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Fourier-correlation imaging
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We investigated whether correlations between the Fourier components at slightly shifted
frequencies of the fluctuations of the electric field measured with a one-dimensional antenna array
on board a satellite flying over a plane allow one to measure the two-dimensional brightness
temperature as a function of position in the plane. We found that the achievable spatial resolution
that resulted from just two antennas is on the order of /iy, with y = ¢/(Arwy), both in the direction
of the flight of the satellite and in the direction perpendicular to it, where Ar is the distance
between the antennas, oy is the central frequency, 4 is the height of the satellite over the plane, and
c is the speed of light. Two antennas separated by a distance of about 100 m on a satellite flying
with a speed of a few km/s at a height of the order of 1000 km and a central frequency of order
GHz allow, therefore, the imaging of the brightness temperature on the surface of Earth with a
resolution of the order of 1 km. For a single point source, the relative radiometric resolution is on
the order of /Y, but, for a uniform temperature field in a half plane left or right of the satellite
track, it is only on the order of 1/ 13/ 2 which indicates that two antennas do not suffice for a
precise reconstruction of the temperature field. Several ideas are discussed regarding how the
radiometric resolution could be enhanced. In particular, having N antennas all separated by at least
a distance on the order of the wave-length allows one to increase the signal-to-noise ratio by a fac-
tor of order N but requires averaging over N> temperature profiles obtained from as many pairs of
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antennas. Published by AIP Publishing. https://doi.org/10.1063/1.5017680

I. INTRODUCTION

Spatial aperture synthesis is a standard technique in radio-
astronomy.' It allows one to achieve the fine resolution of a
large antenna by correlating time-delayed signals received
from the different antennas in an antenna array. In satellite-
based remote sensing, spatial aperture synthesis is a technique
of choice when relatively long wave-lengths are imposed by
applications such as the measurement of sea surface salinity or
surface soil moisture. When operating in the protected L-band
(1400-1427MHz), a resolution of 10km would already
require a single antenna with a size of 32 m. Spatial aperture
synthesis for passive microwave sensing, therefore, was pro-
posed to the European Space Agency (ESA)* and imple-
mented for the first time in the “Soil Moisture and Ocean
Salinity” (SMOS) mission in 2009, which still operates
today.>* The satellite uses a deployable Y-shaped antenna
array and provides a spatial resolution between 27 and 60 km.

With the application-driven need for higher spatial reso-
lution down to the order of 1km, even spatial aperture syn-
thesis leads to forbiddingly large antenna arrays, and,
therefore, there is an ongoing quest for finding alternative
concepts (see, e.g., Ref. 5 and references therein). Compared
with stationary antenna arrays on the Earth used for astron-
omy, one may wonder whether the motion of the satellite
could be used for creating a two-dimensional (2D) artificial
antenna array out of a one-dimensional (1D) moving array,
oriented perpendicular to the motion of the satellite. It turns
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out that this is not possible when directly correlating the
observed microwave fields in the time domain: the useful
phase shift gained due to the motion of the satellite is, to the
first order in v;/c cancelled by the Doppler shift, where vy is
the speed of the satellite and c is the speed of light.®

In this paper, we examine another idea: instead of corre-
lating the signals in the time domain, we consider the correla-
tions between their Fourier components at slightly different
frequencies. This may seem surprising at first because, at the
level of the sources, the standard model assumption is that dif-
ferent frequencies are entirely decorrelated. Nevertheless, a
hypothetical monochromatic point source is seen by different
antennas at slightly different frequencies due to the slightly
different Doppler effect, and, hence, it makes sense to corre-
late different frequency components from different antennas
with each other. The useful frequency differences are tiny,
down to below 1Hz, and correspondingly long acquisition
times are needed. However, one may hope that this opens, at
least in principle, a new way of achieving a resolution on the
order of a kilometer in passive microwave remote sensing in
the L-band by using the motion of the satellite for reducing a
2D antenna-array to a 1D array. The principle of the measure-
ment is illustrated in Fig. 1.

We derive the principles of this “Fourier-correlation
imaging” (FouColm) technique in detail and calculate the
achievable spatial and radiometric resolution (RR). An
emphasis is put on pushing analytical calculations as far as
possible and testing the method at the hand of simple situa-
tions, namely, a single point source and a uniform tempera-
ture field. An estimation of numerical values is done with a

Published by AIP Publishing.
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FIG. 1. Setup of the proposed Fourier-correlation imaging technique. (Left) A satellite comprising at least two antennas flies at height / over the Earth and
registers the electric fields E(r;(7), 7) in the microwave domain, arising from thermally fluctuating current densities on the surface of the Earth, as a function
of its proper time 7 at the time-dependent positions r;(¢) of the two antennas (i =1, 2). (Right) The two electric fields are Fourier transformed and correlated
in a very narrow frequency band (width of order Hz and below). These correlations contain information about the position-dependent brightness tempera-

ture on the Earth.

standard set of parameters: h=700km, v,="7km/s,
wo=2nx1.4GHz, T=300K, B=20MHz, and Ar=100m.
This leads to the important dimensionless parameters
By =vs/c =233 %107, y=c/(Arwg) =3.41 x 107*, and
h = h/Ar = 7000.

Il. MODEL

We assume that the fluctuating microwave fields mea-
sured at the position of the satellite are created by fluctuating
microscopic electrical currents at the surface of the Earth
that are in local thermal equilibrium at absolute temperature
T(x, y), where x, y are coordinates of a point on the surface
of the Earth. The entire analysis will be in terms of classical
electro-dynamics. In Ref. 6, we derived the expression

E(r| + vy, 1) =

Ho 3.0 /
_EJd R(t )a""( Olr——r@yse> D

for the time-dependent electric field that arises from the cur-
rent fluctuations at the position of the satellite, with
R(t) = |ry + vs¢ — r”|, where ry is the position of the antenna
at time # =0, v, is the speed of the satellite in the Earth-fixed
reference frame, g is the magnetic permeability of a vac-
uum, and j(r”, ) is the current density as a function of space
and time. All expressions are in the Earth-fixed reference
frame, which is more convenient for the present study than
the satellite-fixed reference frame. It is shown in Ref. 6 that
Eq. (1) is the correct far field, when relativistic corrections of
the prefactor of order f; (due to the mixing of electric and
magnetic fields in a moving reference frame), and terms of
order ﬂf in the phase are neglected. Equation (1) contains, in
the phase, the linear Doppler shift and relativistic effects
(including time dilation) up to the order f5,. The far-field
approximation is justified for R(¢) > A, where A (on the
order of cm in the microwave regime) is the wave-length of
the radiation (see Chap. 9 in Ref. 7).

