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According to a recently developed theory of wave propagation in marine sediments, the dispersion
relationships for the phase speed and attenuation of the compressional and the shear wave depend
on only three macroscopic physical variables: porosity, grain size, and depth in the sediment. The
dispersion relations also involve three~real! parameters, assigned fixed values, representing
microscopic processes occurring at grain contacts. The dispersion relationships are compared with
extensive data sets, taken from the literature, covering the four wave properties as functions of all
three physical variables. With no adjustable parameters available, the theory matches accurately the
trends of all the data sets. This agreement extends to the compressional and shear attenuations, in
that the theory accurately traces out thelower bound to the widely distributed measured
attenuations: the theory predicts theintrinsic attenuation, arising from the irreversible conversion of
wave energy into heat, whereas the measurements return theeffectiveattenuation, which includes
the intrinsic attenuation plus additional sources of loss such as scattering from shell fragments and
other inhomogeneities in the medium. Provided one wave or physical property is known, say the
compressional speed or the porosity, all the remaining sediment properties may be reliably estimated
from the theory. ©2005 Acoustical Society of America.@DOI: 10.1121/1.1810231#
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I. INTRODUCTION

Over recent decades, extensive data sets have been
lished by Hamiltonet al.1–8 and Richardsonet al.9–12 on the
wave properties of surficial, unconsolidated marine se
ments. It is evident from the data that an unconsolida
sediment is capable of supporting two types of propaga
wave, a compressional~longitudinal! wave and a much
slower shear~transverse! wave. Although there have bee
several attempts to detect a third type of wave, the ‘‘slo
compressional wave of the Biot theory,13,14 all have returned
a negative result, including the most recent experiment
Simpsonet al.15 Based on this evidence, it is tacitly assum
throughout the following discussion that the slow wave in
unconsolidated sediment is negligible if not absent a
gether.

It is well established from the published data that t
phase speed and the attenuation of both the compress
and shear wave depend, in a more or less systematic wa
the physical properties of the sediment, principally the p
rosity, the bulk density, the mean grain size, and the de
beneath the seafloor. Indeed, both Hamilton3,7,16 and
Richardson9,11,12 have developed a set of empirical regre
sion equations, each one of which expresses a wave prop
~e.g., the compressional phase speed! in terms of a physical
property of the medium~e.g., the porosity!.

Although regression equations can be satisfactorily fit
to the data, thus providing a useful predictive tool, they g
little insight into the physical mechanisms underlying t
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observed inter-relationships between wave parameters
physical properties. To achieve an understanding of the
served dependencies, it is necessary to turn to a theore
model of wave propagation in the medium and, in particu
to the dispersion relationships predicted by the model. S
a model has recently been developed by Buckingham17 on
the basis of a specific form of dissipation arising at grain-
grain contacts. This grain-shearing~G-S! model is intended
to represent wave propagation in an unconsolidated gran
medium, that is to say, a material in which the mineral gra
are in contact but unbonded. By definition, this condition
taken to mean that the mineral matrix has no intrin
strength or, equivalently, that the elastic~bulk and shear!
frame moduli are identically zero.

The absence of an elastic frame in the G-S model c
trasts with the starting assumption in Biot’s class
theory13,14of wave propagation in porous media. Biot treat
the medium as though it possessed an elastic mineral fra
an essential assumption in his analysis since the elastici
the means by which a shear wave is supported in his mo
In the G-S model, on the other hand, it is not necessary
postulate the existence of an elastic frame because ela
type behavior emerges naturally from the analysis as a re
of the intergranular interactions themselves: grain-to-gr
sliding introduces a degree of rigidity into the medium
which, amongst other effects, automatically leads to the s
port of a shear wave. The lack of elastic~bulk and shear!
frame moduli in the G-S model is consistent with the co
monplace observations that an unconfined pile of sand gr
shows no resistance to deformation~indicating no restoring
force! and that sand grains may be picked off a pile~indicat-
ing no tensile strength!. Moreover, even though the grain

:
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remain unbonded, loose sand in a container shows increa
resistance to penetration~shear strength!, which can only
arise from intergranular interactions. Such interactions fo
the essence of the G-S wave-propagation model.17

The purpose of this article is to compare the theoret
properties of compressional and shear waves in marine s
ments, as expressed in the dispersion relationships of the
model, with an extensive set of data culled from the op
literature. Most of the data examined here were obtai
from in situ measurements in silicilastic sediments.

Besides frequency, the G-S dispersion expressions
the phase speed and attenuation depend explicitly on
mean grain size, the porosity, the bulk density~which is
strongly correlated with the porosity and hence is not
independent variable!, and the overburden pressure~which
translates into depth in the sediment!. In addition, the G-S
dispersion relationships involve three unknown consta
which characterize the microscopic processes that occu
adjacent grains slide against one another during the pas
of a wave. Once the numerical values of these three c
stants have been determined, by comparison with three s
frequency data points, all the functional dependencies of
G-S theory may be evaluated and compared with the d
Thus, the predicted relationships between wave prope
~e.g., shear speed! and physical properties~e.g., depth in
sediment! may be compared directly with the correspondi
data sets that have appeared in the literature. Such com
sons are examined in some detail in this article, along w
the dispersion curves~i.e., phase speeds and attenuations v
sus frequency! predicted by the G-S theory, which are show
to match the available data over wide frequency ranges.

II. THE G-S DISPERSION RELATIONS

According to Buckingham,17 the compressional-wav
speed,cp , and attenuation,ap , are given by the expression

cp5
co

ReF11
gp1~4/3!gs

roco
2 ~ j vT!nG21/2, ~1!

and

ap52
v

co
ImF11

gp1~4/3!gs

roco
2 ~ j vT!nG21/2

, ~2!

where j 5A21. The corresponding expressions for t
shear-wave speed,cs , and attenuation,as , are

cs5Ags

ro

~vT!n/2

cosS np

4 D , ~3!

and

as5vAro

gs
~vT!2n/2 sinS np

4 D . ~4!

Between them, Eqs.~1!–~4! constitute the dispersion rela
tionships predicted by the G-S theory. Both dispersion p
are causal, satisfying the Kramers–Kronig relationsh
138 J. Acoust. Soc. Am., Vol. 117, No. 1, January 2005
ing

l
di-
-S
n
d

or
he

n

ts
as
ge

n-
ot-
e

ta.
es

ri-
h
r-

rs
.

Several familiar parameters appear in the G-S dispersion
pressions: the angular frequency,v, the bulk density of the
medium, ro , the sound speed in the absence of grain-
grain interactions,co , and an arbitrary timeT51 s, intro-
duced solely to avoid awkward dimensions that would o
erwise arise when the frequency is raised to a fractio
power.

Less familiar are the three remaining parameters,gp ,
gs , and the~positive, fractional! index n, which between
them represent the effects of grain-to-grain interactions
the wave speeds and attenuations. From the way that
appear in the dispersion relations, and the fact that they h
dimensions of pressure, it is evident that the two~real! pa-
rametersgp andgs are compressional and shear moduli, r
spectively, providing a measure of the normal and tangen
stresses associated with intergranular sliding. In fact,gp and
gs are closely analogous to the Lame´ parameters of elasticity
theory. There is no such analogy, however, for the dim
sionless indexn, which is a measure of the degree of stra
hardening that is postulated to occur at intergranular cont
as grain-to-grain sliding progresses. Details of the int
granular sliding and strain-hardening mechanisms may
found in Buckingham.17

If n were zero, the compressional and shear attenuat
would both vanish and the expressions for the two wa
speeds would be independent of frequency. Of course, d
pation is never completely absent, son is always finite, but it
is small compared with unity, taking a value close to 0.1
a typical sand sediment. With such a low value forn, the two
G-S expressions for the wave speeds exhibit logarithmic
persion, at levels of the order of 1%~compressional! and
10% ~shear! per decade of frequency, and the associated
tenuations both scale essentially as the first power of
quency,f. These simple frequency-dependencies derive
rectly from straightforward approximations17 for the exact
expressions in Eqs.~1!–~4!.

