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Abstract In this study, we consider the origin of the Coriolis-
Stokes (CS) force in the wave-averaged momentum and en-
ergy equations and make a short analysis of possible energy
input to the ocean circulation (i.e., Eulerian mean velocity)
from the CS force. Essentially, we find that the CS force
appears naturally when considering vertically integrated quan-
tities and that the CS force will not provide any energy input
into the system for this case. However, by including the
“Hasselmann force”, we show some inconsistencies regarding
the vertical structure of the CS force in the Eulerian frame-
work and find that there is a distinct vertical structure of the
energy input and that the net input strongly depends on
whether the wave zone is included in the analysis or not. We
therefore question the introduction of the “Hasselmann force”
into the system of equations, as the CS force appears naturally
in the vertically integrated equations or when Lagrangian
vertical coordinates are used.
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1 Introduction

An object that moves in a rotating system will tend to veer
relative the local frame due to inertia; in the rotating frame, the
object appears to feel a force, and this is generally referred to
as the Coriolis force. The traditional view is that the Coriolis
force, which is always normal to the velocity, does not influ-
ence the energy budget as it is a consequence of inertia in a
rotating system rather than being a true force.When waves are
present in the rotating system, the analysis becomes less clear
due to the uncertainty in how to treat the average of the
fluctuating fields. A Lagrangian analysis shows that the
Coriolis force will act on the mean drift of the waves (or the
Stokes drift) and that the particles in a pure wave field will
display horizontal orbits when averaged over the inertial pe-
riod (Ursell 1950; Weber 1983). These studies show that the
Stokes drift thus feels the Coriolis force in the same way as a
traditional Eulerian current, and the force acting on the Stokes
drift is now generally called the Coriolis-Stokes (CS) force.
The influence of the CS force on the turbulent Ekman layer
may be found in Polton et al. (2005). There have been a few
recent studies where the energy input to the ocean circulation
(i.e., Eulerian mean velocity) by the CS force have been
addressed (Liu et al. 2007; Liu et al. 2009; Polton 2009; Wu
and Liu 2008; Wu et al. 2008). In this study, we further
investigate if the CS force can give rise to work done on the
system. We argue here that earlier results indicating that the
CS force influences the energy budget associated with the
ocean circulation (i.e., the kinetic energy based on the
Eulerian mean velocity) could possibly arise from a misrep-
resentation of the wave-drift and its forcing on the mean flow.

Any analysis of the wave-mean flow interaction has to deal
with the fact that the sea surface, and fluid particles beneath
the sea surface, oscillate. For instance, in a purely Eulerian
view, the Stokes drift is zero in the main part of the fluid and
appears in-between the wave trough and the wave crest.
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However, in a Lagrangian view, the Stokes drift in deep water
decays continuously with depth as exp(2kz), where z is depth
and k is the wave number (Fig. 1). Thus, the two formulations
give different results due to different treatment of the vertical
level in the averaging process. It should be noted that averag-
ing processes that are Eulerian-like but where the averaging
process take Lagrangian motions into account give the Stokes
drift with a vertical distribution equal to the purely Lagrangian
analysis (Broström et al. 2008; Aiki and Greatbatch 2012;
2013). Another notion of interest here is that when consider-
ing the vertical integral of both the Eulerian and Lagrangian
equations of motion, we regain consistency between the two
formulations (Weber et al. 2006). The integral analysis of the
wave influence on the mean flow carried out in Eulerian
coordinates, as was developed by Longuet-Higgins and Stew-
art in a series of papers (Phillips 1977; Longuet-Higgins and
Stewart 1960, 1961, 1962, 1964), provides a consistent de-
scription of the integrated properties of the wave-mean flow
system. Furthermore, the integrated quantities represent one of
the milestones regarding wave-mean flow interaction, and it is
the framework on which most other theories are confirmed
(Lane et al. 2007; Mellor 2013). However, it should be noted
that this formulation does not provide any insight into the
vertical structure of the wave-mean flow interactions. As a
final notice, we would like to point out that the drift speed
incorporating a Lagrangian Stokes drift is consistent with an
observed trajectory movement (Röhrs et al. 2012).