We substitute the Fourier decomposition of the current
density,

i) = j dol e § (", o), @)
o0

1
V2 ) -

into (1). The question of whether one should differentiate
R() with respect to ¢ was answered to the negative in Ref. 6,
but it is irrelevant if we neglect changes of the order f to the
prefactor. We then find the time-dependent field seen by the
flying antenna,

E; (t) = E(r| + vyt,1) =

K, J 3 0
— | d’r
V2n

LN

1w < i I

« | do' . J(l’”, /)elw (t—|ri+vst—r \/c)’
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3
with K; = —p,/(4n). The Fourier transform of that signal is
n 1 = —imgt
K, diye " By, (1)), )

27r —c0
K J” [ ot [ 200
21 ) o [ry + vty — 1|
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We assume that the current sources can be described by
a Gaussian process, in which sources at different positions or
different frequencies, or with different polarizations are
uncorrelated,

T 7 i 1(3 /!
Giry, 01)f; (7, @2)) = 65 = 6(ry = r3)d(e)

c

_w2)<l/~(r27w2)| >’ (6)

where we introduced, for dimensional grounds, a correlation
length /. and a correlation time 7., and the polarizations are
indexed by i, j, which take values x, y, z. In principle, the
average (...) is over an ensemble of realizations of the sto-
chastic process, but we may assume ergodicity of the fluctua-
tions, such that they can also be obtained from a sufficiently
long temporal average. In practice, this means that one
should average over positions considered as equivalent in
terms of the ensemble, i.e., the time that the satellite takes to
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fly over a desired pixel size. For a satellite flying at a speed
on the order of km/s and a pixel size on the order of km, this
means a maximal averaging time on the order of a second.
This does not preclude calculating Fourier transforms with
finer spectral resolution from data acquired over much longer
times.

We make the assumption that only the current intensities
at the surface of the Earth contribute. In reality, the emission
seen by the satellite arises from a thin surface layer on the
Earth that has a finite thickness d on the order of a few centi-
meters,”® depending on the soil and its humidity, and the sat-
ellite also sees the cosmic microwave background. We
approximate the surface layer as a single plane located at
=0, e, (i(r5,0)) =d(l;",y", )")6(z"), and
neglect the cosmic microwave background because its tem-
perature is two orders of magnitude lower than that of the
Earth as well as other astronomical objects.

The current intensities are related to an effective temper-
ature T(x, y) by

([/'N,'(x,y,a))|2> :KzT(X,y), @)

where K, is a constant [see Eq. (A11)]. Equation (7) is valid
for hw < kT and, hence, well adapted to microwave emis-
sion at room temperature.

Equation (6) together with (7) is a standard model of
classical white noise currents, and appears in many places in
the literature, see e.g., Eq. (4.16) in Ref. 9. The equation is
an instance of the fluctuation-dissipation theorem that can be
found in standard text-books on statistical physics (see e.g.,
Part 1, Chap. XII, and Part 2, Chap. VIII in Ref. 10). In the
context of thermal radiation, it goes back at least to the origi-
nal Russian version of Ref. 11 (from 1953); see also Ref. 12.
The model has also been used to study coherence effects in
the thermal radiation of near-fields [see Eq. (3) in Ref. 13].
For completeness and in preparing the proof that the Fourier
components E,, (w;) represent a complex circular Gaussian
process over position and frequency, we present the deriva-
tion of (7) in Appendix A-D, based on Planck’s law for the
energy density of an electromagnetic (e. m.) field in thermal
equilibrium.

Compared with a black body, the emissivity of a real
body is modified by a mode-dependent emissivity factor
B;(x,y; w, k), where k is the direction of emission (from the
patch on the ground to the satellite) and a factor cos 0(x, y, h)
of geometrical origin that takes into account the variation of
the radiation with respect to the normal surface (i.e., the pro-
jection of the area of a patch of the surface onto the plane per-
pendicular to the propagation direction). The temperature 7(x,
y) is then really an effective temperature, Terr(x,y)
= Tg(x,y)cosO(x,y, h), where the brightness temperature
Tg(x,y) is defined as the absolute temperature that a black-
body would need to have to produce the same intensity of
radiation at the frequency and in the direction considered (see
Appendix A 1). For simplifying notations, in the rest of the
paper, we write T(x, y) for short instead of Te(x, y), but keep
in mind its physical meaning, which, after all, is crucial for
data analysis and fitting vegetation and surface models to
observational data.® We thus arrive at the current correlator
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Gy 1) (X5, @) = 8;K3 5(r] — r§)d(e
—)T(x",y")o(Z"), (8

which can be considered the statistical model that underlies
the imaging concept, and K3 = BK»d /..

lll. CORRELATION OF FOURIER COMPONENTS

For each antenna, the electric field component E; ., (7) is
transduced into a voltage U;,, (f). We denote the frequency
response of the antennas and the eventual subsequent filters
by the complex function A(w), the Fourier transform of the
time-dependent response function of the antenna and filter.
In the frequency domain, we simply have U, (o) = A(w)
Eir (). With (8) we obtain the correlation function
between the voltages at two different frequency components,
w1, w,, measured at the positions of the antennas with the

original positions r; and ry,

C,~Fj(l'1 r2,01,0) = (U, (601)0;”(602»

= C,‘j(rl,rz,CU],CUZ)A(GH)A*(CLD), (9)

Cyj(ri,r2, 01, 0) = (Eir (1)E;, (02)), (10)
:K55i/J dt J dtzj dw’Ja’x”dy"
") —00 —00

w’ZT(x”,y”)

X l’w/(llflz)
vy + vt — 1" ||ry 4+ vt — 1|

. o
> efz(wltl ﬂuztg)efz‘(‘—’(\rﬂrv:tl7r”\7|rz+vst27r”\) ,
(11)

where now r’ = (¥",y",0), and K5 = K3;K}/(47*). The cor-
relation function Cg(rl,rz,wl,wz) is the filtered version of
the original unfiltered correlations Cij(ri, 12, w1, ;). We see
from (9) that the latter can be obtained from the former simply
by dividing through the product of the known filter functions,
as long as the latter is non-zero. Outside the frequency
response of the antennas and filters, the measured correlations
Cl(r1, 12, 01, ;) vanish due to the vanishing of A(w) and no
longer carry any information. This will ultimately limit the
frequency range over which information on the brightness
temperature can be extracted or, equivalently, leads to a finite
geometrical resolution, even if a C,»j(rl7 ry, Wy, ;) known for
all frequencies would lead to perfect resolution. However, this
appears only when inverting the measured signals and will be
discussed in Sec. IV A. For the moment, we assume that we
have access to the unfiltered Cj;(ry, r2, 1, w2) through (9) for
all frequencies that we need and base the general development
of the theory on Cy;(r, T2, w1, 7).

We change integration variables from ¢4, 7, to “center-
of-mass” and relative times, 7= (f; +#)/2 and 7= (1,
—t1), and introduce as well, a new integration variable for
the spatial integration, r' = r” — v,¢. This implies r; + vt
—r"=r—vg/2-randr,+vit, — v =r; +v7/2 — 1.
The Jacobian of both transformations is equal to 1.
Furthermore, from now on, we take the satellite to move in
the x-direction, vy = vgé,, where ¢é, is the unit vector in the
x-direction. This leads to T(x",y") = T(x' + vst,y’).
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The total phase ® appearing as arguments of the expo-
nential functions under the integrals in (11) is

i® = i{r(wurwz—;wl) + 1w, — 1)

/
_“’? (Ir) = vyt/2 =¥ = [r2 +vye/2 = 7])| . (12)
We see that ¢ only appears as a prefactor of (w; — @) in the
phase (12) and as the argument vy in T(X + v.t,y).
Therefore, the integral over ¢ boils down to a 1D Fourier
transform of the intensity of the current fluctuations in the
direction of the speed of the satellite, with a conjugate vari-
able proportional to the difference w, — w; of the frequen-
cies of the Fourier components that we correlate. This can be
made more explicit by introducing a position variable,
X = vy, along the path of the satellite. For the conjugate vari-
able, we define x, = (wy — w)/v;. We write k, and not k,
to distinguish this “wavevector” from the usual one obtained
from a single frequency and by dividing by c¢. We also intro-
duce the “center of mass frequency” o, = (w; + w2)/2. It is
called “center frequency” for short in the rest of the paper
but should not be confused with the central frequency wy,
which is the fixed frequency in the middle of the band in
which the satellite operates (e.g., 2nx 1.4GHz for the
SMOS satellite of ESA). With all this, we see that