From the point of view of wave propagation, two impo
tant physical properties of sediments are the porosity,N, and
the mean grain diameter,ug . In addition, the intergranula
interactions, and hence also the wave properties, are sens
to the overburden pressure, which scales with the depth,d, in
the sediment. All three parameters appear in the G-S dis
sion relations, the porosity throughco and ro , while the
grain size and the depth in the sediment, both raised to f
tional powers, appear in the expressions given below forgp

andgs . These two moduli also show a weak but significa
dependence on the porosity,N.

It is well known that the bulk density,ro , may be ex-
pressed in terms of the porosity as a weighted mean of
density of the pore water,rw and the density of the minera
grains,rg

ro5Nrw1~12N!rg . ~5!

Similarly, the bulk modulus of the medium,ko , may be
expressed in terms of the porosity as a weighted mean

1

ko
5N

1

kw
1~12N!

1

kg
, ~6!
Michael J. Buckingham: Wave properties of marine sediments
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wherekw andkg are the bulk moduli of the pore water an
the mineral grains, respectively. If the sediment were
simple suspension in which grain-to-grain interactions w
absent, the speed of sound would beco , which depends on
the porosity through Wood’s equation18

co5Ako

ro
. ~7!

In the limit of low frequency, the G-S expression for th
compressional wave speed in Eq.~1! reduces toco , while
Eqs. ~2!–~4! show thatap , cs , and as all approach zero.
Thus, according to the G-S dispersion relations, in the lo
frequency limit, the effects of grain-to-grain interactions a
negligible and the medium acts as a simple suspension.

Turning to the compressional and shear moduli,gp and
gs , their dependencies on grain size, depth in the sedim
and porosity are established by treating the mineral grain
elastic spheres, which deform slightly under the influence
the overburden pressure. At the point where two gra
touch, a small, tangential circle of contact is formed, t
radius of which is given by the Hertz theory19 of elastic
bodies in contact. Assuming that the two grains are ident
spheres of diameterug , Young’s modulusEg and Poisson’s
ratio ug , the radius,a, of the circle of contact is

a5A3 3

8
F

~12ug
2!

Eg
ug, ~8!

whereF is the force pressing the spheres together. At depd
in the sediment, the forceF scales with the overburden pre
sure, P, which is defined20 as the excess pressure arisi
from the difference between the bulk density of the sedim
and the density of the pore water

P5~ro2rw!gd5~12N!~rg2rw!gd, ~9!

whereg is the acceleration due to gravity. The expression
the right of Eq.~9! derives from Eq.~5! for the bulk density,
which accounts for the dependence of the overburden p
sure on the porosity. It follows that the radius of the circle
contact may be expressed as

a}@~12N!dug#1/3, ~10!

where the constant of proportionality involves the elas
properties of the mineral grains but is independent of
bulk properties of the two-phase medium.

Now, the moduligp andgs scale with the rates at whic
sliding events occur within the circle of contact of radiusa.
With many micro-asperities distributed randomly over ea
face of the contact area, the rate of sliding will scale with
number of asperities available to slip against one anothe
the case of the compressional modulus, most of the slid
takes place around the perimeter of the circle of cont
where the normal pressure is a minimum. Thus, the num
of asperities involved in the sliding process is expected
scale with the perimeter of the circle of contact, and he
gp is proportional toa. Shearing, on the other hand, involve
a slip of the two flat faces of the surface of contact aga
each other, in which case the number of available asper
scales with area of the circle of contact, and thereforegs is
J. Acoust. Soc. Am., Vol. 117, No. 1, January 2005
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proportional toa2. According to these arguments, the tw
moduli may be expressed in terms of the porosity, grain s
and depth in the sediment as follows:

gp5gpoF ~12N!ugd

~12No!ugodo
G1/3

, ~11!

and

gs5gsoF ~12N!ugd

~12No!ugodo
G2/3

, ~12!

where the terms in brackets have been constructed to b
mensionless, with the factorsgpo and gso taking numerical
values that are independent of the porosity, grain size,
depth in the sediment. By introducing the three referen
parameters, porosityNo , grain sizeugo , and depthdo , into
the denominators of Eqs.~11! and~12!, awkward dimensions
are avoided when the terms in square brackets are raised
fractional power. It should be clear that the values of the
reference parameters may be chosen for convenience;
do not represent additional unknowns. To distinguish th
from the compressional and shear moduli, the parame
gpo and gso , respectively, will be referred to as compre
sional and shear coefficients. Obviously,gpo andgso are the
values ofgp andgs whenN5No , ug5ugo , andd5do .

In making the comparisons between the G-S theory
data, the values of the compressional and shear coefficie
as well as the strain-hardening index,n, are held fixed for all
sediments, from coarse sands to the finest silts and clay
principle, however,gpo , gso , andn could depend weakly on
the elastic properties of the mineral grains and also on s
factors as the micro-roughness of the areas of contact. T
in practice, the values of these three parameters could d
slightly from one sediment to another but, judging from t
good quality of the match between theory and data, as d
onstrated below, it would seem that such variations are v
minor.

The functional dependence of the G-S dispersion re
tions on the macroscopic, geoacoustic parameters of a s
ment are given explicitly and completely by the algebra
expressions in Eqs.~1! to ~12!. From a casual inspection, it i
evident that the selection of geoacoustic parameters app
ing in the G-S theory is quite different from that in Biot
theory.13,14According to Table 1.1 in Stoll,21 the Biot theory
involves the permeability, the viscosity of the pore fluid, t
pore-size parameter, the structure factor, the~complex! shear
modulus of the skeletal frame, and the~complex! bulk modu-
lus of the skeletal frame, a total of eight parameters, all
which are absent from the G-S formulation of the dispers
relations. Instead, the G-S theory includes the three~real!
parameters representing microscopic processes occurrin
grain contacts,gpo , gso , andn. Through the compressiona
and shear moduli@Eqs. ~11! and ~12!#, the G-S theory also
includes the grain size and the depth in the sediment, nei
of which appears explicitly in Biot’s theory. The porosity, th
bulk density, and the physical properties~densities and bulk
moduli! of the individual constituents of the biphasic m
dium are common to both theories.

According to Eq.~5!, the bulk density and the porosit
are linearly related and hence are fully correlated. In fa
139Michael J. Buckingham: Wave properties of marine sediments
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Richardsonet al.10–12,22have used this relationship to com
pute the bulk density from laboratory measurements of
porosity. Hamilton,3,7,8 on the other hand, measured the de

FIG. 1. Compilation of density versus porosity data, mostly from Hamilt
The red line is from Eq.~5! using the values ofrw andrg listed in Table II.
~See Table I for the key to the symbols in this and all subsequent figur!
140 J. Acoust. Soc. Am., Vol. 117, No. 1, January 2005
e
-

sity directly from weight and volume, rather than computi
it by substituting his independently measured porosity i
Eq. ~5!. Hamilton’s data may therefore be used as a tes
Eq. ~5!.

