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On estimating the mean energy of sea waves
from the highest waves in a record

By D. E. CARTWRIGHT

National Institute of Oceanography, Wormley, Surrey

(Communicated by G. E. R. Deacon, F.R.S.—Received 19 February 1958)-

An analysis is made of the probability distribution of the largest values attained by a
stationary random variable f(f) over a period of time containing several oscillations. Exact
computations are made and asymptotic formulae are derived for the expectation and
standard error of the first, second and third greatest maxima in terms of \/m,, the r.m.s.
deviation of f(t) about its mean value, on the assumption that successive waves are un-
correlated; an analysis is also made of the corrections necessary to allow for mutual correla-
tion when f(f) has a narrow spectrum. The results are applied to measurements from a
24 h record of ocean waves containing some 10000 oscillations.

1. INTRODUCTION

When considering a continuous record of some randomly oscillating quantity, such
as the height of the sea surface above a fixed point, one often wishes to find a single
statistic which will characterize the ensemble of wave heights occurring over a
given period of time. Among those which have been used are the mean or r.m.s.
wave height, the mean of the highest one-third or one-tenth wave heights, the
standard deviation of the record, or, simplest to estimate in practice, the height of
the largest wave occurring in the record. For sea waves it is well known that the
expectancies of all the above statistics bear simple ratios to one another, as shown
by Longuet-Higgins (1952), who derived theoretical values which were in fair
agreement with observations. The maximum wave height in a very long stationary
record would therefore be equivalent to any of the other more laboriously estimated
parameters. Indeed, the idea of estimating the variance of a population from the
largest in a sample is quite familiar (see, for example, Kendall 1945, pp. 217-18).
However, in practice, stationarity does not hold for more than a few hundred waves,
and so only a limited length of record is available; this introduces sampling errors
for which confidence limits must be established.

In what follows we study first the probability distribution of the highest of
N waves, so obtaining the expectation, standard error, and confidence limits of
the estimate. Then similar analyses are made for the second and third highest
waves, whose sampling errors are somewhat lower. In the next section, the effect
of mutual correlation of adjacent waves on the above quantities is considered, and
finally the resultsare applied to an actual record containing some 10000 ocean waves.
The measurements being in good agreement with theory, the latter can be con-
fidently used to estimate the mean energy of any wave system (or the standard
deviation of any stationary record), and also the probable errors in such an estimate.
Although the discussion will be in terms of sea waves, the whole treatment applies
equally well to any related random oscillation, such as the motions or stresses
experienced by a ship at sea.

[22]



Estimating the mean energy of sea waves 23

The literature on the theory of extreme values in general is fairly extensive;
a recent summary with bibliography is given by Gumbel (1954). However, practic-
ally all the work has been done in application to extreme values of very large
samples, usually extending over years of measurements, and so only the leading
terms in asymptotic expressions have been considered. Further, there is no ade-
quate treatment based on the special probability distribution appertaining to
waves, or taking into account correlation of successive members. A fresh approach
from first principles for this particular problem is therefore desirable.

In the case where the spectrum of the wave record is very narrow, the expected
and most probable values of the maximum of N waves have been derived by
Longuet-Higgins (1952). However, as pointed out by that author, his results may
be modified in two ways. First, if the spectrum is not narrow, the assumed (Rayleigh)
distribution of the waves themselves no longer holds exactly. To allow for an arbi-
trary spectral shape, we shall therefore consider the more general distribution
derived by Rice (1945) and analyzed by Cartwright & Longuet-Higgins (1956); this
distribution strictly applies not to wave heights measured from crest to trough,
but to crest heights measured from the mean level.

Secondly, if the spectrum is, on the contrary, very narrow, then consecutive
crests have a large correlation, so that the effective value of NV is reduced. Watson
(1954) has shown that the effect of correlation on the distribution of extreme values
in general is rather small for large NN, provided certain conditions hold, but
we shall extend Watson’s argument to estimate the magnitude of the effect, which
is desirable when N is not very large. Nevertheless, it will be found that for a wide
range of conditions it is sufficiently accurate to work in terms of the Rayleigh
distribution considered by Longuet-Higgins, with some simple correction factors
to allow for the two effects just mentioned.

2. THE DISTRIBUTION AND STATISTICAL PARAMETERS OF THE
LARGEST OF N UNCORRELATED CREST HEIGHTS

We begin by considering the general case of mutual independence, since it is
least complicated. When the effect of correlation is considered later (§4), it will be
expressed as a small correction to these results. The case of zero correlation is not
without practical significance, since it applies, for example, to a set of waves chosen
randomly at reasonably large intervals of time.

Suppose the wave profile is represented by the stationary random function of
time f(t), whose mean value is taken to be zero, and whose mean square deviation
taken over all time is m,, and let  denote a crest height in terms of m$. That is,

& = f(t')/mi,

h iwy=0, L fey<o and my=1tim =" [fopas
where  $f)=0, $5f¢)<0 and my=lim o [ [P

T'—>co

(In the case of sea waves, m, represents of course the mean energy per unit area
of surface.)
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If ¢,(x) denotes the probability that any given crest shall exceed z, then the
probability that the maximum of N mutually independent crests shall be less than

z is
' Pa@) = [1— g (@)1, (1)
The expected value of the maximum, or the first moment of the distribution, is
given by o » 0
1) = [ wapye) = [ 1-pateNde- [ para, @)

after integrating by parts, since g(x) decreases monotonically from 1 at —oo to
0 at oo.
Similarly, the rth moment, provided it exists, is given by

0 ) 0
) = [ wrapy = [T -pyenae- [ wp@dn @

The standard error D(XN) is of course derived from these moments by means of
the relation DN = M(N)— M.

Using the notation of Cartwright & Longuet-Higgins (1956), the most general
formula for ¢,(x) can be written as

22}

z(1—e2)t/e ‘
| @

e dl 4 (1 — )t et2* f e~ dt|,

-~

0(%) = qy(x, €) = (2m)~ [ J

zle

where ¢ is a fixed positive number never exceeding 1, which depends on the shape
of the energy spectrum of f(?), and tends to zero as the spectral width decreases.

(@) Computed values

Exact calculation of the moments of the general distribution (4) can only be made
by numerical integration. Values of M;, M, and D have been computed on the
DEUCE electronic computor at the National Physical Laboratory, Teddington,
by Mr G. F. Miller and are tabulated in Appendix 1 fore = 0 (0-1) 1-0 and N = 2™,
with m = 0(1) 15. From these tables, statistics for most practical values of ¢ and
N can be obtained by interpolation. In these tables the last digit given may be in
error by not more than one unit.