: 1 .
JT(X’ + vgt, )l = — J Ty (x)e"™" dx

T (i), 13)

Toy(y). (14)

We defined T(x' + vgt,y’) = Ty (x), where vt =x is under-
stood, and the spatial Fourier transform T (k,) of the tem-
perature field T(x, y) is in the x-direction. This notation
makes clear that, with these coordinates, the temperature
depends both on r’ and ¢, even though the motion of the sat-
ellite combines the two arguments into a single one, r’ + v,t.
We can think of T, (x,) as the Fourier image of T(r' + xé,)
with respect to the x coordinate, calculated with a starting
point r'; i.e., for all ¥/, we have a 1D spatial Fourier trans-
form of the intensity of the current fluctuations, where the
Fourier integral is defined with origin in r’. The Fourier
images obtained by translation of r’ in the x-direction are not
independent. Rather, we have

dxTy y (x)e™

dxToy (x + X' )e™, (15)

G el
dx//TO"y/(x//)em,A o X ik TO,y’(Kx)~

(16)

We are thus led to
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/2 o0 o0
C,:/‘(I‘l,l'z,wl,a)z) :KSCSUD—EJ d‘CJ

do' o J ax' dy'

X To (1c)e ™
Iry — vyt/2 —1'||r2 + ve1/2 — 1|

Ueres)
Xexpsl|t| —w +T

/
~Z (It —vr/2 =1

—|r2+vxr/2—r’|)}}. (17)

We neglect the slow dependence of w'> compared with the
rapid oscillations of the phase factors in (17) and pull it out
of the integral as a prefactor 3. We can then perform the
integral over o', and we find

o 1
J exp [...]dw’ = 2nd [r+;(|rl —v,t/2 — 1]

—00

. o)+
jTl Y2

—|r2+vs7:/2—r’|)}e . (18)

We introduce center-of-mass and relative coordinates for r;
and for ry, R=(r; +r2)/2 and Ar =r; —r;. We further
restrict vy to values much smaller than |R — r’=Ar|. This
implies a limitation of the integration range for t when cal-
culating the Fourier components; however, it is mild.
Because |R —r'=Ar| > h, it is enough to have t© < h/uvy,
which is typically on the order of 100s and, therefore, gives
time to resolve Fourier components down to a hundredth of a
Hertz. We can then approximate to the first order in vy,

Iry —vyt/2 —¥'| = |ra + vs1/2 — 1| =~ —ér_p - (Ar + v41) .
(19)

Neglecting terms on the order of |Ar + v,t|/|R — 1| and on
the order of § = vy/c in the prefactor of the exponential as
well as a second order term on the order of fw.Ar/c in the
phase, the integral over the Dirac o-function gives

00 00 f (Ky —irc X
C,‘j(l‘l,l‘z,wl,wz) :Kf,éijj dx’J dyloy(#2
—00 —00 |R — l'/‘

(20)

and K¢ = (211)3/20)%[(5/05. The unit vector ég_ is obtained
by taking the original center-of-mass position of the antennas
at R = (x0,0,4), and ' = («/,’,0). Equation (20) is one of
the central results of this paper. It shows that the two-
frequency correlation function of the fields at different
antenna positions is related linearly via a 2D integral trans-
formation to the brightness temperature field in the source
plane or, more precisely, to the Fourier transform of that field
in the x-direction. With T(x, y) defined on a 2D grid, the
reconstruction of 7T(x, y) from the measured correlation func-
tion thus becomes a matrix inversion problem that, in gen-
eral, has to be performed numerically. A crucial question is
the conditioning of the inversion problem. It will be studied
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in more detail in a subsequent paper dedicated to a numerical
approach.14

Here we give a simplified analytical treatment that
allows us to obtain estimates of the spatial and radiometric
resolutions, and thus provide evidence that the inversion
problem is sufficiently well conditioned for the reconstruc-
tion of T(x, y) from the measured C;;(ri,r2,w;, ;). For
this, we study the situation in which the vector Ar from
antenna 1 to antenna 2 is orientated in the y' direction,
r, =r; +Aréy,, in which case, Ar-égr_y=—Ary/

\/ (X —x0)* +y2 +h2, and Ar = |Ar| denotes the spatial
separation of the two antennas.

We switch to a dimensionless representation by taking
as the length scale the distance Ar between the two antennas.
We express all other lengths in this unit and introduce the
dimensionless coordinates &, 1 by X' = Ar, y = nAr, and
h = h/Ar. The dimensionless height & is for the standard
parameters 4 = 7 x 10°. Equation (20) then reads

Clj(l'] ,Ir + Aréy, iy, 602)

—c0 /7’2_’_};2
2 Aro, n .
<K A1+, =2 Tean), @1

n*+nh

= K65,'J‘€_5K"X(’ J

where T(Kx, n) = TQ,,A,-(KX). The 1D integral kernel is

. . B
—i| g+
00 e ( < \/:2+1)

Ko = || st

; (22)

which is itself defined through an integral over &. For fixed
h, Ar, ., and K, the integral kernel K (., f§) is a function of
n that relates the 1D Fourier transform T (i, #) to the
observed correlation function by integration over 7. Suppose
that the integration over 5 can be inverted by finding the
inverse integral kernel. Integrating over the product of the
inverse kernel and the measured correlation function
expressed as a function of the center frequency ., we then
obtain TO‘A,,,(KX) for all n and the chosen k.. If this can be
done for all relevant «,, we obtain for each point on the y
axis the Fourier transform in the x-direction of the intensity
of the brightness temperature. When taking the inverse
Fourier transform in the x-direction, we obtain the full x- and
y-dependent brightness temperatures.
The arguments o and f§ of K are given by Eq. (21) as

o =K Ar\/ > + 52, (23)

g = Aro, n
c /’72 T I:I*Z

Their physical meanings are as follows: « can be seen as
essentially the separation Ar between the two antennas in
units of the effective wave-length 1/k, used for Fourier
transformation of the temperature profile in the x-direction,

(24)
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multiplied with a dimensionless measure of the distance of
the sources from the satellite. We recall that x, = (w;
—wy)/vy, i.e., the effective wave-length is chosen by fixing
the small frequency difference w, — ;. This difference is
translated into a wave-vector not by division with the speed
of light but by the much smaller speed of the satellite. The
latter fact, combined with the large dimensionless distance

(v/Y*+h% in units of Ar, which is the meaning of

n? + ﬁz), indicates that o need not be very small even for
@, — w; on the order of 1 Hz.
The parameter f§ depends, at least for y > &, only weakly

on the position due to the factor 1/1/ 5> + W= v/ /¥ + b
For y < h, it is to the first order in # (with # < 1 in that
regime) equal to y/h. The other factors in f§, Are, /c just give
k.Ar where k. = w./c is the wave-vector that corresponds to
the central frequency. In other words, up to a factor 27, the
ratio Arw, /c is just the distance between the two antennas in
units of the central wave-length.