Figure 1 shows Hamilton’s published measurements
density and porosity for many types of marine sedime
ranging from very fine silts and clays to coarse sands.~Table
I is the key to all the symbols, representing published d
collected from the literature, which appear in Figs. 1 to 1!.
Also shown in Fig. 1 is a plot of the linear relationship b
tween density and porosity in Eq.~5!, evaluated withrw

51005 kg/m3 andrg52730 kg/m3. Most of the data points
fall on or very close to the line, indicating that the correlati
represented by Eq.~5! holds accurately in practice, making
unnecessary to examine the functional dependence of
wave properties on both the porosity and the bulk dens
Porosity alone is considered below.

III. EVALUATION OF gpo , gso , AND n

As already discussed, in addition to the macrosco
variables~porosity, grain size, and depth in the sediment!, the
G-S dispersion relationships@Eqs.~1!–~4!# involve the three

.

.

,

TABLE I. Key to the data symbols in Figs. 1–11.

Symbol Color Source

s Red Hamilton~Ref. 5! ~1972!, Table 1
s Green Hamilton~Ref. 5! ~1972!, Table 2
s Blue Hamilton~Ref. 5! ~1972!, Table 3
s Magenta Hamilton~Ref. 3! ~1970!, Table 2
s Cyan Hamilton~Ref. 8! ~1987!, Tables 1 & 2

* Blue Hamilton~Ref. 3! ~1970!, Table 1

* Cyan Hamilton~Ref. 8! ~1987!, Tables 3 & 4
1 Red Hamilton~Ref. 6! ~1980!, Table 1
1 Green Hamiltonet al. ~Ref. 2! ~1970!, Table 2
1 Blue Hamilton~Ref. 43! ~1963!, Table 1
% Red Hamilton~Ref. 44! ~1956!, Tables 1a & 1b
% Green Wood & Weston~Ref. 45! ~1964!,
s Black Buckingham & Richardson~Ref. 23! ~2002!, Tables 1a &

1b
1 Black Richardson~Ref. 12! ~2002!, Fig. 1 & Richardson~Ref. 33!

~2000! Fig. 2
%—% Black Richardsonet al. ~Ref. 25! ~2001!, Fig. 15

*—* Black Richardson~Ref. 10! ~1991!, Table 1 & Fig. 3
1 Cyan Richardson~Ref. 46! ~1986!, Table 1

* Magenta Richardsonet al. ~Ref. 9! ~1991!, Tables 43.1 and 44.2
3 Red Richardson & Briggs~Ref. 22! ~1996!, Figs. 3, 5, 6
3 Blue Richardson~Ref. 11! ~1997!, Table 1, La Spezia & Adriatic

Sea
3 Green Richardson~Ref. 11! ~1997!, Table 1, Panama City & Boca

Raton
3 Magenta Richardson~Ref. 11! ~1997!, Table 1, Eckernfoerde Bay

Germany
3 Cyan Richardson~Ref. 11! ~1997!, Table 1, Eel River & Orcas

Bay
^ Green Brunson & Johnson~Ref. 47! ~1980!, Table II
% Magenta Simpsonet al. ~Ref. 15! ~2003!, Fig. 6
^ Blue Brunson~Ref. 48! ~1991!, Tables 1 & 2

* Black Richardson~Ref. 10! ~1991!, Table 1 & Fig. 3
1 Magenta Richardson & Briggs~Ref. 49! ~1993!, Table 1
3 Black McLeroy & DeLoach~Ref. 50! ~1968!, Table II

* Red McCann & McCann~Ref. 51! ~1969!, Table 3

* Green Richardson~Ref. 12! ~2002!, Fig. 3
Michael J. Buckingham: Wave properties of marine sediments
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TABLE II. Parameters appearing in the G-S dispersion relations.

Material parameter Symbol Value Comments

Density of pore fluid~kg/m3! r f 1005 Evaluated from density versus
porosity fit to data, Fig. 1

Bulk modulus of pore fluid~Pa! K f 2.3743109 From Kaye & Laby~Ref. 52!, p. 35
Density of grains~kg/m3! rs 2730 Evaluated from density porosity fit

to data, Fig. 1
Bulk modulus of grains~Pa! Kt 3.631010 From Richardsonet al. ~Ref. 53!
Compressional coefficient~Pa! gpo 3.8883108 Evaluated from spot-frequency

compressional and shear wave dat
Shear coefficient~Pa! gso 4.5883107 Evaluated from spot-frequency

compressional and shear wave dat
Strain-hardening index n 0.0851 Evaluated from spot-frequency

compressional wave data
rms grain roughness~mm! D 1 Evaluated from porosity versus

grain size distribution, Fig. 7~b!
Reference grain diameter~mm! uo 1000 Arbitrary choice
Reference depth in sediment~m! do 0.3 Arbitrary choice
Reference porosity No 0.377 Arbitrary choice
Porosity N Variable
Mean grain diameter~mm! ug Variable
Depth in sediment~m! d Variable
u
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unknown constants,gpo , gso , andn, which characterize the
microscopic interactions occurring at grain boundaries d
ing the passage of compressional and shear waves
present, no theory exists from which these constants coul
computed, so instead they are evaluated here from s
frequency measurements of three wave properties: the c
pressional speed, the compressional attenuation, and
shear speed.

The two compressional-wave observations are ta
from Table 1a in Buckingham and Richardson23 for the
SAX99 medium-sand sediment@ug5414.7mm ~f51.27!,
N50.377]: at depthd50.3 m and a frequency of 100 kHz
the measured sound speed~cf! and attenuation~af! are 1787
m/s and 30.93 dB/m, respectively. The shear-speed mea
ment, taken from Fig. 1 in Richardson,12 is for a well-sorted,
fine-sand sediment@ug5238.16mm ~f52.07!, N50.358] at
a North Sea site designated C1: at depthd50.28 m and a
frequency of 1 kHz, the~average! shear speed is 131.4 m/

When the measurements cited above are substituted
the compressional and shear dispersion relations@Eqs. ~1!–
~4!#, some elementary algebra yields the values ofgpo , gso ,
andn listed in Table II. In the following comparisons of th
G-S theory with numerous data sets, these values are
fixed for all sediments. Under this constraint, it is of som
interest to examine how well the G-S dispersion relatio
ships represent the wave properties in sediments ran
from coarse sands to very fine clays. This is achieved
considering the dependencies of the wave speeds and at
ations on porosity and grain size. The depth dependenc
the wave properties is also compared with data from vari
types of sediment. As will become evident, the fixed valu
of gpo , gso , andn cited in Table II lead to theoretical wave
property dependencies on porosity, grain size, and depth
align with essentially all the data. Before discussing
physical properties, however, the theoretical dependencie
the wave speeds and attenuations on frequency are comp
with observations.
, Vol. 117, No. 1, January 2005
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As mentioned earlier, most of the data used in the f
lowing comparative discussions are fromin situ measure-
ments made in silicilastic~quartz sand! sediments. Carbonat
sediments are excluded, since they differ from silicilas
materials in several ways,24 including having open, hollow
grains, which, with all else equal, gives rise to higher poro
ties. Hamilton and Bachman7 found that ‘‘hollow tests
~shells! of Foraminifera act as solid particles in transmittin
sound,’’ implying that the intraparticle porosity had little
any effect on the wave properties. A preliminary comparis
between wave data from carbonate sediments and the
theory, evaluated using the interparticle~rather than total!
porosity, appears to support Hamilton and Bachman’s c
clusion but requires more detailed examination before be
discussed further.

IV. FREQUENCY DEPENDENCE

A. Compressional wave

Figure 2 showsin situ measurements of the frequenc
dependence, from 25 to 100 kHz, of the compressional w
speed and attenuation at the SAX99, medium-sand exp
ment site off Fort Walton Beach in the northern Gulf
Mexico.25 The smooth curves, representing the G-S theo
were evaluated from Eqs.~1! and ~2!. These theoretica
curves pass precisely through the higher of each pair of d
points at 100 kHz as expected, since both data points w
used in evaluating the compressional and shear coeffici
gpo , gso as well as the strain-hardening index,n.