The probability functions py(x) were also computed, and the functions for ¢ = 0
and 0-9 are shown graphically in figures 1a and 6. For some analytical purposes
(see Cartwright & Longuet-Higgins 1956) it is convenient to approximate to py(x)
with the asymptotic expression

py(x)~exp[—N(1—e)tei+'] (5)

for large N ; the difference between the asymptotic and exact expressions are also
shown graphically in figures 1 ¢ and d for the same values of ¢ asin 1 @ and b.

Figures 2@ and b show the upper and lower confidence limits at 5 and 1 %, pro-
bability, respectively. They represent the solutions of the equations

pylz) = 0-025,0-975; 0-005, 0-995

and were obtained by interpolation from the computed values of py(x).
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Ficures la and b. Probability functions py(z) (equations (1) and (4)) for various values of
N=2mand (a) e=0, (b) e=0-9.
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Figure 3 shows the standard deviation relative to the mean, D/M,, plotted against
N, for most of the available values of ¢.

(b) Analytical formulae

For analytical purposes we require a simplifying approximation for the general
formula (4). Figures 1¢ and d show that the asymptotic formula (5) is quite good
for a wide range of values of ¢, and large values of N(1—¢2). We shall therefore
approximate to the distribution of the maximum of N wave crests by replacing
q,(x, €) by q,(z,0) and N by N(1—e2)}. We can therefore restrict discussion to the
simple case 12
w@ -a@o =] L0

exp{— N e 3} —py(a) exp[ — N(1—e2)} e~ — py(z)
0-08; 0-08

0-06

0-04

0-02

X x

Ficures 1cand d. Difference between exact and asymptotic formulae for the functions py(x),
with (¢) e=0, (d) €e=0-9.

provided e < 1. The case ¢ = 1 is unlikely to arise in practice; in fact it corresponds
to a normal distribution, for which the theory of extreme values is well known—
see, for example, Tippett (1925).

From (3) we have

M) = r [ a1 - (- d (6)

On expanding the internal bracket binomially and integrating term by term, we
may write this as follows

M(N)=2§r(g)![N_N(N—1)+N(N—l)(N—2) PG _(_I)N].

247,21 3t 31 T (N—1)ir N
(M
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As it stands, (7) gives no useful information about the behaviour of the moments
M,(N), and is unsuitable for calculation when N is greater than about 20. A more
useful result can be obtained as follows. From (7), or on integrating by parts from
(6), we have the reduction formula

M(N)—M(N —1) = (r[N) M,_o(N), (8)
and on summation with respect to N,
N
M(N)=r Z ( 1/s) M,._o(s), 9)
8=
04 T T ll]“l} T T !Illll‘ T 1] T 7 7T 1017

0-3
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Figure 3. Curves of standard deviation of x relative to its expectation.

=

since from (6), M,(0)=0. We also have

) =y - HE=D NE=DNZD) o apy— (ap
=1-(1-1¥=1
and so M) =251,
1

M) = 22,213 (Us S 1)
s=1 1

NN :
=221 1/st (s=t)
11
and in general
N N N v
M%.(N) = 2’9‘! Z 2 v Z (3132... 89.)_1 (81282283-.. ?8,.). (10)
1

81=1 8;=1 &=
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These formulae can be expressed as series of powers and products of the functions
N
S n(N )= X s,
s=1
from which asymptotic formulae for large V can be derived by means of the relation
(Whittaker & Watson 1952, p. 235)
Si(N)=InN+y+iN-1+0O(NN-2),

and by replacing S,,(N) (r>1) by §,,(co0) with errors of order N—"*1 (in the above
formula y is Euler’s constant, 0-5772...).

Thus
My(N) = 28;(N)~2(InN +7),
M(N) = 22[S3N) + Sy(N)] ~ 2[(In N2+ 2y In N 2 + §m2], (11)

Me(N) = 23[5"1‘(1\7) +381(V) So(N) + 285(NV)
~ 29[(In N3+ 3y(In N2+ 3(y2 + 47%) In N 473+ bym? + 28],

where S; = S3(c0) = 1-20206....

It appears difficult to formulate the general result for the 2rth moment by this
method and one certainly cannot use it for the odd moments, since M, is not expres-
sible in exact terms. However, the asymptotic formulae for all moments may be
obtained directly by a different method as shown in Appendix 2. (The author is
indebted to Dr Longuet-Higgins for pointing out this method to him.) The result is

1 L,
M, (N)~ (20)%r[1 +1rd,072 +ﬂ%—DA20*2+ ] (12)
where 0 =In N,

Ay =y=05712...,

Ay =y2+im? =1-9781...,

Ay = y34+Lym?+28, = 54449 ...,

Ay =Y+ 22+ 8yS, + (3/20) mt = 23-5615 ...

Equation (12), which is correct to an order (In N)# N-1, is seen to agree with the
previous results (11) derived for the even-order moments. The 2rth moments also
accord with rth moments about the mean derived for a variable proportional to z?
by Fisher & Tippett (1928). When r is odd, the series in (12) does not terminate, or
even ultimately converge, but any finite number of terms will approach the true
value asymptotically as In IV increases, as shown in Appendix 2.

In particular, we have for the first moment

M(N)~(20)F (1 434,071 — 34,62+ L A,6-5—...). (13)

This is in accordance with the result of Longuet-Higgins (1952), where the first
two terms only were obtained by another method.
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By formally squaring the series (13) and subtracting from that for M,, we obtain
the following expression for the variance .D?
D¥N) = My,— Mi~ (20)2 (By+ B0 1+ B,02%+...) (14)
with B, = in%=16449...,
B, =—-}yn*—8;=-2-1515 ...,
B, =|{y?n®+2yS;+ (13/288)7* = 6-3327 ...

(¢) Discussion of results so far obtained

Table 1 compares the asymptotic formulae for M;, M, and D for ¢ = 0 and 0-9
with exact values taken from Appendix 1. For ¢ = 0, the formulae obtained above
were used directly, with the first four terms only of (13) and the first two terms only

