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Enhancement of the Benjamin-Feir instability with dissipation
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It is shown that there is an overlooked mechanism whereby some kinds of dissipation can enhance
the Benjamin-Feir instability of water waves. This observation is new, and although it is
counterintuitive, it is due to the fact that the Benjamin-Feir instability involves the collision of
modes with opposite energy sign (relative to the carrier wave), and it is the negative energy
perturbations that are enhanced. © 2007 American Institute of Physics. [DOI: 10.1063/1.2780793]

The discovery of the Benjamin-Feir (BF) instability of
traveling waves was a milestone in the history of water
waves. Before 1960, the idea that a Stokes wave could be
unstable does not appear to be given much thought. The
possibility that the Stokes wave could be unstable was
pointed out in the early 1960s,'* but it was the seminal work
of Benjamin and Feir’® that combined experimental evi-
dence with a weakly nonlinear theory that convinced the
scientific community.

Indeed, Benjamin and Feir started their experiments in
1963 assuming that the Stokes wave was stable. After several
frustrating years watching their waves disintegrate—in spite
of equipment and laboratory changes and improvements—
they finally came to the conclusion that they were witnessing
a new kind of instability. The appearance of “sidebands” in
the experiments suggested the form that the perturbations
should take. A history of these experiments and the outcome
are reported in Ref. 7.

The theory of the BF instability is based on inviscid fluid
mechanics, and the assumption that the system is conserva-
tive. Therefore, it is natural to study the implication of per-
turbations on the system. The implications of a range of per-
turbations on the BF instability have been studied in the
literature: for example, the effect of wind®® and the effect of
Viscosity.&m*13 Some perturbations have been shown to sta-
bilize and others to destabilize the BF instability.

However, there is a fundamental overlooked mechanism
in all this work. Mathematically, the BF instability can be
characterized as a collision of two pairs of purely imaginary
eigenvalues of opposite energy sign, as shown in Fig. 1. In
Ref. 14, this observation is implicit, but the demonstration
and implications have not been given heretofore. This char-
acterization of the BF instability also appears in the nonlin-
ear Schrodinger (NLS) model for modulation of dispersive
traveling waves.''® The eigenvalue with a smaller positive
imaginary part in the figure—just before collision—has
negative energy, whereas the eigenvalue with larger imagi-
nary part has positive energy. This energy is relative to the
energy of the carrier wave ESO: E_ < ESOkeS < E - where
E, are the energies of the modes associated with the respec-
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tive purely imaginary eigenvalues in Fig. 1. Hence, “negative
energy” means that E_—ESks < (),

Once these facts are established, we can appeal to the
result that dissipation can destabilize negative energy
modes.'”™ There are many examples in fluid mechanics
where negative energy modes—which are stable in the invis-
cid limit—are destabilized by the addition of dissipation:*
Kelvin-Helmholtz instability,'"'**" interaction of a fluid with
a flexible boundary,”? stability of a fluid-loaded elastic
plate,24 and Euler modes perturbed by the Navier-Stokes
equations.25

The book of Fabrikant and Stepanyants21 reports on ex-
perimental results for interfacial waves near the Kelvin-
Helmbholtz instability illustrating the enhancement of the
instability of negative energy waves due to dissipation
(see Fig. 3.5 on p. 83, and the discussion on pp. 82-83 in
Ref. 21).

In this brief communication, we sketch the basic result
for water waves and then use a nonlinear Schrodinger model
perturbed by dissipation for illustration. The NLS equation
has shortcomings (e.g., symmetry that enables the phase to
be factored out, lack of validity for all time?®), but it provides
a simple example of the phenomenon.

Davey10 gives a general argument for the form of a
dissipation-perturbed NLS model, and Blennerhassett® starts
with the full Navier-Stokes equations for a free-surface flow
with viscous free-surface boundary conditions and derives a
similar perturbed NLS equation. For the dissipatively per-
turbed Stokes wave in deep water, these NLS models take
the form

iA, + (a—ia)A,, +ibA + (y+ic)|A]’PA =0, (1)

where A is the envelope of the wave carrier, and the modu-
lations are restricted to one space dimension x. When a=b
=c¢=0, Eq. (1) reduces to the NLS equation for the modula-
tions of Stokes waves in deep water; hence, « and y are
positive real numbers. This NLS model has a BF instability,
and one can show explicitly that it involves a collision of
eigenvalues of the form shown in Fig. 1. We show below that
when a>0, there is always dissipation induced instability
(before the BF instability), no matter how small a is. The
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FIG. 1. Schematic of the eigenvalue movement associated with the BF
instability, as a function of the amplitude of the basic carrier wave (Amp)
and the sideband wavenumber o. For a fixed o (vertical dashed line), there
is a threshold amplitude. Below the threshold, the eigenvalues are purely
imaginary. At the threshold a collision occurs and above the threshold, the
eigenvalues are complex.

parameter a is the perturbation of the rate of change of the
group velocity dc,/dk due to dissipation.