The sound-speed data from the SAX99 site@Fig. 2~a!#
exhibit weak logarithmic dispersion at a level of approx
mately 1% per decade of frequency. A similar logarithm
gradient is predicted by the G-S theory. Although there
some scatter in the data~of the order of610 m/s!, it is clear
that the measured sound speeds cluster around the theor
line. The observed SAX99 dispersion is consistent with
cently reportedin situ measurements by Simpsonet al.,15
141Michael J. Buckingham: Wave properties of marine sediments
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which were made in a medium-sand sediment at St. Andr
Bay, Florida. Over the frequency band from 3 to 80 kH
they also observed logarithmic dispersion in the region
1% per decade. Such a weak gradient is quite difficult
detect in situ, and earlier investigators not uncommon
failed to observe any variation of sound speed with f
quency. Hamilton,4 for example, reported that ‘‘there is neg
ligible dependence or no dependence of velocity on
quency,’’ on the basis of which he developed his empiri
elastic model of wave propagation in sediments.

Visual inspection of the data in Fig. 2~b! reveals that,
between 25 and 100 kHz, the compressional attenuation f
the SAX99 site scales almost exactly as the first power
frequency. In fact, a straight line may be drawn through
data points which, when extrapolated, passes preci
through the origin. However, it has long been known tha
pure linear scaling of attenuation with frequency is unphy
cal in that it violates causality.26–28 But, no such difficulty
arises with the G-S theory, which yields an attenuation tha

FIG. 2. Measured frequency dependence of the compressional~a! speed
~semilogarithmic axes! and ~b! attenuation~linear axes! for the medium-
sand SAX99 site. The smooth, solid curves represent the predictions o
G-S theory, computed from Eqs.~1! and~2! using the reported values~Ref.
25! of the porosity, grain size, and depth@N50.377, ug5414.7mm ~f
51.27!, d50.3 m]. The dashed curves are from William’s EDF approxim
tion ~Ref. 29! to the Biot theory, withk52.5•10211 m2 andA51.35.
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almost but not quite linear in frequency, as exemplified
Fig. 2~b!. This near-linear curve, which rises marginal
faster than the first power of frequency, passes through
origin and accurately through the data points.

The question of whether the attenuation in marine se
ments varies~nearly! linearly with frequency has been a con
troversial issue for many years. Hamilton8 consistently main-
tained, on the basis of extensive measurements made
himself and others, that the attenuation exhibits a linear s
ing with frequency. Stoll,21 on the other hand, has long a
gued on the basis of the Biot theory13,14 that the attenuation
deviates significantly from a first-power dependence on
quency, varying as the square root of frequency over
bandwidth of the data shown in Fig. 2~b!.

Biot’s dispersion curves, evaluated from Williams’29

‘‘effective density fluid’’ ~EDF! approximation to Biot’s full
theory, are included as the dashed lines in Fig. 2. To comp
the EDF sound speed and attenuation curves, the value
two physical parameters peculiar to the Biot theory, the p
meability, k52.5310211m2 and tortuosityA51.35, were
taken from Table 1 in Williamset al.,30 which lists properties
of the SAX99 sediment. In Fig. 2~a!, it can be seen that the
EDF sound speed shows weak dispersion, aligning rea
ably with both the data and the G-S curve, although at low
frequencies than those shown the two theoretical predict
diverge. The EDF attenuation in Fig. 2~b!, however, fails to
match the data over most of the frequency range. Whe
the attenuation data scale essentially linearly with frequen
the EDF attenuation curve exhibits the classic, hig
frequencyf 1/2 dependence of a viscous fluid.

Since viscous dissipation of the pore fluid is the on
loss mechanism in the Biot theory,13,14 it is not surprising
that the frequency dependence of the Biot attenuation is
actly the same as that of a true viscous fluid.31 Although the
details of Biot’s attenuation curve may vary with mater
parameters such as permeability and tortuosity, the functio
form is always the same: at low frequencies the attenua
scales as the square of frequency, transitioning at abo
kHz ~depending on permeability and viscosity! to a square-
root scaling with frequency. The discrepancy, illustrated
Fig. 2~b!, between such behavior and the near-linear sca
of the attenuation data with frequency is a strong indica
that the viscous dissipation mechanism of the Biot the
may be insignificant in marine sediments.

Evidence to support such a conclusion is found not o
in the SAX99 attenuation data. From 3 to 80 kHz, Simps
et al.15 have observed a~near! linear dependence of attenua
tion on frequency~their Fig. 6! in a medium-sand sedimen
in St. Andrews Bay, Florida; and earlier laboratory expe
ments in fine sand by Simpsonet al.32 returned a similar
~near! linear scaling of the attenuation with frequency b
tween 4 and 100 kHz~their Fig. 7!. As illustrated in Fig.
2~b!, Biot’s theory cannot account for a linear scaling
attenuation with frequency; but, such behavior is consist
with Hamilton’s observations and also the predictions of
G-S theory.

he
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B. Shear wave

In situ measurements of shear-wave properties as fu
tions of frequency are rarer than those of compressio
waves. In fact, no published,in situ measurements of shea
wave dispersion and attenuation over extended freque
ranges are known to the author.

The shear-wave speed and attenuation predicted f
the G-S dispersion relations in Eqs.~3! and~4! are shown in
Fig. 3. The curves were computed using values of the po
ity, grain size, and depth in the sediment appropriate
Richardson’s12 North Sea site C1. The theoretical curve f
the shear speed in Fig. 3~a! shows dispersion at a level o
approximately 10% per decade of frequency, which is str
ger than the dispersion in the compressional wave by a fa
of 10 or so. It is evident from the uniform gradient of th
curve in Fig. 3~a! that the predicted shear dispersion is log
rithmic as expected, sincecs scales asf n/2 in Eq. ~3!. The
lone shear-speed datum in Fig. 3~a! falls precisely on the
theoretical curve, since it was used in the evaluation of
compressional and shear coefficients,gpo andgso . The pre-

FIG. 3. Shear-wave~a! speed and~b! attenuation versus frequency from
Richardson’s North Sea site C1, well-sorted fine sand. The solid lines w
evaluated from Eqs.~3! and ~4! using the reported values~Ref. 33! of the
porosity, grain size, and depth for the site@N50.358, ug5238.2mm ~f
52.07!, d50.28 m].
J. Acoust. Soc. Am., Vol. 117, No. 1, January 2005
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dicted shear attenuation in Fig. 3~b! can be seen to exhibit a
~near! linear dependence on frequency, varying asf 12n/2.
Note that the theoretical curve passes below but close to
sole reported data point33 taken at a frequency of 1 kHz. Thi
agreement provides a mild test of the G-S theory, since
shear attenuation was not used in computinggpo , gso , or n.
A single data point, of course, provides no information
the slope of the shear attenuation versus frequency cu
which is unfortunate because the gradient~as in the case of
the compressional attenuation! provides an important test o
theoretical models of waves in sediments.In situ measure-
ments of shear dispersion and attenuation over extended
quency ranges are challenging but would be extremely us
for future validation of theoretical predictions.

V. DEPTH DEPENDENCE

A. Compressional wave

Publishedin situ data on the depth dependence of t
sound speed and attenuation immediately beneath
seawater–sediment interface are scarce. Hamilton34,35 dis-
cussed the variation of the sound speed with depth, but
cused mainly on significantly greater depths than the m
or two of interest here. However, he did briefly consider t
variation of the sound speed in the first 20 m of sa
sediments,34 for which he developed the following empirica
power-law relationship, based on a curve fit to laborato
data:

cpH51806d0.015. ~13!