TABLE 1. COMPARISON OF EXACT AND ASYMPTOTIC FORMULAE FOR MOMENTS

€=0-0 e=0-9
r A ) o A N
N exact asymptotic exact asymptotic
Ml
23 2-276 2-283 1-894 1-971
24 2559 2-562 2-221 2-226
285 2-817 2-819 2-510 2-508
26 3-054 3-057 2-773 2-770
27 3-275 3-277 3-013 3-011
M,
23 5436 5313 3-927 3-653
24 6-761 6-700 5-200 5039
28 8117 8-086 6-524 6-425
28 9-488 9-472 7-874 7-811
27 10-866 10-858 9-240 9-198
28 12-249 12-245 10-613 10-584
29 13-633 13-631 11-991 11-970
210 15-018 15-017 13-372 13-357
D
25 0-428 0-384 0-470 0-396
26 0-398 0-368 0-432 0-387
2° 0-374 0-352 0-402 0-371
28 0-353 0-337 0-377 0-355
29 0-336 0-323 0-356 0-340
210 0-320 0-310 0-338 0-325
21 0-307 0-299 0-323 0-313
212 0-295 0-289 0-309 0-301

of (14). The results for ¢ = 0-9 were obtained similarly, but with N (1 — €)% in place
of N. Itisseen that the asymptotic formulae for M, are very accurate, being within
19, for ¢ = 0, N = 8, and for ¢ = 0-9, N = 16. (It should also be remarked that
Longuet-Higgins (1952) showed that the first two terms alone of M, give an error
of only 29, for ¢ = 0, N = 20.) The formulae for M, are slightly less accurate, but
are within 19, for ¢ = 0, N = 16, or € = 0-9, N = 64. The relative error in D is
considerably higher, 10%, for ¢ = 0, N = 64, or ¢ = 0-9, N = 128. This is to be
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expected, however, since in forming equation (14) the leading terms of M, and M,
vanish, leaving terms of relatively higher order but smaller magnitude. In all cases
accuracy increases steadily with increasing NV and decreasing e.

It is interesting to note that although the asymptotic formulae developed above
donot apply to the limiting case e = 1, the moments of the normal distributione¢ = 1
shown in Appendix 1 do not differ very greatly from the corresponding values for
€ = 0-9, to which the asymptotic formulae developed from the Rayleigh distribution
with N (1 —¢2)? in place of N give a good approximation.

Having established numerically the closeness of the asymptotic formulae to the
exact values, for most values of ¢ and from fairly small values of N upwards, we may
now use the asymptotic formulae (12) with confidence to discuss the general be-
haviour of the moments M,(N). In what follows N, denotes N (1 —e2)%.

As would be expected, all the moments about the origin increase steadily with
N,, but since M,(N) ~ (In N, the rate of increase is slow, being slower for the larger
values of N, and the smaller values of 7. On the other hand, the variance, or second
moment about the mean (14), is seen to decrease like (InN,)~!, showing that the
distribution becomes confined within a steadily narrowing range as N, increases.
This is also clear from the steady steepening of the probability curves py(z) in
figures 1o and b as N increases, and the narrowing of the interval between the
confidence limits in figures 2a and . While D is decreasing with (In N,)-%, the
expectation M, is increasing with (In V,)}, so that the relative standard error (in
the estimate of m% for example), plotted in figure 3, decreases like (In N,)1; in fact
D _m[y24 _0-641

M, N, " Tl

€

This result contrasts with the sampling error of a direct measure of the r.m.s.
value of f(t), the error being ultimately proportional to N—* (see Rice 1945 and
Tucker 1957). Therefore the latter error decreases more rapidly than the error of
the estimate obtained from the maximum wave. A numerical comparison between
these sampling errors will be made in § 3, after studying the effect of correlation.

The leading terms in the asymptotic series for the 3rd and 4th moments about
the mean, m4 and m,, also decrease with increasing N,, as would be expected. They

are my = My, — SM, M, + 2 M3~ (2In N,)-% 28,
my = M, — 4 M, M, + 6 MM — 3M%~ (2In N,)~2 (68, + 352).

It follows that the coefficients of skewness, f;, and kurtosis, f,, tend to the finite
limits

By = mi/mi~ (28,)2/S3 = 1-299 ..., } as)

By = mym3~3+68,/83 = 3+12/5 = 54,

indicating that the distribution becomes positively skew and more peaked than the
normal distribution (for which 8, = 0, £, = 3). For this reason the lower confidence
limits are nearer to the mean than the upper limits (figures 2a,b). However, the
differences between the respective limits are remarkably close (within 2 or 39,)
to the values which would be appropriate to a normal distribution with the same
standard deviation (3-92D and 5-15D, respectively). The departure from normality
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of similar distributions of extreme values was first remarked by Tippett (1925),
and Fisher & Tippett (1928) showed that the same numerical values as in (15) apply
to the limiting distribution of extreme values of a normal population; this of course
corresponds to our ¢ = 1, and it appears that the same limits will hold for all
values of e.

3. THE SECOND AND THIRD HIGHEST WAVES

It is a well-known fact that the second or third, etc., largest individual is often
a more reliable measure of the parent population than the largest. We shall, there-
fore, now investigate the reduction in standard error in the second and third highest
waves from that of the highest of N waves, again at this stage assumed mutually
uncorrelated.

If M (N) denotes the rth moment about the origin of the distribution of the second
highest crest, it can be shown by the same argument as before that

M(N) = M(N)— N[M,(N)—m,(N —1)]. (16)

If, as in § 2, we approximate to ¢,(, €) by g;(x, 0), with NV, in place of N, then on
using equation (8), (16) becomes

MUN) = M(N)—rB,_y(N). (17)

This gives a very simple result for the second moment, namely
N
MyN)=M(N)—2=2 (2 1/s— 1) ~2(InN+y—-1).
1

To obtain the first moment from (17) requires an expression for JM_,, or the mean
reciprocal of the maximum wave. Although the derivation of the asymptotic
formulae for M. (N) (Appendix 2) is valid only for >0, it can be shown that the
same general formula (12) can be used for negative values of r also. Thus

M ~(20)F(1—-14,01+34,02—...)
and  M{(N)= M(N)—M_,N)
~ (20 [1—31—y) 01+ 52y — 4,) 02— (84, — 4,) 0-3+...]. (18)
If D'(N) denote the standard error of the second highest wave, then
[D'(N)P~ 20 {7 = 1)+ [F(L—=7) 7 +7 = 85] 071 — ..}
= (20)~1(0-6449 + 0-07066-1—...). (19)

Equation (19) shows that D’ tends to lower values than D, while from (18) it is
seen that M7 is only slightly less than M, and tends ultimately to be equal to A4.
For large IV, therefore, the standard error relative to the mean is less than that for
the highest wave by a factor approaching the value

(1—6/n%)} = 0-626....

Figure 4 shows the exact value of D’/D, for values of N up to 105, and it is seen
that the limit is approached rather slowly.
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Similarly, the »th moment of the distribution of the third highest wave in a
sample of size N is given by

MN) = M(N) = 3rM, _o(N)+3r(r—2) M,_o(N). (20)

For the second moment this formula gives immediately

N
My(N)=231/s—3~2(InN+y—3).
1

o— e
~ MM,
08—
0-6—
04—  + —
B 10 00 N 1000 10000

A SRR 1 A NN NN N I NN NN NN NN N BN N

2 4 6 8 10 12 14
log, N

Fiaure 4. Ratios of means and standard deviations of second and third highest maxima to
those of the highest maximum, for e=0. (The circles and crosses represent the computed
points for small integral values of N and the curves, if continued, would pass through
them. The horizontal broken lines are asymptotic values for large N.)