By their definition, we only need o, f € R. For o, we
can consider that, in the end, the maximum «x, should be on
the order of the inverse resolution Axy;, required in the x-
direction. When taking Ax,;, on the order of 1km and when
using the standard parameters, we get |o|,... > |k.h| ~ 700.
With # varying from —oo...00 (in reality, the extension of
the Earth limits the integration range to a maximum value on
the order of 107 — 108), f reaches its maximal value Arw,./c
for n — oo. For standard parameters, o, = 21 x 1.4 GHz,
|f|=30. Both o and f§ can be positive or negative, such that
there is also a regime where || > |o|, and, by studying the
properties of the kernel K (o, ) (see Appendix B), we find
that this is the most important regime. There, the kernel
essentially becomes independent of o and can be approxi-

mated as
2n in/4 _—if
K(OC, ﬁ) ~ Fe e s (25)

valid for /o > 1 [see Eq. (BS)].

IV. ESTIMATION OF GEOMETRICAL RESOLUTION

A. Approximate analytical inversion of the integral
kernel

At first sight, the requirement f§ > o appears unnatural,
given that o can already be on the order of 10% to 10°.
Indeed, this leads to a first rather stringent condition that
must be met for the correlation function C to be non-zero. In
terms of the original parameters, /o« = w1/ [cr:(n? + ﬁz)].
For this to be much larger than 1, one needs

n CKy

w2+ R

c Aw

) (26)

We Vs Wc

or Aw/w, < [v5/(2ch)], where we already used the maxi-
mum value 1/(2h) of the function of 5 on the left hand side
(Ihs) in (26). For the standard parameters, we find
Aw/o, < 1.66 x 107°. When operating at .. in the GHz
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regime, this means that the correlation function essentially
vanishes for Aw larger than a few Hertz and thus bears no
more information for the measurement of the position-
dependent brightness temperature.

Another way of seeing this is to observe that (26) limits
the integration range for n: The lhs of (26) is a function that
starts at 0 for n =0, increases linearly, reaches a maximum
of 1/2h at n = h, and decays as 1/5 for large 5. Condition
(26) then limits the integration range of 5 to an interval

n < n < n,, with
144/ 1 — 40%7

Nip= 25 =n2(K), (27

where 0=cAw/(v;0.) =cky /. =ck /(W AF) =K, K=K Ar,
and y=c/(w.Ar)<1 (see Sec. I and Fig. 2). A finite real
integration range exists only for 6<1/(2h), equivalent to
K<@A =y For a given 5, we have K<iKmax(1)

2ch
—_wAr_n

i <Kmax. A finite minimal value of x can be
deduced from a maximum desired snapshot size in the
x-direction. Also the requirement t<//v; may provide a
lower bound of the relevant values of x because it leads to
the smallest resolvable frequency and thus also to the small-
est resolvable Aw: Aw >2n/1=Kk=ArAw/v;> Ar%’zz Kmin-

Because the contributions from areas outside the
allowed range 1, < 5 < 5, (or, correspondingly, for negative
n, —1, <n < —n,) are exponentially suppressed, we can
limit the integration range of # to that interval for a given «,
and replace the integral kernel by its approximate form, Eq.
(BS5), extended to 5 < 0 by (B1), which yields

21 o
K(a7 ﬂ) ~ ‘—[;Te“g“(/})lze—lﬂ (28)

in the allowed range and zero elsewhere. After the substitu-

tion { = n/\/n* + I;Z, the result for C;; can be written as
Cii(ri,r + Aréy, ;c,lgc)

K, —IKXo [0 N .
:\/2nLJ dCF (i, (ke ™ (29)

SR
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F(ic, (ko) = {4 g (1), G (1), 0

+ e~ sienkan/hy 0 (i), ¢ (k) £}
th !
WiI-2) Vi -8

where T(K, n) = TO,"A,-(KX) (with x = K,Ar, Xo = x0/Ar)
and w({y, {3, () is a window function equal to one for {; < {
< {, and zero elsewhere. The window functions translate, in
a straight-forward fashion, the integration range for # into an
integration range for (. By definition, { ranges from
—1,...,1. So {;, {5 lies within this interval, —1 < {,{, <1,
and the window functions take care of restricting the argu-
ment { of the integrand to the intervals *[{;,{,]. We
replaced w;,w,; by the equivalent information k = K, Ar
(related to Aw) and lgc = Arw,/c (related to w.), and con-
sider i =j only. Given Eq. (29), it is tempting to try to
recover F(x,(,k.) by Fourier transform. However, the
sign(k.) functions that appear in F(x,{,k.) prevent (29)
from being a simple Fourier integral. Moreover, from the
measured data, we only have CiF/-, the filtered version of Cj;,
that is restricted to a frequency range w;, w, € *[wy — 7B,
o + 7B], where B is the bandwidth (20 MHz in SMOS for
the L-band). We assume here, for simplicity, a Gaussian fil-
ter and the same filter for both antennas. For a real filter
response function A(r), its Fourier transform must satisfy
A(w) = A*(—w). When also taking A(w) as real, we can
write it as

xT|x ; (30)

A() = [G(w; —wo, b) + G(w; wo, b)Vbr'*, (31)

where G(w; wo, b) = exp [—(w — wo)?/(202)]/ (V27b) is a
normalized Gaussian centered at wq with the standard devia-
tion b = 2nB. The factor /br'/* assures that wy > b, A(w)
is normalized according to [~ |A(w)[*dw = 1. Under the
same condition, we have

Cﬁ(l‘l, I, K, ]gL) = C,‘,‘(l’l, I, K, E()A(wl)A* (wg), (32)

U b
G kC’kC )
)

1
2

~ - b
+G k(,';_kcv 5
"2

(33)

A(w1)A™ () =

0.6
0.4+

0.2

o4

FIG. 2. Effectively contributing integration region as a function of k¥ = i, Ar in terms of (a) n and (b) {. Only the area in the xy-plane between the two curves,
1, < n < 1,, and, correspondingly, for (, contributes effectively to the correlation function for a given value of k. The two curves join at Kyax =~ 0.21 (for the
numerical value for standard parameters, see Sec. I). Only the region with x,# > 0 is shown; three more regions contribute in the other three quadrants, and
the boundaries are obtained by reflecting the graph at the n-axes and x-axes. The integration region translates directly into the area “seen” by the satellite in the
y-direction for a given wave vector « in the x-direction. For k — 0, the integration region is, in reality, cut off by the size of the Earth, and the smallest value
of k is determined by the desired size of the snapshot or the maximum time © < /1/v;.
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where ke = Arag/c = 1/y ~2932.55, and b = Arb/c
~ 41.89. This contains the approximation of only using the
“diagonal” terms in the product of A(w;)A*(w,), i.e., the
ones with sign(w;) = sign(w,), which is justified because
Ao < b < . The Fourier transform of C% with respect to
k. (denoted by F ;) gives a convolution product between
the FT of the Gaussians [which is

(V2/b)G(£;0,v2/b)e * o ] and F(x, {, k.), and leads to

- X 5 | lgil oieYo
fli‘ﬂg Cii(rlarl + Al‘éy, Kak(‘) g K6

:—Z (g,o £> cos (k(oé+a4>

. h 1
{ [Cl( )aCZ( )7 é/]T< am) |€|(1—C2)}7

(34)

where we used that the sign of ke in (32) determines the
one of k. in (30). Thus, we get back the original function

T(K, \/glh—_§> = T(x,n), cut by the two window functions

and multiplied with 1/[y/Z(1 — ()], convoluted with the
product of a Gaussian of width v/2/ b and a rapidly oscillat-
ing cosine function. The factor 1/[v/Z(1 — ()] can be
tracked back to the change of variables from # to { and will
distort the image at the nadir and at infinity. Sources at
positive or negative y contribute differently due to the dif-
ferent sign of the 7/4 phase shift. This already arises in
(28) due to the different phase shift in the asymptotics of
the Struve functions for negative or positive arguments and
leads to the sum over ¢ = *. In general, an exact inversion
cannot simply be done by Fourier transform but needs a
numerical approach. Nevertheless, we can arrive at an esti-
mation of the resolution by considering a single point
source because then only one of the two terms in the sum
over ¢ in (34) contributes, and the factor 1/[v/Z(1 — (*)]
becomes a simple numerical factor given by the position of
the source.

