency

should be near 38 seconds. Tucker [1956] has discussed the calibration

of essentially the same wave pole except that the depth of submergence of the

tanks is different, and the derivation follows his results. Tucker's results

show that a change in the depth of submergence of the tanks by a few feet one

way or the other changes the results markedly.
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Part 9

THE' inSVELED DATA, THE NUMERICAL ANALYSIS AND

THE NUMERICAL RESULTS

The Leveled. Data

The first numerical task was to level the data using the equations derived

in Part 8. Missing data was a complicating factor. For the most part tiiis

was caused :' / 'iie presence of the ATLANTIS. The missing coordinates are

given below:
fc)

Data Set 2 Data Set 3

i k i k

(39,45) ( Z, 45)

(40, 45) (39, 50)

(41, 45) (44, 63)

(42, 45) (45, 63)

(46, o3)

(45, 62)

(46, 62)

where j is the index running from to 59 and k is t le index running from

to 89.

With missi'ig points in the data, there are two possible ways to level

the data. One would be to minimize the sum of the squares of the deviations

of the known values of the spot heights from an unknov/n tilted plane. The

other would be to interpolate the unknown values irora the known data;

use them in the equations given in Part 8j and level •iie data. The first

82



o^ the two procedures described above was employed, but it will also be shown

Lf'.at the second procedure is simpler and that it gives substantially the same

r e s ait s

.

The original set of equations for the assumed complete set of data is

given b^'^ the matrix equation (see Part 8);

(9. 1) AX = B

where A is the matrix:

(9. 2)

x/



(9.6) X =

where a, b, and c determine the coefficients of the unknown tilted refer-

ence plans.

The equation for the leveled data is

N^=Nj^-aj-;-,k.c

The modified equations which take into account the missing data are given

by eqn. (9. 7) where the summations omit the missing points.

(9.7) A'X = B"

The numerical results for sets 2 and 3 are as follows:

A'

B'

X

Set 2

/6,312,334 7,081,560

7,081,560 14,329,800

\ 159, 138 240, 120

/ 767,640.680\

1, 184,012.640

26,618.730

/ -.010744 \

-.000140

\ +5.256144 /

Set 3

159, 138 \ /6, 307, 157 7,072,663 159,033'

240, 120 I 7,072,663 14,313,780 239,892

5,396/ \ 159,033 239,892 5,393

/ 847,416.000
\

1,261,367.290

28,650.330

/

/ + .001575

-.003584

\ +5.425500
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The final equations for the leveled data, N., , are given by:

(9.8) Nfj^ = N.j^ + .010744 j + .000140 k- 5.256144

(9. 9) Nj*k = Njk - .001575J + .003584k + 5.425500

The leveled data are given in Tables 9. 1 and 9. 2. Data at the missing

points were determined by interpolating the leveled data at the neighboring

points.

The preceding can be simplified by interpolating the data at the start

for the missing points. It will be shown that this method yields the same re-

sults to at least five significant figures. From equation (9. 8) the missing

data in the second run are given by:

(39,45) : 4.830825

(40,45) : 4.820081

(41,45) : 4.809338

(42,45) : 4.789590

if N?, is assumed to be zero at the missing points. By interpolation at the

neighboring points, one coixld assume the missing data to be given by:

(39,45) : 5.02

(40,45) : 5.03

(41,45) : 4. 92

(42,45) : 4. 77

If one were to start the leveling over again, with the missing data

tabulated above under the assumption that N-j^ were zero at the missing

points thus using the entire 5400 points and the matrix A, there woxild be

no change in the results. This is a fundamental property of a least square
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solution. Koweverj if one were to level vdth. the interpolated data, the re-

sults would be almost indistinguishable, because the vectors E for both

cases £.gree to c/c least 5 significant figures. Hence tlie solutions agree.

Thus in a repetition of this problem, missing data could dimply be averaged

*
at the start. The column vector B for Set 2 for the czis.e in which N-, is

assumed to be zero is given by

/ 768,420. 609 \

B :^ 1, 184, 879o 288

\ 26, 637.989 /

and if the interpolated points are used, B for Set 2 i,; ^'ive:i by

768,440. 13 \

B ::^
I 1, 184, 901. 39

26, 638o49 /

The missing data for Set 3 under the a-ssumption that N-'j, is aero at

each of the missing points is given by

J k

( 2, 45)

(39,50 )

(44, 63)

(45, 63)

(46, 63)

(45, 62)

(46, 62)

: 5. 26735

: 5. 30770

: 5. 26898

: 5. 27056

: 5. 27213

: 5.27414

: 5. 27572
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By interpolation at th.e neighboring points one could assume the miss-

ing data to be given by

( 2, 45)

(39, 50)

(44, 63)

(45, 63)

(46, 63)

(45. 62)

(46, 62)

5. 15

5. 11

5.28

5.39

5. 59

5.43

5. 53

The column vector B for Set 3 for the case in which N.,. is assumed

to be zero is given by

/ 848,825.093 \

B = 1,263, 519. 932 ]

1 28, 687. 267 / ;

and if the interpolated points are used, B for Set 3 is given by

848, 856. 34

B= 1,263,558.44

28,687.81

The leveling equations for the two different ways of leveling each set

of data were actually obtained. The greatest difference in the two sets of

data between the two methods was -0.0 2 ft which was far below the level

of accuracy in the original spot heights.

The preceding calculations were carried out on the Univac, a large
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digital, computer. The actual computation took only a few mi'^mtesj however

the clericaJ, workijavolTcd kn correcting errors in the da.ta and in. the program

consumed almost two hourso Were the problem to be done for a nrew sef of

data, only a few minutes of Univac time would be needed.,, as the program al~

ready exists, and the data can be m.ade ready by a card to l^ipe converter.

Spectrum Computatio.n. by Me.ans of the Univac

The computation of the covariance surface is an extremely lon.g co.mpu"

tation^ involving many millions of multiplications. Thus it could, be most

speedily h.andled by the .IBM 704, the NORC , or the LARC,

Programming the covar.iance surfer e on the Univac was especia.iry d,iffi-

cult because of its limi*:ed m.emorv„ Since many nunnbers must be s-^aihable

almost simultaneouslyj it was deemed inefficient lo store the dat^ on tape., as

ta.pe time would add cons id.erably to tl^e prograna's running time. The way out.

of this d.ilemma was to break up the 90 by 60 array info three arrays: 44 .x 60,

2 X 60, and 44 x 60. There is considerable overlap., Since we wa^it a lag of

20, the middle group must contain 20 rows above and below^ thus h contains

42 rows in a.Ii, These data were packed 4 on a. lineo In this wavj ii: was

possible to pack an entire section in the memorv, and s+iil have er.ough in-

structions for the program. Since no room was left for sign, a, constant

was added to all the data, to :ma.ke them positive. The reader may perceive

how these factors added materially to the length of the romputatJ.on run.

Every two .numbers had to be isolated by a.n ingenious system of shiftsj then.

the same constaJ3.t .fe*d to be subtr.acted, out. Only then could the n.ufT\bers be

multiplied and the product a,C€umula,ted in a counter. Then the calculation.
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of the covariance surface is accomplished by means of three programs yield-

ing three 21 x 41 matrices. The sum of these three matrices equals

Q(p. q.)(90 - |qj )(60 - p), and a division will obtain the required values for the

covariance surface. Since the problem is quite long, procedures have been

established in case of machine trouble. The program can be restarted by

typing on supervisory control the initial desired two-dimensional lag. The

computer will pick it up from that point. A flow chart for this program is

given in figure 9.1.

The spectrum program did not present such difficulties because the en-

tire data could be easily w^ritten in the naemory.

These programs were compiled by meajis of Generalized Programming,

a particular system of automatic programming developed by the Univac Divi-

sion of the Sperry Rand Corp. These programs for a general array can be

found in the G. P. Library under the call letters AUC2, and COSM. They

are available at the Univac Division of Sperry Rand, Inc. , 19th and Allegheny

Avenue, Philadelphia, Pennsylvania.

To complete the program, an input-output routine must be added. This

program has been written. It exists on tape at the College of Engineering,

New York University. Further checking is deemed desirable before a pro-

duction run is attempted.

The complete Univac procedure for determining the spectrum from

leveled data has thus been set up. After further checking, it could be used

given a'^out twenty hours of Univac time for each set of data.
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Spectrum Computation by Means of the Logistics Computer

The problem was eventually run on the Logistics Computer, owned by

the Office of Naval Research and operated by the George Washington Univer-

sity Logistics Research Project. Time was made available by ONR. This

computer is a plugboard controlled electronic digital computer with a large

internal drum memory of approximately 175,000 decimal digits. For this com-

putation a word length of 1 2 decimal digits (in reality 11 1/2, since negative

numbers are represented by 9'3 complements) was used, providing over

14,000 words of raemory, more than enough to store all the necessary data at

each stage of computation.

The leveled data N-'j^ were provided on punched cards for both data sets

2 and 3. A later connputation was made on Data Set 2A derived from Data Set 2

by the deletion of all j from 50 to 59 and all k from to 19 inclusive, pro-

viding a 50 X 70 array; and on Data Set 3C derived from Data Set 3 by the de-

letion of all j from to 9 and 50 to 59, inclusive, providing a 40 x 90 array.

The N^, were converted from cards to paper tape-. Conversion and input were

checked by comparing Z) N-,, on the drum with a check sum of the punched
j-k Jk

cards. As eacL value of Q(p, q)(90 -lq|)(60 - p) was comiputed, it was punched

out on paper tape, ready for further input. Total computation time for Data

Sets 2 and 3 was about 30 hours apiece, each computation involving 3,433,500

multiplications and 6,867,000 drum references. For Sets 2A and 3C the

computation time v/as about 18 hours each. The computer was allowed to run

overnight unattended without encountering too many difficulties. Due to lack
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of time no check on the above computation was made for Sets 2 and 3 other than

visual observation of the results for reasonableness. For Sets 2A and 3C,

however, a check computation of S Q(p, q)(90 - q)(60 - p) was nnade, two
p.q

minor errors being discovered and corrected in the results for Set 3C. This

check computation required about 6 1/2 hours for each set and would have re-

quired about 11 hours for Data Sets 2 and 3. Since the Logistics Computer

does not include division as a basic operation, this had to be subroutined in

order to find the values of Q{p, q), a matter of a few minutes. This division was

checked by repetition of the program. The values of Q(p, q) were converted

from tape to punched cards for listing, the conversion being checked in the case

of Data Sets 2A and 3C by comparing the sum of the Q(p, q) on tape with the

corresponding card sum.

The Q(p, q) were fed back into the computer, being doubled before being

stored. Each side of the resulting matrix was then multiplied by 1/2, the corT

ner elements belonging to two sides, being multiplied twice. In this manner

the coyariance surface Q*(p, q) was stored on the drum. 1.21095 cos —

(j = 0, 1, • • •
, 39) were also stored on tJie drum. The factor 1.21095 x 10"^

was introduced to divide by 800, to locate the decimal point (since, say, 0.311

was entered as 311), and to convert from the scale of the stereo planigraph to

feet (0.1016 mm = 1 foot). During the computation of tlie spectrum rp + sq

was reduced modulo 40 to the least non-negative residue. Because of the

ranges of p, q, r, and s, resetting of rp + sq at the lim.it of the range of any

variable was quite easy. The total computation time for each spectrum was
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about 7 hours. In the case of Data Sets 2A and 3C the L,{r, s) were punched

into cards, the conversion from tape to cards being checked by summation.

In the earlier computation of Data Sets 2 and 3, due to an error made with

derivation of the equations in Part 8, the values of L*(r, s) were computed

and punched into cards. As a check SL<*(r, s) was compared with Q(0,0) /(1.016) ,

to which it should be equal. This check was made by hand for Data Sets 2 and 3

and by machine for 2A and 3C. In all cases there was agreement to four signi-

ficant figures, the values for Data Sets 2, 3, 2A, and 3C being 4.614, 4.299,

4.105, and 4.049, respectively.

For Data Sets 2 and 3 the final smoothing was performed incorrectly, due

to the above mentioned error, on the Li*{r, s) matrix rather than the L(r, s)

matrix. This error was corrected by the time Data Sets 2A and 3C were run,

and correct procedures are described in Part 8. The L(r,s) matrix on the

drum was bordered to provide the proper values for r = -1, 21 and s = -^21, 21.

A final computation of approximately 15 minutes per data set provides the

U(r, s). For Data Sets 2 and 3 U(r, s) (incorrect in the two outer columns

and rows because of the use of L*(r, s)) was punched on tape and converted

to cards. Many of these values were checked by hand, and no errors were

discovered. For Data Sets 2A and 3C U(r, s) (correctly computed from lj(rj s))

was used to obtain U*(r, s) (the borders being multiplied by 1/2), punched out

on the tape, and converted to cards. For both of these sets as a check SL,*(r, s)

i

was compared to SU*(r, s), agreement being obtained to seven significant

1
figures.
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Although computation time was greater than it would have been on the

Univac or other large machine, the problem as done on the Logistics Computer

was conceptually simpler, because of the ability to store ultimately all data

needed at any computation stage, and more economical (even if the problem had

been chargedfbr) due to the smaller cost per hour of this machine.

In conclusion, ihe authors would like to thank Louis Grey, Anatole Holt

and William Turanski for the help and advice they have given in the Univac pro-

gramming, Gordon J. Morgan of the Logistics Research Project, William W.

Ellis and Bernard Chasin who helped with the IBM card operations needed to

provide the tables in this report.

The original spot height data furnished by the U. S. Navy Hydrographic

Office, the leveled data, the values of Q(p, q), L*(r,s), and U(r, s) for the ori-

ginal computations, and tie values of Q(p, q), L(r, s), and U(r, s) for the re-

duced data, are given in the following tables. (Note that in order to compute

the U(r, s) values, the L(r, s) values must be used, and not the L*(r, s) values.)

The tabulated values of L*(r, s) should be doubled on all borders except at the

corners where they should be quadrupled to obtain the L(r, s) values. These

values are also available in a deck of IBM punched cards at the Research Divi-

sion of the College of Engineering, New York University. The raw data and

the leveled data are given in 540 cards per run, for Data Sets 2 and 3 and

350 and 3&0 cards for Data Sets 2A and 3C, respectively; and the covariance

surface, the spectrum, and the smoothed spectrum are given on 841 cards

per run. Thus 11,882 cards are available in all. All Logistics Computer prov

grams used are in the possession of George Stephenson.
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Explanation of Tables

The decimal point is not shown in any of the tables. The units for each

table are given below. Negative numbers in all tables are shown by an

asterisk (*).

Tables 9.1 and 9.2.

The value of N(00, 00) in Table 9.1 (the number in the upper left corner

of the first page) can be read as -2.56 feet (approximately). To get feet

exactly divide 2.56 by 1.016. All other numbers can be similarly

interpreted.

Tables 9.3, 9.4, 9.15, and 9.16,

The value of Q(0, 0) in Table 9.3 is 4.763 (ft)^ (approximately). To get

: (ft)^ exactly divide 4.763 by (1.016)^.

Tables9.6, 9.7, 9.17, and 9.18,

The value of L(0, 20) in Table 9.17 is 0.0013 (ft)^. All other L(r, s)

values can be interpreted similarly. To convert the Ij*(r, s) values in

Table 9,6 and 9.7 to L(r, s) values, double all entries that have 20 as

a coordinate, double the first column, and redouble the entjries at the

four corners.

Tables 9.8, 9.9, 9.19, and 9.20.

The value of U(1,00) in Table 9.19 is 0.0302 (ft)^. All other values

can be interpreted the same way for Tables 9.19 and 9.20 in which the

values of U are bordered.

Note Tables 9.13 and 9,14 in connection with Tables 9.8 and 9.9
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in which the corrected values of U(r, s) are not bordered.

Tables 9.11 and 9.12 N(0, 00) is 50.0 feet approxijnately. To convert to

feet exactly, divide by 1.016. Other entries can be interpreted

similarly.
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Table 9.13

Errata Sheet for Table 9. 8

(U(r,s) values for Data Set 2)



Table 9. 14

Errata Sheet for Table 9.9

(U{r,s) values for Data Set 3)



33 33303390 33300 33 030009303000900000000 003

00000003000000000000000000000000000000000

» • • • I

ooooooooooooooooooooooooooooooooooooooooo

••••••••••• •

OOOOOOOOOOOOOOOOOOOOOOOrtiHOOOOOOOOOOOOOOOO

«**JiK\Hrtf«^r'N»rr»:»[-.^inoO'«n«CM)C*-CM'n0iNO(D'03iOOa\5>>0OMO»

30000000000000000000000000000000000000000

rtf^oooN<\wNn.'oncur*^cy»^N'^'^[^ojiHO."^uiioc-p-(DP-«i/)'n«ooooi-to)H
OGOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

o>>-'«(D'«Ol/)«ul*Oln^^^H«>o-ol^a)CDvo^-^HrHc^1-l"flNOo^^o^lnotJl
0^'^0(^ff'«•»ln^-"^ou^«Ol~^O^^^OHNHW•<rlH^*no*0'^r^tDmr^r^'fi'-^^-lK^*lO
OOOOOH'^r^r^V'^'^'^^r ti^t 1rJ^J^J)TC^JO^^)vu^^0^0'0'0'T^'n«r^H•-l;^)Mr^
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

jov4»3)<-trth-in\£)mortNr'^'V<-i<HC^cMiiCT^vOic>ivonr-o«HK\cM^r-cM/)ooo}
'^HNW>0^-^0^0'00*'^>0•-lO'OOlODr»v^O'0'*^D^^u^Hl-l^-CDO^Ol-^^OC^JN'^«Cftl
rtOO^^OO«t^)«lon)r^^c\Jr^Tu^^aDc^o\0\^»>C'ffT-^^^c^)0)rlw^^K^«w«MC^mnn
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

a)a)uitfiON'Oairtuiin^uiiroir*woii/i'OOf^f->of-0'^?iwtD>oirr-OicDtn^irtOiCMN
OWO<D*»0)HH»-<(DP-VOO*OOI^VOOO«WON(OV^*'VO'^Hint>-p-t^O'*'»t«-
H0HHHOf-tWWWri000rH«V0(DOOOO0>C-'ffN30iH«CM«T-(OOOrHWnv
00000000000000O0000'-<^^^^H0O000O000000000000

tlJlB^O«"^^'0-0*OHa)a30'BJi>N13-HTH«'T-n3^r--»'OeDN(D"^'0«0'0-*3i3>
Jl n^^(^*'-•^ \i:\i:uT-<aiDnoi'^voo' :vfnniOH'OHV'rT-tf-'^ojoc*j-nc*ONCM*-i
OOHN rtHOOOOO'HHHHOOC\jLil> ffiQ 00»Oi>^OV^WOOOOOOOOOHn
000030000000030000000i-»hOOOOOOOOOOOOOOOOOO

oo^l^»^•o«o^«Hr^ocM^^-*fflnM'^c^J^ou^o^lo^.op-K^cDu^H'0•-^n^^c^'«cDmo
;>^9'•o»"ffva^u^:^^>a»0!DO^cD5lOvt^oa)o^ot^]c^a5li^p)lnc^cDT^fllotD01-^ff(^^•
-4H:^l^v^HHH:^J:>)ocfl^ro:\JHH»p-D^Jl^JlIl^•0"lc^)r^rHHC^^C^]'^^^^J^O
OOOOOOOOOOOOOOOOOOOOOOrHOiHOOOOOOOOOOOOOOOO

vma)»'«oe*»Mn:MHrO'C!D>oninsjinrnHC»ii/i.'yin(TiO'0"TH'ffn«-tc^H0033HM

wN•\**V^'^.o*^vTln^D>o^o^n««o«ln^•aac^o<^oo'Olrt?oN«n''^'^«ff^^'-t
OOOOOOOOOOOOOOOOOOOOOOOOOiHOOOOOOOOOOOOOOO

ocDW1-^^'^^Oflflp-'^'00(^HH!^{Do^Nl^(^HOlDHOHO^<^«*(DlOcD(DH^*o
«o»Na)HvaO'»NC^iH'^*\oc^«NO>oO'r^'^'ff'^o»'-t5iOi-'i3'^«ona3t^3MONHinM

ooooooooooooooooooooooooooooooooooooooooo

Haft»>*tn*'^wHOH«''*'*'''«>»ftOH?j'^<i'iic>»»o
HHCOCCCCOCCOCCCCOCCOSHtHHHHHHrtrtHW,