The asymptotic series for the mean M7 and variance, D”, are respectively

MY(N) ~ (200 [1— (3 —47) 02— 3(1 — By + Ay) 02+ 55(6y — 94, +24,) 09 —...]
(21)
and  (D")2~ (20) [(3n2—5) — (Sy+ 3+ bym®—Jn2—59) 61+ ..]
= (20)71(0-3949 + 0-28740-1—...). (22)
Equation (22) shows a still greater reduction in standard error for large N, bearing
a limiting ratio to D(N) of
(1—15/27%)% = 0-490....
The exact values of D'/D, D"|D, Mi/M;, and M}/M, for ¢ = 0 are shown in
figure 4. For NV <16 points on the curve were computed directly, using equations
(7), (17) and (20), and for greater values of N the calculations were based entirely

3 Vol. 247. A.
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on the values of M, (V) given in Appendix 1, using equation (16) and suitable finite-
difference formulae. The latter method could, of course, be used for other values of
¢ if required. The curves shown approach their limiting values relatively slowly, so
that for values of N generally used (say between 100 and 1000), values differing
considerably from the limits will apply.

The process described above could be extended to give the parameters for the
mth highest wave, but with increasing complication. In some cases the following
alternative method of reducing the sampling errors may be worth considering. A
record containing N waves may be divided into » subgroups, and the average of the
maximum waves in all these subgroups may be taken. The standard error of this
estimate will be reduced from that of the overall maximum in the ratio

n_%D(N/n) al1— Inn\]-%
D(N) InN
for large N. For n = 2, the reduction in sampling error is numerically about the
same as that of the second highest wave.

4. THE EFFECT OF CORRELATION

The theory has so far been developed entirely on the assumption that the NV wave
crests in the sample are mutually uncorrelated. In practice this condition could
be met by ignoring all but every nth wave, where » may be 3 or 4, say, but this
process would be both tedious and wasteful of available data. However, if each
wave is highly correlated to the adjacent waves, the effective number of indepen-
dent waves is clearly reduced to some extent, and we shall now consider the magni-
tude of this reduction. Watson (1954) has shown that if the members of a population
are unbounded and m-dependent (that is correlation is negligible only between
waves separated in order by more than m), and the ratio of the probability of any
two waves exceeding ¢ to the probability that one wave exceeds ¢ tends to zero as
¢ tends to infinity, then the distribution of extremes tends to the same value for
increasing N as in the case of independence. We shall here extend Watson’s analysis
to give a higher approximation for the moderately large values of N in which we
are mainly interested.

Suppose the ordered set of crest heights are xy, x,, @3, ..., y. Let

Q(lea szr tee er; x) (T < N)

denote the probability that the » quoted waves shall exceed z, regardless of the
value of the remaining N —r waves, and Z@),(x) denote the sum of such probabilities
for all the (¥) combinations possible. Then it can be shown that the probability
py(z) that all the waves (and therefore the maximum wave) shall be less than z
can be expressed in general by

P(x) = 1= ZQy (@) + ZQy() — ZQy(x) + ... + (— 1)V ZQy(@). (23)

Let us first apply (23) to the simplest case, that of independence. Here the
probability of any » waves exceeding « is ¢i(x), and so

$Q,(x) = N(N —1) (N —2)... (N—R+1)(gi/r!).



Estimating the mean energy of sea waves 35

Equation (23) then gives immediately
py(@) = [1-gy()]Y,
as in equation (1).
Following Watson (1954), we define a sequence cy(£) such that for any given
positive number £ < 1: a(ex) = EIN.

Clearly ¢y — o0 as N — 00, so that if we put « equal to ¢y we obtain in the limit the
well-known result for independence

pyley) ~e$(1—£22N)~e s,

Next consider the waves to be 1-dependent, that is, to have correlation only
between adjacent members. If g,(x) representsthe probability of r consecutive waves
all exceeding x, the components of (23) can be expressed in the form

ZQy(x) = Ngy(2),

ZQy(@) = (N—1) (N —2)(q1/2)) + (N - 1) g3,

ZQy() = (N —2) (N —3) (N —4) (¢}/3) + (N —2) (N =3) 9195+ (N — 2) g3,

2Qy(x) = (N —3) (N —4) (N —5) (N —6) (qi/4!) + (N — 3) (N — 4) (N - 5) [(¢4192/2]

. + (N —3) (N —4)[q:95+ (22)%/2!]+ (N - 3) g4,
etce.

With z = ¢y and ¢; = £/N, (23) then consists of a number of terms independent
of N, and a remainder of order N-1. The former terms may be divided into a group
involving £ only, namely

1—E+8%21— ...+ (—1)VEN/Nl~e,
and another finite group of terms involving g;/q,, starting as follows

(93/9)) (E—E2+ /21— ...) + 1/21 (gh)qy)? (B2 — EB+ £4/21— ...)

+1/31(g2/q1)* (3 — £+ €721 —..) + ...
and tending asymptotically to

et (e(q’z/ql)f —1).

On collecting similarly the terms in gg/q,, ete., we obtain finally as the asymptotic
form for py(cy), correct to order N1,

Dy(en) ~e 51+ [exp (+&g35/q,) — 1]+ [exp (— &qs/q,) — 11+ [exp (+&qa/qy) — 1]+ ...}

Since q,,/q; = (¢5/91)" ", it follows that if ¢3/q; < 1, then ¢3/q; and higher terms can
be neglected, and the first approximation to py(cy) for 1-dependence is

yley) ~ exp{—£[1—(93/9.)1}
= exp{—Ng,[1 —(g5/9:)1}-

The general result for m-dependence can be obtained in a similar way. If ¢¥
(r<m) is the joint probability that two waves separated in order by r exceed z,

m
and Zq, denotes ¥ ¢ and X¢, denotes a similar sum covering all combinations of
r=1

3-2
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groups of size s, no two members of which are separated in order by more than m,
then it can be shown that
Pyley) ~ e~ {1 +[exp (+£Xqy/q;) — 1]+ [exp (—£Xgs/qy) — 1] +...}. (24)
Watson (1954) used the condition that
lim max (¢/q,) = O, (25)

Cy—>© r<m

from which it follows that
| lim Xg,/qy =0 (s>2).
CN%W
He deduced that lim py(ey) = €75,
cN-——)oo

so that for large N the distribution tends to the same form as for independence.
Condition (25) will certainly hold for the type of distribution with which we are
dealing, but in order to assess the effect of correlation for moderate values of N we
shall retain a few more terms in (24). Assume for convenience that quotients of
higher order than ¢,/¢; can be neglected. Then (24) can be written

p(ey) ~exp{—E[1— (Z¢a/q1) I} {1 - £(Xg5/91) exp [ - £(Xg0/01)]}
+oxp[— {1 (2g2/91) + (Xgs/q1) exp [ - E(Zgz/q0) 1] (26)
If we now replace cy by z, and £ by Ng¢,(x), (26) can be interpreted as meaning
that the distribution of the highest wave for m-dependence is to a first approxima-
tion equivalent to that for independence with N multiplied by

1-205/q: + (Z2q3/q,) 67V = 1 —a, (27)

say, where for the approximation to be valid & must of course be fairly small.