2 Basic theory

We consider a simple case and thus neglect friction, assume an
infinitely deep ocean, and consider an unforced system (i.e.,
the waves are steady in space and time). We also assume that
mean currents are weak. Furthermore, we divide the total
velocity, u=(u,v,w) which is in x=(x,y,z) direction and pres-
sure, p, into Eulerian mean parts, U and P, and fluctuating
parts, eu and ep that will here represent wave fluctuations.
Thus,

u ¼ Uþeu; ð1aÞ

p ¼ Pþep: ð1bÞ

The analysis is based upon linearization of the governing
equations, using the wave steepness, εk=ak, as a parameter of
expansion (a is wave amplitude and k is wave number). We
will, in the following, assume that all wave quantities are
O(εk) while the mean flow is O(εk

2). The equations to O(εk)
become

∂ Uþeu� �
∂t

− f Vþev� �
þ ∂eueu

∂x
þ ∂euev

∂y
þ ∂euew

∂z
¼ −

1

ρ

∂ Pþep� �
∂x

;

ð2aÞ

∂ Vþev� �
∂t

þ f Uþeu� �
þ ∂euev

∂x
þ ∂evev

∂y
þ ∂evew

∂z
¼ −

1

ρ

∂ Pþep� �
∂y

;

ð2bÞ

∂ Wþ ew� �
∂t

þ ∂ eu ew
∂x

þ ∂ ev ew
∂y

þ ∂ ew ew
∂z

¼ −
1

ρ

∂ Pþep� �
∂z

− g;

ð2cÞ

∂ Uþeu� �
∂x

þ
∂ Vþev� �

∂y
þ

∂ Wþew� �
∂z

¼ 0; ð2dÞ

where f is the Coriolis parameter, ρ is density, and g the
acceleration from gravity. Here, we include all wave-induced
Reynolds stresses as many of them are important in wave-
mean flow interaction theories. As an example, ∂euew∂z is impor-
tant when there are frictional boundary layers at the bottom or
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Fig. 1 Illustration of the Stokes drift in the Lagrangian and the Eulerian
representations for a wave with amplitude 1 m and wave period 6 s in
deep water. Here, we useUSt

z =a2ωkexp(2kz) and an approximate formula

for the Eulerian flow, namely U δ
St ¼ aω=π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−z2=a

p
. The total integral

of the two representations are equal, but has different depth distributions
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at the surface; in these cases, the term will represent the
transfer of wave momentum to mean flow momentum in the
Eulerian mean flow equation. The terms ∂eueu

∂x ;
1
ρ
∂ep
∂x will have

non-zero values when integrated from the bottom to the un-
dulating sea surface, and the combination of these (and the
mean pressure from the undulating surface) is known as the
wave radiation stress. Also, ∂ewew

∂z represents a second-order
pressure term, which appears in the expression for wave
radiation stress. Finally, ∂evew

∂z , which may (Hasselmann
1970), or may not, represent the CS force is the focus
of this study; here, we refer to the force arising from
this term as the “Hasselmann force”.

We consider waves traveling in the x-direction, and, where
we for the moment ignore the Coriolis force, find that the
linear waves are described by

∂eu
∂t

¼ −
1

ρ
∂ep
∂x

; ð3aÞ

∂ew
∂t

¼ −
1

ρ
∂ep
∂z

; ð3bÞ

∂eu
∂x

þ ∂ew
∂x

¼ 0: ð3cÞ

For deep-water waves (extension to arbitrary depth is
straightforward, but we consider deep-water waves for sim-
plicity) with amplitude a, wave number k, and angular fre-
quency ω (Phillips 1977),

eζ ¼ acos kx − ωtð Þ; ð4aÞ

eu ¼ aωexp kzð Þcos kx − ωtð Þ; ð4bÞ

ew ¼ aωexp kzð Þsin kx − ωtð Þ ð4cÞ

ep ¼ ρ
aω2

k
exp kzð Þcos kx − ωtð Þ; ð4dÞ

where eζ is the fluctuating sea surface.
For waves on a rotating plane, it is sometimes considered

that the resulting velocity in the y-direction, ev , may be
described by (Xie et al. 2001; Hasselmann 1970)

∂ev
∂t

þ f eu ¼ 0; ð5Þ

giving

ev ¼ aω
f

ω
exp kzð Þsin kx − ωtð Þ: ð6Þ

In practice, the inclusion of Eq. (5) in the analysis implies
that we use a second small parameter of expansion, εf=f/ω.
Typically, εf is very small, i.e., εf <<εk. From (6) and (2), we
realize that the Coriolis force neglected in the x-component of
(3) is O(εf

2).

2.1 Momentum equation

To derive the wave forcing on the mean quantities, we need to
insert the total velocity (and pressure) into the Navier-Stokes
equations and take the mean over the wave fields to evaluate
the forcing on the mean flow. However, this is not straightfor-
ward as the sea surface, as well as the particles in the fluid,
oscillate vertically.