128



HH*4OOHOW^'W««l(gHOO<Hl^«inkn«'«»OHM«NCMCll(M0}t-if4HOOW<>l
3000000003 00030Q000000000a000000000000000

•••• ••• ••••••••
(^s:Q'4nKtoo3tA9>vws>ost^i/)o>a>cu<0'«oiSr-iomoint-«r-'«'vnt^'vaDt<>o«

3 00 000000000000000 00000000 000 00 0000000
•••••••• ••••••• •••
H^^al:ttp-^nt^»o^^•^••-*'^*^'-^^•^ool/lCMNp-ooJ*»^-0'^o®o>ooJ'^^•>oc^oco
P-NO3iOII'A>0H«O»Hr-O(DC*»0t>-'^'«'Ht^»'''*''l*f-'-"'l*«»-'0N«a0'0N
0»HH0«W«OW«'^NOOO»H«'«NO>H'»tni0in'»'*^TH00OOWt-t0HHi-(WNW
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
••••••• »•••••••• •••••••
OJ)iflWN*tt)0'H'^N'^P-«Nr^«M«iO'«»HiOiOO\^»>-H^>i)'»rt^^f^OO(CVJrtl^W
mft)^o^^T*^^^o«)l0^o^-l/»(^oc*lcow»^•^oc^*o>u^'^lOr^«o^cMo^-lo>1-leo
H:UHHr4f4HOT4C«MOOr4H^'^r^'^(MOO0)CMI^t^HOOOHHiHnr-IOOOHHH
99«00#AOOOSOOOOOOOOtt90000aOaoOOOOOOOOOOOO
•••••••* •••••••••••• ••»••••••••••«
p-«>»»H>!n»o>i>«i/)iowp-i^O(?iC^'^o«o*otDT^cu>>0'wmc«voi««f-inf\t*
HNWrt«HOOOOOOO"-tC*lC\)iHCM*K»'^l^«rHOOOOOHNPlC\J*J1»mr*lpjNHO
OOOOOOOOOOOOOOOOOQOOOOOOOOOOOOOOOOOOOOOOO

iftinO'«»rt*r-NHn»in«in'rrt«-inc>-ico
o*»oinw'««e-^On-(N"^cMrH^-^'*r«N vin
OOOOOO^HOwO^-^ooHI-^oo^-40J[\JC^]-^oOH^-lr^r^ot^^c\I(^Jm«««^^v^K^
e_i000000000000000000000000000000000000000

v«N ^mcMc-'^m«o^t-''Vui(Dp-a)a3c^'«9irHCD

PJ«Nt^-»r^r'^0™o>0(D'V'Wf^NCV)'V^'«"0-^P-:n»'>t^f'0?Ja.>W3iL/»'fl>>05irH'»
«'oaj'«a)[^^»'^i'>*?j:vcD'«o<DiHOc^c-tHO'«m'^t-«i/ifHOiiocD'^cDf^»ioc\ivf-T-i
«(y»H»H»^Ni^'^'^W'H<HOOO.HTHr^030i-<000'HtHOOT-(C\JCWf^r^-«-vtni/1ini/iin
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

^ONrH-H:V^J>'«'">l'H-<HO.H-^'»'MMH-HOOiHrHiHHHHOOOOr-l«:*Wn!^*\'»
000000300DOOOOOOOD000000030 O O OOOOOOOOOOOO

\0!DJlJl'^CDOCMHt>«-"-«vOJ1C'^vOOO>Of^?]1 f'SiaiT-l-fl-O -jxriO-^ fHHOP-OO-^Ji
'^oo^^r^'0^nHr^-^HH.-^:>J:u•o:^)r^r-tH^^^3r^.HT-^r^,^-lH-^^r^H--l^:M!y
ooooooooooooooooooooooooooooooooooooooooo

- - - • • • • « • 1

000000«-)r^0000000'Hrt^THO000'-t'H«t\JN*>*^'nr\'^«Wrt00>-f0»H
ooooooooooooooooooooooooooooooooooooooooo

TH'0«woi/)c\jainBmvrHi/i3ia)Bio.-0'OONNom^>rHinoi-ftDa>'OCMOii/)»Ki(D
1-lHO^H^^rHMr^«Nr^OC^^nrnt^J^^000001^W«fn«N^WWCVT-lOO^r^HOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

i/icoi/i'woNP-OiirtiHirr^f-voO'CooiO'Ouifwp'jiH'w^cv'^rovoS'CvtDotMv -n-oj O' ui

.HOOOOOHftJP^r^HOHr»^'Vf^rHO«-i«cyooWf^>T<7r^«^«r^r^OOOr-i(\)MOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

CD a « -O "^

mo r^ffl ?J

OO O 3
OO OOO
• •

Jl » C > O

OO o o o
OO OOO

OOO

OiM O V 1/

VXHUl O •-

OOOO c

(D >0 <H

« OO
OOO
OOO

o-^ w^^
M -o ^ 1-f

DO OO

Hc~ ^o^-'\DiHsou^'HOr^(D'^^oc^t>ip--»wino\othm
nnoir^ovMina3^0i'-<>oa'-t<>0'o>oiJO»-«'««-"ono»?i
f^«OfHr^nrt3rtr^KiKi'O0j«H00OrHTHOOi-(OO
soonooooooooooooooooooooooo

••••••• •••• •
vO'»rt3\THf-jn03vO'00«Ht*0'0«fl'i/)a)N«'rH*Ni/>013»
«OrH«3jr'>rHC^lflC*riKlHO(^'nr^Of- OjO OCD?J«OJ1?J-n
OM'^^HOwn^'^MO'HojnioiNCM -rrn OOO-HWOOOO
ooooooooooooooooooooooooooooo

^«ov:>j«-«r<ir?a ^'^-t^mtnor-'vr^H'cojp-aocD-v O'C^Oio-Hf-THWCMin®-*
^c^^o'^«'0ln^>lnLn'O['J-^oa)T-^Nc-^0r^c^J^nr^I-^[opJO0J^a3(^r^of-0JO^J^OO
000000000:MMHOHOj:>J!>JOrH'n-nJl'ff'^C\)rH30'H<-<WrHHDOTH-^0000
OOOOOOOOOOOOOOOOOOOOOOOOGOOOOOOOOOOOOOOOO

OH 335:»HOuio::*J'«c>voO'Hr^HW?jop-«coO'W'Oo-*ino\inin;na!>*i)Hi):\j
io*uif-oj'«Mr-«"otn>H^'V5,i^O'0>-cv'^*\i-(CDHr*i^!Df-o'Of->min'^wtD«'^"^
ooooi-<rtrH-HOoooo-HrHO)«Ho«-(roin'oir)m-»mHOoooooO'-trioooo
ooooooooooooooooooooooooooooooooooooooooo

jiuiLnoo *ooj>ojvtn>- oN^'cioo^'w oo^•^-^•c\)-o{^^-t1-^c^-^(DcDO«ao^*o
00<>^-»i/10l^»-ftDC>10HOlJlO'^N'«T"'^M>(>-Hi-t'^(rirtvOO'»*5iO'0^-*>f^E^

^ 000HTHHNMCD«-<HHrtfHHNPJm^N0'n/l«^^O*mr-(rH000i-<rtHWi-(00
ooooooooooooooooooooooooooooooooooooooooo

a)*i»r«-f-jiCi/i»Hcyc-.oocy.-*-JOi-nHmirin<oc-ui»H«t-fr"^5i®p»ioooT-»rn'«in>

"^ ^HI-(^-l(^)nol•^*^•^'^««{^lCMNr*^^^0(DJ,[^H^O'^J^J>J^'^-^r^l-^r^Hr^o-^Hl-lr-^c^^
ooooooooooooooooooooooooooooooooooooooooo

• • • • • •
at^'OtfiJiournt^oajuina) it?* >oosccDn>oc^(Dwv>oo]<H9iooHHinnNn»9iO)
^«»-uihjHC\io)rH'0'^m5''o-ino>oN'nH'^fH'OV*f-HOOO(»JV"^o*'^a)0'^'^i')

-• aisj:>)Mf^i^!^win^'ff-«nnr^'»iooirO'-i\o»^i-tOrHrtooi-(ooooi-tt-tHOOH
OOOOOOOOOOOOOOOOO'HHTOCMrHOOOOOOOOOOOOOOOOOOO

int-(^K(mo>(otii^N-*'^or-cO'ornoicDt>p-04a)ovr^«cD^-Ofn*t>»p-ui(Effiirtnt^iHin
HMft)'^'«r'>rn^vyllrtall/)'C^LTlDW0i(DH(DChW10in'«*mirtinmv»'^Kl*nftINH
00000000000000000'HrifU>««r4.-IOOOOOOOOOOOOOOOOO

^<^x>lOlfl»'*^pJH^*»^
SCCOOCOCOCOCOCOOftHrtHi-tHHHHrtM

129



ooooooooooooooooooooooooooooooooooooooooo
oooooooo300000oooooao9ooo<9ooooaci909909aaa
• • « • • * •

0033300000000D00003000000000000000DaoOOOO
ooooooooooooooooooooooooooooooooooooooooo

0000'-<OOOHHrH^O'*OOt^O*^»-tO».HOOO«Ort«-IOHOOOHOOOOO
00000000000030000000»-100000000000000000300

— — — — — » — -"•*'-'— '^'*'^'BOO)«9*09ao09tt*VCIS09000at09000000090000S090C

JlO»?^|^M««a)^-0'«^-t*^^wa)^-(0*oo^^^(^•t^^-o^ooNO(D^•c^J*rtrOf«(^Oln

ooooooooooooooooooooooooooooooooooooooooo
ooooooooooooooooooooooooooooooooooooooooo

»ova)^vC'«-'or«criiocha3'^inNco*^*-'\iioO'^0>-f^'^'OW'» •^<d oi*'^!*ioitn(0'0
OrHOOOOO'-<'^'HOi-lOO«ONrn'»>OO'OTC\JiHOTHI>JOi-tMOOH«-l01OOOOO

ooooooooooooooooooooooooooooooooooooooooo
• • •

30^00000r-<:yw^T-<H<-<fHO'«-r\:>t^!iJIl.O'<IO:>l<H-WO'Hi-(0000^»-IOOO
OOOOOOOOOOOOOOOOOOOOT-JrHOOOOOOOOOOOOOOOOOOO
OD30 3 30 3 3 0000 0000030030000000000000000 000
•••• • •••* .*

OOOOOOT^O«-«r^rHO^JHJ*)O'^«-''-<OO'-lC^0JrHil.HrHC»l«OWOriOHiHOOOO
000003D03330030330-M^3D303D000003003300000
300030000000000030t)0000000030D00300000000

• • • • •

O'-"i-«OOOO«DOO«-«0JC\]i-(-ffOiO-«-Jl»-tiHH-^i/lO'»"^0Jt-tiHiHOt^OOOiHOOO
OOOOOOOOOOOOOOOOOOOOMW'-tOOOOOOOOOOOOOOOOOO
fSOOOOOOOOOOOOOODOOOOOOOOOOOOOOOOOOOOOOOOO

r^r^3I-l•-^^«O'OO0JNC0^^^w\o«ln^nlJ^ow-^c^c*•mln>J-*wo^HlHoooOHH
00003000000030303003:^00000000000000000300
03330000000003000000000000000030300000000

« • •
CM'WO^Or''HMTHC>J>ffi'V'ff'-ia3-V3irH-fl'0'0^'^iflt^3<lD«H5\fHP)iil«Hlil^**OOrtWN
^^3^-(OrtOO«r^3'^^^ONr^lno^^r^O<^«;^M^ofl'ONrtOOHr^OO«3WOI-^t^
3000000300 O-O OOOOOiHO^-IOWWOOiHOOOSOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

in«HUlf^*iJ^irt^Ot^C'-<[^rHDO>d/lt* rtUl«-t^VO'HC\10JC^'^f-U10>rHr-(00 ^Nc^mm
OiHOOO^WO'^OfOO'^H>OrH"^0'*33t?OC\imiOCMiHCMC*)t>lC>J.HHT-(Oi^HV-JOOO
0000000000000000<HO>-t«CMOOC\JOOOOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

rH rH wo
O 030
3 OOO
• •

o « oo
7-t O
3300
0003

• • » •
tDvov»mi/)iHO>oor-a3p-v'oo>o'fl-f^(Dcomc^\DOCD'Oc^oiCM(Dr-c-:«rHm
O«MtHO«-'CM»-IO:»WrnO!DO3ia3!D'0aM'^f-O«-«rH[0OCUiHt^i-IOOO'-IH
33 OOO 3333 3 330000wf<iro0n3 000333303 300 OOO
oooooooooooooooooooooooooooooooooooo

O'H'0OO-»OOW^7M)V0f>I[^>0^>>f^0)Jl'^M'<rOP-C^ -O/lXOPJf- fl-O-^
:yoMO'-'w:M:yji:\ioo:M>-iaj'j»:yf^rHrHO?)ooO'0'^iHfoO'^o^:\iw«H
03OOOOO00OHOw0N<r:yrHWOOiHO'-f000OOOO000OO0
0000000033300003000000303000000000000

o:>)ooooooo<Ho^ooo'onnwc--vinr"000'-<!Ji'<r--iotHrHC\iot-iO'-<OrHo
030000300033300T-loo3HMt^D'W'ff-nH30000033000033
33303333030000030000000000000000000000000

fl'V'-<iHOO(D.OWi)^(E>^3iOO(D^O'0'n»WO-VM'«ina3>W'«(D«»f^N«Oin
3 «WT-(0™VT-«H'*i-fin«-0-<J-(DW(DWt>(>CD3'MeO'W>0'^«l^«iI--0-0'^'HrOOiHOrtN
Q "^ O O O O O O O O O O 3 3 3 3 O 3 :M 3 01 ij -O Or^ *t WM O wO woo O O O O OO O OO
^ 3333330O0O0O30OO0O0OH-J-WOOO00000000000000O

• » » • • •
^^>wc^o^0'-l o of-". iHr^onjomwojovc^-cMajwcDvoto ^wv
-lCMr»^r40>OiH3i»DOK\!7iC\)>0'^010NinCtf>^«V>'^rni-l«0«-tWC\l
. ---'fWuliHmwWOOOOOOOOOOSOOO

rt™-jMrt..r^r(nor>nooooaoOcin
OOOOOOOOOOOOOOOOf^NWWf-WuliHmwWOOOOOOOOOOSOO
000300000000000000000«f-<:>J0^30000030000000

OJ OOJWOOX-
O O O O 3 OO
000300000
• • •• •• ••
N3iJiH-«-ioooj*oiiitnJia3inn«vOioa)V- -— . -

OWO'-l!/>'^OV030'^3'ONr-|vOTV>03''^NWa)
OOOOOOOOOOOOOOOi^J'^OiHrHN'OM'^iHOloo
oooooooooooooooooooooooooooo

• • • • • •

Oinwc-l/liHC\JOCJrt:M3C\JO
330300000000000

ooooooooooooo

*^(?lool3^ln^.^-lO:na)Jlt*JOOP-^«l/1^vvli^'0'^^-ooN^ncDm'OP•^•ln(^{^^c7^'^
fHo:MO.-\ir-(!MC«'»rH'oO'Wina)nMf-0(^?j[^oc^™ncoin*0'OH'VOJ«i-(0)o:MOiH
3030330030000333-H3v»0««0'rOrH3030330300333300
00000030000000000000000000000000000000000

o»r>>0-0'«"' H30iB>X'fl'«"' * Jl \C > 1! ft O



OOOOOOOOOOOOOOOOOOOOOOOO"0300300000000000CIOOO
30000000000000000 o

• « 1] e
&.'9ao«>HNKMno.«tn«o-aiBconHf-i^'OC-a3M?»»HOHin*nviiJHtoB>o-(»c^{ji

™ OOf^oc»o0OOOOr^woH00tMC^JH\0K^H<lO0Hoor^wr^,HC.o*-1OOO00
ooooooooooooooooooooocooooooooooooooooooo
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOQOOOOOO

* •
Ki'*iT"WO(Din-*'0(D'V(r'j?(^P-*-iP-«0«-wK,r^r^,0^>p.O>«>'^nr^-»'WOWK\fO

^ -'OOOH^Or^OOMOOr^,H'^0''lCMWKl»VO0WH0THOHOf^00--^^«^0T^
00000000003000000000000000000000000000000
900000000000900000000000oannnn.-.rK-...._—. — ^ — __

• » • •
3\fOnirtP-CDfOCll,Htnn\OCD'*3»THrtWCD«On«f^CD'fflOWO»«>p-r^OJ[...HO(DCDna>as

2 OHOWOtHHOr0WOHHOOO'^'nHO'«f-rtf-l01«oin-vOOOOOiH,-(OOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOaOOOQci(-inn(-\r-if-.^«f-irtrtrtr~i^
3000000000000000000000000000000000 0000000ooooooooooooooooooooooooooooooooooooooooo

• • • • •
o^-Ol/).n>-lO-'Mr-(0•-t^-^lno>0'-^loo^nTTO'ocyr^c^t-*'ou^^.c^fl^^n^oom'^IH
Mo.'ytHO'MHMo:y«iH»H:\i(nrHon'«-ty:>jinorHtHMOOHOHOvirttoo[Or^o000030003000003rH00000000000300000000000
ooooooooooooooooooooooooooooooooooooooo

• • •
;nwrix"^JiT«n'»^'nf^Mo*ncvo).'^so«'^o-^'00-T-o*i>i>HO?»ojnoji3»
r4r-(OHOOHO:'JOO:«'^VCVO'^^^WCJiOrHinrri?j:0:\)WOrtrHO>HOOOOOO
OOOOOOOOOOOOOOOOOOOHOOOOOOOOOOOOOOOOOOO

o o
oo
oo

•
>-^
oo
oo
oo

i-.^_.n_/^r-.».,^ _.-^.«- . -. ...^ .,-.u.u.w'-'-''..x.» .un^jnnj^OOOOOO
OOOOOOOOOOOOOOOOOOOHOOOOOOOOOOOOOOOOOOO

030000000000000000000000000000000003300:

'nc<aoooBMff^^-^JlI^Jvc^o^^•^I«c^J^(Do^^oa^oaJc^)lnli^c-o^olT-lnc«ffl«^
^ OOr-liHWOHHOO-^i-fr-ll^rHH'nC-Jll/lHWffVO'OO'^OOf^JO'At-l^rHWHrHrOtMO
-H 0030030300030300330-h™o0000300003333303300

00000000000 00000 3 000 3000000000000 00000000
« • * * •

'noHt-ii^ovo'M'-ioaao^Jui'^'^iyr^-OD'O'^O'^inr^incMOjHrMinin'ff'^f'mm'^
^ r-i.HOOOHocM'j:xjoo:y:'i-Ain'«'0O^n>i>in^iH«O'^Wr-t»-<o-''ioo>-iooO'-iH
'^ oooooooooooooooooooocyoooooooooooooooooooo