In order to assess relative magnitudes of « it is necessary to obtain an expression
for 2q,/q; in terms of the energy spectrum of f(f). An exact expression would be
very difficult to obtain. However, when the spectrum is narrow, which is the case
when correlation becomes important, the following treatment gives a good
approximation.

For a narrow spectrum we have

¢:(2) =674,

and, given a wave crest x;, the next wave crest, z,, occurs approximately after an
interval for which the autocorrelogram of f(¢) has its first maximum, p,, say, with
a mean value p,z; and a nearly normal distribution of variance (1 —p}). Hence, the
joint probability that both z;, and x, shall exceed  is given by

gs(2) = fz dw, 2, e—%xzfx [27(1 —P%)]—% exp [ — §(%y— p12,)?/(1 — pi)] da,

= [(1+py)ly(@m)]e-ke* f o-lagy,

“mx

where t = [(1=py)/(1+py)E.
Therefore 5/9: = 3(1 + py) erfe (uy 2/y/2), : (28)
where erfcu = Z/Jﬂfwe‘%‘z dt

provided z is large.
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Figure 5 shows curves of the function given by (28) for various values of p,.
It will be seen that all curves tend to zero with increasing z, the more rapidly the
smaller the value of p;, as we should expect. In fact, for values of « greater than
about 4, g5/q, has appreciable magnitude only for values of p, in the range 0-8 < p; < 1.

For g;/q, we replace p; by p, and p, by p, in (28), where p, is the second maximum
of the autocorrelogram, and so on. To the same order of accuracy,

93/9: = (95/91)*

and similar expressions hold for other combinations of three waves.

1-0

25/

Ficure 5. Curves of ¢j/q, (equation (28)).

Substitution of expressions as above in (26) gives an approximation to py(x) in
terms of the autocorrelogram, and it would be possible in theory to integrate the
result to obtain the effect of correlation on the moments of the distribution. How-
ever, the integrations would prove very laborious, and it is convenient again to
approximate, this time using (27) with a suitable constant value of z, namely

x= 2N} or £=1.

This is close to the mean value of x in the case of independence, and even closer
to the mode of the distribution (Longuet-Higgins 1952). Further, since the dis-
tribution is confined to a relatively narrow region about the mode, the approxima-
tion should be reasonably close. This then gives for the effective value of N

N1 —a)=N[1-A(N)+y([NN)e#™], (29)
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where AN) = S +perfe{[(1=p)(1+p,]in NS
= S 44
and v = 5 5 A0 AW,

(a) Application to second and third maxima

The type of argument considered above can be applied to the distribution of the
second and third highest waves for m-dependence, by replacing N by N(1—a) in
the results of § 3, on condition that the first and second maxima are independent,

TABLE 2. SAMPLING ERRORS AND OTHER PARAMETERS FOR
ENERGY SPECTRA OF VARIOUS WIDTHS
0=01, =012 §=0-2, €=0-22 0=03,€=0-32 =04, e=0-40
N — r A N r A N\
N 102 108 104 102 108 104 102 103 104 102 108 104

o 063 048 0-38 019 013 009 006 003 001 002 000 0-00
A 015 009 007 013 009 007 012 008 006 012 008 006
A, 011 004 001 008 003 001 007 002 001 006 002 001
=06, €=0-53 0=0-8, e=0-61 6=1-0, €=0-67
- A\ ~ — ahe - — A ~

N 102 103 104 102 103 104 102 103 10*

o 0:00 0-00 0-00 0-00 0-00 0-00 0-00 0-00 0-00

A 0-125 0-085 0-065 0-126 0-086 0-065 0-127 0-087 0-066
A 0-051 0-016 0-005 0-047 0-015 0-005 0-044 0-014 0-004

or if the third is considered, that it should be independent of both the first and the
second. This proviso means that the second highest wave must be counted as the
greatest of all waves barring the highest itself and m waves on either side of it
(assuming of course that m < N). Without this proviso the problem is much more
difficult, and further, if the correlation is high there is a strong tendency for the true
second highest wave to be adjacent to the highest, and nearly equal to it; their
distributions would therefore be nearly identical, and there would be no advantage
gained by way of reduction in sampling error.

(b) Numerical example

Values of « given by equation (29) were calculated for a series of spectra, each
spectrum consisting of a uniform band of energy centred on a mean angular
frequency @, and extending between @ (1+4J) and &(1—¢). The results, for
0 =01,02,0-3,04,06,0-8,1-0 and N = 100, 1000 and 10000, are shown in
table 2.

The autocorrelogram for this form of spectrum is

sin (8o'1)
-COS O,

oxa
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whose maxima (except for 7 = 0) were used as successive values of p,. The corre-
sponding value of ¢ is
€ = 8(60 + 482)/(45 + 9082 + 954)%.

The relatively large values of « obtained for the narrowest spectrum, é = 0-1,
are probably not very accurate, owing to the omission of terms of order ¢,/q; in (27);
accuracy will again be impaired for & greater than about 0-4, since some of the
assumptions used in deriving (29) do not hold for wide spectra. However, it is
clear that for the type of spectrum considered, and for 8 greater than about 0-4,
o rapidly becomes so small as to have almost negligible effect on calculations.

Table 2 also offers comparison between the relative standard errors in estimating
m4 from the highest wave, and from direct measurement of the r.m.s. value of f(#)
over the time taken by N waves. The former was in general calculated by inter-
polation of values of A = D/M, from Appendix 1 with ¢ = 0 using an effective value

of N equal to N1 —e2}(1—a).

However, when « was negligible Appendix 1 was used with the true values of N
and e.