First, consider the linear stability problem for gravity
waves in deep water. As the wave amplitude increases, we
show that there is a threshold value at which two eigenvalues
of the linear stability problem collide, and these two modes
have negative and positive energy, respectively.

With 6=x—ct, the speed ¢ and amplitude 7 of the basic
gravity wave of wavelength 27/k, to leading order, are
c=co(1+k*e>+--+), c(z)zgk",

7(0) = e1(0) + £2my(6) + O(e?),
where € is a measure of the amplitude,
7,(0) = V2 cos(k@— 6y), m,(6) =kcos(2k6-28,),

with 6, an arbitrary phase shift. Using standard results on
integral properties of Stokes waves, the total energy relative
to the moving frame is

ESkS T4 V_cI=V—-T, using2T=cl,

where 7 and V are the kinetic and potential energies, respec-
tively, and 7 is the momentum.>’ Substitution of the Stokes
expansion shows that ES°*=0+¢&3E;+O(&*). Although the
actual value of Ej is not important for the argument below, it
is noteworthy that it is negative, and, using Table 2 of Ref.
27, one can confirm that ES©°%*s is negative at finite amplitude
as well.
To formulate the linear stability for gravity waves take

7(6,x,1) = 7(6,) + 7(6,x,1),

where 7)(6,¢) is the basic carrier wave. Take a similar ex-
pression for the velocity potential ¢(6,x,y,r), where y de-
notes the vertical space dimension. Next one substitutes this
form into the water wave equations, linearizes about the car-
rier wave, and takes 7(6,x,t) of the form
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7(6,x,1) =Re[2(6,0)e' N,

where o is real (the modulation wavenumber), and 2(6, o) is
periodic of the same period as the Stokes wave. The result is
an eigenvalue problem for the eigenfunction 3 and eigen-
value \.

The BF instability corresponds to a solution of this ei-
genvalue problem with 0<o <1 and Re(\)>0. When o is
fixed—but nonzero and small—and the amplitude of the
Stokes wave is increased, there is a threshold amplitude
where the BF instability occurs, and it corresponds to a
collision of two eigenvalues as shown in Fig. 1. To leading
order, _the eigenvalues collide at A= iicga, where
cg=%\"g/k is the group velocity.

To show that the colliding modes have opposite energy
sign, we need a definition of the energy of the perturbation.
This definition requires some consideration because the per-
turbation is quasiperiodic in space: 27/k-periodic in 6, and
2/ o-periodic in x. The total energy relative to the moving
frame is

ol o 27lo k 27lk .
E°% = — — Edfdx,
2w)y 2wy

A

where E=T-V-cl, \>=1/2gn2,

T= f " §(¢%+ 2o+ ¢+ $)dy,  and

0

(7
I= [ (¢g+ ¢)dy.

—o0

Evaluating the perturbation energy for the two modes that
collide leads to EP@l=EStkes 4 g2F7 4. with

E5=2(k+ o-)(l -4/l ¥ %>|ci|2.

Here, C. are scale factors associated with the eigenfunctions.
Clearly, sign(E;E;) <0 for 0<o<1.

Having shown that the colliding modes have opposite
energy signs, we consider a simple example that illustrates
the mechanism for destabilization of negative energy modes
by damping. A prototype for a conservative system, where
the linearization has a collision of eigenvalues of opposite
energy sign, which is perturbed by Rayleigh damping, is

q,+2bJq,+ (x - 72)(1 +26q,=0, qe Hza

J (0 -1 )
\1 o/
where 7>0 is the “gyroscopic coefficient,” y a real param-
eter with |y| <7, and §=0.
The energy of the system (2) is strictly decreasing when

>0 and ||q,||>0. Let q(f)=ge"; then substitution into (2)
leads to the roots

)
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FIG. 2. Schematic of the effect of dissipation on the eigenvalues associated
with (2).

N=irT—S+iVy+2ir6- & and

3)
N=—ir—d+iVy—2iré- &.