00300000000 000000 000 00000000000000 0000000

r^N'Vf^jiT-iB'fl-eDjiCJOW> ONTHr^rHO-nr^uir^cD-v'v-ffi-ir^tH^-oaj ot^vw^.o'^
Q Ho«rHOH33n3PJO'no*^'^rHi^rH«'wnooO'<r«irT-(r^HWO'^oc«OTHOo>-<
-• 0000O00OOO0000000000HOW0H30000003O30000OO

0000 0000000 000000000000 00000 00000000003 30»• •*•» ••
N^jirt^vf-c^ o^f-t\ntEvt~->t~- -o^^co{o^o^-«'^o^nvT-lf-l3^o^-o:^J!^^o•-I'o
r^OCyOr^OOOOr-lHC>JCUO^Cr^\D^lr>C^)(^«r-^r^^rlnHO^^WCV«0«r^t^r^Or^r^^H

a* 0000000000000O0O00r^r^*T^O0OO0H0000O0000003O
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

• • » •
(ooc-inO'Hoo«'j>f-«'^f^'-«vo'^j>5iji c-aoo^oc^Olnlnollnt?^op-m ^«Ki«^»ot^
Hi-tO'-icwoc\iwwHw:\iHHO'0OO'0f-o(i)c>r^'fl"^(no'^O'^tyooooo«'HOiH
OOOOOOOOOOOOOOOOOOOCWCMHOWrHOOOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

oo
oo
oo

oo
oo

-. ..'Oco'-if-T'OONCh^O'-'.HaaOT-ioDcDP-aDOJoj'^f'JtMOt^o
OOrHOWOt-JO'^O'WOWOOOinCMC^iH^MO'nPlC-lOWO
OOOOOOOOOOOO-nOr^tMHiHiri'wOOOOOOOOO
OOOOOOOOOOOOOOOOOO O^OOOOOOOOO
W'JiaiTi'O^-'a-vo-njiO'^Dii >p-3)-^\osc-7*7*-n>^'^>o
iHOOOOo:yo'«OT-iH-n^)^'0-f^rD3;0'«''H'£ioo'^'0'>'-i
lOOOOOOOOOOOOOOODCV-HB^J-^MO-^T-tOOOO
00003033030003030330330030030

o CD « a

., CM« Or
ooo o:
ooooc

O :V rH '

ooooc
3 O 3 o ;

3rH O rH O
30000
ooooo
-^ a) '^ 3i -i

3 3 O cH r^

ooooo
OOOOO

:M^r<^:yinr'iKi£iBTH(-->os)'<ro

333333300003333
OOOOOOOOO

^VDO'0^^1C-C>JOt~3^*^'^'^0'V^r'^^00^'-^OU^M
^^0J-J3>O"^i-<r<3vC\l«a)'<I'9 :yOJr^tMHfV13'-<.-lrH

033333-^3">J3-V'^'^-0"^3'HO'-t'-t330330030300
00000030000300303000000000000000

inO3(H«H5.r-t'fl>0O'^BmO333)^inLD--'roo.'M5i-JlJlfl-0>'^0iUT^-'M'-lf)B'^inC^in
^oooiH^c\i:M'^'^'Ocy-^CMB'^^o:y3>(Ma)."uiivooovyvoWino^r'HJi:M*iocMOOf^
OOOOOOOOOOOOOOOO'H^CM'Hin-ffmOunLnOT-'OOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOiHiHSWQOOOOOOOOOOOOOOOO

tDNoi^wr- O'H'-'o^a- 0'-<o\^> ooojiaj«r^f->irt'^'-''-<«>'ff v^o o -^ ^w«(d
o^-^O^ONWOJTHW,H»W30)«3"l^^<^'^r'DO•-l«•o^Or^{^««w.-^Or^cMr^«Or^o
00000000000000'-(0«>f^H.n0H«)-*WO000i-t0000000030
OOOOOOOOOOOOOOOOOOOOOrtOOOOOOOOOOOOOOOOOOO

« • • •
c^Jln^OT-^^ou^0^tf0O'^l'^tDO"0'Hoe-a^D*^c^J'^^*^l^JO^HN«'^5lI-lcc^l(DOC\)
pHTH^ri03iHOO)rU3CVfy>>> 3>(DiO> 33)0J-^rHV0VC\)VOOO^ OOOiH-OOWw
000033000000000.'^ fl-OON <|-r^«000r-(-^.H300000000000
OOOOOOOOOOOOOOOOOOOOOOHi-IOOOOOOOOOOOOOOOOO

• • • • • •
r^r^-«OKlKllnl-l^«^^«^^a>C-••-l^03)'Or^t'l.»^nr^t^^^J.^Cv^l^HO•-^^^Or^^OO-^
0^^rH1^l^t\)ONl/lIH•^^^^^-IHl^l/1nI3^0>0>lnT^>3HP-^0>«^OT3^-^^•-l^^rtO
00000000000300'-tf^OO'^OP-HO«OiHW00000300000000
ooooooooooooooooooooooooooooooooooooooooo

» ••• »»• »
TW'Oin>-inf-'OOJ^^2JC~.n'n'OiHW(ji'.r)OL/iovH'-''^'^i/)t-a)fviJi3.o^-mf-/)io^J'«
[>j^^OOWi-fOHOVO-n'W(Df^3iOiO^I>tDC~rU>0'J10'^(D'«rn'03T-<0>-ii-fOO«-l>-l.1J
0003003030333303300CDwa30000030003330003000
OOOOOOOOOOOOOOOOOOOOi-tOOOOOOOOOOOOOOOOOOOO

3CM)>»0^'«"^Mi-l30»l)?

131

.<<\j-''-IJ^'C>B03



SOOOOOOOOOOOOOi^OOiHiHfHO}rOCM*^<-IHOOOOOOOOOOOOOOOO
ooooooooooooooooooooooooooooooooooooooooo
00000090000000000000000000000000000000000

f<^0tc^^•l09t«HlDH*4O^09lOA^o9tno^•^HOHoa)9>9>^•OHCD>0ln«voo'v
»> O0O000H^-(0•^r^r^HHr^0»HtH1-l»W^M«rtl-tH0O00Ht-^0 0O0OHT^O
"^ OOOOOOOOOOOOOOOOOOOOOOOOODOOOOOOOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

Mi/i<o«iAonooomo'«'Oo*-toi«no«'0«'Ovoo«<ooa}HOF<-<o«'*u)9iai(«
OOOOOOHf-«iHH<HH*HNHi-«HF4f-(0lLn-«-HH*-tr«HOOOOHi-IOOOOOOOO

5 OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

NlnvK^lA^^-^o*^«l^cJK>a}OHo^-cDHoalK^04^onr4Ho^-Orlffl^CD^ev^o>c>o
OOO9OOOOHHf-I^HH*HHClr4Hn>C'«'iHi-tHHWHi-l<HO*HHO0OOO0OO

l|^ OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
ooooooooooooooooooooooooooooooooooooooooe

Tn<0'*|^'«<Akn^oc^)H'*^nolODou?0'OaoHmclll^^n)c^}^Jnc^J(^c\ll/^A)Eot^OlnF-9tv
<« OOOOOOOO«HWHT4HHOOHC\)0J(niOr0HHH<HiHWi-lfHOHr4F4OOOOOOO
"^ OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

«N«e«««tco>^oi9in(Dr^oio9>cD(D(^0'«r»'«ooH«T^in«-'V'«'P'>«itoi/iinaDot«
OOOOOOOHHOOi-tWHrtrtHNOiroiomNwHrtrtWHHHHrtHiHOOOOOO

S OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

voiai/i>^v<nHovAHVE^<£^Hv^?i[^vo'«NHmo'^NTmmoosH^c\]9\c^t^t^v
oooooooiHi-i»-ioHHrtrti-iNnM'«(Of^nojrtiHrtHTHrtHiHOi-tHHOoooo

5 ooooooooooooooooooooooooooooooooooooooooo
OOOOOOOOOOOOi^OOOOOOOOOOOOOOOOOOOOOOOrtooOO

*\\0^•9•9*•np''9\0Mr^-^v*\CiOr^fl9e-c^1D•^JiXi9^y^r4r^>cOf|\Ol0O*\o^fl''\
„ O00O0000iHHfH.H.HrHH*H?J'*0S»C«--^l^iMHHHNS»HH003«-<HH00O
«4 00000000000000000000000000000000000090000

OOOOOOOOOOOOOOOOO 3 00 000000000000000000 000

'oOlf-O'OOHOchHiflOiHM'VinonnryouicofflP"*!) o, HoirtP"\o,f»>e^p-*
M OHOOOO t-*HiHOH.HiHN«-OinT'^iOCMrtinm*r*M^-^N«'HrtOHOOOOOOO-
-^ OOOOOOOOOOOOOOOOOOOOHHOOOOOOOOOOOOOOOOOOO

ooooooooooooooooooooooooooooooooooooooooo

<«N09\aoa)Nr^-«<Hinoo><££0<Hinno>>c^iAornci>^KM^oai09>S)'OvoaDO(n
OHHOO9HHHHi-lWHHH0Jinuinf-'*rH'0*>0P-'fl'«'^«HOO'HOOOOOHO

-4 OOOOOOOOOOOOOOSOOOOOHHOOOOOOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

tn{^a}^o9(H'«'«aLn^lnco'«"VNOOOHTln(n9lCDcool/19vc<l1HOSOHOO^9l(^
OOOOOOrti-»HOHHHHN"MnvO>rt«rOHCO^>vnNHHH-HOOHrtrtOOO

** OOOOOOOOOOOOOOOOOOOi-(H<-tHOOOOOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

ln?lS«I]««tn4'H^o4'VlClooolCOlc^o^CM^o)9l•-lOooleN^aoolNo^^<v
OQOOOHrtHHi-IHHHHCy*'0«Of^CD'»^inrH'OtMCUNW«rtHOOHHHOOO

* OOOOOOOOOOOOOOOOOOHWHHHrHHOOOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

A o o_o 0'0^'^HH^nH^l/loul«.o^n»!'^(^^o''^»ONHW^•loaJH^•ln^e^HHOO^o
O ii*'i-tO^ HHHrtHiHrtHHN'^Ul>0rt0iOm'»TWO*nCM«NHlHOWHiHrtHHO

Ik 3 309000 0000 3 OOOOOOHHClWHHiHOOOOOOOOOOOOOOOO
00 00009090000000000000000000000000000000n

(BOC*-OHN3ii(ne»i?t*«{0Of«^ONirt(DOH^*OC0^-nJ»^H«»CirtHC«-\0rtJ)
OOOOHHHOOOOOHHf«^.nJ1»0'»rtMO\aJJiV«)Oi/)l'^'^NHi^HrtHHiHrtiHO

• OOOOOOOOOOOOOOOOOOHNNrtrtHHH000000000009000
3 00090000000000990 00 0009900000000000000

I

'

»ot*>oo»a«c*'or-Hvr*^*in««^(nco*«v»inoN^*»ui«'^'00**'^wo'*
OHOOHOO9OOOHHHiniB>infflr'\9\0>C*'**Ca)HC0i*l'»NiHH«H<HO9HH<-(9
3999999999000009999'HW^'^'n(MHt493009930003990

00 0000 00 09 0000 00 099 9 90 0009 000 99 99 9 9

'OMt-'0l^a3i0P-HP-»O'»ON[MOO'-t9:»liflirt9ift'TO»'09*i0M>0a'^f->>'^<
OrtO0rtiHHOH99OHHC«.iH-»3>rtO0*H't>'*O^«^'nHHrtOH990r49
990000000909900HH9rtNM>>0*Nrt00000000090000
00000000009900000000999990900990000099999

t

0'eoo>'.n'^oafl'»ino^fi»in(D^«o9rH«ffiOinN»«inrtfloi^N<of^o»oin»^
'0HH0rt«H9HHrtHHHi/lH0*rtN««irtC-.l»i^«a)«'»'nN««HHi-l00099
00 00 0000 0000990HHrtH«NO*C*inr4000099 0090990 99
O O O O O.O 99999000009999«-tNH990000000000000990

[•ci^:n^e»oe-aD*p-aD"^'^p"»N'^c*ao*ofl^inTifl'')ifl''irtN»HO«ini/)f*o
0HHHHHC^JHl^1-^HHNNln»va3Hl*^9N^^»>«N«:'*^Nr<^*mrtHH^o9OO
00 00 00000000009HNHi-tN»Jlf^9*rtrt90009000000000
0000 00009099900000099H1-IH00990000009999000

lO«o^l^l/l»o''^{D^OH>elftao^«^o»«''^^no^o^ol'^'0''^«^''^l'>«caoo^H«^n
0HHi-IW«n»NHrtN««*li/nnHH>«0«0»9ifl»'»'^W**«HHrt9rtHH9
00 0900000000900rtNHOHnr^*'»f*lH000000009 000000
000999900090009900000999000000909990000 09

HHHinN«lOH0lOHOf-r*f-l^
- HiHHHiH9900

300000090
300 OOOOOO

«HiHrtrHrtHHHi-IH000eOCOO0OC0O0O00OOH»HHHrt*HHHHrtM
132



OOOOOOOOOOOOOOH.-tOOC5CM'^»-(0000^«-tOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOUOOOOOOOOOOOOOOOOOOOO
000000030000003030000:>0000900000000000000

0000»^»-««-IOt-lrHr^.-ttHH N r^ y-l rt fM -V t~ -9 »HHtHi-lr4HtHi-tO»HT^^W«-(r100«HO
D3003003C000 0003 3000000 000000000000330000
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

-^.-<0000'~t<-IO»HHT-lr-<»-lr-(r^Ul'»W000«HWi-<0000'^«-IO»HHT-lr-<»-(iHr^Ul'»WWrHtHtHOO*-tr-l»^rtOOHT-)0000
ooooooooooooooooooooooooooooooooooooooooo
OOOOOOOOOOODOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

00030000000000000000000000000000000000000
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

nOr^(Dl>00<-t«OTi"^>0^'-'Ot>*CMOO*l*'^-<M-
— -it^XiOiV

lBO^'n^oo'*l»^-(I^aJaoooo*w
r^r^^rtH00000p400000000*HiHf^rHt-«0^i-tT^rtHiH.H(^a>Ol'»T-lW<Hrti-trtiHOrtHOOOOO.-4000

ooooooooooooooooooooooooooooooooooooooooo
ooooooooooooooooooooooooooooooooooooooooo

xJijvD'HiHH'Oinji V '0?iaJ'ir3*v>om3v[r)®ru«oii)00'^rt(D33'Oa3(^oia?i?>o©io
^OOOOrtHr^r^^^OiH^^OOr^.•^l•^«<TlrtP^-^rtHr^flJf^MT-lOOOOHT-fOOWOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

f»l«r-lHr^I^oO'Wln'A)vuTO^.na)lOlOD.>c^J>o^^^ow^<^^OlO(?l(?l>'0{^ov»^'0
00>^1HlHT^I-l^^Hr^HHT-lT^^-^:«^^^^?l?^^f«tD?^?l:«:^JC^Jr^r^0lH00r^lH01H,H,H0
OOOOOOOOOODOOOOOOOOOOCiOOOOOOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

H«Ol-trtN(D»Oa^^-^*0»*HJ^^OOB«^•^00>*^^OD.«
O0'HiH»HrtO0Of-«i-l»-<iH!\J!Mr\}'^fArr \00v»'^'^r'>«:Mr^
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

iH W iH iH tH 3 T^ .H O O rt tH OOOOOOOOOOOOOO

CMmt«-Oii-(»HO»HOCMOvP-3\»OiOCM^OiB>-^njBi/l'OW13vOi:tt!*10'0>0»H«r^f-l«f-*0'0
OOOOt^r^r^.-lIH^H.-^r^^^C^^cyClI(*lJHOr^«aJf^l^^^CUr^^^r^r^l-^H^-^^^rtI-^r^^^rtHO
OOOOOOOOOOOOOOOOOOOW^OOOOOOO O O 00300000000
ooooooooooooooooooooooooooooooooooooooooo

^ ao p^ ^ CD o •

O O O O OiHfOOOOOiHHrH«rHiHt-<n)CMN'n-<I-M--»Oin(?y'<raj«flJ«?JrtrtrHr^WrHrtTHOOTHrtO
OOOOOOOOOOOOOOOOOOOiHUOOOOOOOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

moK^^r40<cv•Hmc^t^OlOlOV'^oa'<Hc^^oonooo^£)<-l\oco'£'^a\c^)^^>mv(0'0
OiHr4r^rHWO<H(MrHr^.-I^HI^'n'n-«'^0:^n\0'«t/)'<mirt»r4>H*H<H^*Hi-IOOOOO
OOOOOOOOOOOOOOOOOOOiHHHOOOOOOOOOOOOOOO o o o oooooooooooooooooooooooooooooooooooooooooo

Hfojwof-irjiinchp-a'^'fl-wocin*H^^ Ot-ii^it-it-*iaj'V "^l'*iJIi-nujt/\L^ij^--i ^LULJUJ^lilJI^t^t/^ *Jt-llil^^^'VtVC^(DtJ\lJJ
OHf-I^HT-lOr^rHOiHC\}.-(r^«'^^inOtDm\OlO'Vvov'<>rO.H*-(NNr^.-(.-t.HrHOOOO
OOOOOOOOOOOOOOOOOOOi-tOJ>-tOOOOOOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

mO7t0l'V9t<HC<J•HN0^'-t^-^01HOm^c^9^c4m?t9>ln•-la}«lnO9l-(ln'^^cQl7l•-(*HOlA
000>HfHOiH,HrHrH.Ht>]Wr-I^TVV100<D(D<-<(D>OC*UT^nOJCVC«Wi-(rHOOO>HWTHO
000OCOO00000000000>-i.-IC\)Cy000000O0000000O00O0
ooooooooooooooooooooooooooooooooooooooooo

c-Bt-moo«cDOiom
Irt rH^OOO r^O
oooooooo
oooo o o o

>.^HB[^'0>J»-H«'OJlM!^'^-n'0>0'^'3>OD-nJl»OOf-'^B'-<S"^r>J'^'«'T3\J1.0C\Jf"
Q^^OOOOCli-l'HrH'Hr-i:yf^:\J-'^II'«OiIi/)THO-0»'Oi/l'^'^H'-<»Hr<»-l.-(000«-IO
OOOOOOOOOOOOOOOOOO'HCMi/l.O'Or^OOOOOOOOOOOOOOOOO
000003000000030030030D0000003000000000033

5omfnoo>oo'^HoiwMOjp->*oo»H'Oinjit-/iioir>'i)MiOPja)m'H3io»»-H(0!D'^»
C>»-lp^^OO'-<'H>-t^t-IHHrHC«'<r'<rtoni.HO*0»OiH^^OOvCDt-NHrHO'-<00'HOO«HO
o^^oo^^^^^o^^o^3^^^'^oo<r'^J^^.H^o^ooo^^^^ooooo
ooooooooooooooooooooooooooooooooooooooooo

3.Ki£7,iDC^a)C-'-<-«3'>Oi^T3f--00'^'TOAlH30nHiH»HHJlin>0?4M:yO*^3i
OrHOOoOT-<:MTHO'H(:u:y.">jL/)>o-^o-ii'-<-Ti/)V'^»cyi>Ji'^"^<>J'-"-<'-''-"-''-io«-to
OOOOOOOOOOOOOOOOWfH^NCDO'Oiil'TCMi-tOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

I =

>-^C0a)aDVO7s -D-fl 0>^•-^a30«Jl OO >>(\1^N(D B'^'^^-O^I^O'«Ul^n^OOrH^
3^3OO^01rS.HrHW0JN-li0VJlw3i(DO3'0'0OirOf-'0irm'^WCl'HHrtHHHO
oaoo^ooooooooooH«[n-^-^^o^o^OJ^oJ^HOOOOOooooooooo
oooooooooooo oooooooo ooooooooooooooooooooo

^w^^OO^H•-l^^^^)r^r^Cu^^^Br^^l«>^C^tJl3l^c•-lu^^l^!>>Tl^w:^J^Hl-lO^HH.-^^0
OOOOOOOOOOOOOOON««rH-Hfn'»NOf.'»H--tOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

mwNO'-toJjic^Ki'* HP-mtorHtorHwowoT-io'^c- ionvf-a)«'^3vOJun7i'0^«ono
0«-'HHiHr^3rHi:MtHfU^'»1TO:Mno>'OVUTnC«-HTOJiP'-^f^rn«WCyHOO'-'H«-tO
OOOOOOOOOOOOaOrHr-l^Or^roui'T'^'J-tyHOOOOOOOOOOOCiOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

»\v0'0^V>0?-thCD3'»'>«)0iJi«OlDTa>t-tl)«DO:yi?iMB0s(>(h(D0iC^>0-v-»'0'0'^
OOOO00OO0OiHH»-<t\)'0'V^-«CMn<DJ13i-»*^KMM-HTHTH0O00OOO0OO
0000000333332030300tvr^«0000303300003003000
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

NHHrtrtrtHi-tHH OCCCCCCCCCOOCCCOCCHr
U3



PART 10

ANALYSIS OF WAVE POLE DATA

Determination of spectra and correction for wave pole motion

Three wave pole records were taken at the times shown in Part 7. The

records had been read at an 0.2 second interval at Woods Hole for another pur-

pose, and the niimbers were made available to us by Harlow Farmer of Woods

Hole, Every fourth point in the sequence was used in the determination of the

spectrura, and the result ^was that the first series had 1,758 points, the second

had 1,686 points and the third had 1,764 points. Sixty points were estimated

for each of the spectra^ The formulas given by Tukey and described in Part 8

were used to compute the spectra. Since the points on the record were 0.8

seconds apart, and since 60 lags were used^ the result was that the AE values

of the spectrum for frequencies between |Ji - Z-rrfk --^)/96 and fx = 2TT(k+ -l)/96

would be estimated and plotted at the point |jl = 2T:(k)/96 as k ranges from

to 60. Frequencies above 2it/1.6 would be aliased.