It is of some interest to see how the CS force appears in
different settings. We ignore the second-order radiation stress
and pressure terms as they have no significance in this analysis;
however, we will keep the “Hasselmann force” (∂evew=∂z ). For
an illustrative purpose, we keep all terms that are connected toev . We arrive, after using Eqs. (3) and (5), at

∂U
∂t

− f Vþev� �
¼ 0; ð7aÞ

∂V
∂t

þ f Uþeu� �
þ ∂evew

∂z
− f eu !

¼ 0: ð7bÞ

Note that we connect f eu from Eq. (6) with the
“Hasselmann force”, this is intentional as these two terms
are both connected to each other by the inclusion of ev in the
analysis.

To find the wave forcing on the Eulerian mean flow, we
need to take an average of the wave motions; in the following,
we will consider two different averaging operators:

a ¼ ω
2π

Z
0

2π=ω

adt; ð8aÞ

ah i ¼
Z
−∞

ζ

adz; ð8bÞ

which represents a pure time mean (or Eulerian mean) and a
time mean of the vertically integrated quantities. Here, it
should be recalled that the Eulerian mean (8a) does not de-
scribe wave-mean flow interactions in a consistent way and
does not provide a Stokes drift that is in agreement with, for
example, a Lagrangian analysis. The integrated mean (8b)
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provides a well-established way to describe the entire forcing
of the wave field on the mean flow, and it provides a correct
description of the integrated Stokes drift. However, it does not
provide any insight to the vertical distribution of the flow and
the wave-mean flow interaction.

2.1.1 Eulerian mean

In the purely Eulerianmean (i.e., simple time average, Eq. 8a),
we find for the different components in Eq. (7)

f Vþev� �
¼ f V þ V δ

St

� �
; ð9aÞ

f Uþeu� �
¼ f U þ U δ

St

� �
; ð9bÞ

∂evew
∂z

− f eu !
¼ f Uz

St
−U δ

St

� �
; ð9cÞ

whereU δ
St
represents the Stokes drift due to the Eulerianmean

(at the surface or to be more precise over the area over which
the surface fluctuates) and Uz

St
the Lagrangian Stokes drift

(distributed with depth). Their vertical distribution is
displayed in Fig. 1. V δ

St
is the Stokes drift in the y-direction

(which, notably, is εf smaller than the Stokes drift in the x-
direction). The CS force according to the Hasselmann force
expression is distributed as exp(2kz), while the Coriolis force
from the Stokes-drift term (eu) is exactly canceled out by ∂ev=∂t.
However, it should be noted that the resulting CS force does
not have the same depth distribution as the Stokes drift in the
Eulerian frame which gives rise to an awkward inconsistency.
If we, on the other hand, completely ignore the inclusion ofev ,
we find that the CS force has the same distribution as the
Stokes mass flux, but that the vertical distribution is not
consistent with the Lagrangian analysis; however, this is a
well-known feature of the straightforward Eulerian mean.

2.1.2 Integrated mean

Validation of the integrated mean is a robust test of consisten-
cy since it includes the total momentum in the mean flow and
the waves. Taking a vertical integral of the terms we investi-
gate, followed by a time mean over the wave motions, give

(note that ev is out of phase with eζ , implying that the time
mean of the product is zero)

Z ~
ζ

−∞

f Vþev� �
dz ¼ f my

� �
; ð10aÞ

Z ~
ζ

−∞

f Uþeu� �
dz ¼ f mx þ mSt

x

� �
; ð10bÞ

Z ~
ζ

−∞

∂evew
∂z

− f eu !
dz ¼ f mSt

x −m
St
x

� � ¼ 0; ð10cÞ

where mx,my,mx
St are the total mean mass transport in x-, y-

directions and the total Stokes drift (or Stokes flux) in x-
direction, respectively. Now, we find that the CS force as
arising from the Hasselmann force is canceled out exactly by
∂ev=∂th i and that the CS force that remains in the equations
comes from the Coriolis force acting on the Stokes drift (i.e., it
is derived from f euh i ). Thus, for this case, the introduction ofev in the analysis did not provide any new dynamics, implying
that all relevant dynamics is present in the “standard” setO(εk)
wave equations in which Coriolis forces are ignored in the
wave analysis.