When =0, there are four roots: A\==xi(7+ &). The eigen-
value movement shown in Fig. 1 is realized as y decreases
from a positive value to a negative value, the collision oc-
curring at y=0. Suppose that y is small and positive (just
before the collision) and look at the effect of dissipation on
the two modes ROZiTii\";(. Substitution of the eigenfunc-
tions for these two eigenvalues into the energy shows that the
mode associated with i7—iVy has negative energy, while the
mode associated with i7+i\y has positive energy.

With & small, expand the first pair of roots in (3) in a
Taylor series

) —
NS =iT=x i\& + =(rxVx) + O(8).
VX

With 0<6<1, the eigenvalues are perturbed, as shown to
therright in Fig. 2. The negative energy mode, i.e., N\g=i(7
—V\x), has a positive real part when dissipatively perturbed,
and the positive energy mode, i.e., N\g=i(7+ \Q), has a nega-
tive real part under perturbation. Consequently, when small
dissipation is added to the otherwise stable system (that is,
0< <), the mode with negative energy will destabilize.
After the collision (when y <0), the growth rate of the insta-
bility is enhanced.

It should be noted that other mathematically consistent
forms of damping can be used. For example, the uniform
damping

oH oH 5 @)

a“= 59, pi= aq P
makes mathematical sense. However, it leads to uniform
contraction of the phase space, and does not destabilize nega-
tive energy modes.
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In order to study the effect of dissipation on water
waves, one could start with the Navier-Stokes equations and
perturb about the Stokes wave solution (see Ref. 8, for in-
stance, for the case of wind forcing). Another approach is to
add viscous perturbations to the potential flow in various
forms.”® From the modified equations one can derive a dis-
sipative NLS equation. There are two issues to highlight:
negative energy modes can be destabilized, so the BF insta-
bility can be enhanced by dissipation, and secondly, the form
of the damping is important. It is known that negative energy
modes of the Euler equations can be destabilized by the form
of damping found in the Navier-Stokes equations.25

Following Refs. 8 and 10, a general perturbed NLS
equation for various types of physical situations can be writ-
ten in the form (1). The parameters a, b, and ¢ are taken to be
non-negative. When they are positive, they represent dissipa-
tive perturbations, since the norm of the solution is strictly
decreasing in time when a’+b*+c>>0.

When a=b=c=0, the resulting NLS equation is a
Hamiltonian partial differential equation; with A=u,+iu,
and u=(u,,u,),

Ju,=VH(u) + aJu,, — bJu - c|[u*Ju, (5)

where J was defined in (2), and

(g
= [ | Letu e~ Dol ©

Let O(x,t)=kx—wt+ 6,, and consider the basic traveling
wave solution to (5) when dissipation is neglected,
cos 8 —sin @

. (7)

u(x,71) =Ry, pup, Ry=
(x,1) = Ry, yug 0 (sin p

cos 0

Then, u,, , k satisfy —w+ ak’=pug|*.

It is assumed that the Stokes traveling wave exists for a
sufficiently long time before any dissipation can affect it:
dissipation is taken to be a second-order effect.

Next we check the energetics of the BF stability problem
in NLS. Linearize the partial differential equation (5) with
a=b=c=0 about the basic traveling wave (7). Letting
u(x,1) =Ry, »[ug+v(x,7)], substituting into the conservative
version of (5), linearizing about u,, and simplifying, leads to

Jv, +2ak)v, + av, +2¥(uy, v)u,=0, (8)

where (-,-) is the standard scalar product on RZ.

The class of solutions of interest are solutions that are
periodic in x with wavenumber o. The parameter o repre-
sents the sideband. The BF instability will be associated with
the limit |o| < 1. Therefore, let

©

v(x,1) = %vo(t) + > [v,(t)cos nox + w,(t)sin nox].

n=1

Neglecting the o-independent modes (superharmonic in-
stability), the o-dependent modes decouple into four-
dimensional subspaces for each n, and satisfy
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IV, + 2aknolw, — a(no)?v, + 2yuguly, =0,

©)

Iw, = 2aknalv, - a(no)*w, + 2yuguiw, =0.

When the amplitude [uy||=0, it is easy to show that all ei-
genvalues of the above system (i.e., taking solutions of the
form e and computing \) are purely imaginary. Considering
all other parameters fixed, and increasing |||, we find that
there is a critical amplitude where the n=1 mode becomes
unstable first through a collision of eigenvalues of opposite
signature.

To analyze this instability, take n=1 and study the re-
duced four-dimensional system

JVI + 2ak0’JW1 - CY(TZVI + 2')/“0ugvl = 0,

(10)
Jw, = 2aka)v, — ao’w, + 2yuguiw, = 0.