The values for the three spectra which were obtained were averaged after

a study of the individual values showed no statistically significant variation at

the 5 percent level from record to record„ Nevertheless, there may have been

fluctuations from record to record due to variations in the wind field which

would show up at a lower level of significance. The average was multiplied by

the correction factor derived in Part 8 in order to obtain the true spectrizm of

the waves

o

The result is shown in figure 10.1. The solid curve is the estimate of
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the true wave spectrum. From the above lengths of record., one can

compute that each spectral estimate has 174 degrees of freedom so

that the dashed curves above and below" the solid curve show the upper

95 percent and the lower 5 percent confidence bands for portions of

the spectrum where it is not rapidl^r varying. The bounds are prob-

ably quite a bit broader at the point k = 10. Stated another way,

the true spectrum would lie between the bounds shov/n for nine points

out of ten, where it is not varying too rapidly, given that it could be

determined from a much larger record under which conditions were

stationary.

Comparison with the Neumann Spectrum

This spectrum was compared with the theoretical spectrum de-

rived by Neumann [1954] in two different ways. The first was by

plotting the theoretical Neumann spectrum against the observed

spectrum, and the second was by computing the co-cumulative

spectrum.

The comparison of the spectrum was obtained by evaluating

the Neumann spectrum with dimensions of ft -sec for a set of dif-

ferent wind speeds at the frequencies given by \i = 2Trk/96 and multi-

plying by 2it/96 with dimensions of sec"-^ to get an estimate of the

AE value with dimensions of ft between \i = 2T!-{k --j)/96 and

jjL = 2iT(k +-^)/96. The quantities are thus directly comparable.
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From Figure 10. 1, one can see that the energy for frequencies

less than Z-nl^(:i is negligible and is probably due to such effects

as a slow drift of the recording instrument and a tilting back and

forth of the wave pole due to the varying pressures of the wind act-

ing on it. The total E value for the spectrum (E equals twice

the variance of the wave record, and it also equals the sum of

the squares of the amplitudes of the spectral cornponents) for fre-

quencies equal to or greater than 2it9/96 is 4.94 ft . When the

upper and lower confidence bounds are taken into consideration,

as will be explained shortly, one can conclude that the true value

probably lies between 5.28 ft^ and 4.59 ft^. (See also Table 10.1.)

Since

(10.1) E = 0.242 (-^)^

as given in Pierson, Neumann and James [1955], where E is in

2 2
ft and V is in knots, an E value of 4.94 ft implies a wind speed

of 18.25 knots, and E value of 5.28 ft^ implies a wind of about

18.5 knots, and an E value of 4.59 ft implies a wind speed of about

18.0 knots.

The Neumann spectra for 19.00. 18.5. 18.25, 18.00 and 17.5

knots were computed in order to cover the above range, and a little

extra, and plotted against the observed spectruin. The results are
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shown in figure 10.2.

Figure 10.2 shows that no single theoretical curve for a parti-

cular wind velocity lies completely within the bounds of the 90 percent

confidence bands. In general the values for the observed spectrum

are too high for |jl = 2'n-(ll)/96 and 27r(12)/96 and too low near

(X = 27r{15)/96.

However, it is also evident that at least one of the five points

plotted for the five different theoretical spectra falls within the 90

percent confidence bands on the observed spectrum for all values

of k between 10 and 30. A variation in wind velocity of J; 5 per-

cent about a value of 18o25 knots is more than sufficient to explain

the observed spectrum at each of these points.

At values above k = 30, the observed spectrum is a little

above the theoretical spectrum. This may in part be due to a

small amount of white noise.

An appeal to the meteorological turbulent variation of the

wind speed and to the theory of wave generation and propagation

must be made in order to clarify this point. The observations

of the ATLA.NTIS as plotted in
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figure 7.1 show that the wind speed have values of 2Z knotS; 17 ..;nots, 19

knots, 20 knotSj, 19 knots, 17 knotSj 20 knots, and 17 knots between 0200,Zv

and 1200Z on the day of the observations.. Thereafter the wind died down

and fluctuated between 13 and 15 knots until after the observations were

completed at I8OOZ0

The Neumann theory of wave generation require? a duratiora 01 8,3 hours

and a fetch of 55 NM in order to produce a fully developed sea at 18 knots,

and a duration of 10 hours and a fetch of 75 NM to produce a i'ully developed

sea at 20 knots, An average of the wind speeds from 0400 to 1230.; , as read

at half-hour intervals from the lines connecting the actual observa.t;ions, gives

an average wind speed of about 18 = 7 knots which compajres favorably with the

values used aboveo The duration of 9 hours would be enough to p;.oduce a

fully developed sea at this wind speed, and it certainly seems plausible that

the fetch was at least 75 NM.

Over the ocean area upwind of the point of observation (a distcvnce of

about 250 NM) it can be stated that due to turbulent variations ir the wind

there should be areas of the dimensions of 50 to 75 NM where the mean wind

speed would vary over a range from 17.5 to 19 knots a.s averaged ovei- the

nine or ten hours previous to the time that the winds died down at the

ATLANTIS station.

Then, given a decrease in wind speed, each of tlie areas would have to

be treated according to the methods of Pierson, Neui-nann and James [1955]

as if it were a Filter IV case and the spectrum at the point where the obser-

vations were made reconstructed.
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A frequency of 2Tr(10)/96 would still be present a,t the poiirl oi' obser-

vation if it had been produced by a 19 knot wind 150 NM upwind of the

point of observation 6 hours prior to the time of observatio:;... Wtre tlie

fetch a little shorter, this would result in the low frequency cutoff and

the sharp steep forward fact of the observed spectrum.

The spectrum which was observed could easily have resulted from a

combination of these effects, although the sparsity of oceanographic obser-

vations makes it difficult to demonstrate the exact disposition of the generat-

ing area which would lead to the observed spectrumo

The figures given in Part 5 which describe the wind field were the

operational maps for the project. Additional ship reports for the area

were obtained by checking back through the data, and weather maps chewing

these reports are plotted in figures 10.3 a through 10.3 h. The wind ac :. e-

ported in knots is inserted in the feather of the arrow showing the v/ind

direction.

From a study of the winds upwind of the ATLANTIS, it is possiMs Lo

conclude that the above argument is quite plausible and that therefoi e vari-

ations in wind speed from place to place explain the variation in the ob-

served spectrum.

Comparison with the C. C. S. curves

If the sum of the AE values for [J. = ZiTk/96 to 2tt 60/96 is computed,

an estimate of the point on the co-cumulative spectrum curve for

|JL = 2Tr(k -4)/96 is obtained. The estimates of the spectral curve can be
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FIG. 10.3 WEATHER OBSERVATIONS FOR OCTOBER 24,1954
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FIG. 10.3 WEATHER OBSERVATIONS FOR OCTOBER 25 1954
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treated as if every other one was independent, and since they are distributed

according to Chi Square with f degrees of freedom, the point on the CCS

curve is approximately distributed according to Chi Square with

i2

(10.2) Nk = i

60
S AE,

,n=k
H/

degrees of freedom (see Pierson [1954]). Then the confidence bands accord*;

ing to Tukey for large N are approximately given by multiplying the point on

the CCS curve by

10 and 10

The observed CCS curve is shown in figure 10.4 as plotted on the theo-

retical family of curves given by Pierson, Neumann and James [1955]. The

agreement for some CCS curve slightly in excess of 18 knots is quite strik-

ing although the agreement is not perfect. I

1
The CCS curve is too high at the frequency side of the scale. This

may in part be due to the summation of white noise errors at high frequencies.

Also if the pole surges back and forth in the long period waves, it may en-

counter shorter period chop while moving back in a trough in such a way

as to falsely assign their height contribution to a higher frequency.
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Tabulation of Data

The spectral data on which the above figures are based is given in

Table 10.1. The frequency is determined by the formula \x = 2iTk/96, and the

the entries are given in terms of k. The first column gives the period (96/k)

which corresponds to the appropriate frequency. The next three columns

give the three spectra actually obtained in terms of the contribution to the

2
total variance in (ft) of the record made by frequencies within the band.

(The values should be doubled.' to get AE values. ) The fifth column is the

average of the three observed spectra. The sixth column gives the function

^(|x) as derived in Part 8, and the seventh gives the function (designated by

H(|i.) by which the observed spectrum must be multiplied to obtain the corrected

spectrum.

2
The next column gives the AE values in (ft) which are the estimates

of the area under the spectrum frona jj. = 2'ir(k -—)/96 to |j. = 2TT(k +—)/96.

The column fourth from the right gives the sum of the AE values in the

previous column from the given value of k to 60 and this estimates the point

on the CCS curve given by [x = 2Tr(k --^)/96= The column third from the right

gives the value of 2N (eqn. 10.2) for that point on the CCS curve just ob-

tained. The last two columns give the upper 95 percent and the lower 5

percent confidence bounds on the AE values.

The original series of points from which the spectra were computed

are not reproduced in this report. They can be made available on request to

the Department of Meteorology and Oceanography at N. Y. U,

[For references see Part 11.1̂
146



Table 10.1. Spectnun values £roin the wave pole data.
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Part 11

THE STEREOj PAIRS, AND THE INTERPRETATION AND ANALYSIS

OF THE DIRECTIONAL SPECTRUM IN TERMS OF WAVE THEORY

Introduction

Of the one hundred stereo^pairs of photographs taken by the two aircraft,

three were selected by the Photogrammetry Division for spot heigljt readings on

the basis of picture quality and lack of cloud shadow areas. After leveling, Data

Set 1 was found to have a serious barrel distortion so it had to be abandoned.

The original nuraerical analysis of the two remaining sets and the numerical

analysis of the reduced data, were described in Part 9. In this part, the diffi»

culties which were encountered in analyzing the original results, the way the

decision was reached to use a smaller area of points^ and the results of the

analysis of the modified data will be described*

The stereo pairs

The two sets of stereo pairs chosen for analysis are shown i^ figures

i

•1

ll.l(A)s 11, 1(B), ll.ZCA);, and 1.1.2(B) where the lead plane picture is the first one

of the pair. In order to be sure that the photographs chosen were not chosen,

say, for high waves in the vicinity of the ATLANTIS, 10 photographs as taken

from one of the planes were picked at random, from the 100 photographs

available and the wave patterns in th,e vicinity of the ATLANTIS were com-

pared qualitatively with eacl^ other and the two photographs chosen for analy*

sis„ There was no apparent difference in wave heights or wave patterns, so

that it seemed safe to assume that the two pairs chosen for numerical analy-

sis were representative within usual sampling variation of the sea state.
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FIG. li.l

STEREO PHOTOGRAPH FOR DATA SET No 2

{ LEAD PLANE.)
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FIG. Il.l

STEREO PHOTOGRAPH FOR DATA SET No 2
(FOLLOWING PLANE.)
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FIG. 11.2

STEREO PHOTOGRAPH FOR DATA SET N<

(LEAD PLANE.)
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It should be noted that the exact pattern of the waves shown in figures 11,1

and 11.2 will never occur again and never occurred previous to the time of the

photographs. However, patterns with the same statistical properties should

occur every time the gross meteorological conditions are the same.

The leveled data

The spot height data after leveling according to the procedure described

previously was plotted on a grid 90 points high by 60 points wide. The values as

given in mm (x 10) were then contoured. The contouring was done by interpo-

lating to the contour value along the lines joining the points where the data were

plotted and connecting the interpolated points by straight line segments. Figure

11.3 illustrates the procedure employed. The contours can be roughly inter-

preted in feet. To convert to feet exactly the values shown should be divided by

1.016.

br The contouring procedure illustrates the effect of the spot l^eight readings.

Any irregularities in the sea surface of shorter wave length than 60 feet are

essentially undetectable. The exact position of the height contours cannot be

determined, but if they could, they would wiggle all around about the straight

line segments shown, break off into little closed contour patterns, and show

a fine structure all the way down to the capillary level.

Ijl
The contours for Data Set 2 are shown in figure 11.4. The contours for

Data Set 3 are shown in figure 11,5,

The spot height readings are inaccurate by the very nature of the stereo

process just as any system of obtaining data has inaccuracies in it. The con-

toured values and the values tabulated in the tables given before should be
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CONTOUR INTHIVAL 0.2 mm,
0.1016 mm. - I foot

AftEA COVEKED IS 2670 b/ 1770 FEET

LEVELED CONTOUR ANALYSIS SET No.2 SHADED AREAS BELOW SEA LEVEL

CLEAR AREAS ABOVE SEA LEVEL
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considered to be of the form

<11-1) "ifk = njk(true) +^jk

where t]^ is the tabulated value; ""li^/true) ^^ ^^ true value and e jj^
is

a random error picked according to sorae probability scheme to be discussed in

detail later«

The values of e jj^ will turn out to be appreciable, and they have the effect

of making the pattern shown fuzzy in detail. Due to the size of e ., , statistical

evaluations of the patterns shown should be interpreted with considerable caution.

There are other errors of a more serious nature in the data as shown in

figures 11.4 and 11„5. These errors will be analyzed in the following para-

graphs of this part of the report.

The covariance surfaces

The covariances were computed according to the equations given in Part 8

and plotted on a square grid of points 41 points on a side. The covariance sur-

face for Data Set 2 is shown in figure 11.6, the surface for Data Set 3 is shown

in figure 11.7, and the average of the two is shown in figure 11.8. The units of

the contours are (mm)^ x 100. Shaded areas are negative. The figures show

an estimate of the correlation (when each value is divided by the value at the

center) of the sea surface with itself over distances of the order of 600 feet

in any direction. Roughly the correlation is less than ±0.10 in any direction at

a distance of 600 feet. Again the effects of errors in the data have distorted

the pattern. The covariances would have the dimensions of (ft) , if each

number shown were divided by (10016)"^^
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The spectral estiraates

The spectral estimates U(r, s) are shown in figures 11.9, 11.10, and

11.11. Figure 11.11 is the average of figures 11.9 and 11,10, The values

plotted at the grid intersections should be divided by 1000 to put them in units

2 2
of (ft) . The contours are correctly labeled in units of (ft) . As described in

Part 8, the spectra have the property that the same value is obtained at U('»r,'=-s)

as was obtained at Ufrps). If these figures are cut in half by a line through the

origin, the sum of the Ufrss) values on one side of the line will equal the vari-

ance of the spot height data.

The contours do not give a true representation of the shape of the spectrum.

As drawn, they represent an estimate of the volume under the true spectrum

when integrated over a square of the size shown in the figure and centered at the

contour position. Thus steep slopes in the spectral surface teiid to be smoothed

out.

These spectra due to the errors hinted at above also have errors in them.

The region of analysis should be exactly square. The area shown is rectangular

and in actuality the area a.nalyzed should be as high as it is wide. Seven rows

of numbers have been omitted from the top and bottom of the figures. At the

top of the figure above the dash dot line and at the bottom of the figure below

the dash dot line the omitted numbers were all slightly negative. Near the

bottom and top edges they were of the order of •»002 (ft)^ Moreover, near the

left and right edges along the r axis of the figures there are considerable areas

of negative values with some values of -0.024 (ft) ,
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Although it is not impossible to obtain a negative value in a power spec-

trum computed according to the techniques described, it is highly improbable

that such consistent patterns of negative numbers should occur. Given that

the computations are correct, one possible explanation of what occurred is that

the original data have been distorted by some unknown and undetected source of

error to such an extent that they no longer represent a sample from a stationary

Gaussian process in two variables. (Another very disturbing possible conclusion

is that the ocean waves cannot be satisfactorily approximated by a stationary

Gaussian process in three variables. )

Moreover since the sum of all the values of U(r, s) must add up to the vari-

ance of the original data (in these figures), the negative values have the effect of

adding erroneous positive values to the already positive estimates ifi the other

parts of the figure.

A study of the figures and the data shows that the gross features of the analy-

sis appear to be correct but that there seems to be a background distortion in the

pattern which is difficult to define precisely.

Analysis of original results

Various tests of the results were made at this point, and it soon became

evident that there were serious discrepancies between the wave pole frequency

spectrum and the average of the two directional spectra. The average of the

sums of the values shown in the directional spectra (which in turn equals

[Q(00)2 + Q(00)3]/[2(1.016)^]) should give a number which when corrected for

possible sources of error should be nearly the same as one half the E value
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for the wave pole spectrum.

There were two possible sources of error considered in the stereo data.

Even after their removal, there was still a considerable discrepancy.

The first possible source of error was what is called white noise reading

error by Tukey [1949] for the one dimensional case. It can be easily

generalized to the two dimensional case. Let

(11-2) ^jk = ^jk(true) + ^j* + ^k* + 'jl

where r]--^ is the actual reading, 'Hik/true) ^^ ^^^ reading that would be obtained

from the stereo data with the stereo planigraph if there were absolutely no

sources of photographic, machine or human error, and e. , ej^"* and e^j^ are

random errors.

More precisely, let e*"' be numbers picked at random from a normal popu-

lation with zero mean with an unknown variance and added to every value of a

column of 'nik(true) ' ^^^
^'k.