We have denoted by A, the sampling error, relative to the mean, of the standard
deviation of f(¢) evaluated over NV waves. This was calculated from equation (3-9-9)
of Rice (1945), which in our notation can be written

272 (149) F(1+6)
[s.e. of (s.d.) ] _ (236)-2f d0’1f dor,

my a(1—8) a(1-8)

9 {[sin Yoy — o@_ﬂj]z + [sin Lo = O’M]z}
Hoy—0y)T 3o tox)T ’
where T is the duration of the record, taken as
T = N(2n[7)[(15+552)/(15 4 3002+ 304)]3,

which is the expected value for N waves. The double integral can be evaluated to
give a bulky expression involving sine and cosine integrals, which for the values
of N concerned reduces to

s.e. of (s.d.)2]2 27 s
[ o = 2557+ 00T

and further calculation shows that the sampling error required is given by

Ba = m¢  2|206T

_se.ofsd. | 1[ 2m F

An alternative method is to take the mean of all the maxima of f(t), for which
the sampling error would be roughly equal to A,. Comparison of A with A, in table 2
shows that for N = 100 there is little advantage gained in estimating mg by the
laborious direct method, for A is only slightly greater than A,, except for large &,
when both A and A, are very small anyway. It is also seen that the two sampling
errors tend to equality as ¢ decreases; this is because both tend to the error of an
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estimate based on a single wave crest as the spectral width tends to zero for constant
N. For the larger values of N the relative differences increase, because A, decreases
like N—%, while A decreases like (In V). The slight increase in both sampling errors
for large values of & is caused by a decrease in 7" for fixed N as e increases.

5. A PRACTICAL APPLICATION

The theory developed in the previous sections was applied to a practical instance
of a very long continuous record of 10 000 waves, taken in the Bay of Biscay on the
R.R.S. Discovery II on 21 and 22 May 1955. Conditions were specially chosen to be
as nearly as possible stationary. The record had previously been analyzed by
Mr M. J. Tucker for the variation of mean square wave height in successive 10 min
samples (Tucker 1957). Simultaneously with the record of wave height, f(t), an
electrical device recorded ‘mean rectified wave height’, or effectively, the mean
value of | f(#) | over a few minutes. On multiplication by a calibration factor and

O

hours

Ficure 6. Estimates of m’!}, over 24 h continuous wave record.

using the Gaussian property of f(¢), average values of this quantity taken over 3 h
give reliable estimates of m§. Successive estimates of 7§ so obtained are represented
in figure 6, which covers the 22h period containing the 10 000 waves analyzed. The
constant value shown over each hourly period is the average over the period con-
sisting of that hour and the hours preceding and following it, so that the averages
actually extended over 24 h altogether. It is clear that, in spite of a slow irregular
decrease from 3-7 to 2-7 ft., any short section of f(t) lasting about an hour or less can
be regarded as stationary with the value of mi read off figure 6 at the instant corre-
sponding to the mid-point of the section.

Values of ¢ were estimated at several stages of the record by counting zero crossings
and turning points of f(¢); the ratio of the numbers of these two events has the
expectation (1 —e2)t. It was found that ¢ varied little from an average value of 0-52
throughout the record. Autocorrelograms measured by an analogue computor at
various stages gave practically negligible values of p,, p,, ..., although it was clear
from visual inspection that there was some correlation between at least consecutive
wave crests. The failure of the autocorrelogram to show up this correlation is
understandable from the wide variation in time intervals between successive waves
associated with the wide spectrum. To obtain a more realistic estimate of p,, the
correlation between successive wave crests was calculated numerically at various
stages, and these gave estimates of p; of about 0-5. However, the corresponding
values of o ranged only from 0-08 for N = 50 to 0-01 for N = 10000, and so the



Estimating the mean energy of sea waves 41

error in taking p, from the autocorrelogram and thus ignoring correlation altogether
would not be at all large.

The waves were divided into 200 consecutive groups of 50 waves each, and the
maximum wave crest in each of the 200 groups was measured and divided by the
appropriate value of m} from figure 6 to give a sample value of 2, (50) (the notation
is obvious). Sample values of 2., (50) and z,,. (50), the second and third highest
maxima, were obtained similarly, taking care that none of these three maxima was

1 - 0 - 1
100 1000 10000 10 100 1000

) L , 0
10 100 1000 10000 10 100

\ . A ;0 .
100 1000 N 10000 10 100 N
FicURES 7a to f. Comparisons of observed and theoretical values of means
and standard deviations of x,,. (V) (see text).

consecutive (m being taken as 1). Then the 200 sets were combined in consecutive
pairs, giving 100 sample values of z,,, (100), .. (100) and 27,,. (100), and the
process was continued to give 50 samples of first, second and third maxima for 200
waves, 20 for 500, 10 for 1000, 5 for 2000, 2 for 5000, and one value of each maximum
for 10000 wave crests. From these measurements, means and standard deviations
were computed, and the results are plotted against curves derived from theory in
figures 7a tof.

In figures 7 o and b the solid curves were obtained by interpolation from the values
of M, and D, respectively, in Appendix 1, with ¢ = 0-52 and N(1 —«) in place of N.
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In figures 7 ¢ to f, the solid curves were obtained from the curves of M;/M,, D'|D,
M7/ M,, D"|D, shown in figure 5, with N (1 —e2)% (1 — ) in place of N, and the values
of M, and D as derived above. The broken curves represent confidence limits for
the (10000/N) sample values from which the estimates were derived, and in fact
differ from the solid curves by twice the standard sampling error, thus corre-
sponding roughly to 5 %, confidence limits. In figures 7 @, ¢ and e the sampling errors
are D/Jn, D'|\Jn and D"[\/n, respectively, where # is the sample size, 10 000/N.
For the standard deviations (figures 756, d and f), the sampling variance is

heoreticall,
theoretically (mg—m3)[(dmyafn) or (By—1)my/dyn

(see Kendall 1945, p. 224). The exact value of the fourth moment about the mean
not being readily available, we have here used the limiting value 8, = 5-4, deduced
from the asymptotic formulae for large IV in § 2. With this figure, the sampling errors
are simply (1-1)% times those used in figures 7 @, ¢ and e. No comparisons were made
beyond N = 1000 in figures 75, d and f, since the confidence limits there became
too wide: for example, for N = 2000, the number of sample maxima was only 5,
from which it is clearly impossible to make a valuable estimate of standard deviation.

The comparisons of mean values in figures 7@, ¢ and e are all quite good, par-
ticularly for the larger values of N. The estimates tend to fall slightly below the
lower confidence limits for M3 and M7 for N = 50 and 100, probably because the
effect of correlation has not been fully allowed for in the theory of the second and
third maxima. However, the error in these cases is numerically quite small. The
comparisons of standard deviations with D, D’ and D" are again mostly within the
confidence limits, but there is a tendency to be above the theoretical curve rather
than below it. This again may be partly due to inadequate allowance for correlation,
but the random errors in measurement of x, which are certainly of the order of 0-1,
must also be responsible. Again, the differences are numerically quite small com-
pared with the mean values, M, etc.