According to this expression, the sound speed is zero at
seawater–sediment interface and increases rapidly in the
meter or so, after which the rate of change slows sign
cantly. No allowance for any variation of the sound spe
with porosity is made in Eq.~13!.

Hamilton36 also considered the attenuation of sound a
function of depth. Based on laboratory measurements37,38 of
the variation of attenuation with confining pressure, he p
posed an empirical inverse power-law relationship for
attenuation versus depth in sand

apH50.45d21/6, ~14!

where the units ofapH are dB/m/kHz. Again, porosity is
absent from this empirical representation. According to E
~14!, the attenuation is infinite at the seawater–sediment
terface but decreases very rapidly in the first few centimet
It seems from curve B in Hamilton’s36 Fig. 3 that he consid-
ered Eq.~14! to be valid down to a depth of 150 m. Withi
the first few meters of the interface, however, his data are
poorly resolved in depth to say whether they support
strong negative gradient exhibited by Eq.~14!.

Since Hamilton’s8 final review of the acoustic propertie
of sediments was published in 1987, fewin situ measure-
ments of near-interface sound-speed and sound-attenu
profiles in sand sediments have appeared in the literat
Acoustic profiles from cores, however, are available, some
the most recent being from Richardsonet al.25 for the
SAX99 site. They measured sound speed and attenuatio
functions of depth in a large number of cores at a freque

re
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of 400 kHz. The results are shown in Fig. 4, along with t
G-S theory~smooth solid lines!, evaluated taking the poros
ity as independent of depth.39 Hamilton’s empirical expres-
sions are also included~dashed lines! for comparison. It
should be noted that the G-S attenuation was computed
frequency of 400 kHz and then divided by 400, to obtain
attenuation profile shown in Fig. 4~b!, having units of dB/m/
kHz. This procedure is consistent with that applied to
data. For the purpose of making the comparison betw
theory and data in Fig. 4~b!, it would have been inappropri
ate to compute the attenuation directly for a frequency o
kHz, since this would have underestimated the theoret
result~relative to the data! due to the slight nonlinear depen
dence of the G-S attenuation on frequency@Fig. 2~b!#.

At each depth increment, the sound speed and atte
tion data show some spread, as indicated by the horizo
bars in Fig. 4. Note, however, that the variations in the so
speed are less than62%, whereas those in the attenuati

FIG. 4. Sound-speed~a! ratio and ~b! attenuation versus depth for th
medium-sand SAX99 site. The measurements were made on diver-coll
cores at 400 kHz and each horizontal line represents the spread of the
at a given depth. The smooth solid lines, representing the G-S theory,
evaluated from Eqs.~1! and ~2! using the reported values~Ref. 25! of the
porosity, grain size, and measurement frequency@N50.377, ug

5414.7mm ~f51.27!, f 5400 kHz]. The dashed lines, depicting Ham
ton’s empirical profiles, were evaluated from Eqs.~13! and ~14!.
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are of the order of640%. As discussed below, this relative
high variability in the attenuation data may be attributable
various factors including scattering from inclusions such
shell fragments in the sediment as well as random coup
losses, which are expected whenever a sensor is inserted
a granular sedimentary medium.

Below a depth of 10 cm, the G-S theory yields a soun
speed profile that falls within the limits of the data in Fi
4~a!. At shallower depths, where the gradient in the sou
speed is very high, the G-S theory falls a little below t
lower limits of the data. This small discrepancy between
theory and the data may be due to the difficulty of measur
the sound speed near the interface, where the gradient o
upward-refracting profile is particularly steep: diving wav
may reach the receiver first, giving rise to an overestimate
the sound speed. Note that the trends of the G-S sound-s
profile and Hamilton’s empirical relationship are simila
with both showing a rapid increase within a few centimet
of the interface. In the case of the G-S profile, this hig
near-interface gradient is an effect of the overburden p
sure, which gives rise to a high rate of increase of the co
pressional coefficient@Eq. ~11!# immediately below the
boundary. At the boundary itself (d50), the G-S profile
takes Wood’s value,co , whereas Hamilton’s expression goe
to zero.

Turning to the attenuation profiles in Fig. 4~b!, it appears
that the negative gradient of Hamilton’s empirical curve
not consistent with the data~even allowing for the fact tha
the data show considerable spread!. On the other hand, the
G-S attenuation profile accurately tracks the lower-limiti
values of the measured attenuation. As will become appar
the G-S theory systematically delineates the lower limits
all the ~compressional and shear! attenuation data sets exam
ined in this paper, that is, the G-S theory traces the low
bound to the envelope of the measured attenuation valu

A plausible interpretation of this observation is that t
G-S theory predicts theintrinsic attenuation due to inter
granular interactions, which convert acoustic energy i
heat, whereas the measurements represent theeffectiveat-
tenuation, that is, the total attenuation experienced b
sound or shear wave in propagating through the gran
material. Thus, in addition to the intrinsic attenuation, t
effective attenuation includes all other losses, notably th
due to scattering from inhomogeneities such as shell fr
ments in the medium. Naturally, since shells and other s
terers are likely to be distributed randomly throughout t
sediment, the effective attenuation is expected to be hig
variable, but with a lower limiting value equal to the intrins
attenuation. According to this argument, the G-S theory
expected to coincide with the lower bound of the data,
indeed it does in Fig. 4~b!.

B. Shear wave

Figure 5~a! shows Richardson’s12 in situ measurements
of the shear speed versus depth at 1 kHz in well-sorted
sand at the North Sea C1 site. At each depth, the data poi
Fig. 5~a! represents the mean of the several measured va
reported by Richardson.12 The data display a distinct positiv
gradient, with the shear speed approximately doubling
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tween depths of 5 and 30 cm. Similar behavior is predic
by the G-S theory@Eqs. ~3! and ~12!#, as shown by the
smooth solid line in Fig. 5~a!, which increases as the cub
root of depth in the sediment. In evaluating the G-S line
Fig. 5~a!, the porosity was taken to be independent of dep
consistent with the porosity profiles measured on cores25 and
in situ39 during the SAX99 experiment. It is clear that th
theoretical curve in Fig. 5~a! closely matches the experimen
tally determined shear-speed profile.

The cube root of depth power law from the G-S theory
similar in form to an empirical shear-speed profile for sa
sediments proposed by Hamilton8

csH5128d0.28. ~15!

This expression is plotted in Fig. 5~a! as the dashed line. In
fact, Hamilton8 discussed several empirical expressions h
ing the form of Eq.~15! but with slightly different exponents
ranging from 0.25 to 0.312. Over the limited depth range
Richardson’s data,12 these exponents are almost indisti

FIG. 5. Shear-wave~a! speed and~b! attenuation versus depth for the wel
sorted fine sand at North Sea site C1. The smooth solid lines, represe
the G-S theory, were evaluated from Eqs.~3! and ~4! along with Eq.~12!
using the reported values~Ref. 33! of the porosity, grain size, and measur
ment frequency@N50.358, ug5238.2mm ~f52.07!, f 51 kHz]. The
dashed lines are Hamilton’s empirical profiles, as given by Eqs.~15! and
~16!.
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guishable, not only from one another but also from the G
exponent of 1/3. However, Hamilton’s~fixed! coefficient of
128 in Eq. ~15! significantly underestimates Richardson
data in Fig. 5~a!, by approximately 30% at a depth of 30 cm
It should be noted that, according to Eq.~12!, the corre-
sponding coefficient in the G-S theory is a function of p
rosity and grain size, and thus may differ from one sedim
to another. Equation~15! obviously does not accommoda
such behavior.