^® similar number with perhaps a different variance

added to every row, and let e-^ be numbers picked at random from still a

third different normal population with a zero mesin and a different variance and

added to the appropriate value of n4],/trne)
"*"

^i
"^ ^k ' '^^^ errors just de-

scribed will be referred to as column noise, row noise, and white noise, re-

spectively.

For a more recent and miore readily available reference, see Press and

Tukey [1957].
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The effect of the random errors on Q can then be determined under

the assumption that the different types of errors are small and independent.

<ll-3) Qpq = Qpq(true) + ^oq + %o + S^o

where S^ = E(6j''')^ if p = for any q and is zero if p ;^ ;

S = E(6j^') if q = for any p and is zero if q ^ ;

S = E(6.t )^ if p = and q = and is zero if p ^ and q ?( .

The effect of a random error along a column of the data is thus to cause a

constant error to be added to every value on the vertical axis of the coordinate

system of the covariance surface; an error along a row adds a constant error

to each value on the horizontal axis; and a random error over the whole plane

is concentrated as a spike at the origin.

The values of L,(r, s) can then be found from the values of Q(pq)

(11.4) L(r, s) = L(r. s)^^,,^^^) + W^^ + W^o + ^rs

where W^g = -jq E(e.*)^ if r = for any s and zero if r ?< ;

Wj.Q = -yFT' E(€j') if s = for any r and zero if s ^ ;
«•

1 =!< 2and W = —^^- E(€., ) , for every value of r and s .

rs 800 ^jk' '
^

Thus, random errors along columns in the original data show up as a

constant error along the horizontal coordinate axis in the Ij(r, s) plane; er-

rors along rows show up as a constant error along the vertical axis, and ran-

dom errors show up as a constant error at each point in the spectral plane.

Of course, since the data are really a finite sample, there will be fluctu-

ations from point to point in the Li(r, s) plane.
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Finally the computation of U(r, s) snnooths the values of W and W

into three rows or colunnns and assigns weights of 0.54 to the values given

along to the axes and 0.23 to the row or column on either side of the axis.

Random fluctuations in W are smoothed out so that U(r, s) is more nearly

a constant at every point and equal to 1/800 of the white noise variance.

The other source of error lies in the possibility of background curvature

of the plane of the stereo data. It will be recalled that one set of data was so

severely distorted by background curvature that it had to be abandoned. Al-

though no curvature is detectable in figures 11.4 and 11.5, a very slight

amount of curvature would produce high values for the spectral estimates near

the origin.

The effect of pure white noise can be estimated from the information

given in Part 7. The accuracy of the spot height readings is considered to be

±0.5 feet. Under the assumption that the errors are normally distributed this

can be interpreted to mean that

(11.5) P(-0.5 <Ht - Hq < 0.5) = 0.5

which can be read that the probability is one half that the difference between the

true height and the observed height lies between -0.5 and +0.5 feet.

This implies that

0..5

'^ dx= 0.25(.11.6)



Thus the total variance of the white noise reading error is approximately

0.54 (ft)^, and the quantity 0.54/800 (ft)^ should be subtracted from each of

the tabulated values of U{r, s) to correct for this effect-

Moreover the spectrum for data Set 3 at the origin definitely shows the

effects of curvature. The average spectrum also shows an effect of curvature

in the peak at the origin of the spectrum and in the distortion of the contours

near the origin. The magnitude of the effect can be estimated from the spectrunn.

^ There is a hint of column noise in both of the covariance surfaces and in

the average covariance surface. There is a fairly strong ridge along the verti-

cal axis of all three figures. However, these ridges do not produce the pre-

dicted effect of a ridge along the horizontal axis of the spectra. Thus if the

column noise is present it is masked by some other more serious source of

terror.

White noise and curvature error both add positive quantities to the spec-

trum when they occur. Corrections to the total variance of the original data

can be calculated from the above information and the results are tabulated in

Table 11.1,

As seen from Table 11.1 the corrected variance of the combined data is

3.80(f^^. From the study of the wave pole spectrum, assuming correct cali-

bration, confidence bounds on the E value were set and it can therefore be cal-

2 2
culated (by taking half the value) that the range from. 2.23 (ft) to 2.64 (ft)

would enclose the true value of the variance of the wave pole data nine times

out of ten. The true variances of the wave pole data and the stereo data should
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be equal, and yet the estimates obtained from the samples are not. The vari-

ance of the stereo data is 1.54 times the estimated variance of the wave pole

data and 1.48 times the upper confidence bound of the estimated variance of

the wave pole data.

This result is not necessarily highly improbable. If the number of effective

degrees of freedom of the 10,800 points in the stereo data is very low due to

their correlation with each other, the result would be possible. Thus it is neces-

sary to obtain an estimate of the degrees of freedom of the estimated variances

of the stereo data.

This can be done by applying a formula similar to the one used on the wave

pole spectrum in Part 10 except that now every fourth point is truly independent

and there are 16 degrees of freedom per point for each of the original spectra

and 32 degrees of freedom per point for the average spectrum.

The total variance was found to have at least 800 degrees of freedom by

means of a computation using the average spectrum and grouping data so as al-

ways to decrease the computed degrees of freedom. The variances of the indi-

vidual data sets as a consequence have about 400 degrees of freedom. Additional

entries in Table 11.1 give the upper 95 percent and lower 5 percent confidence

bounds on the estimates of the variance based on the above degrees of freedom.

The lower 5 percent confidence bounds for the stereo data are greater

than the upper 95 percent confidence bounds for the wave pole data. The hypo-

thesis that the wave pole data and the stereo data are samples (free from any

sources of additional error) from, the population with the same variance must

171



therefore be rejected at least at the 5 percent significance level, and of

course the probability that either variance would be obtained, given that the

other is correct, is much less than 0,05.

An application of the F test to the ratio of the two variances, that is,

1.54, with 1000 degrees of freedom for the wave pole data and 500 degrees of

freedom for the stereo data, yields a rejection of the hypothesis that the vari-

ances are from the same population at the 1 percent significance level.

The directional spectra given in figures 11,9, 11.10, and 11.11 therefore

do not have gross properties which agree with independently deternained data

from the wave pole. If the wave pole data are assumed to be correct since in

the original planning the wave pole data were thought of as a primary source of

calibration, it must then be concluded that the directional spectra are in error,

Moreover, the directional spectra have negative values which is a definite

indication of something wrong.

Of course, there would be one way to force the two spectra to agree. It

would be to assume that the estimate of the white noise error was too low ap-

proxinaately by a factor of 4. It would then be necessary to subtract about

0,0025 (ft) from each spectra estimate. The effect would be to increase the

size of the negative areas. Such a solution would only serve to increase the

error in the result due to the negative areas of the spectrum.

Various attenapts were made to correct the results by making changes in

the cDvariance surface and calculating their effect on the spectrum and making

changes in the spectrum and calculating their effect on the covariance surface,
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For example, quasi column noise whose effect would disappear at plus or

minus ten lags in the vertical direction on the covariance surface could produce

the negative areas in the spectra found on the horizontal aods.

However the attemipts were in general unsatisfactory as the different types

of corrections propagated very oddly from, one system to another. No notable

success was achieved by these attempts.

Detailed analysis of leveled spot height data

The analysis of the data had reached an impasse. After a number of con-

ferences with JLeo Tick and Prof. Max Woodbury, Prof. Woodbury suggested that

the original data be studied to see if they could be corrected. Such a procedure

would involve re-comiputation of the results, but the use of the Logistics computer

at George Washington University was assured, and the problem was deemed so

important that the added effort to obtain a satisfactory solution should be made.

The ridge along the verticeil axes of the covariance surfaces suggested

Sonne source of error in the vertical direction of the stereo data. Figures

11.4 and 11.5 and the leveled spot height values as tabulated were then studied

very carefully to see if any discrepancies could be found,

I
la fig. Hv4, it had been noted that the diagonally oriented wave crest-

wave trough pattern on the left side and in the center of the figure changed to a

vertical orientation on the right hand edge of the pattern. Very strong verti-

cally oriented crests are especially pronounced in the lower right corner. This

variation had been thought to be a possible perfectly natural variation in the data,

but now this assumption was checked.
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The ten columns of numbers on the far right of the figure and the twenty

rows of numbers on the bottom of the figure were set apart from the main part

of the figure, because of this tendency toward a vertical distortion, and divi-

ded into three groups with the rest of the data comprising a fourth group.

The breakdown was as follows:

89,0,
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The variance of area A was 0.50[{n'Lm) x 100] less than the \'ariance

of the total area. The variance of area C was over twice as large as that of

area A. The degrees of freedom actually used in the F test were less than

the computed degrees of freedom, and yet at the 5 percent significance level

the hypothesis that the sample of points from area C is from the same popula-

tion as the sannple of points from area A must be rejected.

The grid of points for the numerical analysis must be rectangular. Areas

B and C, D and Ci and B, C, and D were combined, and their combined

variances were tested against area A. In all combinations, the areas could

be rejected at the 5 percent level. Moreover the lower confidence bounds on

the variances of area C, areas B+C, C+D, and B + C + D were all greater

than the upper confidence bound on area A.

Figure 11.12 shows a comparison of the probability histograms (number

of points in class interval divided by total number of points) from areas B,

C, and D, with the probability histograna from area A. Ai^ea C is quite a

bit different from area A. Note also that the histogram for area A appears

to be nornaalo

The spot heights for Data Set 3 were analyzed in a similar way. A

study of the contours suggested that a tendency toward vertical instead of

diagonal crest orientation existed on both edges of the area of analysis and

the points in Data Set 3 were broken up into five areas as indicated

below.
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Before the analysis of the corrected results is mades a discussion of

what went wrong with the original results is needed. The basic source of the

difficulty can be traced back to a statement made in Part 6„ The photographs

were taken with reconnaissance type film instead of the more dinciensionally

stable topographic base film. The film magazines used in the cameras were

labeled to contain the correct film but they had actually been loaded with the

wrong film. Such a mistake would not be detectable until after the film had

been developed. This dimensionally unstable film then underwent differential

changes in areas (that is, small areas of the filixi shrank by greater amounts

than others) which introduced a complicated error pattern in the spot height

data. Fortunately most of the error (but possibly not all) appears to have

been concentrated on the edges of the areas analyzed.

The question might be asked as to why the errors in the original leveled

spot heights were not detected prior to making the laborious computations of

the covariances and spectra given above. A close comparison of figures 11. 1

and 11,3 suggests, since hindsight is always better than foresight, that the

error in the spot heights might have been detectable simply on a comparison

basis. To be really sure, however, computations similar to the ones given

above would have had to have been made, and they could not have been naade

without a knowledge of the effective number of degrees of freedom of the sub-

samples. This effective nunaber of degrees of freedom was estimated from

the incorrect spectra. The use of theories valid for correct data on incor-

rect data to show that the data are incorrect is quite similar to pulling
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oneself up by one's own bootstraps (with perhaps the bootstraps being broken

in this case). Thus all of the above analyses and comments serve only to sug-

gest the nature and source of the error and a possible way to remove it. What

was done did remove the error, so in this sense the analysis of the error was

correct.

All of the numerical results obtained in the original analyses of the full

sets of stereo spot heights were kept in the tables along with, the preceding

figures in order that this report would be complete. They represent a wealth

of data which can be used for additional analysis and study. This report is

unique in that it is a study of a random process in a plane^ and the complete

set of original data and computations should be of value to geophysicists,

statisticians and physicists

o

Re-analysis of reduced areas

As stated above both spectral computations were carried out over again

for reduced sets of spot height data„ For Data Set 2 the area was area A

as defined before as bounded on the four corners by the points 20,0; 20,49; 89j0;

and 89,49. In what follows these 3500 nu,mber s will be called Data Set 2A„

Similarly for Data Set ?s area C (consisting of 3600 points) bounded by 0,10;

0,49; 89, 10; and 89,49 will be called Data Set 3Co

The covariance surfaces for the reduced data

The covariance surfaces for Data Sets 2A and 3C and the average of

the values for the two data sets are shown in figures 11<,13, 11.14, and 11.15.

The patterns are better defined than they were for the surfaces given previously
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in figures 11.6, 11.7, and 11,8. The negative areas are better defined. The

ridge along the vertical axis is weakened although there is still a trace of

column noise. For Data Set 2A, the covariance surface actually becomes

slightly negative on the vertical axis. The covariance surfaces still need

some minor corrections, but they will not be too difficult to make.

The spectra for the reduced data sets

The spectra for Data Sets 2A and 3C (in terms of variance) and the sum

of the values for the two (in terms of E value) are shown in figures 11.16,

11.17, and 11. 18, There are no negative values I The numbers at the grid

intersections should be divided by lO'* to put them in units of (ft) . The con-

tours are labeled in units of (ft) , and as mentioned before they should be

interpreted as the integral over the spectrum on a square of the same size as

the grid of the plotted numbers.

These spectra definitely show the effects of column noise. There is a

strong ridge along the horizontal axis of the spectral coordinate system. The

spectrum for Data Set 3C shows a decrease in the effect of curvature in

producing high values at the origin.

In general the above two spectra appear consistent with each other. The

0.0100 and 0.0050 contours are in roughly the same positions on the two

spectra. The peak in the spectrum for Data Set 2A has a value of

0.2052 (ft)2 whereas the corresponding value in the spectrum for Data Set

3C is 0.0797. The ratio of 0.2052 to 0.0797 is equal to 2.57.

For Data Set 2A, the number of degrees of freedom is given by equation

(11.8).
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(11.8)

20 '
zj [20

-f = 1,58 -^-41 1^ -"2

= 1.58(6) = 9.48

For Data Set 3C, the number of degrees of freedom is given by equation

ai.9)«

= 9=48

Thus each individual spectral estimate is distributed according to a Chi-

square distribution witli slightly more than 9 degrees of freedom. A ratio

as large as 2.57 for two variances so distributed is quite possible since at

the 5 percent level of significance the ratio can be 3.18, and therefore these

values are not unusual. They simply represent sampling variation.

The plan for the analysis of the results

The average of the two covariance surfaces as shown in figure 11.15 is

the best available estimate of the covariance surface. The sum of the two

independently determined spectra as shown in figure II0I8 is the best avail-

able estimate of the energy spectrum. This energy spectrum has only 19

degrees of freedom per spectral estimate. Also it obviously has some dis-

tortions in it caused by columm noise (naainly) and curvature. It also has a

white noise background due to the original spot hejght reading errors. The

planof the analysis of the data as represented byfigures 11,15 and 11,18 is to:

1- Remove the column noise from the directional spectrum.

2., Sum around circles of constant frequency in order to connpare the
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results of the wave pole spectrum with the stereo spectrum and verify the

estimate of the amount of the white noise error,

3. Study the angular variation for bands of constant frequency.

4. Compute the confidence bounds for the bands of constant frequency

and compare the frequency spectrum obtained from the directional spectrum

with the wave pole spectrum and various theoretical spectra.

5. Remove the white noise from the directional spectrum and analyze

the spectrum both in an unsmoothed and smoothed form.

6. Fit the angular variation for bands of constant frequency by means

of a Fourier series approximation and determine a smoothed analytic form

for the spectrum.

7. Correct the covariance surface for the effects of column noise and

white noise.

Column noise correction

The ridge along the horizontal axis of figure 11.18 is rather well

defined especially for U(17, 0), U(18, 0)and U(19, 0). A vertical line, say,

along the values U(17, 3), U{17, 2), U|17, 1). U(17, 0), U(17,-l), U(17,-2),

and U(17, -3) shows that there is a definite ridge produced by the values of

U(17, 1), U(17, 0), and U(17,-l). The ridge is quite possibly due to column

noise as given by the random errors, e^ > 3-^d it has shown up in the final

spectrum as the filtered effect of the contribution of W to lj(r, s) in

equation (11.4). By inspection, if 0,0100 (ft) is subtracted from each value

of U(r, o) the central part of the ridge will disappear and become approxi'

mately equal to the value of U two rows above and below the horizontal axis.
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This implies that

(11.10) 0.54 Wro = 0,0100

and that Wj.o- 0.0185.

When Wj.Q is multiplied by 0.23 the result is 0.0043, This quantity

naust be subtracted from each value of U(r, 1) and U(rj*l) as r varies

from zero to 20 (before bordering).

A total of O.OISS fft)^ times 20 is subtracted from the total E vajLue

of the stereo data when this correction is made. The total reduction of E

value is 0.372 (ft)^.

The reanalyzed spectrum for this correction is not shown ia any

figure. It was used however, in subsequent analyses, and the correction

will be incorporated in subsequent plots.

This correction as made to the spectrum also implies that a correction

must be applied to the covariance surface. The correction is to subtract

0,186 from Q(0, q) as q varies from +20 to *20, This correction re*

moves the effect of column noise from the covariance surface*

Comparison with the wave pole spectrum

The problem of transforming a spectrum of the form [A(iC, p)] into

the form [(A(h,0)] in order to integrate out so that the dlreetloaal spec*

trum can be compared with the wave pole spectrum is difficult. The «'s

and p's are proportional to the square of the wave frequency. One sys»

tem is in Cartesian coordinates and the other is in polar coordinates. The

spectral estimates in both systems have considerable sam.pling variation.
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One way to solve the problem would be to fit the directional spectrum

by sui analytic function of a and p and carry out the transformation and in-

tegration formally so as to obtain the spectrum as a function of frequency.

It was decided that this was too difficult so it was assumed that the direction- j

al spectrum was a constant over a unit square in the U(r, s) plane. Figure

11.19 illustrates schematically the assumed shape of the directional spectrum.

The wave pole spectrum was determined in Part 10, and the AE values

for frequencies between 2Tr(K -—)/96 and 2it{K +-2)/96 were found. A fre-

quency of 2ii;(K --i)/96 corresponds to a period of 96/(K -4) and this in

terms of wavelength corresponds to a wave 5.12(96/K - -i) feet long. Con-

sequently the circle with a radius R* given by equation (11,11) defines one

boundary of that area in the U(r, s) plane which corresponds to a frequency

bound of the wave pole spectrum.

(11.11) R*^

1 2
2i^(K -^)

(96)2(5.12)

The other boundary for a particular K is given by (11.12)

(11.12) R* =

1
^

2Tr(K + ^)

(96)2(5.12)

In the above, coordinates of the directional spectrum, have been
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assigned the values

' 1200 1200 ' 1200
'

on both, the horizontal and vertical axes (1200 = 30 x 2 x 20).

A simpler system of notation will be used by assigning the values 0,

1, . . . , , etc. to the spectral coordinates just as the values of k were used

in studying the wave pole spectrum.

Then R is given by R* times 1200/2it5 and it becomes

1200(k 'h^
(11.13) R = 2

(96)^^(5.12)

= 0.025429(k--|)2 ?= C(k --|)2.

The values of R for k -
-^ an.d k + -t determine two concentric circles.

The total contribution to the value of E of all estimates within these two

circles should correspond to the value determined from the wave pole

spectrum except for residual errors of white noise and curvature. To esti-

mate this, the value of one half of the area between the inner circle and the

outer circle is needed.

The area of the inner circle is

7r[C(k-^)2]

and the area of the outer circle is

4c(k + i)^]^,

One half of the difference is the area of one half the circular ring as given by
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(11.14) A = ^c2[(k+ Y - (k-^)^]

_ TT ^2r, 4 , 4k3 6k2 , 4k ^i , 4 x 4kl 6k^
,
4k J^,

= u C^[2k^ +|]

= 20.315- 10-4(2k^ +|)

The values of A are tabulated in Table 11.4 for future reference, A

value of k equal to 27 corresponds to the largest circle that can be drawn in

the plane of the directional spectrum. The values of A increase slightly

more rapidly than the cube of the values of k. Also tabulated in Table 11,4

are the values of A divided by 36 for future reference.