B. Single point source and geometric resolution
1. Correlation function and reconstructed image

Let the point source be at position x”" = 0,y" = n,Ar
and with polarization i, where 7 is situated in the allowed
range 0 < 5,(x) <n, <n(k) for some k in the desired
range up to the largest considered xk = 27/p,, where p, is the
pixel size. We thus have

T(r") = Tod(x")(y" — n,Ar)Ar*. (35)
By following the above approximate analytical formal-

ism, we show, in Appendix A—D, that the reconstructed pro-
file is given by
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To\/C_S

Trec(x,y) = \/_n3/2/{h —(=L)%" /4
X cos[ o0 —=¢)+ ]smc[;cmdx(cs)x/n]
(36)
where {;=n,/ n%—s—ﬁz,icmax(ls)zls —/(zh),%=x/

)/ (mx).

2. Geometric resolution

Ar and sinc(x) = sin (nx

We see that the reconstructed image of the point source
is a series of narrow peaks spaced by the inverse of Igco due
to the rapidly oscillating cos -function, under an approximate
Gaussian in the y-direction centered at the position of the

source with a width in # given by Ay =+/2 n? _ng /};

> \/2h/b = he/[(Ar)*/2nB]. It reminds one of a diffraction
image from a double slit, even though the envelope is a sinc-
function not Gaussian. Nevertheless, we adapt the definition
of resolution from that example, namely, that the best resolu-
tion is obtained from the smallest shift that makes a peak
move into the next trough. This leads to

P9 n
Co
N, o4 i b=

hence, Ay = Arn(in* + 52)3/2/(19(;0};2). For y ~ h, this is on
the order of 2v/2mhc/(Arw,) = yh. The numerical value for
the standard parameters gives Ay ~ 2.1km, i.e., a resolution on
the order of a kilo-meter. However, for actually achieving this
resolution for an extended source, one has to face two issues:
(1) The reconstructed point-source image should be brought as
close as possible to a single narrow peak, and (ii) one has to
deal with the different phases from sources at a positive or neg-
ative 7. The first issue can be addressed by superposing correla-
tion functions from pairs of antennas at different separations
and/or by changing the considered central frequency. This shifts
the pattern of peaks due to the cos function, and one can engi-
neer a rather narrow central peak (see Ref. 14 for details). The
second issue should be absent in a numerically exact inversion
of the integral kernel. The Gaussian envelope has a width of
he/ (\/ZT[BAI‘) , given by the inverse bandwidth, which is much
larger than the width of a single peak, namely, by a factor of
./ (4nB) ~ 35 for the standard parameters.

The resolution in the x-direction follows from the effec-
tive wave vector Kpy,x in the sinc function. It depends on the
position of the source and reaches its maximum possible
value of Ky for n, = h (i.e., yy=nh). The inverse of Kyax
therefore gives the best possible resolution in the x-direction

A > Ar _ 2hc . (38)

KMax ~ O:AF

An~m, 37

We conclude that, in both the x- and the y-direction, one can
expect a geometric resolution on the order of hy =c/
(Arw,) for sources close to y = h. For sources close to y =0,
K(n,) goes to zero  1,, whereas, for larger y,, the decay of
K(n,) is o< 1/n,. The geometric resolution in the x-direction
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deteriorates correspondingly. The resolution in the y-direc-
tion, however, depends only weakly on the source position,

s (n? +ﬁ2)3/ 2/ (lg(ﬁz) increases monotonically from / at

ys=0 to 21/2 at y;=h and keeps growing slowly beyond
ys=h. The resolution in the y-direction is what would also
be expected from a standard aperture-synthesization
approach. It should be kept in mind, however, that the proce-
dure here is very different, and it is rather remarkable that
correlating electric fields at two different frequencies can
lead to a resolution given by the central frequency.

The definition of km.x is based on the request that the
stationary phase approximation (SPA) should hold in the
regime f > o. In practice, the SPA is almost always better
than expected, such that, in the end, the result 4y might be a
conservative estimate of the geometric resolution.

V. RADIOMETRIC RESOLUTION

Besides the geometric resolution, the radiometric resolu-
tion (RR), i.e., the smallest difference in temperature that the
system can measure for a given pixel, is the most important
characteristic of the satellite imaging system (one might also
call this radiometric uncertainty). Here we calculate the RR
for the idealized situations of a single point source consid-
ered above and for a uniform temperature field in the posi-
tive half-plane y > 0.

A. Fluctuations of the reconstructed temperature
profiles

The idea behind the calculation of RR is that the electric
field measurements yield random values whose fluctuations
and correlations reflect the thermal nature of the radiation
field. Thus, if one repeated the measurement many times
with the same field T(x,y), then one would obtain different
correlation functions in each run, and thus, after inverting
the linear relationship between C;; and T(x, y), also different
reconstructed T(x, y) (called Ty in the following) in each
run. The (relative) RR is then defined as the standard devia-
tion [Ty (x,y)] divided by the average Tye.(x,y) for a given
position x, y. In general, it will vary as the function of x, y,
and also depends on the temperatures at all positions, a
behavior well known from standard spatial aperture synthe-
sis. In reality, things still become a bit more complicated
because the measured signal is a superposition of the e.m.
field emitted by the antenna itself (at temperature 7,), and
the radiated field from the surface of the Earth. However,
these fields are uncorrelated, and their averaged squares just
add. For simplicity, we ignore the noise contribution of the
antennas in this first analysis, which amounts to calculating
the lower bounds of ¢ (Tyec)-

The starting point of the calculation is the assumption
that the current fluctuations j(r”, 7), which are at the origin of
the radiated thermal field, are described by a random
Gaussian process, both in time and space (see Sec. II). This
immediately implies, also that the temporal FT j(r”, o') of
the current fluctuations is a Gaussian process, now over
space and frequency. Finally, the connection between
j(r" ') and E,, () is linear, which implies that £, () is
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a Gaussian process over r; and w;. By the nature of this vari-
able, it is a complex Gaussian process. One easily shows that
the average of £ r, (w1) equals zero (if the average of all cur-
rent components is zero, which must be true at thermal equi-
librium). The correlation function Cj; is the (complex)
covariance matrix of this Gaussian process, and all higher
correlations can be expressed in terms of it.

To assess the fluctuations of Ty, we first define a product
of Fourier coefficients of E from a single run (denoted by a"),

ax

1 )E 7 (602) ’
(39)

CA‘(rlar27 K, lgc) = sz(rlar27wl7w2) =S EN‘zﬁrl (w

1 . . . .
- L J i, J dtrBp, (10)E o, (12)e 42 (40)

and its corresponding filtered version C‘F(rl,rz, K, IEC)
= C’(rl,rz, K, IE(.)A(wl)A*(wz) (with wy,w, expressed in
terms of r, ko).