6. CONCLUDING REMARKS

From the analysis and computations presented above, expectancies and pro-
bability distributions of the highest three maxima of a record may be calculated,
given m, and the degree of correlation. Conversely, from measurements of these
maxima one may rapidly estimate m,. The whole theory is based ultimately on the
assumption that the function f(t) is a stationary random function of time which
can be represented by the linear sum of an infinite number of sinusoids in random
phase (Rice 1945; Cartwright & Longuet-Higgins 1956). Though this assumption
is known to be justified in the main for sea waves and similar variables, it cannot be
completely accurate; one may justifiably suspect that non-linearities might become
important for the largest waves considered in a theory of extreme values. But the
satisfactory results of measurementsshownin figures 7 @ tof confirm that the assumed
representation still holds good well into the tail of the probability distribution.
Nevertheless, errors will always be likely to arise from non-stationarity of the wave
system, which for sea waves will limit the number of waves to which the theory can
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confidently be applied to about 1000 at most. For very long periods of time, such
as when one considers the maximum wave height over the course of years, the more
general theory as described by Gumbel (1954) is appropriate.

The treatment of correlation in § 4 can hardly be called precise, since it was found
necessary to make several simplifying assumptions. Luckily it appears that unless
N is very small, or the spectrum particularly narrow, the effect of correlation will
be slight, so that a certain amount of inaccuracy in estimating the effect will be
unimportant. When the effect does become important, the basic assumptions, most
of which involve the narrowness of the spectruni, are more justifiable, and so
accuracy can be expected to increase with the magnitude of the effect. In any case,
under most conditions, errors will not be great if correlation is ignored altogether,
and so the tables in Appendix 1 can frequently be used with confidence without any
additional correction.

The author is indebted to his colleague Dr M. S. Longuet-Higgins for much
helpful advice and criticism, and for indicating the method of obtaining the
asymptotic formulae (12); to Mr G. F. Miller of Mathematics Division, National
Physical Laboratory, for preparing the computations of the probability functions
py(z) and their moments; also to Mr A. J. Williams for having in the first place
brought to the author’s notice some useful applications of the theory to the rapid
analysis of ship motions at sea.
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ArpENDIX 1. TABLES OF M (N, €), M,(N, €) AND D(N, €) FOR N =2m

M,
1-247 032
1-616 701
1-960 850
2-273 441
2-556 644

2-814 940
3-052710
3-273 602
3-480496
3-675637

3-860776
4-037 293
4-206 289
4-368 651
4525111

4:676 272

M,
1195586
1-585 080
1-937204
2-253853
2-539 562
2:799 591
3:038648
3260 544
3-468 250
3:664 065
3-849776
4-026 786
4-196213
4-358 957
4-515757
4-667 225

© W T [-PWl\Dl—lo§

15

e=0-1
M,

M,
1-253 314
1-620 401
1-963 643
2-275 764
2-558 673
2-816 765
3-054 383
3:275 156
3-481 954
3-677 015
3-862 086
4-038 545
4-207 489
4-369 806
4-526 225

4-677 349

D

1-990 000 0-6595
2-989950 0-6134
4-156616 0-5583
5-425 664 0-5071
6-751 408 0-4637
8:106 940 0-4278
9-4771732 0-3984
10-856 244 0-3739
12-238 640 0-3533
13-622983 0-3357
15-008 301 0-3205
16-394107 0-3072
17-780158 0-2955
19-166 330 0-2850
20-552 563 0-2756
21-938 827 0-2670

€=0-3
M,

1-910000 0-6932
2905942 0-6273
4-072 362 0-5653
5-341 404 0-5114
6-667 147 0-4667

8-022 680 0-4301

9-393471 0-4001
10-771984 0-3753
12-154 379 0-3544
13-538'722 0-3367
14:924 041 0-3214
16-309 847 0-3080
17-695 897 0-2961
19-082 070 0-2856
20-468 303 0-2761

21-854 567 0-2675

e=0
M, D
2-000 000 0-6551
3-:000 000 0-6118
4-166 667 0:5575
5435714 0-5066
6-761 458 0-4633
8:116 990 0-4276
9-487 782 0-3982
10-866 294 0-3737
12-248 690 0-3531
13-633 033 0-3356
15-018 351 0-3204
16-404 158 0-3071
17-790 208 0-2954
19-176 380 0-2849
20-562 613 0-2755
21-948 877 0-2670
€=0-2
m M, M,
0 1-227 992 1-960 000
1 1-605 255 2-959 200
2 1-952 263 4-125845
3 2:266 312 5-394 892
4 2-550421 6-720636
5 2-809 345 8-076 168
6 3-047583 9:446 960
7 3-268 839 10-825472
8 3:476 029 12-207 868
9 3-671415 13-592 211
10 3-856 763 14-977 529
11 4-033459 16-363336
12 4-202612 17-749 386
13 4-365114 19-135558
14 4-521 697 20-521 792
15 4-672970 21-908 055
e=04
m M, M,
0 1-148 681 1-840000
1 1-554 558 2-827117
2 1914377 3-992408
3 2-235048 5-261365
4 2:523 212 6-587105
5 2:784 924 7-942 637
6 3-025 225 9-313428
7 3:248 088 10:691 941
8 3-456 574 12-074 337
9 3-653 037 13-458 680
10 3-839 296 14-843 998
11 4-016779 16-229 804
12 4-186619 17-615854
13 4-349728 19-002 027
14 4-506 854 20-388 260
15 4-658 615 21-774 524

0-6723
0-6183
0-5608
0-5087
0-4647

0-4287
0-3990
0-3744
0-3537
0-3360

0-3208
0-3075
0-2957
0-2852
0-2758

0-2672

0-7215
0-6407
0-5723
0-5157
0-4696

0-4322
0-4018
0-3766
0-3556
0-3376
0-3222
0-3087
0-2968
0-2862
0-2766
0-2680
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M,
1-085 402
1-511 284
1-881614
2:208107
2-499 856
2:764013
3:006111
3:230367
3:439974
3:637 364
3-824 408
4-002 567
4-172997
4-336 627
4494218

4:646 397

M,
0-895 045
1-369 824
1:769 851
2-114917
2-418920

2-691 664
2-940119
3-169296
3-382852
3-583 500

3773293
3-953811
4-126296
4-291739
4-450 943

4:604 572

M,
0-546 307
1-079 002
1-519750
1-894 363
2-220539

2-510463
2-772616
3-012985
3-235876
3-444 446
3:641061
3-827 527
4005253
4-175 354
4-338734
4-496130
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e=0-5
M,
1-750 000
2:718 246
3-879733
5-148113
6-473 784