A Cartesian coordinate grid was constructed by drawing heavy lines at

the values of r and s corresponding to 0.5, 1,5, 2,5, ..,,, 19.5. This

divided the plane of the spectrum into 741 squares assigned unit area, 116

half squares, and 4 quarter squares for a total of 800 full squares.

The radii given by setting k equal to 1, 2, 3, . . , , and 28 in equation

(11.3) were then comiputed and semicircles with these radii were superim-

posed on the grido

The semi-circles divided the squares into pieces. The number and size

of the pieces depended on the geometry of the system.

The areas of the pieces were then computed from geometrical consider-

ations which depended essentially on differences between areas of sectors of

circles and triangles. The squares along the r axis, the squares at 45° to

the r axis and those in between out to the largest radius were the ones that

were analyzed because all others could be obtained by reflection in either
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Table 11.4. Half the areas of the circular rings

associated with the different values of k.

k A A/36

1



The pattern employed, the values of the radii, and the numbers finally

obtained are shown in figure lloZO for a quarter sector of the full area of

the directional spectrum. All other points can be obtained by symmetry.

Note that half the values on the horizontal axis should be used on the vertical

axis.

The values of U^Ai^i' ^) "^
^SC^'"^' ^^ corrected for column noise were then

entered in the corresponding squares. To determine U(k), the pereei^a-ges of the

squares falling between circles with radii corresponding to k • -l arid k + —
^ 2

were multiplied by the AE values for the appropriate squares axbd all contri-

butions for that particular semicircular ring were summed.

The results are shown in Figure 11.21, The values of AE in (ft) ^ obtained

upon summation are plotted as a function of k in the upper curve, Tlje spec-

trum obtained from the wave pole data is also shown.

An additional correction is needed before the two curves can. b^ coynpared.

The effect of the white noise variance of 0„54 (ft) must be removed. Since

this error variance is spread evenly over the entire plane of the directional

spectrum each square in this analysis has an expected value of 1,08/800 (ft)''

assigned to it in terms of E value. When the entries in Table 11,4 are

multiplied by 1.08/800 and subtracted from the values shown on the top curve

in figure 11.21 the result is the middle curve which shows the frequensy .

spectrum corrected for the white noise estimate given previously. Tlie effect

of assuming that the white noise error variance is twice as great is shown by

a third curve in the figure. Such a correction would be much too big.
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The curve to use for further analysis then is the middle curve of the

three curves for the directional spectrum. The agreement at first sight is

not too striking since the only points that are close are k = 11, 23j 24^, 25, 26,

and 27. A further study of these results will be made later.

Ta,ble 11.5 shows the values obtained for different k by summing around

the semicircular rings and the effect of applying the corrections due to white

noise.

Table 11.5. AE values as a function of k sumimed around
semicircular rings in the directional spectrum.

k AE AE- white noise AE-2 white noise

0,1,2,3.4



The angular variation

In order to study the angular variation of the spectrum, the results shown

in figure lloZO were employed. Radii at 5 degree intervals were superimposed

on the figure by overlays. The plane of the directional spectrum was thus di-

vided into small areas bounded by arcs of two circles and two adjacent radii.

Two adjacent circles bounded 36 such small areas, and the areas are tabulated

in Table H,4. Since the effect of the circles in breaking the squares up into sul^*

areas had already been computed, it was not too difficult to compute the effect

of the radii since each small area had to have a known value. The percentages

which resulted were then multiplied by the appropriate U(r5 s) values and sum-

med for each small area. The number thus obtained is an estimate of the con-

tribution to the total E value of the short crested sea for spectral components

1 1

with frequencies between 2TT{k -—)/96 and 2-ir(k +-^)/96 and with directions be-
2 ^

tween 9 and B + 5° as k varies from 11 through 27 and as varies from -90°

to +85°. The results of this computation are shown in figure 11.22. The white

noise estimate has been removed by subtracting {A/36)(l/800)(1.08) from each

value.

The curves are erratic, mainly due to sampling variation, but there is a

rather definite indication of the presence of a swell for curves corresponding

to k = 11 through 17. The swell was removed by estimating the shape that the

curve would have had, had the swell not been there.

This estimate is shown by the dashed lines in figure 11.22. Tables 11.6

and 11,7 show the resolution of the data into frequency and direction intervals.
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Table 11.6. RssolutiLon of directional Bpectrum into frequencv-and direction intervals, swell, white noise s^tyA column noise removed

^v^-»



Table 11.6 shows the local sea and Table 11,7 shows the disturbance from a

distance. Corresponding values of Tables 11.6 and 11.7 add up the values

graphed by the solid lines in figure 11.22. Table 11,6 corresponds to the solid

lines continued by the dashed lines where appropriate. The maximum value

for a given k and the minimum value are underlined in Table 11.6. Note that

the minimum continues quite smoothly into that region where the swell is not

present.

Confidence bounds on the sums around circles

Liet the sums of the corresponding entries in Tables 11.6 and 11.7 be de-

signated by D]jQ. Each value of Dj^g can be thought to have 19(A/36) degrees of

freedom if the variation between nearby values of U^r, s) is not too rapid. For

example, if a square in the U{r5 s) plane were cut in half, then each half would

be assigned the value U(ri, s)/2 and 19/2 degrees of freedom. The degrees of

freedom of the sum of the two values would then be

12
2

[(U(r,s)/2+ U(r,s)/2)|^

(U(r, s)/2)2+ (U(r, s)/2)2

or 19j and the sum of the two E values would again be U(r, s).

For the sum around a circular ring, this caji be generalized to give the

degrees of freedom for a AE value corresponding to those frequencies be-

tween 2iT(k --4)/96 and 2ir(k +-4)/96, The equation for the degrees of free-

dome is then given by equation (11.15).

(11.15) f„12^ ^^e-^ke^
" 4 36 |-2qD^2^]

The factor of 4 enters in the denominator of equation (11.15) because only

every fourth value of the spectral estimates is independent.
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For a more strict analysis^ the degrees of freedom should be compute,4

from the data with the white noise still present since at each value it is also

distributed according to Chi square with 19 degrees of freedom. The error

made in the above computations is small for low values of k, but for large k

the variation in white noise naay be falsely reflected into variation in spectral

estimates because the white noise is a rather large proportion of the total

contribution.

The degrees of freedom for low valuer of k are quite low. For k equal

to 11, there are only 22 degrees of freedom. Had all these stereo pairs been

satisfactory for analysis and had there been no distortion at the edges of the

stereo data, the 19 degrees of freedom for each value of U(r,s) actually ob-

tained would have been raised to 50 degrees of freedom, and the 22 degrees of

freedom for k = 11 would have been close to 50 degrees of freedom.

The number of degrees of freedom given by equation (11.15) can be com"

bined with the entries in Table 11.5 to give the 90 percent confidence bounds

on the estimates of AE as corrected for white noise. The results are shown

in Table 11.8. The values given at the 90 percent confidence bounds will

enclose the true value of AE nine times out of ten in repeated tests of this

same type under the same conditions. Of course, for a given set of data, the

true value either does or does not fall within the confidence bounds and one

can never know whether it did or did not.

The entries shown in Table 11,8 can be connbined with the entries in

Table 10.1 to compare the wave pole data and the stereo data. The result is
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Table 11.8. Confidence bands on data from stereo spectrum

Lower 5 percent

k confidence band

11

12

25

^778

.4510

13
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Another way to show the lack of agreement in the data is b\ means of the

F test. The ratio of the stereo values to the wave pole values are tabulated

in Table 11 = 9 along with the appropriate degrees of frf-edom for each esti-

mate. At values of k equal to 15 and 21 there is less thrn' one chance in 100

that the two values of AE could have com.e from the same population-

Table 11.9. F test applied to wave pole and stereo spectra.

F test significance level

k ddf Stereo Wave pole Ratio 5 % 1_^ Conclusion

11



These results are made even more interesting by considering the values

obtained by summing the columns in Table 11.6 where the effect of a disturb-

ance from a distance has been removed. These values can be plotted against

a Neumann spectrum for 18.7 knots and against the wave pole spectrum as

shown in figure 11.24. One could not ask for much better agreement between

theory and observation than is shown between the theoretical Neumann spec-

trum and the frequency spectrum obtained from the directional spectrum.

The agreement between the wave pole spectrum and the theoretical spectrum

is actually a little (but not much) better than shown because the contribution

of the swell for k equal to 11 and 12 will reduce the sharp peak. One dis-

advantage of wave pole data is evidently that there is no way to see the

swell if it has the same frequencies in it as the local sea.

Another question to be asked before entering into a discussion of the

above results is what would the wave pole calibration have had to have been

in order to provide agreement with it and both the theoretical Neumann spec-

trum, and the directional spectrum. This result can be obtained by dividing

the values for the directional spectrum, including swell, by the values for

the wave pole spectrum before multiplication by the calibration curve. The

result is shown in figure 11.25. There is the possibility of some sort of

amplified response in the wave pole, undetected by still water damping and

resonance tests, as |a. equal to 2tr(15)/96. The agreement between the two

spectra would be fairly good if something like one of the dashed curves

were used for calibration instead of the original theoretical curve.
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Discussion of wave pole, stereo and theoretical spectra

If a physicist were to measure the acceleration of gravity at the same

place by two different methods and obtain 980 cm/sec by one method ajid

1400 cm/sec'^ by another method, he would be positive that there was some-

thing wrong with the second method. In this study one is not in so fortunate a

position. There is no background of previous experience, and sampling varia-

tion must always be recognized as a source of any disagreement.

The results obtained so far are that:

(1) A frequency spectrum obtained from stereo wave data agrees with a

theoretical curve derived by Neumann after correction for the presence of

swell and the effects of white noise and column noise in the original data.

(2) A frequency spectrum obtained from a wave pole observation does not

agree with either the one derived theoretically or obtained from the stereo data

at two points at the one percent significance level. However, the wave pole

spectrum does agree with the theoretical spectra given a one knot variation in

the v/inds as pointed out in Part 10.

The following hypotheses are among those that could be advanced to ex-

plain the results:

(1) The agreement between the stereo spectrum and the theory is

fictitious. It has been obtained by choosing just the right weighted average

of winds reported quite a few hours before the actual observations of the

waves and by rather prejudiced choices of just the right amounts of noise and

swell to get agreement. Also the reduced stereo data may still be distorted.
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(2) Variability in the winds and background distortion in the stereo data

is sufficient to explain the difference in the two different sets of observed

values.

(3) Sampling variations at the 1 percent significance level have

actually occurred.

(4) The wave pole calibration is incorrect.

(5) Weighted combinations of modifications of the above four hypotheses

taken 2, 3, or 4 at a time such as, for example (2-3-4). The wave pole cali-

bration is wrong by 30 percent at k = 15, sampling variation was at the 20 per-

cent level and the variability in the winds explains the rest of the differences.

The first hypothesis can be checked by study of the original data as tabu-

lated. The fact that the histogram shown in figure 11.12 shows no effect of

distortion in area A at least suggests that most of this effect has been re-

moved. Also the uncorrected spectra come closer to agreeing with the theo-

retical Neumann spectrum than to agreeing with the theories of Roll and

Fischer [1956] and Darbyshire [1955]. The analysis has only served to re-

fine the results by what are in total rather small corrections, and the cor-

rections appear to be logically justifiable in all cases. If agreement with the

theoretical Neumann spectrum is not obtained, then the result would be that

there is no adequate theoretical wave spectrum in existence.

Jtnthe light of these new results, the hypothesis of wind variability is

much less attractive than it was in Part 10. The wave pole and stereo obser-

vations were simultaneous in the sampling sense. The variation in the three
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different wave pole spectra as originally tabulated shows no effect of wind

variability a,t the 5 percent level, and the low value at k w 15 occurs in all

three cases,

The third hypothesis is one that cannot be tested except by doing the same

experiment over again using the sanae wave pole under similar meteorological

conditions. Xt will be rejected as a working hypothesis solely because it can-

not be tested. However, due to the possibility of this hypothesis combining

with some of the others in part, the possibility of incorrectly rejecting it with

a chance of more than 0,01 (say 0,15) must be borne in mind.

The fourth hypothesis is a very attractive one. If the wave pole cali-

bration curve were more like the one sh,own by the dashed curves in figure

J. 1,25 th^^n. the theoretical one, there would, be agreement between both obser-

ved curves and the theory. It will therefore be assumed that this hypothesis

is the dominant explanation for 1;he discrepancies which have occurred.

This hypothesis can be tested by modeling the wave pole in a scaled

down long crested Gaussian sea with the correct model frequencies present,

and connparing t^e record it makes with a record made by a wave pole held

fixed in position,

An irregular sea is suggested for the tests because a non-linear effect

.1,

of considerable magnitude may be present. In Part 8 it was shown that the

wave pole moYes upward when the crest of a long period wave passes^. The

submerged tanks are therefore closer to the mean level in the crest of a long

period wave, If the crest of a shorter period wave is present at the same
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time by superposition, the calibration constants would be considerably modi-

fied due to the fact that the depth of the submerged tanks is less. This would

cause the wave pole to move up in the crest of the shorter period wave even

more than the theory would predict.

This effect is not compensated for by an equal and opposite effect when

the trough of a short period wave is present on the crest of a long period wave

due to the exponential behavior of these factors. Thus the response may be

non-linear and the heights of the shorter period -waves may be underestimated.

For very short period waves such effects would again be negligible,

If the calibration of the wave pole fails to explain the discrei>ancy be*

tween the two sets of observations then the other possible ejqjlanations will

have to be investigated. On the basis of the above considerations » a predic-

tion is ventured that the wave pole calibration will explain the discrepancy.

If the above hypothesis is a correct one, then the study of ocean waves

is in a very odd position. The w^ave pole data were to have heen a primary

calibration for the stereo data. The stereo data appear to have detected, to

the contrary, a faulty theoretical calibration of the wave pole. The shipborne

wave recorder developed by Tucker [1956 a] has been compared with the

WHOI wave pole, and agreement was not obtained in this comparison either

(Tucker [1956b]). This does not necessarily lead to the conclusion that the

shipborne instrument is correctly calibrated. In fact, its response at high

frequencies is known to be poor (Tucker [1956 a]), Therefore at present,

there is no primary instrixment capable of measuring waves as a function

of time at a fixed point in deep water.
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H. G. Farmer in conversa.tions with, the author has described how he

would modify the WHOI wave pole by putting the tanks a.t greater depths so

as to improve the response of the instrument. This should certainly be a

subject for further investigation and study both theoretically and by means

of model studies.

Composite frequency spectrum

The results of the frequency analysis of the stereo data and the wave

pole datas as given in Tables llo5, 11.6 and 10.1, can now be connbined to

yield a composite frequency spectrum over a full range of frequencies. T?ie

spectrum for the stereo data is assuxned to be correct for low frequencies,

and the wave pole spectrum is surely quite reliable at high frequencies ex-

cept perhaps for a small amount of Vi'hite noise. As k varies from to 10

the entries in tJie second column of Table llo5 from the stereo data will be

used« As k varies from 11 to 22. the sums of the columms in Table 11.6

will be used in. order to remove swell from 'the spectrum. One can note

small differences between the entries in Tables 11.6 a.nd 11,5 due to round-

off errors a,t high frequencies. The errors are small compared to the vari-

ability in the sam.ple. For k from 23 to 27 the stereo values and the wave

pole values agree and an average weighted according to the computed num-

ber of degrees of freedom is used. For k greater than 2,7, the wave pole

values are used» This composite spectrum is given in Table 11,10.
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Comparison with other families of theoretical spectra

This composite spectrum can be compared with the families of theo-

retical spectra derived by Darbyshire [1955] and Roll and Fischer [1956].

In both cases the agreement between the computed spectrum and the theo-

retical spectrum is pooro There is no value for the wind speed which will

give agreement between the theoretical curves and the numbers given in

Table llolO., These comparisons are discussed in greater detail by Neu-

mann and Pierson [1957a] and Neumann and Pier son [1957b].

Removal of white noise from the directional spectrum

Upon summation around semicirclesj the predicted effect of the white

noise was verified and the original estimate of the error in the spot height

readings as made by the Photogrammetry Division of the Hydrographic Office

was verified^ The total contribution of the white noise to the E value for the

2 2waves under study is thus about 1.08 (ft) , and 1.08/800 (ft) must be sub-

tracted from each value of the energy spectrum obtained from sunnnaing the

values of U2 aCtsS) and Uo^-fr, s)^ after correction for column noise. This

amounts to 0,00135 (ft)^ per unit square in the spectral plane. Since only

four significant figures were tabulated either 0,0013 or 0.0014 was sub-

tracted from each particular square. Each of the above values was subtracted

an equal number of times so as to even out the total effect to 1,08 (ft) . A

few very small negative values occurred due to extremes of sampling vari-

ation in the white noise where it was a large part of the total contribution.

The negative values were removed by "borrowing" from nearby points.
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Orientation of the sea and swell in the directional spectrum

The heading of the airplanes taking the stereo data for Data Set 2 was

330°„ Since the planes flew one behind the other, correctly directed arrows

with shafts parallel to the short sides of figure 6.2 will point toward 330°.

Since the buoy shown in figure 6.2 drifted generally downwind and since the

wind was from. 330 , or so, as reported in Part 7, an arrow parallel to the

short sides of figure 6<,2 and pointing to the left will point toward 330°.

Due to the 180° indeterminancy in direction in the directional spec-

trujTLs this is equivalent to letting the positive r axis in the directional

spectrum point toward 150°. The peak in the directional spectrum indi-

cates waves traveling toward 180° approximately.

With the direction fixed, the secondary peak in the spectrum indicates

that the swell is traveling either toward 90° or toward 270 . It is im-

probable that the swell is traveling toward 90° because there is no area where

it could have been generated between the point of observation and the east

coast of the United States.

The assumption that the spectral components are traveling within +90°

of the direction toward which the wind is blowing is not correct for the swell

and thus tke final directional spectrum may have to have a range of more

than 180° in direction.

The secondary maximum shown in figure 11,18 should be considered

to be composed ot two parts. One part is the continuation of the local sea

by means of the dasJied lines of the energy as a function of direction as shown
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in figure 11„22 and tabulated, in Table 11.6. Temporarily let all of this

energy be assigned to the first quadrant. The contribution from the swell

as given in Table llo7 then belongs in the third quadrant. Tables 11.6 and

11.7 were then recombined separately to provide estimates of each of these

contributions to a square area in the U(r, s) plane. The values due to the

swell were mapped by reflection through the origin into the third quadrant.

The minj.ma indicated in Table 11.6 were then assumed to be one ex-

treme in tlie angular range of the sea. A line forming an angle of about 30°

with the positive vertical axis could then be determined. Those values of

U(r, s) between this line and the vertical axis were then transferred to the

third quadrant.

The final spectral estimates in the U{r5 s) plane are shown in figure

11.27. The values should be divided by 10^ to put them in units of (ft) .

The range of directions toward which the spectral components are travel-

ing varies from 80° to 320°. The sea has components traveling toward

directions ranging from 80° to 260°. The swell is traveling toward di-

rections ranging from 240° to 320 .

The quantities shown in this figure have been obtained by applying

corrections for the effects of column noise ajid white noise to the original

data and by expanding the spectrum to a range of more than 180° from

considerations of the local wind direction and the geography of the area

where the data were obtained. The effects of curvature do not seem to be

very greats The values at the origin must be excluded, and perhaps the
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forward face of the spectrum should be somewhat steeper.