The fluctuations of Tie.(x,y) are defined as ATy (x,y)
= (Tree(x,)?) — (Tree(x, y))?, where the average is over the
thermal ensemble. With Ty (x, y) from (C4), one finds

ATree(x,y) = Jd;q drcrdkey dk o

K2(2n)*Ar?

‘EclkVCz'e*f(K[7K2)<.§7A~'o>ei(k,| 71{,2){

~F ~ ~Fx ~
X [<C (ri,r2,k1,ke1)C (r1,12,62,k02))

~F ~ ~Fx ~
—(C (ry,r, K1,k ))(C (r1,r2,52,kc2))

(41)
In Appendix A2, we show that, in the narrow frequency

intervals considered, the correlation function contained
within the large parenthesis of (C4) can be written as

CE(r1,71, K13, ke13)CEF (12, 12, K04, ks (42)

with Kij = Ar(a)j — a)j)/vs, Igc'ij = AI‘((,L),' + 0)1)/<2C) Vi, J,

and the single-point function
T(),7 e kv ,2+h
A /1,]/2 + h

We calculate AT, for the single point source considered in
Sec. IVB at the position of the source, i.e.,
ATrec(x37ys) = [Trec(x57ys)2] - [Trec(xsays)]za and for a uni-
form temperature field.

sz(rla ry,K, lg) = Kéeiihﬁoﬂ: JdVI

(43)

B. Single point source

For the single point source at position (0, yy), the corre-
lation function C,.(ry, ry, k, k) becomes [see Eq. (C1)]

B e —lK|\/ n? 240
C~~(l‘1 , I, K, k =Kg 2T0€ ko —______ (44)
Vi + i’
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Insert this into Eq. (41) to find

T2 - -
o2 JdK12dK34dkL12dk34\/ |kc12k 3al

~2
— (13| +]r24]) \/ n3+h

AT, rec(o YS)

~2
0 +h

e - - b

G\ kaszikeoo,—= | + G| kaz; —kco,—=
e ) el )]

I . - b

G| koaskeo,—= | + G| keoa; —keo,—=
( 24 0 \/§> < 24 0 \/Z)‘|

X ei(h‘lz—K34—'»‘13+l€24)fo+l'(k~< 12—ke3a)ls ) (45)

X

X

We change integration variables to K13,/€C13,K24,/€(;24. The
Jacobian is 1. In the product of the Gaussians, only the diag-
onal terms (i.e., with the same signs in front of ko) contrib-
ute in the relevant regime k.o > b, as for the opposite signs,
keto =~ kesa ~ 0. Finally, we approximate

ket = kesq = koo (46)

and pull that factor out from the integral, which is permissi-
ble for all ranges of the variables for which the product of
Gaussians is non-negligible. The integrals can then be per-
formed, and we find, for the standard deviation, ¢[T . (0, ys)]

= /A[Trec (0, y5)]
12

Ty |/€(0|1/2 47)
~2 b

2
var 2R+

~ TO ‘lg(0|
ﬂ2g2 \/77'511 +h

0[Trec(0,¥5)] =

where, in the last step, we used h> 1 and Pl < 1 (where,
once more, f§ = v/c).
From (36), we find

Lo/ (48)

Tiec(0,y5) = .
ec(0,¥5) 27‘(3/2}{(7’]% N ]/22)5/4

When combined with (47), we obtain the relative RR

G[Trec(ovys)} - 277: ( —|—h )1/4 (49)
Trec (07)’3') s
For n, = ﬁ, the relative RR is on the order of 0.055,
which corresponds at T=300K to ¢[Tc(0,#)] ~ 16.5K.
When judging this value, it should be kept in mind that
it is based on expressing the fluctuations ¢(7T}e.) in units of
the reconstructed temperature, whose approximate analytical
form (48) is not an unbiased estimate of T 1tself due to the
additional geometrical factors o< \/77,/7(n? + h )5/ and the
constant 1/ 2732, From standard radiometry, one is used to
obtain an RR that improves as 1/y/fines With the total mea-
surement time, a fact that can be attributed to obtaining a
number of independent samples that scales o< #yes. For
Fourier-correlation imaging, however, no such improvement
with fyes 1S possible because all measured fields for given
times are already used for calculating the Fourier transform
(see also the discussion in Sec. VI A).
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C. Uniform temperature field

We now look at the second standard situation commonly
considered for the determination of the radiometric resolu-
tion, namely, a field of constant temperature. More precisely,

we consider
Ty
T =
(x,y) {0

The restriction to sources in the upper plane is because
we still want to use Eq. (C4) for calculating the reconstructed
temperature profile. The cutoff y arises physically from the
size of the Earth and prevents a divergence of the correlation
function.

From (13) we obtain

0<y<y

(50)
else.

0 else.

The correlation function (43) becomes

- - Tod
C,','(l'],l'],K, k[‘) = Kﬁ\/in3/2T0€7lm°5(K)Al‘J 1

O+

(52)

~2

- i+ i+
— K621 Toe " 5(1c) Arln 1——%}——— 53
with 7 =y/Ar. For y = R ~ 6370km, the radius of the
Earth, and Ar = 100m, ## = 63700. We see that here, the
correlation function is perfectly diagonal in frequency, which
reflects the lack of structure of the temperature field in the
x-direction. Hence, we can set everywhere x =0, which
greatly simplifies the analysis. The cutoff 7 in Eq. (52) pre-
vents a logarithmic divergence that arises from

1/\/n*+ lf ~1/n for n — oo. Equation (52) can be
extended to a temperature field that is uniform everywhere,
from —y to y. In this case, the (-integral starts at —1 + ¢
rather than at 0. However, in this situation, we cannot use
Eq. (C4) anymore because it is valid only for sources at posi-
tive y (see the discussion after (34)).

Equation (52), when inserted into (41), and with the
same change of integration variables and approximation in
(46), leads to

To S| IV
V2

The reconstructed temperature field [Eq. (C5)] is given by

72 72
TO e*b (£=0)/4 ~ T
o cos [k(;o({f -{)+ 4].

{
sl N

0[Trec(0,y)] = (54

Trec (xa Y) =
(55)

Unfortunately, no closed analytical form could be found
for the remaining integral, and even a numerical evaluation
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is not straight-forward because the Gaussian yields a very
narrow peak, broader, however, than the period of the cos -
function. But we can get an estimate of T;.. by replacing the
Gaussian (normalized to an integral equal to 1), with a rect-
angular peak of width ao and height 1/(ac) centered, as the
Gaussian, at {. Here, 0 = \/E/I;, and a is a parameter of
order 1. This gives

T ( ) To Jmin@-,CJraa/Z) , cos |:I€‘0(C - C,) + §:|
rec (X, =
’ NS

a Jmax(0,l—ac/2)

(56)

A numerical evaluation of the integral is now relatively
straight-forward and shows a slowly varying Ti..(0,y) as a
function of { in the interval { € [ac/2,( — ac /2], whereas,
outside this interval, it oscillates rapidly. The slow variation
arises from the factor \/|{’|(1 —{'?), which distorts this
approximately reconstructed image. By pulling out this
slowly varying factor to get an analytical estimate of the
order of magnitude of Ty (x,y), we are led to

cp Y2 (ke
Trec(x7y) — TO a/gc() \/m(l B €2) Sin (ﬁg) (57)

for { € [ao/2, —ac/2]. Hence, in this interval and apart

from the distorting factor 1/+/]{[(1 — ¢(*) identified previ-
ously, we recover a constant temperature field. The value of
the reconstructed temperature depends on the precise value

of a as well as the ratio lgco / b. Outside the mentioned inter-
val, Tyec(x,y) oscillates again as a function of {, which can
be understood from the fact that the box is cut off when (
gets within a distance aa /2 of 0 or 5 The sought-after order
of magnitude can be estimated from the maximum value of
(57) as a function of a. As for standard parameters
lg(,o/l; ~ 70, we can bound the sin-function by one (while
still having a ~ 1), in which case, we obtain Tr(x,y)
~ Ty /lgco = Tyy in the mentioned (-interval. With all this,

and approximating 4/ W + 7% ~ i in the logarithm in (54),
we find the order of magnitude 6[Trec(x,y)]/Trec(x,y)
~In(271/h)/7*/*. For { ~ 1, this is on the order of ~10° for
standard parameters, i.e., a catastrophically large uncertainty.
A small value of o[Trec(x,y)]/Trec(x,y) is possible only if
I{[(1 — ¢*) is very small, but, apart from the fact that one
should not rely on this image-distorting factor, it could only
be sufficiently small for y unrealistically close to the nadir.