2.2 Energy equation

To find the kinetic energy of the system, we multiply the x-
momentum with Uþeuð Þ and the y-momentum with Vþevð Þ
and add the expressions. Continuing with our simple case and
using Eq. (6), we find

Uþeu� �∂U
∂t

− U þeu� �
f V þev� �

þ V þev� �
∂V
∂t

þ V þev� �
f U þeu� �

þ Vþev� � ∂ev
∂t

þ ∂vw��
∼∼

∂z

 !
¼ 0

:

ð11Þ

The “standard” Coriolis terms cancel out exactly, the re-
maining terms are

Uþeu� �∂U
∂t

þ Vþev� �∂V
∂t

þ Vþev� � ∂ev
∂t

þ ∂vw��
∼∼

∂z

 !
¼ 0:

ð12Þ

Thus, if we do not include ev in the analysis (as is not
necessary as shown earlier and will be further discussed in
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next section), the last term vanishes, and we find that the CS
force will not influence the energy budget directly.

However, if we include ev in the analysis, we have a
contribution from the last term in Eq. (12). Since the Stokes
drift is independent of time, we can write the time average of
(12) as

1

2

∂
∂t

U þ U δ
St

� �2 þ V þ V δ
St

� �2h i
¼ −f V uZSt−u

δ
St

� �
: ð13Þ

The equivalent equation using vertical integration becomes
(using 10 and 12)

Z ~
ζ

−D

1

2

∂
∂t

U þ U δ
St

� �2 þ V þ V δ
St

� �2h i
dz ¼ −f V mx

St−m
x
St

� � ¼ 0:

ð14Þ

Notably, by includingev in the analysis, we find that the CS
force will contribute to the energy budget, and we note that (1)
it will have a distinct vertical dependence (2) the integrated
mean of the contribution is quite small.

3 Discussion and conclusion

3.1 Discussion on the CS force

The starting point of this study was the question if the CS
force could influence the energy budget of the mean flow. The
answer to this question depends to some extent whether the
mean kinetic energy is defined using the Eulerian mean ve-
locity or the Lagrangian mean velocity. In many applications,
the CS force has been derived using the Eulerian mean of the
“Hasselmann” force ∂evew=∂z . However, we again stress that
an Eulerian mean of the Navier-Stokes equation has a rather
complex physical interpretation and that a full account of the
dynamics requires a separate treatment of the area between
wave troughs and wave crests and the layer below the wave
troughs (Newberger and Allen 2007a, b; Phillips 1977). Our
analysis using an integrated framework, which describes the
total momentum flux, shows that the CS force arises from the
Stokes drift in the Coriolis term. Within this approach, the
“Hasselmann” type of force is exactly zero as the time deriv-
ative of ∂ev=∂t exactly cancels out ∂evew=∂z . Thus, introducing
the small term ev does not influence the dynamics, and we do
not have to break the order of approximations (i.e., taking
account of a term with magnitude f/ω while neglecting terms
of order (ak)2»f/ω) that is the basis of wave and wave-mean
flow interaction dynamics for deriving the CS force. The CS

force has frequently been explained as a tilting of the planetary
vorticity; however, this explanation is unnecessarily compli-
cated. The CS force is simply the average Coriolis force that
acts on a particle with a Lagrangian velocity as given by the
mean currents and the waves. In the same way that the
representation of the Stokes drift is problematic in an Eulerian
reference frame, there is a problem of representing the CS
force.

3.2 Vertical structure of the CS force

So far, we have only considered the Eulerian mean and the
integrated mean. However, the integrated framework does not
provide insight into the vertical structure, and the Eulerian
analysis raises the question if there is vertical dependence not
seen in the integrated analysis. One way to analyze the vertical
structure is to use a quasi-Lagrangian, quasi-Eulerian repre-
sentation (Broström et al 2008). Hence, we use an averaging
operator defined as

af g ¼ ∂
∂Z

ZZþeζZ
−∞

adz; ð15Þ

which represents the time mean of an infinitesimal thin oscil-
lating layer located at a mean level Z and where the fluctuation
is given by

eζz ¼ Z ewdt: ð16Þ

Using this formalism, we find

∂
∂Z

ZZþeζZ
−∞

f Uþeu� �
dz ¼ f U þ UZ

St

� �
; ð17aÞ

∂
∂Z

ZZþeζZ
−∞

∂evew
∂z

− f eu !
dz ¼ f UZ

St−U
Z
St

� � ¼ 0: ð17bÞ

Thus, this result is consistent with the result from the
integrated mean. The CS force comes from the Coriolis force
acting on the Stokes drift, and the contribution from includingev into the system is exactly canceled out. This statement is
approximately valid for the energy analysis as well (the case
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with strongly sheared flowmay, however, give non-negligible
contributions from the “Hasselmann” type of force). It should
be noted that this formalism provides, by definition, exactly
the same result as the integrated framework in case we inte-
grate over the entire fluid.