If the plotted numbers in figure 11,27, for the third quadrant, are

transferred to the first quadrant, and if the column noise and white noise are

added to the values obtained, the result would be essentially the num.bers

shown in figure 11.18.

The sum of the num.bers in figure 11.27 will equal the total E value of the

sea plus the swell excluding a small circle near the origin. Strictly speaking,

the values at the borders of the rectangular area formed by the data in the first

and second quadrant before any reflections through the origin should be halved

before sm-nm-ingo However, the values on the s axis of the U(r, s) plots are

used only once in the direction of 240°. The values at the outer edge are so

small that only a mdnor error is made in not halving these values.

Contours drawn as precisely as possible for the numbers shown in figure

11.27 are shown in figure 11.28. The contours are not very smooth due to

sampling variation. The contour analysis can be considerably smoothed when

this sampling variation is taken into account.

Each of the original spectral estimates had 19 degrees of freedom. Due

to the corrections made so far, the smaller values of the spectral estimates

and the values for the transferred swell do not have 19 degrees of freedom, but

values near the peak: of the spectrum of the sea still have essentially 19 degrees

of freedomi. If a spectral estimate has 19 degrees of freedom, it can be nmlti-

plied by 1.88 and 0.63. Then 9 times out of 10 the true spectral value, as

might be obtained by taking a sample with many more degrees of freedom, will

lie between these bounds. Similarly, if the spectral estimate is multiplied by
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0.875 and L24, the true value will lie between tlj.ese bounds four times in ten.

The contours in figure H,28 can be smoothed by tciking these facts into

consideration and by assuming that th.e true spectrum is basically a smoothly

varying fujiction. The resulting smoothed spectrum, is shown in figure 11.29.

An attempt to indicate the very steep forward face has been made. In order to

obtain this smoothed version, it was ordy necessary to go outside the 40 percent

bounds about 10 times in. the area -wdiere the estimates were greater than 0,0050.

Analytic representation of the directional spectrum

The curves shown in figure 11„22 ajid the data tabulated in Table 11.6 pro-

vide a w^ay to find an analytic representation for the directional spectrum of the

sea. The results of the frequency analysis show that the theoretical Neurnann

spectrum as a function of frequency fits the data as summed around semicircles

quite w^ell.

The spectrum as a function of frequency ajud direction can therefore be

written as equation (11^16),

T 2 * 2 2

(11.16) [A(tx. e)]2 =
f^-^—g^^. [f(Hi,e)l

4where c = 3.05 x 10 and all values are in. c, g, s. units.

The function, f(|j., 0) should have the property that it is zero over half

the plane, that

/ir/2

(11.17)
J

fCfx, e)de=i

and that f{\i., 9) > 0.
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Such, a function is given by

N
(11,18> f(Hi, 0)^^[1+ S a„(iJL)cos2n8 + bn(M.)sin2ne]

ir n=l "

for e^(M.) ~ TT < e < BnidJ-), and zero otherwise if a.^ and b^ can be so chosen

that f(|j., 8) 5^ and if 8 (|a.) is the angle in the first quadrant where f(|i, 8) is

a minimum as a function of [jl.

If the values of the entries in Table 11,6 are divided by the sum for each

column.



A measure of the variation in F{k,G) is given by

(iL23) M^ --^ S[F(k, 9)]^

6

and since

(11.24) M^j [f(H., e)]^de =
^ [l+l S[(a^(k))^ + (bjk))2]

^tt/2 L n=l

the closeness of the fit for a. given N is given by

(11-25) Rj^^ -- Mj^/M^

If R-i^r is one. the fit is perfect for the available data,

Equation (11,18) can also be put in the form of equation C11--26),

ill ,26) f(ia, e) --

^ I

1 + ^S^ cjix) cos(2n(e -y^))

for 9 (u) - IT < 9 <6,„(a) , where

, V r
2 2 ,1/2

(11,27) cj|x) ^ [a^ (ix) + b^ (Hi)]

and

1 »,i
b {(J.)

(1128) YnW = 2nt^- ^
The values of c^^, y . and R for n equal to Ij 2, 3, 4, and 5 were

computed by means of the IBM 650 for each k in Table 11.6. The results

are given in Table 11.11., The values of c and y areplotted as a function

of k in figure 11.30,,

The values of Cj and y-j^ show a fairly smooth variation with k as

do also the values of C2 and y2 T^^Q values of c^ , c^, and Cr are Ioa

and somewhat erratic^ and the values of y . y-^, y are highly variable
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Table 11.11a Fourier coefficients, phases and goodness of fit

for the analysis of the angiilar variation.

k 11 12 13 14 15 16 17 18 19

Ci 1.29 1.24 1.21 1.16 1.10 0.97 0.93 0.85 0.82

y^ -28.3° -30.2° -29.8° -29.7° -25.7° -19.6° -18.6° -14,2° -13.7°

Rj .951 .969 .963 .983 .975 .934 .911 .934 .917

C2 0.32 0.24 0.16 0.17 0.17 0.29 0.37 0.31 0.36

^2 -23.4° -27.2° -21.5° -26.6° -13,0° +0.3° +1.8° +2.1° +4.3°

R2 .978 .985 .970 .991 .985 .960 .954 .967 .963

C, 0.14 0.12 0.21 0,08 0.13 0.24 0.26 0,23 0.24

Y3 -10.9° -10.0° .4.0° -3.2° -1.7° -8.3° 2,1° -1.6° -1.3°

R3 .983 .988 .982 ,993 .990 .979 .976 .985 .982

C4 0.09 0.10 0.17 0.11 0,13 0,19 0.20 0.12 0.06

Y4 +10.1° +8.3° -8.0° -7.1° -4,3° -3,1° -2.8° -0.1° -4.7°

R4 .985 .991 .991 .997 .995 ,990 .988 .990 .984

C5 0.02 0,02 0.08 0,03 0,06 0,13 0.15 0.10 0.13

Y5 +4.4° -5.7° +8.6° +8.8° +9.0° -7,7° -5.4° 2.5° 5.7°

R^, .985 .992 .993 ,997 ,996 ,995 ,995 .993 .989

(Cont.

)
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Table liai (Cont. )

20 21 22 23 24 25 26 27

C;i 0,66 0.76 0.78 0,70 0.56 0^54 0.55 0,53

y^ +14.9° -11.8° .3,3° *5.3° 0.2° +2.2° .0.6° +10.4°

Rj .974 ,885 .847 „910 .879 .859 .906 .854

C2 0.45 0.45 0,48 0,37 0,32 0.25 0.22 0.37

Y2 +3.8° 2,1° 4,9° 6.5° 2,3° 3..5° 3,5° 5„5°

R^ ,949 .955 .928 ,961 .918 .882 »925 .905

Co 0,15 0.08 0,19 0,05 0.19 0,15 0.05 0,14'3

^3

Y4

^5

-5,5° -6.1° +9,8° 6v3° -12,3° 7,5° •3,4° .4.9'

R3 ,956 ,957 ,940 ,962 .932 .891 *926 ,912

C4 0,12 0,15 0,34 0-.23 0.06 0.29 0.16 0.27

-2,6° +6.1° +6,3° -1»7° +3,1° +6.0° 4.9° rl,8°

R^ ,962 ,964 .978 ,980 .933 .923 .936 ,938

C5 0.13 0.11 0.16 0,08 0.11 0.32 0.10 0,07

.0.4° -3.0° t5,9° v4i5° 7.1° 8.0° -7,5° +5.1°

R5 .967 .969 .986 ,982 .937 .962 ,940 .940
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especially when one notes the way in which y is defined.

The values of R, range from 0.983 to 0.847 and the average value is

0.918. Thus over 90 percent of the angular variation on the average is ex-

plained, by the values of c^ and -y , . The values of R range from 0,991 to

0,882 and the average value is 0,955. Over 95 percent of the angular variation

is explained, on the average, by the values of Ci, y-,i ^z ^^^
"VZ" The erratic

behavior of the other coefficients is explained as an attempt to fit the sampling

variation of the data.

The graphs of c,, y-,, Cyt and y2 ^o "-^t vary as a function of k very

rapidly. It would not be difficult to express them as somewhat smoothed func-

tions of k (and hence |ji.) over the range of k from 11 to 27. The result would

then be given by equations (11,29). (1L30), {1L31) and (11.32).

(11.29) c^ = CjV)

(11.30) Y^=>^j^*(Hl)

(11.31) C2 = C2*(ix)

(11.32) Y^^^Z*^!^)

The directional spectrum could then be defined analytically as a function

of frequency and direction by equation (11.33) in which precautions would have

to be taken to insure that the square bracket on the right was always positive.

2 2y 2^2
(1L33) [A(ia,e)]2 = |^^l-i—^ -^t^ + c^*(tx)cos(2(0-yj^*(|a.)))

+ C2*([Ji) cos(4(G-Y2*(fx)))]

Also f|jj,j 0) would have a miniraum in the first quadrant as a function of G
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for a fixed \x, Let this minimum be G (ii). Then (11,33) would be defined as

above for

e^(M.) - TT < e < e^(tx)

and by zero otherwise.

The analytic expression determined as outlined above could then be trans-

formed to Cartesian coordinates in the c, p plane as described in Part 8. If

the function [A(a, p)] so obtained were integrated over a square of the area of

one of the squares in the U(r, s) plane the resulting number would then be quite

close to the computed values of U(r., s) and it would certainly agree within

possible sampling variations with the computed number. However, suclj an

analytic expression would still reflect certain features of tlje observed data and

the wind field which generated the waves which would be difficult to generalize

to other cases. In what follows this point will be discussed in more detail

and a simpler analytical expression derived for wave forecasting purposes.

Properties of the directional spectrum

By means of the data tabulated and graphed so far, in particular by

means of Tables 11.6j, ll,l0j, and 11.11 and by means of figures 11,22, 11,26,

11.27, and 11,29, certain, properties of the sea generated by the local winds

in the area where the data were obtained can be sumimarized.

These properties are (1) that the integral over direction of the direc»

tional spectrum agrees remarkably well as a function of frequency with the

theoretical spectrum derived by Neumann for an 18.7 knot wind, (2) that the

angular spectrum is concentrated over narrower angular range for long waves
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{low frequencies) and spread, out over a wider range for short waves (high

frequencies) and (3) that the integrated spectrum, continues as predicted into

higher frequencies as determined by the wave pole data, The properties

should be expected to be the sa.me for other spectra obtained for other con-

ditions at other times.

There are other properties of the particular spectrum studied which are

in part probably due to sampling variation and in part due to the particular

local wind .field which generated the waves. The values of 0, show that the

peak in the angular variation of the spectrum, shifts from what corresponds

to 180° in figure 11.29 to 140° as the frequency increases from 2it(11)/96

to 2th'2?)/96, Also a secondary peak a.t frequencies corresponding to

2Tr{16)/96. 2TT{i7)/96» 2'n-(18)/96.. and perhaps even for higher frequencies,

is indicated in figure 11,22, a.nd by the high values of c^ and the values of

^2 ^^' figure 11 30, This secondary peak causes the graphs in figure 11.22

to have the property that they are not even functions about sonae central

value of the direction The change in Oi can be explained partly by sampl-

ing variation and partly by the fact that the local wind direction was reported

to be from 330° and the winds further to the north were from 360 v Pos-

sibly the winds to the north were the ones which generated the longer waves.

The skewness of the curves for the angular variation may or may not be real

in the sense that it would still show up in a spectrum with a larger number of

degrees of freedom However,, it should eilso be noted that there is a wind

shear present over the area of w9-ve generation with tlie property that the



wind speed increases from east to west across the area under study. A

possible effect of the shear would be to produce the skewness in the angular

variation as indicated^ At some future time it may be possible to extend

the concepts of wave theory to permit a representation of the local wave

spectrum as a function of wind velocity and wind direction locally and as a

function of the change of wind direction up wind and the shear in wind velO'

city cross wind. To do this would require a greater number of degrees of

freedom than this study has obtained, several different spectra for different

wind conditions,; and a very detailed study of the wind fields.

An idealized directional spectrum

For the present purpose, however, it is desirable to attempt to ideal*

ize the results obtained so as to reflect the three results pointed out above and

so as to eliminate sanapling variation and the effects of changing wind direction

and wind shear. It will therefore be assumed that \Mv-t 9)] is an even func-

tion about the local wind direction and that its peak value falls at 9=0. The

values of cjdo.) as tabulated above thus determine the amplitude of the cos 20

terna and ^i (jx) is assumed to be zero. (This implies a rotation of -30 for

the axes in the figures given above if it is desired to approximate the peak

of the spectrum. )

After considerable subjective curve fitting and trying a nurnber of pos-

sible functions which did not do as well, it was found that cj could be approxi-

mated by the following function of frequency and wind speed -wiiere the values

are in c, g. s,. units and v is (18.7 x 51- 5) cm/sec.
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(11.34) Ci.0„50 + 0,82e-<^^/s)^-^^

The function f(|j., 9) can then be given by

(11-35) f(ui,e) =- [1 +(0,50 + 0„82e~^'^^^' ) cos 26 + c, cos 46]
IT

^

for -it/2 < e < 17/2.

Since the values of c, are greater than one for small |jl, f((i,6) becomes

negative for near jiTr/2, and this is not permissible. To avoid this, C2

must be chosen so as to make f(|j., 6) everywhere positive.

Sine e

(11.36) cos2e = 2(cos 6)^ - 1

and since

(11.37) cos4e = 8(cos e)'^ - 8(cos 6)^ + 1

equation (1L35) can be rewritten as equation (11.38).

(11.38) iKv-, 6) ^ [1 - 0.50 " 0.82e"^^^^/s^ ^^ + C2]

+ [1,00 + 1.64 e"^^'^/g) /^ ' 8c2](cose)^+8c2(cose)^

In order to keep the term independent of 6 always positive, the small-

est possible value of c^ is given by

(11.39) C2 = 0.32e-<^"/g^^/'

The function.., f((Ji, 9) can then be written in two alternative forms as

equations (11,40) and (11 41),
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(11.40) f(|jL,e) =^[1 +(0.50 + 0.82 e'^"^^^^^ ''^) cos 2G+ (0.32 e"^^^^^^ ^^)cos4e]
IT

1 r -(M.v/g)*/2 -(|J.v/g)^/2 2
(11.41) f(iJL, 9) =-^[0.50(1 - e

^*^ '^'
' ) + (1.00 - 0.92e "^ ^

) (cos 9)

+ (2.56e-<l"^''g)^/2)(cos9)4]

A value of c^ greater than 0,33 would make the coefficient of (cos 9) in (11.41)

negative for small \i with the accompanying possibility of negative values for f(|jL,G).

The curves for cj and 03 are graphed against the observed values of ci

and C2 in figure 11,31. The fit is fairly good for c^; and for 03 for frequencies

corresponding to k equal to 1 1 through 15j the fit is not too bad. The extension

of the curves outside of the region where data are available is quite arbitrary.

For the longer waves the value of (11,38) has little total effect on the spectrum

because the energy is very low there. For the shorter waves if Ci became less

than 0.50, the effect would be even greater angular spreading. Note that in

figure 11.30 -y, and ^2 ^-^^ close together for k equal to 11 through 14, and

that in a sense the vailue of C2 used above is only the in-phase part of cos 49

with respect to the original data when k is larger,

A possible functional form for the directional spectrum of a wind generated

sea is finally given by equation (11,42) if the wind is uniform in direction and

speed over the area of wave generation and if the sea is fully developed.

(11.42) [A(|X, e)]^ =^"^^^5-!^-i[l + (0-50 + 0.82e-'l'^'8) /2) cos 26

,6

A
+ (0.32e-<»^^/s) /^) cos 49]

for -Tr/2 < 9-^ t/2, and zero otherwise.
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This idealized directional spectrum still comes fairly close to agreeing

with the curves in 11.22. After proper angular rotation, the (cos 6) term

will give good agreement with the curves for low frequencies. Agreement

with the higher frequencies is also good. The secondary peak and the skew-

ness at intermediate frequencies is missed.

Caution is recommended in the use of equation (11.42). Within the limita-

tions mentioned above it comes close to describing the sea observed for a wind

near 18.7 knots. For higher or lower values of the wind speed, however, it

may not work although as a working hypothesis it may lead to useful results.

Since only one spectrum was observed the variation in v of f(|j., 9) as fitted

cannot be tested. One could on the basis of the available data put v = 18.7

knots inside the square brackets of equation (11.42) and say that variation in

[A(p., 9)] as a function of v is caused solely by the occurrence of v in the

first term.

However, there are two additional points that can be made in favor of

equation (11.42) as written. They are that it would appear to give more real-

istic swell forecasts than previously used formulas, and that the mean

square slope of the sea surface still varies linearly with wind speed as

observed by Cox and Munk [1954],

A previously given equation for the directional spectrum of a wind

generated sea [Pierson, 1955] is shown in equation (11.43).

T -2(g/|JLv) 7

(11.43) [A(|i. 9)]"^ =^ g (cos er

for -it/2 < 9< Tr/2 , and zero otherwise.
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Equation (11„42) can also be written as equation (llo44).

,2

(11.44) [A{H.,e)]'^ =Z _ ^elf^gA-) ^^^^^^^ _ ,-(,v/g)4/2j ^ (, 30 _ 0.46 e-('^-/g)^/2) •

6
M- 4.

(cos 9)^ + (1.28e-<l^^/g) /^)(cos 9)^]

for -Tr/2 < 9< it/2, and zero otherwise,

2 4
If [JL is smallj the angular term in (11.44) becomes 0.04(cos9) +1.28(cos9)

which shows that the spectrum is more peaked at low frequencies than had been J

assumed in (llo43)o Conversely if |ji is larger, the angular term in (11.44) be-

comes 0.25 + 0,50(cos9) which shows that the spectrum is more evenly spread

out at high frequencies than had been assumed previously.

The angular spreading factor used in Pierson, Neumann and James [1955]

can be derived from equation (11,43) and it is given by equation (11.45).

(11.45)

The angular spreading factor from equation (11.42) can be written as equation (11.46).

.1,0, (0.50 + 0.82 e'^^^^^g^^^^sin 29
,
0.32 e'^^^^^^^^^

' 2 IT 2ir 4^

F(9) =^+| + -^i|^ for -it/2< 9<Tr/2.

(11.46) F(Hi,i

for -it/2 < 0< it/2.

The curves for f(9) as given by (11.45) and for F(fi, 9) with jjl = and

|JL = 03 as given by (11.46) are given in figure 11.32. Equation (11.43) is seen

to be a compromise between the two extremes indicated by equation (11.42).

The new results, if correct, indicate that long period swell will be higher

on a line through the center of the generating area parallel to the wind direction

than it would be using the methods of Pierson, Neumann and James [1955] and

that the short period waves which follow later would be lower. Stated another

way, the long period components of the spectrum are more concentrated in
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Fig. 11.32
ANGULAR SPREADING FACTOR FOR F(o..),F(.) and F(-.«)

241



the direction of the wind and hence in general Ihey should be observed at a

greater distance than the short period components which spread angularly-

over a wide area outside of the generating area. These results are thus an-

other reason, apart from possible effects of viscosity, why swell has a higher

period than the waves in the area of generation and why short period swell is

seldom observed.

It should be noted that |J.v/g is just another way to write v/c where c is

the phase velocity of the speclral componentj and it will not be too difficult to

write a brief modification of Chapter 3 of H. O. Pub. 60 3 which v/ill employ a

family of angular spreading diagrams as a function of v/c and permit better

swell forecasts.

Cox and Muni^ [1954] have fouad that the variance of the slope of the sea

surface increases linearly with the wind velocity and that the theoretical spec-

trum of Neumann [1954] correctly predicts the total slope variance of the

gravity wave part of the spectrum.