If one traces the difference back to the single-point
source, one realizes that, although o(Ty.) scales in both
cases as 1/ /%> the difference comes from T itself: for the
single point source, it is on the order of 1/y but, for uniform
T in the upper half plane of order y, which explains a factor
1/ worse relative RR for the latter compared with the for-
mer. The factor 1/y in the single-point T arises from the
cutoff of the r integral: Ky scales as 1/y, and, for x=0,
the x-integral in (C4) just gives a factor 2ina, ~ 1/y
because the correlation-function is independent of x in this
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case. However, for a constant temperature in the upper half-
plane, the cutoffs iy.x do not play a role because the J(i)-
function only picks up x =0. This leads to the loss of one
factor, 1/y, in Tye. The second one comes from the integra-
tion over (' in (55): the rapidly oscillating cos -function leads
to a factor 1 /IECO = y, whereas, for the point-source, only a
single point { = {; contributes, such that the cosine is on the
order of one. One might wonder whether the relative radio-
metric resolution should be calculated by using, as a refer-
ence, the reconstructed T(x, y), if that is off by a factor of y.
Only a numerical approach can tell.

In light of the RR of standard radiometers that typically
scales as o(T) o< 1/+/Btin, Where ty is the integration time,
the fact that o(Ty.) in Egs. (47) and (54) is independent of
the bandwidth is rather surprising. Formally, the disappear-
ance of b can be traced back to using the lowest order in the
Laplace approximation of (45). The next order corrections
are of the order b, such that ¢(Tr.) — 0(Tre)[1 + O(B)].
One expects the sign of the correction to be positive because
the integrand is positive everywhere, and the lowest order
approximation amounts to replacing the Gaussians by nor-
malized Dirac-delta functions. Hence, for small but finite I;,
0(Trec) is expected to increase with b, which is contrary to
the behavior of standard radiometers. Standard radiometers
are based on the van Cittert-Zernike theorem, which gives
the reconstructed temperature field as a Fourier transform of
the observed visibilities at a fixed frequency. Different fre-
quencies at the source are uncorrelated, and the scaling of
0(Trec)/To o< 1/+/Btiy just reflects averaging over a number
of independent measurements that scales o Bty In
FouColm, the information is in the correlation between dif-
ferent, very narrowly spaced Fourier components, and aver-
aging over the central frequency does not lead to additional
information (see also Sec. VIB). Therefore, a larger band-
width does not improve the RR.

VI. NOISE REDUCTION

The bad signal-to-noise ratio for the radiometric resolu-
tion in the case of a uniform temperature field in the upper
half plane makes it essential to consider measures that lead
to a noise reduction and, in particular, averaging schemes.

A. Averaging over time

Instead of examining Ti..(x,y), for simplicity we con-
sider here the fluctuations of the measured “single shot” cor-
relation function C;; directly. The first idea that comes to
mind for reducing the fluctuations of C ;j 1s to average over
the origin of the time interval from which we construct the
Fourier transform. Note that this is very different from an
ensemble that one would obtain by displacing the initial
position r;. However, averaging over the origin of time only
leads to an overall factor of

Ta/2
Ce"p(r],rz,wl,wz)zj dljdlljdlz
—Tq/2

% Ez,n (tl 4 t)Ez,rz (l‘z + t>e—iwltl+iwztz7
(58)
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. Ta | A
= sinc {(a)l —wz)ﬁ}C(rl,rg,wl,wz). (59)

Hence, correlation functions calculated by transforming
the measured fields by integrating with different starting
points in time are not statistically independent, which ren-
ders this kind of averaging useless. Indeed, this is to be
expected because all available data were already used. The
situation improves only slightly if the FTs are calculated
from a finite stretch of data (say, over a duration t); then
shifting the origin in time will include some new random
data. For a satellite that is mapping the Earth rather than an
infinitely extended plane, it is, in fact, mandatory to shift the
origin of time every 0.28s for standard parameters when a
new pixel of size 2km comes into view of the satellite, but
this corresponds to analyzing a slightly new scenery. Most of
the pixels are still the same, but still, for averaging purposes,
we want to include only data that correspond to the same
scenery. Hence, the averaging time t,, should be smaller than
the time for flying over one pixel, i.e., 7,=0.28 s. With the
time interval used for Fourier transformation of length
tr =~ 100s, we necessarily have 1z > 1,. It is then clear that
we still essentially use the same data with the exception of
some new data points at the edge of the time interval 7.
Therefore, the obtained Fourier components are not statisti-
cally independent but rather highly correlated, and not much
can be gained by averaging over time.

B. Additional frequency pairs

By using only a small frequency separation of width Aw
about the central frequency w,., which itself is allowed to
vary over a large bandwidth, B seems to be a very wasteful
use of all the pairs of frequency components [E.,, (),
E.,(m,)]. Can we use different measured correlations C(ry,
2, 1, w,) with sufficiently different w, = (v + »,)/2 as
independent data for improving the radiometric sensitivity?
To answer this question, we need to calculate the covariance

matrix V between two different correlators,

V= <C’(r1,r2, w1, wz)é*(l‘l,rz,wﬁ»wé»

Ak

- <é(l‘17l‘2,a)1,0)2)><c (rlar27w/17w/2)> ; (60)
as well as the pseudo-covariance matrix M,

M = (C(r, 12, 01, 02)C(r1, 12, 0, 0)))

—(C(r1, 12, 01, 0)){C (11,12, 0], ). (61)

Both matrices together determine the statistical properties
of the random process C (ry,ra, 1, ;). Note that, despite the
fact that E. (w) can be considered a circularly symmetric
Gaussian process (see Appendix A-D) over r and o in the
narrow frequency band that we are interested in, the same is
not true for C’(rl,rg, Wy, W) — (C’(rl,rz, 1, 7)) (which is
not even Gaussian). We need to know whether both V and M
essentially vanish for almost all pairs of pairs of frequencies,
with the first pair (w;,®,) in a first region (notably, in the
central narrow strip S = w; € [w1 — Aw, w; + Aw)), and the
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second pair (), @) in another region in the (w;, ;) plane
that we may want to consider, whereas the correlation func-
tions Cji(ri,r2, w1, m) and Cj(ri,ry, o), o)) themselves
should still be non-zero. Such a situation would signal statisti-
cally independent non-vanishing correlation functions.
However, we saw that only within a central narrow strip S
(whose width is given by Kpax (7)) in the (@, ®;)— plane C;;
is non-zero and that, within this strip, all pairs of frequencies
are used for obtaining a single profile T(x, y). Hence, this is
not a viable approach either. In Appendix D, we show the
same thing once more rigorously.