3.3 General discussion on CS force and energy

There have been a few recent studies suggesting that the CS
force may contribute to the budget of the kinetic energy which
is defined using the Eulerian mean velocity (Liu et al. 2007;
Liu et al. 2009; Polton 2009; Wu and Liu 2008; Wu et al.
2008). This would be a surprising result as the traditional
Coriolis force does not influence the budget of the kinetic
energy which is defined using raw velocity as it is a “virtual”
force rather than a true force. The basis of earlier studies is that
the “Hasselmann” force actually does influence the mean
energy equation in an Eulerian framework; however, it is
well-known that the truly Eulerian framework cannot describe
the wave-mean flow interaction in a consistent way. An alter-
native, more correct, description is to integrate all equations
from the bottom to the sea surface. This formulation does not
provide any information on the vertical distribution of the
induced mass transports or the wave-mean flow interaction,
but it is generally considered to be a solid ground truth for
wave-mean flow interaction. Providing consistency with the
integrated quantities is often considered an essential test case
for new developments in wave-mean flow interaction theories
(Lane et al. 2007; Mellor 2013).

In this study, we show that the CS force does not influence
the mean-flow energy budget when a proper treatment of the
entire wave field is considered. Furthermore, using integration
to an imaginary marked layer, we find that the CS force does
not influence the mean energy at any depth (within the order

of approximations); notably, this formulation provides a real-
istic depth distribution of the Stokes drift (Broström et al
2008). This result is consistent with our basic understanding
that the Coriolis force, and its wave counterpart the CS force,
is a virtual force arising from inertia in a rotating system.

3.4 Indirect influence of CS on energy

We conclude that the CS force does not have a direct impact
on the budget of the kinetic energy which is defined using the
Lagrangian mean velocity. However, as it may influence the
direction of the surface current, it can have an indirect impact
on the total kinetic input to the system. Following Philips
(1977), the energy input, say W, into the system is

W ¼ U⋅τ; ð18Þ

where U is the mean Eulerian velocity at the surface, and τ is
the momentum flux from the atmosphere into the ocean.

To get an idea how this term changes when the CS force is
included, we consider a one-dimensional mixing model for
Ocean Weather Station M (located at 66 N, 2 E) for the year
1987. We use the General Ocean Turbulence Model (GOTM,
Umlauf and Burchard 2005, 2003) and run the model with (1)
standard configuration and (2) for a case where CS force is
included. Wave data are obtained from the ERA-Interim re-
analysis (Dee et al. 2011). The results are shown in Fig. 2. We
see that the sea surface temperature (SST) becomes slightly
lower when including the CS force, which indicates that the
CS force does alter the energy available for mixing. The CS
force veers the wind-driven current, thus the energy input (18)
becomes different. The small impact on SST does, however,
indicate that the effect is not large.

January April  July   October January

6

7
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10

11

12

13
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S
S

T
 o

C

Ref

CS

Fig. 2 The sea surface
temperature at Ocean Weather
Station M for 1987. The figure
shows two different runs using the
GOTM turbulence model: a
reference run (blue), and a run
that includes the CS force (green).
The difference in SST between
the two runs is about 0.1 °C
during summer
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3.5 Conclusion

We have shown that the CS force can be derived in two ways,
one direct way where the wave perturbations are evaluated using
an integrated framework and by including the wave motion that
result from the Coriolis force. We consider the first method to
be more consistent with results from Lagrangian analysis and
we suggest that Lagrangian-like averages such as Genreralized
Lagrangian Mean (GLM) (Ardhuin et al. 2008; Bennis and
Ardhuin 2012; Bennis et al. 2011) or frameworks based on
integrated means (Aiki and Greatbatch 2012, 2013; Broström
et al. 2008) are considered when deriving equations describing
the wave-mean flow interactions.We note that the exact way of
deriving the CS force may have an influence of the estimate of
the energy budget of the upper ocean. By including the
“Hasselmann” type of force, we find that the CS force, in an
Eulerian setting, will contribute directly to the energy budget of
the upper ocean. This shows an inconsistency toward the
integrated analysis, and this route to deriving the CS force
should therefore be avoided.
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