The upwind slope variance is given by equation (11. 47) and the crosswind

slope variance is giver by equation (11.48). (See Pierso", [1955].)

.oo tt/2

ai.47) ^J=j
j

[A(m., e)]'^(cose)2dea^x

4 -it/ 2 "

oo Tl/2

(11.48) °"y^"/
J

[A(fi, 6)]^^-! (3ine)"dGdia

-Ti/2
^

When equation (11.4?.) is substituted into equation (11.47) the result can

be simplified to the form of equation (11.49) wlere v is in meters/sec.

14:



CXD

2 '3 r« rr. ^ ..r 0,^05 / ^c^/Z-S/a^
(1I.49» 0-^ ^ ,1,59 X 10 v[0.50 + 0.125+ -;

—

—
I e dc]

^ 2 Ztt

The contribution of the integral to equation (11.49^ is quite small and the

2
value of or can be given by equation (11,60) where v is in meters per second,

(11,50) a-J- ^- 0.99- 10"^ v

2Similarly c can be found to be equal to

(11-51) ^j ^- 0.60 ,

10"^ V

These values of the upwind and cros-swind slope contributions are in better

agreeraent with the observations than those which result from equation (11.43)

2 2
although Cox and Munk found cr and cr to be nearly equal. Perhaps the dis-

crepancy can be explained by the nature of the site at which they obtained

their observations,*

If tlie ratio,, jav/gj used in deriving equation (11.42) had been of the form

iJ-v /g where v is a constant equal to the wind observed at the time of the ob-

servation, then the integral over a would be a function of v such that the ex-

ponent would be {-a jZ - 8/(va) ). For a surface wind of 15 m/sec there

2
would be a. tendency toward a greater contribution to (r than observed by Cox

2
and Munk, and similarly a smaller contribution to cr„ .

y

Barber [1954] has studied the angular variation of waves with a period

near two seconds in Waitemata Harbour, Auckland. He found an angular vari-

ation somewhat like [cos 6] . However, his results cannot be compared with

these results as he writes that "the wind was about 15 knots and 2 sec waves

* See also the end of this chapter,
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were dominant; but because the fetch in the wind direction was much greater

than elsewhere, it is not expected that the [results] will apply to open water."

Aliasing in the directional spectrum

As shown in figure 1J.26 the computed wave pole spectrum at high fre-

quencies is a little high compared to the theoretical Neumann spectrum. The

computed energy at frequencies greater than a value corresponding to a k of

27.5 is 0.57 (ft) , Some of this energy is aliased in the directional spectrum

back into longer wavelengths. The amount aliased is certainly less than 0.57 1

because part of the above value is probably white noise and part is correctly

located in the corners of the rectangular area of the directional spectrum analy-

sis. Only about 0.37 (ft)^ lies above k equal to 31 and hence some part of

0.20 (ft) is correctly located. Thus as a very crude estimate something of the
'

order of 0.25 (ft) is actually aliased over the directional spectrum. When

spread out over a wide frequency and angular range^ this aliased energy is un-

detectable because of the sam.pling variation in the higher unaliased values.

Correction to the covariance surface

The covariance surface given in figure 11,15 still has errors due to

white noise and column noise in it,. The correction for white noise is to sub-

tract 0.56 (mm^ x 100) (that is. 0.54 x 1.032) from iji(0,0) and 0.191 from the

I

I
central column (0.186 x 1.032). The result is the estimated covariance surface

of the sea plus the swell as shown in figure 11,33, The major effects are to re-

duce the peak at the center,, and hence increase the correlation of the edges with
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the center, and to push the zero contour more realistically to the left along

the -q axis.

It would not be too difficult to remove the effect of the swell from the co-

variance surface and to obtain an estimated covariance surface for the sea. How-

ever, as Tukey and Hamming [1949] have pointed out the covariance estimates

are subject to even more erratic sajnpling variation than the smoothed spec-

tral estimates and this sampling variation is not well understood.

For examples Tukey [1951] has shown covariance functions computed

from portions of the same time series. They were markedly different and

yet the spectra computed from the different covariance functions were very

similar.

For many types of problems in which knowledge of the covariance function

is needed, it has been found that reinverting the smoothed spectral estimates

will yield a more reliable covariance surface. Also for simpler problems the

simplified spectrumt given above which is symmetrical about 9 = would

give a more tractable covariance surface.

Alternate procedures for determining directional spectra

A number of alternate procedures for determining directional properties

of waves have been proposed and attempted.

The methods used by Barber [1954], essentially directional antenna

arrays, are by far the simplest and most economical if fixed positions for the

wave poles can be maintained. The effects of refraction and perhaps bottom

friction and percolation, however, make it difficult to generalize to open sea

conditions and study the full range of components in the spectra.
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Another way is to take wave records from a moving ship by means of

the shipborne wave recorder as described by Cartwright [1956]. The ship is

run on courses corresponding to an n sided polygon and the shift in frequency

of the spectral components is studied. With enough degrees of freedom per

spectral estimate, it should be possible (in principle) to resolve the spectral

estimates into a directional spectrum by the inversion of some simultaneous

linear equations in an appropriate number of unknowns somewhat along the

lines of the method described by Pierson[l952]. However, if the response of

the instrument to the waves is different for different headings due to the pres-

ence of the ship and if the records are too short so that sampling variation

from record to record is pronounced, then the difficulties to be encountered will

be even greater than those encountered in this report. Although some of the

data reduction might be eliminated by analogue methods, the procedure would

have essentially the same degree of complexity as the one used in this report.

The latest proposed procedure for determining directional spectra is

given by Longuet-Higgins [1957], The records from an airborne altimeter

capable of measuring •n(x,y) and 9T](x,y)/9t are assumed at the starting point,

and then by computing various moments from the data as determined by such

quantities as the average distance between successive zeros at various head-

ings and the velocity distribution of zeros, the moments of the spectrum are

obtained^ Then by an inversion technique the spectrum is deduced,

Pierson[l952] proposed the use of anairborne altimeter to determine

the directional spectrum. The method of analysis involved the study of the
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spectra obtained at different headings and the solution of a set of simul-

taneously linear equations.

From the results of this present study, it can be stated that the method

proposed by Longuet-Higgins [1957] is not likely to be successful, especially

with respect to a sea. Since the data are taken at different times at different

headings, each record has a different sampling variation for each spectral

estimate. The various moments thus have wide sampling variation.

Moreover, eighth moments are required to give any sort of definition

to the spectrum. For the true sea surface the eighth moment is entirely

determined by the capillary waves on the water. Some sort of filtering

action would be needed in the recording instruments to maintain pure gravity

wave conditions otherwise a problem in resolution would arise due to the

extreme range of wavelengths covered. The effect of such filters would have

to be incorporated in the theory.

Even with the capillary waves filtered out there would be high frequency

error noise of some sort or another present in the data. In computing an

eighth moment, this noise would blow up beyond all recognition and com-

pletely obviate the value of the estimated moment.

In contrast the methods used in this study effectively suppress high fre-

quencies whether real or due to errors in the data. Also various sources

of error which will undoubtedly be present in any method of recording waves

were isolated and removed.

The very valuable results of Longuet-Higgins [1957] on the statistical
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properties of a random moving surface can most efficiently be applied by

using the moments computed from the corrected spectrum obtained in this

study and allowing for the effects of the white noise and coluran errors.

Winds

The winds as observed by the R, V. Atlantis were measured by means of

a three cup anemometer and a wind vane. The three cup anemometer and the

vane were mounted at the end of the main boom above the upper laboratory of

the Atlantis at a height of 15 to 18 ft above sea leveL The dial of the ane-

mometer was read visually to get the wind speeds. The winds as observed

might have been a little high compared to undisturbed measurements over

open water due to the presence of the ship.

The theory of the Neumann spectrum is based on observations of the

wind at a height of about 25 feet above the sea level. If a logarithmic wind

profile is used with a roughness coefficient of 0,75 cm (Neumann [1948]),

and if 15 feet is used for the anemometer height of the Atlantis, the 18.7

knot wind becomes a 20 knot wind at 25 feet. It becomes a 19.5 knot wind

if 18 feet is used.

The theoretical spectra for 19 and 20 knots are also shown in figure

11,26. On consideration of the confidence bands of the composite spectrum,

especially near the peak where there are only 22 degrees of freedom, the

variability of the winds during the time when the 18.7 knot average was ob-

tained, and the compensating effects of the presence of the ship and the cor-
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rection to a greater height, it is only possible to conclude that the agreement

is satisfactory within the range of possible variation of wind speed and true

spectral values, and that there is certainly no justification for changing the

constant in the Neumann spectrum.

Added notes on the results of Farmer

Farmer [1956] has made further measurements of wave slopes on the

windward side of Bermuda. He therefore had an unlimited fetch of open

water over which the sea was generated in contrast to the results of Cox

and Munk [1954] in which some islands may have interfered with the fetch

as pointed out by Darbyshire [1956].

Farmer [1956] found essentially the same total slope variance as

Cox and Munk [1954]. The ratios of upwind downwind to total slope variance

found by Farmer were 0.57, 0.60, and 0.77, and these compare quite

favorably to the theoretical value of 0.625 given by equation (11.49).
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PART 12

RECOMMENDATIONS AND CONCLUSIONS

Conclusions

The directional spectrum of a wind generated sea has been determined

from stereo data after correcting the data for differential shrinkage, column

noise, white noise and the presence of a swell. This spectrum shows a single

peak and the contributions from different wavelengths cover a wide range of

wavelengths and directions. When transfornaed to a frequency spectrum,

with directional effects eliminated, the results are remarkably close to the

theoretical spectrum derived by Neumann. The longer waves in the spec-

trum are concentrated over a narrower range of angles about the wind di-

rection than the shorter waves.

The actual spectrum reflects some effects of sampling variation, wind

shear, and changing wind direction upwind which are difficult to isolate be-

cause of the nature of the wind data and the sampling variation. When these

are removed by simplifying assumptions, it is possible to obtain an analytic

representation for the spectrum which appears consistent with known pro-

perties of swell and sea surface slopes.

The analytic representation which has been obtained rests upon some-

what shaky foundations as far as angular effects are concerned. However, for

forecasting it would appear advisable to incorporate these results into the

forecasting naethod without awaiting further verification. Certainly the re-

sults on which such a revision would be based are on firmer theoretical ground
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than the results on which the original material was based.

The spectrum computed from the wave pole data does not agree with

the spectrum computed from the stereo data nor with the corresponding

theoretical Neumann spectrum.. Variability in the spectrum due to wind

variation of the order of one knot would explain the discrepancy. However,

a more likely reason for the discrepancy appears to be in the calibration of

the wave pole.

The numerical results which have been obtained provide valuable data

on a wind generated sea for a fairly low wind speed. It will be particularly

useful in studying the topography of the sea surface and in problems con-

nected with seaplanes and small vessels.

Recommendations

The use of stereo photographs to determine the directional spectrum

of a sea has proved feasible. Due to attrition, an originally desired 50

degrees of freedom per spectral estimate was reduced to only 19. The com-

putations were lengthy and difficult, but nevertheless results of consider-

able value were obtained.

It is difficult to generalize the results obtained to higher wind speeds,

and one determination of a directional spectrum is not enough to provide

comprehensive details on fully generated seas for a range of wind speeds.

It is therefore recommended that an experiment similar to the one de-

scribed in this report be repeated for a fully developed sea at at least one

higher wind speed. A wind of 24 knots, a fetch of 130 NM and a duration of
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14 hours should not be too difficult to find. For these conditions the signifi-

cant wave height would be nearly double and the E value would be nearly

four times those observed for the 18=7 knot wind according to the results

of Neumann,

If such distorting effects as differential shrinkage and column noise could

be eliminated by proper choice of film and prelinainary studies of their causes

it would then be possible to allow a four-fold increase in the white noise vari-

ance without seriously affecting the results. This would permit the planes to

fly higherj thus covering a larger area in one stereopair and providing better

resolution and more degrees of freedom. An appendix written by Simeon

Braunstein, the Research Division photographer at New York University,

follows these recommendations and conclusions. In it is given a discussion

of the stability of different types of film bases and of film processing methods

which should eliminate the effects of differential shririkage.

In such an experiment more careful attention should be paid to the wind

field, and winds should be recorded at least every hour for as long a time as

possible prior to the observations, A decrease of wind speed in the wind

field should be avoided. The winds, if possible, should be measured at

several heights.

Moreover, now that a fairly good method of analysis for the results

has been developed, it should be possible to program additional operations

on the spectrum to carry out in just a few minutes all the computations

made in Part 11.
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As mentioned in Part 11, a calibration study of the wave pole is recom-

mended, but for a new stereo study, it is recommended that the design of the

wave pole be altered along the lines suggested by H. G. Farmer.

At or near the same time that the stereo and wave pole data are taken,

it might be advisable to take records with anairborne altimeter as developed

at the U. S. Navy Hydrographic Office and with shipborne wave recorders in-

stalled on several different types of vessels. The airborne altimeter could

be flown at a number of different headings and the ships could be operated

both hove to in head seas and on polygonal patterns as described by Cart-

wright, This would require an advance forecast of a stationary state for at

least four hours, but this should not be too difficult to achieve.

The wave pole data at the present time appear to be the only data

capable of reproducing the higher frequencies correctly, and such data

would still be needed. With stereo data, wave pole data, airborne altimeter

data, and shipborne recorder data it will be possible to make exhaustive

cross checks of the calibrations and responses of all the instruments and

to study the relative utility of each.

With such exhaustive measurements of the sea state, additional data

of interest to naval architects and electrical engineers could also be ob-

tained at the same time. This would permit their theories and calculations

to be based on a firm foundation consisting of adequate knowledge of the

state of the sea at the time of their observations.
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APPENDIX
The Dimensional Stability of Photographic Films

Abstract

The dimensional stability of several photographic film bases to

relative humidity, temperature, processing, handling, and storage

is discussed. Permanent and temporary size changes are outlined.

Recommendations for the choice, processing, and storage of film

intended for photograxnmetric use are made.

Sources of errors in stereo-photogrammetry

In addition to optical factors, platform stability, camera tilt, etc. ,

the inherent dimensional instability of flexible photographic film bases
may contribute to error in naeasurements made from aerial stereo photo-

graphs. In order to minimize error due to the last cause, care must be
taken in the choice of film, storage before and after exposure, processing,
and handling.

Dimensional changes in photographic films may be classified under
two headings: temporary and permanent. There are two factors involved

in temporary changes: temperature and relative huinidity.

Temperature effects

The thermal coefficient of expansion of most common film bases (1944)
is approximately 5 xlO"^ inches per inch per degree F, or about 0.05 per-

cent per 10°F. Table I shows the effect of temperature, as well as relative

humidity and processing, on several film bases (Fordyce, Calhoun, and
Moyer, 1955). The expansion is generally 10 to 40 percent greater in the

widthwise than in the lengthwise direction. This is the result of the partial

orientation of the molecules in the base in the machine direction. It is evi-

dently easier, under these conditions, to increase the distance between them,
either by thermal agitation, or by the introduction of moisture, in a direction
perpendicular to this alignment.

Humidity effects

The humidity coefficient of linear expansion of common films varies
from a low of 1.0 x 10"^ for DuPont "Cronar" to about 10 x 10"^ inches
per inch per 1 percent relative humidity change, for standard cellulose
acetate. This effect is essentially linear between 20 and 70 percent relative
humidity, and somewhat greater below 20 percent and above 70 percent.
Photographic films exchange moisure with the air continually. The mois-
ture content of a film is determined almost solely by the relative humidity
of the air with which it is in equilibrium.
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Tabic I. Average Processing Shrinkage, Humidity Expansion and Thermal Expansion

of Current Eastman Motion Picture Films.



TABLE II

Humidity Size change example
Coefficient of a 30" litho nega-
(length tive with a 20% in-

change in crease in RH, using
^' inches/inch the midpoint of the

of length/1% Humidity-Coefficient

Base Type RH change) Range
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The third cause of permanent dimensional change is release of

strain, or recovery from deformation. If film base is stretched daring

manufacture under conditions which do not permit reorientation of the

molecules, deformation, or creep, occurs, resulting in lengthwise

extension and widthwise contraction. Rapid cooling retards recovery

of the deformation (primary creep) due to "freezing in of strain". This

strain may be released at some time during the life of the film, with con-

sequent lengthwise shrinkage, and widthwise expansion. Where such a

strain exists, the rate of recovery is increased by both heat and moisture.

Table TV shows the effect of temperature on the rate of shrinkage

of an earlier film base, EK16 mm safety reversal. Shrinkage was mea-
sured in the lengthwise direction, on processed film strips exposed freely

to air at the indicated temperatures, and 20 percent relative humidity.

TABLE IV

% Shrinkage



Processing shrinkage

Films swell during development, and shrink again during drying.

Most films undergo a small permanent shrinkage during processing. How-
ever, if the film is not brought to equilibrium with air at the same rela-

tive humidity after development as it was before, the permanent process-
ing may be completely masked by the temporary expansion or contraction

due to change in relative humidity.

Table V shows the effect of processing on several filra bases. Values
are given for materials conditioned 4 hours before and after processing
at 20 percent relative humidity, 50 percent relative humidity, and 70 per-

cent relative humiditv. all at 70°F.

Elfact of Processing on LItho Film Size

Representative sensitized films were measured before and after

processing to determine processing stability. Values are given

TABLE V

for materials conditioned 4 hours before and after processing

at 20% RH, 50% RH and 70% RH, all at 70°F.

AVERAGE SIZE CHANGES IN %



TABLE VI. Shrinkage of EK Nitrate MP Film.
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Shrinkage of photographic film is extremely complex. Several different

processes are going on at once, and each is affected in a different manner by

heat and moisture, and other factors. It is not always easy to predict how a

given film will react when subjected to unknown conditions of storage and

handling.

Recommendations

Film choice .

The film which shows the least amount of processing and storage

change should be used. This, at present, is the Type A .cellulose acetate

butyrate base. When it becomes available for aerial film, Du Pont "Cronar"

should show some improvement over other bases.

The two rolls intended for stereophotography should be chosen from
the Seune emulsion lot.

Making the photographs

Dimensional errors in aerial negatives caused by humidity or

thermal expansion may be reduced by printing (or measuring the negatives)

in an air conditioned laboratory, preferably at about 70°F, and 50 percent

relative humidity, and by thermostating the cameras at the sanne tennpera-

ture. Ideally, the negative should be in equilibrium with air of the same tem-

perature and relative humidity at the time of printing or measurement as at

the instant of exposure. Film is in equilibrium with air at approximately
55-60 percent relative humidity when packed in air-tight (taped) cans, and will

change very little in the camera if exposures are made in rapid succession;

however, temperature changes inside the camera cannot be prevented except

by some method of automatically controlled heating. Completely air-con-

ditioned cameras, which provide both temperature and relative humidity con-

trol, have been used quite successfully, in the recent past. Dimensional
errors have been reduced considerably by this method, as well as markings
by static electricity.

Processing

Film should be processed at normal temperatures ~ 68-70°F. It

should be subjected to as little tension as possible, especially while wet, and

should be dried at a relative humidity of about 50 percent, and temperature
not in excess of 85°F.

Handling

Film should be handled gently, and, insofar as possible, both rolls

intended for stereo photography should receive identical treatment.
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Storage

Since access to air increases shrinkage— "Cronar" possibly
excepted— film should be stored in sealed cans before and after use and
processing. Heat also speeds shrinkage; therefore film should be stored
in a cool place. Both rolls of a stereo pair nnust be stored under identical

conditions, both before and after processing.
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