To determine the spectrum, let (v,,w,)=(q,p)e™. Then,
(N, o) are determined by roots of

AN, 0) =\ +2(p? + 422 PN + (p? - 4k*a?a?)?,

where p?=a’a*-2aug|[>*0?. Suppose p*>>0; then all four
roots are purely imaginary (see Fig. 1) and are given by

AN=12ako+ip and A=-i2ako+ip.

These modes are purely imaginary as long as p>>0; equiva-
lently 2yallug|* < a?c?. Since ay>0, the instability thresh-
old is achieved when the amplitude reaches

|ao]

uy|| = ) (11)
ool =52

At this threshold, a collision of eigenvalues occurs at the
points A==+2ikao; see Fig. 1 for a schematic of this colli-
sion.

It will be assumed henceforth that k# 0. Instability is,
then, through a collision of eigenvalues of opposite energy
signs, which reproduces the instability mechanism for the
full water-wave problem.

Purely imaginary eigenvalues of a Hamiltonian system
have a signature associated with them, and this signature is
related to the sign of the ene:rgy.17’29’30 Collision of eigenval-
ues of opposite signatures is a necessary condition for the
collision resulting in instability.

It is straightforward to compute the signature of the
modes in the NLS model. Suppose that the amplitude |juy| of
the basic state is smaller than the critical value (11) for in-
stability. There are, then, two pairs of purely imaginary ei-
genvalues, and they each have a signature. Let us concentrate
on the eigenvalues on the positive imaginary axis:

A=iQ, withQ,=c,oxp, c,=2ak. (12)
Then,
sign(€2.) =i(q,Jq) +i(p.Jp),

where the inner product is real in order to make the conju-
gation explicit. One can also show that this signature has the
same sign as the energy perturbation restricted to this mode.
A straightforward calculation shows that sign({),)==4,
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when |Jug||=0. Since p* decreases as the amplitude increases,
the two modes will have opposite signatures for all |juy|| be-
tween |jug|=0 and the point of collision.

Now consider the effect of the damping terms. Consider
the reduced system (10) for the BF instability with the
abc-damping terms included:

IV, + 2aka)w, — ao’v, + 2yugulv, + D, =0,

(13)
le - Zaka'.]v] - aU2W1 + 2wOqu1 + Dz = 0,
with
Dl = 2kaO'W1 + (lO’zJVl + bJV1 + 2C<UO,V1>JUO
(14)

D, =—2kaov, + ac”Jw, + bJw, + 2c(uy, w)Juy.

Now, let [v,(?),w,(1)]=(¥,,W,)eM. The eigenvalue problem
for the stability exponent then reduces to studying the roots
of a determinant showing (with the help of MAPLE) that the
two roots in the upper half-plane are given by

\. =2ikoa— (b +ad® + cluy|) + s, (15)
with
S =diac’ka - ug|* - 4P ?a* - diacky|uy|?
—2aya’|ug|’ + a’a*.

When a=b=c=0, these stability exponents reduce to

A\, =2ikoa =+ ivalot — 2ayo?||uy|P.

Now suppose these two eigenvalues are purely imaginary:
the amplitude |juy| is below the critical value (11). To deter-
mine the leading order effect of dissipation, expand (15) in a
Taylor series with respect to a, b, and ¢ and take the real part

2aka(ao® — Yugl]*)
Va?o* —2ayefuy|

b (16)

Re(\,) =— (ac? + b+ c|ug|*) F

For any a>0, there is an open region of parameter space
where these two real parts have opposite signs since their
product to leading order is

Re(A_)Re(\,) = (ao” + b + c|[uy|]*)?
_ e’k (@ = ylug|)? |

atot - 2(1”)/0'2”“0”2

For any a,b,c with a+#0, there is an open set of values of
[lug||, where this expression is strictly negative, showing that
Re(\_) and Re(\,) perturb in opposite directions. In this pa-
rameter regime the dissipation perturbs the negative energy
mode, as shown schematically in Fig. 2.

It is clear that when only the b-term is present, all eigen-
values shift to the left. Therefore, the b-term does not pro-
duce any enhancement of the instability, in agreement with
Ref. 12. This damping is analogous to the uniform damping
in (4). It is the a-term that leads to enhancement. However,
the NLS is a simplified model for water waves.

In summary, the fundamental observation is that BF in-
stability is associated with a collision of eigenvalues of posi-
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tive and negative energy, and there are physically realizable
forms of damping which enhance this instability. It remains
to be seen how this effect can be revealed in laboratory ex-
periments, in numerical experiments based on the full water-
wave equations, and in the open ocean.
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