7-829 309
9-200100
10-578 612
11-961 008
13-345351

14-730 669
16-116476
17-502 526
18-888 698
20-274931

21-661195

€=0-7
M,
1:510 000
2-381722
3:510320
4-767903
6-090019

7444336
8:814 698
10-193 051
11-575 386
12-959 705

14-345014
15-730816
17-116 865
18-503 036
19-889 269

21-275 533

€=0-9
M,
1-190 000
1-776 430
2:753913
3-927271
5-199902

6-523 682

7-874 375

9-239 598
10-612903
11-990 861
13-371598
14-754 061
16-137636
17-521955
18-906 786
20-291 981

0-7562
0-6590
0-5825
0-5219
0-4738

0-4354
0-4042
0-3786
0-3572
0-3390

0-3234
0-3097
0-2977
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0-2925
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APPENDIX 2. ASYMPTOTIC FORMULAE FOR THE MOMENTS M, (N) OoF
THE PROBABILITY DISTRIBUTION gy(%, 0)

From § 2, equations (3) and (4), we have for e = 0

M) = [“rag - et

With the substitution 2% = 2(y +0), € = In N, this becomes

M(N) = 2t f " (y+ O d[(1— eV [N)V]. (A1)

-6

We shall now prove two lemmas.

LevMMA 1. Whenr>0

f:(y L0 A[(1—e¥[NW] = f

where R(r, N) is O(N-1(In N)3r).

°°6 (y +0)¥ d[exp (— )]+ R(r, ),

Now R(r,N) = Jw (In N /u)¥ g’ (u) du (A2)
0
N
= %rf (In Nju)*-tg(u)duju (r=0), (A3)
0
where g(u) = e *—(1—u/N)Y, ¢'(u)=—e"+(1—u/N)N-1,

In the range 0 <u < N, g(u) is zero when
e N =1—u/N,

which equation is only satisfied by = 0. Therefore g(u) does not change sign, and

since g(N) = e~V > 0, it follows that g(u) > 0 throughout the range of integration.
From (A 3), therefore, R(r, N)> 0 if r > 0, since the integrand is never negative.
On the other hand, ¢'(%) is zero when

e=WV-D = ] —y/N, (A4)

and it can be shown that this equation is satisfied for = 0 and just one other value
of u, say u = k(N), where 0<k(N)<N. Since ¢'(N) = —e V<0, it follows that
g'(w) <0 for E(NV)<u <N, and g'(u) >0 for 0<u<k(N). By expanding (A4) in
series, it can be seen that for large N
E(N)~2(1—1/N).

In fact k() < 2 for all V, because

2N-3) f 2 %
3N(N-1)® [(N—— 1)44! (N -—-1)°5!

2 97

+ —_

[(N—-l) 6! (N—1)77!
so that ¢’(2) < 0 for all N >3 (and, it is easily checked, for N = 1 and 2 also).

e~¥N-D_142/N =

]+...>o if N>3
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By Rolle’s theorem, g'(u) has at least one positive maximum for u = k,(N), say,
where 0<% (N)<k(N)<2, and

e~ = (1—1/N) (1 —k,/N)N-2,

so that 0<¢'(k,) = 1/N(1—k,) (1 —k/N)¥-2<1/N (incidentally proving also that
ky(N)<1).
Using (A 2), we can now state that

R(r,N)< l/Nf2 (In N ju)ir du.
0

On integrating by parts, and putting 6; = In 3N, the last integral is shown equal to

2008 + 308+ — 1) 02+ o+ (1))
if r is even, or
A6 + O 4 . +1r(dr—1)...3.1R,],

2
where R, = f (In N ju)~% du < 2673,
0
if r is odd.
Thus 0< R(r, N)<2/N(In N)¥ {1 + O[(In N)~]},

which proves the lemma.

Lemwma 2. Let I(r,N) denote Jm (y+0)¥ dlexp (—e¥)]. Then for any r>0 and
~0

large N
I(r,N)~ 0¥ [14+ 1024, +} br(3r—1) 024, +...],

where 4, = f ysd[exp (—e¥)].

We first observe that

10,3) = [ @0 dlexp (—e )+ 10, ),

where I'(r,N) = :(y+6)%r dlexp (—e7)]

= wa (Inv)¥rexp (— N/v)v—2dv
N3

<N| (nopro2de = O[2In Ny N-1],
Nl

as can be verified by integration by parts. Therefore, with any value of r, for large N,
6
I(r,N)~ | (y+0)idlexp(—e)]
-0

~ ﬁfrfoo[l +3r0y+...+1/s!dr(Fr—1) ... (3r —s+1)0—5ys]dlexp (—e¥)],
(A5)

where s can be chosen sufficiently large to make the last approximation as close as
desired.
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Now, for any p>0,

fwyl’ dfexp(—e¥)] = fm(ln v)Pe Wy —2dy < fw(ln v)?v~2dv = O[(InN)? N-1]
6 N

N
-6 )
and f |y? | dlexp (—e¥)] = f (Inw)?e~*du = O[(In N)?e~N].
— 00 N
Therefore the range of integration in (A 5) can be extended to (— 00, 00) with errors
of any required degree of smallness, for all N greater than a certain number, and
I(r, Ny~ O¥[1 + 30024, + ...+ 1/s! 3r(Zr—1) ... (3r—s+ 1) 0-54,].
From (A 1), and the results of the above two lemmas, we can write the moments
M,(N) in the following form
M/(N) = (20)¥ [1+ 3024, + 3r(3r—1)6-24,+...] + O[(In N)¥ N-1].

It remains to evaluate the integrals 4,.

We have A, = J y*dlexp (—e~)]

ds
_ [g (‘”’Lo = (1 G D@

The derivatives of the I'-function may be expressed in terms of the derivatives
of (2) = (d/dz)InI'(z) by means of Leibnitz’s theorem, as follows

2) =T'(2) ¥ (2),
2)=T"y+Ty,
2) =T"p+2I"y' + Ty,
="+ 30"y +30"y" + Ty, ete.
Given I'(z), the first s of these equations can be solved by a simple process to give

I'®(z) in terms of ¥, ¥', ¥”, ..., ¥, and it can be shown (Whittaker & Watson
1952, p. 241) that

I

™"
TIV(z

(2
I"(z)

Aé
) (A6)
(2)

Y(l) = —y = —0-577216...,
Y1) =8, = 32 = 1-644934 ...,
Y1) = —28; = —2:404 114 ..

(1)

,‘b‘”/ 1) = GS — %ﬂ4 = 6-493939..

Y1) = (—-1)"n!S,,,, where §,= § £,
1

With I'(1) = 1, (A 6) and (A7) give the numerical values for 4, quoted in § 2.
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