The shear attenuation measured by Richardson33 at the
North Sea C1 site is shown in Fig. 5~b!. Included in the
figure is the G-S theoretical prediction evaluated from E
~4! and ~12!, again taking the porosity as independent
depth.25,39 It is evident from these equations that the pr
dicted attenuation scales as the reciprocal of the cube roo
depth and that the coefficient of proportionality is a functi
of porosity and grain size. Below a depth of 10 cm, the G
theory follows the lower bound of the attenuation da
which is consistent with the earlier argument that the G
curve depicts intrinsic attenuation, as opposed to the ef
tive attenuation represented by the data. At shallower dep
the G-S theory overestimates the measured attenuation
Richardson33 has suggested that these near-interface d
points may in fact be too low as a result of ducting~diving
waves! produced by the steep shear-speed gradient within
upper few centimeters of the sediment.

Hamilton8 has proposed the following empirical expre
sion for the shear attenuation profile:

asH524d21/6, ~16!

which is shown as the dashed line in Fig. 5~b!. Note that
Hamilton’s inverse-fractional-power-law scalings for th
compressional attenuation@Eq. ~14!# and shear attenuatio
@Eq. ~16!# are exactly the same, both having an exponen
21/6. Like the G-S shear attenuation profile, Eq.~16! shows
a steep negative gradient immediately below the interfa
whereas the gradient of Richardson’s data is weakly posit
As mentioned above, this discrepancy may be the resul
ducting just below the interface.

Figure 6 shows the shear-speed profiles of three fin
grained sediments, measuredin situ by Richardsonet al.10 at
Boa Dragaggio~fine sands and silt clays!, Viareggio ~silt
clay!, and Portovenere~silt and clay!. ~No shear-attenuation
data were reported for these sites.! In all three cases, the
shear speed is significantly less than that at the fine-s
North Sea C1 site shown in Fig. 5~a!. Notice the subtle dif-
ferences between the Boa Dragaggio, Viareggio, and P
tovenere profiles, and the fact that all three profiles are ac
rately reproduced by the G-S theory, evaluated from Eqs.~3!
and ~12! using the reported porosities and grain sizes.

The difference between the observed shear-speed
files at Boa Dragaggio and Vareggio@Figs. 6~a! and 6~b!# is
particularly interesting, since the reported porosities of th
two sediments are almost the same, at 0.57 and 0.58, res
tively. It follows that the difference in the shear speeds at
two sites, amounting to about 10 m/s at a depth of 2 m, m
be due to the difference between the mean grain sizes.
Dragaggio is the coarser of the two sediments, with a
ported mean grain diameter10 of 3.4 mm ~f58.2!, compared

ing
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FIG. 6. Shear-speed profiles from~a! Boa Draggagio @N50.57, ug

53.4 micron ~f58.2!, f 51 kHz]; ~b! Viareggio @N50.58, ug

51.82 micron ~f59.1!, f 51 kHz]; and ~c! Portovenere@N50.63, ug

51.05 micron~f59.9!, f 5300 Hz]. The smooth curves, representing t
G-S theory, were evaluated from Eqs.~3! along with Eq.~12! using the
reported values~Ref. 10! of the porosity, grain size, and measurement f
quency for each of the sites, as listed here in square brackets.
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with 1.82 mm ~f59.1! at Viareggio. In the G-S theory, th
grain size affects the shear speed only through the s
modulus,gs , given by Eq.~12!. According to this expres-
sion, the shear modulus for Boa Dragaggio is greater t
that for Viareggio by a factor of 1.5. This is sufficient to giv
rise to slightly dissimilar theoretical shear-speed profiles
the two sites, in excellent agreement with the data, as sh
in Figs. 6~a! and 6~b!.

At the Portovenere site@Fig. 6~c!#, the porosity is mar-
ginally higher and the grain size a little lower than at B
Dragaggio and Viareggio. The enhanced porosity affects
bulk density,ro in Eq. ~5!, and also the shear modulus,gs in
Eq. ~12!, while the smaller grain size influences onlygs . The
net effect, as predicted by Eq.~3!, is a slightly slower shear-
speed profile than that at either of the other two sites. Ag
it can be seen that the theoretical curve and the data ar
very good agreement.

VI. RELATIONSHIPS BETWEEN PHYSICAL
PROPERTIES

Although the porosity, grain size, and bulk density a
pear independently in the G-S dispersion expressions, th
quantities are not themselves independent: finer-grain s
ments tend to have lower densities and higher porosities
coarser materials. In order to evaluate the G-S dispers
relations as a function of any one of the three physical pr
erties, porosity, grain size, and density, it is necessary firs
establish the relationships that exist between them.

Of these inter-relationships, that between bulk dens
and porosity is well known and has already been introdu
as the linear combination of the two constituent densities
Eq. ~5!. This expression accurately matches the data, as
emplified in Fig. 1. It follows that, provided the densities
the fluid and mineral phases are known, the bulk density
be determined directly from measurements of the poro
and vice versa.

The functional dependence of porosity on grain size
more difficult to treat, not least because porosity is n
uniquely determined by grain size: sediments with identi
porosities may exhibit mean grain sizes that differ from o
another, as exemplified by the sediments investigated
Richardsonet al.10 at Boa Draggagio and Viareggio@see
Figs. 6~a! and~b!#. Interestingly, Hamilton’s data on porosit
versus grain size show a significantly smaller scatter than
corresponding data collected from numerous sites
Richardson, a difference that becomes clear on compa
Figs. 7~a! and 7~b!. However, a trend common to both da
sets is that finer-grain sediments tend to exhibit higher
rosities.

Any variation of the porosity with grain size represents
departure from the way smooth, uniform spheres pack
gether. Hamilton8 has attributed the observed variation
porosity with grain size, illustrated in Fig. 7, to several fa
tors including nonuniformity in the size and the shape of
grains.

Amongst unconsolidated marine sediments, the low
porosities are found in the coarse sands, almost always
ing values close to 0.37. As it happens, 0.37 is also the
rosity of a random ‘‘close’’ packing of smooth, uniform
Michael J. Buckingham: Wave properties of marine sediments
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spheres,40,41 which suggests that, in the coarser sedime
grain shape~or roughness! effects represent a negligible de
parture from sphericity, and thus the packing is much lik
random packing of smooth spheres. In the finer-grained s
ments, on the other hand, surface roughness may be co
rable with or much greater than the mean grain diamete
which case close contact between adjacent grains is
vented, thus allowing pore water to percolate between gra
which results in an increase in the porosity. Grain ‘‘shap
and ‘‘roughness’’ in this context cover a multitude of no
spherical conditions, encompassing smooth, potato-
grains, high-aspect-ratio platelets, and very spiky, hedgeh
like particles.

Based on these ideas~i.e., a random packing of roug
spheres!, Buckingham42 developed the following relationshi
between porosity and grain size:

N512PsH ug12D

ug14DJ 3

, ~17!

FIG. 7. Porosity versus grain size.~a! Comparison of Hamilton’s data with
Eq. ~17!, evaluated takingD53 mm ~red curve!. ~b! Comparison of Rich-
ardson’s data with Eq.~17!, takingD51 mm ~red curve!.
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wherePs50.63 is the packing factor of a random arrang
ment of smooth spheres andD is the rms roughness mea
sured about the mean~equivalent volume sphere! surface of
the grains. The inverse of Eq.~17! gives the grain size as
function of the porosity

ug5
2D~2B21!

12B
, ~18!

where

B5H 12N

12Nmin
J 1/3

. ~19!

According to Eq.~17!, when the grain size is very muc
greater than the rms roughness, the porosity approache
minimum value, Nmin512Ps50.37, appropriate to the
coarse-sand regime of Fig. 7. At the other extreme, when
roughness is very much greater than the grain diamete
with the high-aspect-ratio clay and silt particles, the poros
takes its maximum value,Nmax512(Ps/8)50.92, which
conforms with the fine-grain, high-porosity data in Fig. 7.

It is clear from the presence ofD, the rms roughness
parameter, in Eq.~17! that sediments of nominally the sam
mean grain size may exhibit different porosities. A sha
sand having very rough grains~high D! may be considerably
more porous than an otherwise similar smooth-grained s
~low D!. Although the rms roughness of the grains is no
parameter that is normally reported, the value ofD53 mm
yields a relationship between porosity and grain size fr
Eq. ~17! that follows the average trend of Hamilton’s data
Fig. 7~a!, whereas a somewhat lower value ofD51 mm is
more appropriate to the average of Richardson’s data, a
lustrated in Fig. 7~b!.

It is not clear why Hamilton’s and Richardson’s data s
in Figs. 7~a! and 7~b!, respectively, should differ so mark
edly. The differences appear not only in the average tre
but also in the scatter of the data about the mean poro
especially for the finer-grained materials, a spread which
noticeably greater in Richardson’s data. Perhaps the rea
for the disparities between the two data sets is nothing m
than coincidence in that the majority of the sediments exa
ined by Richardson just happened to have smoother gra
and hence lower porosities, than those analyzed by Ha
ton.

In order to make comparisons between the theoret
and measured wave properties as functions of the poro
and the grain size, an ‘‘optimum’’ value ofD must be se-
lected for substitution into Eq.~17!. Since most of the data in
the following comparisons stem from Richardson’s measu
ments, the value ofD51 mm is adopted for the rms rough
ness parameter, consistent with the comparison between
and theory in Fig. 7~b!. With a fixed value ofD in Eq. ~17!,
the theoretical predictions of the wave properties from
G-S dispersion relations are, of course, single valued in
porosity and in the grain size, but the resultant curves
useful for comparison with the average trends of the mu
valued experimental data.
147Michael J. Buckingham: Wave properties of marine sediments
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VII. POROSITY DEPENDENCE

A. Compressional wave

The ratio of the sound speed in the sediment divided
that in the water column is much less sensitive to tempe
ture variations amongst sediments than the sound spee
self. Figure 8~a! shows a plot of the sound-speed ratio vers
porosity computed from the G-S theory@Eq. ~1!#, along with
data from a large number of sediments. The abundanc
data points in Fig. 8~a! reveals a clear trend over the poros
range fromN'0.37 to N'0.92, covering coarse sands
clays. Throughout this range, the theoretical curve accura
follows the trend of the data.

An interesting feature of both the data and the theor
cal curve in Fig. 8~a! is the extremely steep gradient of th
sound speed at porosities corresponding to the coarser s
(0.37,N,0.4). As the porosity rises marginally above
lower limit of 0.37, the sound speed plummets, eventua
passing through a broad minimum aroundN'0.8. In view of
the sensitivity to the porosity in the coarser materials, it
essential to have a high-precision measure ofN available if

FIG. 8. ~a! Sound-speed ratio versus porosity and~b! sound attenuation
versus porosity. The red curves were evaluated from the G-S theory@Eq. ~1!#
with f 538 kHz andd50.3 m, andD51 mm in Eq. ~17!. To obtain the
attenuation in dB/m/kHz, for comparison with the data, the value compu
at 38 kHz was divided by 38.
148 J. Acoust. Soc. Am., Vol. 117, No. 1, January 2005
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the sound speed for a sand sediment is to be predicted a
rately from the G-S theory.

The compressional attenuation as a function of poro
is shown in Fig. 8~b!, where the smooth curve was comput
by evaluating the G-S attenuation@Eq. ~2!# for a frequency of
38 kHz ~i.e., the frequency at which most of the data we
collected! and dividing the result by 38 to obtain the pr
dicted attenuation in dB/m/kHz. It is evident that the scat
is much higher in the attenuation data@Fig. 8~b!# than in the
sound-speed data@Fig. 8~a!#. As with the depth profiles of
attenuation in Fig. 4~b! ~compressional! and Fig. 5~b!
~shear!, the G-S theoretical curve tracks the lower bound
the widely spread attenuation data in Fig. 8~b! ~if allowance
is made for relatively large measurement errors in the low
attenuations!. Such behavior is consistent with the fact th
the theory predicts the intrinsic attenuation, due to the ir
versible conversion of wave energy into heat, whereas
measurements represent the randomly distributed effec
attenuation. As discussed earlier, in addition to the intrin
attenuation, the effective attenuation includes all other ty

FIG. 9. ~a! Shear-wave speed versus porosity and~b! shear-wave attenuation
versus porosity. The red curves were evaluated from the G-S theory@Eqs.
~3! and~4!# with f 51 kHz andd50.3 m, andD51 mm in Eq. ~17!. @Note:
The shear wave data reported in several of Hamilton’s papers were m
determined indirectly from measurements of interface waves. As they
pear to be distinctly different in character from more recent direct meas
ments of shear wave properties, his data are not included in these plo#

d
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of loss, due for instance to scattering from inhomogenei
such as shell fragments in the medium.

Like the sound speed, the theoretical intrinsic atten
tion decays extremely rapidly as the porosity rises increm
tally above the minimum value of 0.37, with a similar rap
decay exhibited by the data. It follows that, in order to p
dict accurately the intrinsic attenuation in a sand sedimen
high-precision estimate of the porosity is required.

B. Shear wave

Figure 9~a! shows the speed of the shear wave as a fu
tion of porosity, with the smooth curve representing the G
theory @Eq. ~3!#. The clear downward trend in the data
reproduced well by the theoretical curve. The finer, hig
porosity sediments exhibit the slowest shear speeds,
values as low as 10 m/s in the highest porosity materials,
clays. At the opposite extreme, the coarse sands with po
ties around 0.4 show shear speeds in excess of 100 m/
with the compressional speed and attenuation, the sh
wave speed decays extremely rapidly in the coarse mate
as the porosity increases slightly above its lowest value
0.37. This behavior can be clearly seen in both the theore
curve and the data. Because of the very high gradien
porosities in the vicinity of 0.4, a high-precision measu
ment of porosity would be required in order to predict acc
rately the speed of the shear wave in a sand sediment.

Figure 9~b! shows the shear attenuation as a function
porosity, with the smooth curve representing the predict
of the G-S theory@Eq. ~4!#. Relatively few data points appea
in Fig. 9~b!, reflecting the difficulty of makingin situ shear-
attenuation measurements. Nevertheless, sufficient data
present to identify a lower bound to the effective attenuati
a boundary which is accurately traced by the intrinsic atte
ation curve from the G-S theory. Apart from one errant po
atN50.63, the data lie on or above the theoretical line, ag
consistent with the idea that scattering and other loss me
nisms may add to the intrinsic attenuation predicted by
theory to yield the effective attenuation of the measureme

VIII. GRAIN-SIZE DEPENDENCE

A. Compressional wave

Figure 10~a! shows the sound-speed ratio as a funct
of grain size, with the smooth curve representing the G
theory@Eq. ~1!#. The data are well distributed throughout th
full range of grain sizes, from clays to coarse sands,
show a distinct upward trend with increasing grain size. T
G-S theory follows the average trend of the data very sa
factorily.

The compressional attenuation as a function of the g
size is shown in Fig. 10~b!, where the smooth curve repre
sents the G-S theory@Eq. ~2!#, which was evaluated for a
frequency of 38 kHz~i.e., the measurement frequency f
much of the data! and divided by 38 to obtain dB/m/kHz
Throughout the range of grain sizes, from clays to coa
sands, the data points show a high degree of scatter as
pected, since the data represent the effective attenuation
J. Acoust. Soc. Am., Vol. 117, No. 1, January 2005
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lower boundary of the envelope occupied by the data is
curately traced by the theoretical curve computed from
G-S theory for the intrinsic attenuation.

B. Shear wave

Data on shear-wave properties as a function of grain s
are less abundant than those on the compressional wave
shear speed versus mean grain diameter is plotted in
11~a!, where the smooth curve represents the G-S theory@Eq.
~3!# evaluated at a frequency of 1 kHz. Although a gap a
pears in the distribution of the data points between 15 and
mm, a strong upward trend in the measured shear speed
increasing grain size is still easy to distinguish. Similar b
havior is exhibited by the G-S theoretical curve.

FIG. 10. ~a! Sound-speed ratio versus mean grain diameter and~b! sound
attenuation versus mean grain diameter. The red curves were evaluated
the G-S theory@Eqs.~1! and ~2!# with f 538 kHz andd50.3 m, andD51
mm in Eq.~17!. To obtain the attenuation in dB/m/kHz, for comparison wi
the data, the value computed at 38 kHz was divided by 38.@Note: Hamil-
ton’s data have been included in these plots because the G-S theory an
experimental data indicate an insensitivity to the grain roughness param
D that is, Hamilton’s and Richardson’s data follow much the same tren#
149Michael J. Buckingham: Wave properties of marine sediments
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As pointed out by Richardson,12 shear attenuation ha
been measured at far fewer sites than shear speed. T
measurements of shear attenuation that are available are
ted in Fig. 11~b! against the mean grain diameter. T
smooth curve in the diagram represents the G-S the
evaluated for a frequency of 1 kHz. Many of the data poi
fall close to or above the theoretical curve, again consis
with the idea that the data represent effective attenuation
lower limiting value of which is the intrinsic attenuatio
yielded by the theory.

However, a group of data points in Fig. 11~b!, represent-
ing very-fine-grained materials, silts and clays, with me
grain diameters in the range between 1 and 10mm, falls
noticeably below the theoretical curve. It is not clear w
these particular data points are seemingly too low~or the
theoretical curve too high!, especially as the very same me
sured values of shear attenuation lie above the theore
curve in the plot of shear attenuation versus porosity in F

FIG. 11. ~a! Shear-wave speed versus mean grain diameter and~b! shear-
wave attenuation versus mean grain diameter. The red curves were eva
from the G-S theory@Eqs. ~3! and ~4!# with f 51 kHz andd50.3 m, and
D51 mm in Eq.~17!. @Note: The comment on Hamilton’s shear wave data
the legend to Fig. 9 also applies here.#
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9~b!. The data points in question in Fig. 9~b! fall in the po-
rosity range from approximately 0.55 to 0.6. In view of th
extreme difficulty of making precisionin situ measurements
of shear attenuation in very-fine-grained sediments~shear
speeds less than 50 m/s!, the explanation for the apparentl
low data points in Fig. 11~b! may simply be a high level of
uncertainty in these measurements. Since no error bars
reported with the original data set, it is difficult to ascerta
whether this interpretation is plausible but the anom
should be resolved, one way or the other, as morein situ
shear-attenuation data become available.

IX. A SHEAR-WAVE INVARIANT

If the product of the G-S expressions for the shear sp
@Eq. ~3!# and intrinsic attenuation@Eq. ~4!# is formed, the
resultant expression is

csas52p f tanS np

4 D50.42f , ~20!

wheref is frequency~Hz! and the value ofn listed in Table II
has been used to evaluate the scaling constant~0.42! on the
right. According to Eq.~20!, the product of the shear spee
and attenuation is directly proportional to the frequency. T
scaling constant is a function only of the strain-harden
coefficientn, being independent of all the macroscopic m
terial properties of the sediment, that is, the porosity,
grain size, the density, and the overburden pressure. Sinn
represents microscopic processes occurring at g
contacts,17 including strain hardening in the molecularly th
layer of fluid separating asperities, it is expected to be ess
tially constant for all sediments composed of similar mate
als, for instance, quartz grains and seawater. Thus, the
stant 0.42 in Eq.~20! should hold for all silicilastic marine
sediments

In principle, the predicted invariance of the shear spe
times the shear attenuation provides a good test of the
theory. In practice, however, the number of sediment sites
which both shear-wave properties are available is alm
vanishingly small, making such a test impracticable
present.

X. CONCLUDING REMARKS

The properties of the phase speed and attenuation
compressional and shear waves in marine sediments
been examined in this article. Detailed comparisons h
been made between measured wave properties, taken
the literature, and the predictions of a recently develop
grain-shearing~G-S! theory of wave propagation in saturate
porous media. The theory takes the form of two dispers
pairs, that is, four expressions, representing the phase s
and attenuation of the compressional wave and the s
wave. In addition to frequency, the four G-S dispersion re
tionships are functions of porosity, density, and grain si
and also overburden pressure, which translates into dep
the sediment.

Besides the material properties, the theoretical exp
sions involve three real parameters, representing microsc
shearing processes that are postulated to occur at grain

ted
Michael J. Buckingham: Wave properties of marine sediments
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tacts during the passage of a wave. Two of these parame
the compressional and shear coefficients, are analogou
the Lamécoefficients of elasticity theory, and the third is
numerical index representing the phenomenon of strain h
ening in the molecularly thin layer of pore fluid sandwich
between grain contacts. Each of the three grain-shearing
rameters has been assigned a value, which was held fixe
all the comparisons with data. Thus, the only available v
ables in the theoretical dispersion relationships are the m
rial properties~porosity, grain size, and overburden pressu!
and the frequency.

The compressional and shear-wave speeds and atte
tions have been plotted as functions of frequency, depth
the sediment, porosity, and grain size, in each case with
other variables held constant. In every comparison,
theory accurately matches the average trend of the data s
is to be emphasized that no adjustable parameters were a
able in the theory to help achieve these multiple fits to da

The high quality of the match to data even holds for t
attenuation of both the compressional and the shear w
the theory reliably traces out thelower boundto the highly
variable attenuation values returned by measurement
straightforward interpretation of this observation is that
theory predicts theintrinsic attenuation, which arises from
the irreversible conversion of wave energy into heat, wher
the measurements yield theeffectiveattenuation, that is, the
intrinsic attenuation plus any additional sources of loss, s
as scattering from inhomogeneities in the granular medi
Since inclusions such as shell fragments tend to be rando
distributed in the sediment, the effective~i.e., measured! at-
tenuation shows large fluctuations, taking values that
bounded from below by the intrinsic attenuation, which
stable and well predicted by the theory. In the plots of
compressional attenuation as a function of depth, for
ample, the theory accurately traces out the profile of the lo
est attenuation values observed at each depth@Fig. 4~b!#.

It is concluded that the G-S dispersion relationships
Eqs.~1! to ~4!, with the three fixed parametersgpo , gso , and
n taking the values listed in Table I, are useful as a pract
tool for making estimates of the wave and physical prop
ties of a sediment~excluding the effective attenuation, o
course, but including the intrinsic attenuation!. For instance,
if the sound speed were known, the shear speed, both~intrin-
sic! attenuations, the porosity, and the density could
evaluated immediately and uniquely from the G-S theoret
expressions. Similarly, if the porosity were available fro
say, a core sample, the wave speeds and~intrinsic! attenua-
tions could be evaluated from the G-S dispersion relatio
Such utility has potential as the basis of a variety of inv
sion techniques for estimating the geoacoustic paramete
marine sediments.
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