C. Additional antennas

So far, we considered only two antennas. As mentioned
before, to obtain a reconstructed single source image with a
single peak, one may sum the correlated signals from several
antenna pairs. It is to be expected that this will reduce
0(Trec)/Trec, but we have to figure out how far two pairs of
antennas have to be separated to essentially produce uncorre-
lated correlation functions. To answer this question, we have
to generalize Eq. (60) to pairs of correlators at different
points r’, r5. We define

Ak

Vr = <é(r17r2,w1;w2)c (r3,r4,a)1,a)2)>

—(C(r1, 72,01, ) (C (13, 14,01, 0)),  (62)

where we take ri;o =r; + p;é, fori=1, 2, i.e., the antennas
in the second pair are shifted by distance p; in the y-direction
compared with the corresponding ones in the first pair. From
(A14), we have

Vr = C(rlar37w17w1)c(r47r27w2,w2) 5 (63)
where, from (21) and (B6),
dn

R+ i
XK(O P11 n

Vi
d¢ 4 ) ¢
—i [ () - (225)] e

The corresponding result for C(ry,r, @y, @y) is
obtained from the last line in (64) by replacing p; — p,. For
the uniform temperature field in the upper half plane up to a
cutoff y and also a cutoff of the same value in the x-direc-
tion, we have T(0,n) = yTy/n for 0 <y <y. No closed
form was found for the remaining integral over {, but a
closed form is easily obtained if we neglect the slowly vary-
ing envelope 1/(1 — (%), which is legitimate for cutoffs 7
not too close to 1 and gives an idea on which length-scale V,
will vanish. By plotting the results of the integration, one
finds that both the real and imaginary parts decay on a scale
of p;wo/c ~ 1, where we have again used w; ~ w; ~ wy.
Hence, for the correlation functions of two pairs of antennas
to decorrelate, it is enough that one antenna in one pair be at

C(ri,r3,m1,01) = KsJ

>T(0, n), (64)
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a distance on the order of r = ¢/wy = A/2m, i.e., on the order
of the central wave-length 1 with respect to at least one
antenna of the other pair. For standard parameters, this is on
the order of 10 cm when neglecting factors are on the order
of 1 [the 2m helps, but, for the imaginary part of
C(ry,r, w1, ), there is a comparable factor in the scale].
Note also that, for smaller separations, the antenna would
start to couple such that this would be impractical anyhow.
When extending the separation of the two antennas in the
original pair to 2Ar = 200m, one would have a place for
approximately 2000 antennas in between. This, in turn,
would then allow correlations from 10° pairs of antennas,
where the antennas in each pair are still separated at least by
Ar = 100 m. When considering that averaging of N tempera-
ture profiles obtained from N statistically independent corre-
lation functions improves the signal-to-noise ratio of the
average temperature profile by a factor v/N, we can improve
the signal-to-noise ratio (SNR) by a factor of 10°. If consid-
ering the prefactors of order 1, 10 times more antennas can
be used, the SNR could be improved by a factor 10%.
However, even such a large improvement is not yet sufficient
to beat the low SNR on the order of /> ~ 1073, It is quite
likely, however, that a displacement of an antenna also in the
x-direction by a distance on the order of 1/(27) leads to a
completely decorrelated correlation function. If so, one
might gain another factor, up to 10° in the SNR, by consider-
ing quasi-1D antenna arrangements, with a width in the x-
direction on the order of 10 m. In the latter case, one should
then be able (after averaging temperature profiles obtained
from some 10'* correlation functions from that many pairs
of antennas) to achieve an SNR of 107 and, hence, an RR on
the order of a few degrees Kelvin. However, it is obvious
that the effort for doing so is huge, and the same geometrical
and radiometric resolution might be achievable more easily
with other means.

Other interesting ideas of improving the SNR involve
using focusing antennas for increasing the flux and/or
exploiting higher order correlation functions as well, but
these are beyond the scope of the present investigation.

VII. DISCUSSION

We examined the fundamental feasibility of a new type
of passive remote microwave imaging of a 2D scenery with
a satellite having only a 1D antenna array, arranged perpen-
dicular to the direction of flight of the satellite. We analyzed
the simplest possible configuration of only two antennas.
The scheme is based on correlating Fourier components of
the observed electric field fluctuations at the position of the
two antennas at slightly different frequencies, @, and w,,
and leads effectively to a mapping of the 2D brightness tem-
perature as a function of position x, y to correlations as func-
tion of the center frequency w. = (w; + w;)/2 and the
frequency difference Aw = w; — w,. With two antennas
separated by Ar, the center frequency w,. and a satellite fly-
ing at height A, the resolution both in the x- and y-directions
is on the order of hy = hc/(Arw.). Only very small fre-
quency differences lead to correlations of a finite, useful
magnitude. For typical intended SMOS-NEXT values, they
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are on the order of, at most, 10 Hz, which, however, still has
to be divided by the number of points in the x-direction that
one wants to resolve within a snapshot. This implies that one
must be able to measure GHz frequencies with an accuracy
on the order of 1/10-1/100 Hz. The speed v, of the satellite
only enters in the maximum frequency difference useful for
correlating the signals, which is given by Aw=(Ar/h)
(vg/c)w,.

In the minimal situation of two antennas, the relative
radiometric resolution o(T)/T is, for a single point source on
the order of ,/y, whereas, for a uniform temperature field in
the positive half plane y >0 (up to some large cutoff of the
size of the Earth), 0(Trec)/Trec ~ 1/, which, for standard
parameters, is on the order of 10°. We neglected, so far, the
additional noise that comes from the antennas themselves,
such that our results should be considered as lower bounds for
0(Trec )/ Trec. However, it should be kept in mind that a factor
7 in Ty estimated with the approximate analytical approach
largely contributes to the 1/y3/? behavior. If referring the fluc-
tuations to the actual temperature, one finds
0(Trec)/T ~ 1/./%, which already substantially improves the
situation. A numerical investigation that gives an unbiased
estimate of T(x, y) should be able to decide what is the correct
scaling. If the 1/7%/? prevails, then such a large uncertainty
would prevent a direct application of the method with just two
antennas, and massive noise reduction is required. Some ideas
are discussed in Sec. VI, where it was found that one can
obtain statistically independent correlation functions by dis-
placing one antenna by a distance on the order of 1/27, where
/ is the central wave-length. Hence, the signal-to-noise ratio
Tiec/0(Trec) can be massively increased by a factor N when
using the correlations from ~N(N — 1)/2 pairs of antennas
from N antennas separated all by at least a distance on the
order of 4/2n. However, the computational effort and the size
of the overall structure seem forbiddingly large for achieving
a radiometric resolution on the order of a few degrees Kelvin
with a geometrical resolution on the order of 1 km.

An alternative application might be the precise localiza-
tion of very strong point sources that, by far, dominate the
more or less uniform background from the Earth’s thermal
emission. As long as one is not interested in a very precise
measurement of the intensity of the source, one might local-
ize it very precisely by using just two widely separated
antennas. These antennas need not even be on board the
same satellite. By having two satellites with a well-known
distance separated by approximately 100 km for instance, the
geometrical resolution achievable in the microwave regime
would be on the order of a meter in both the x- and the y-
direction, and with rather small computational effort, open-
ing interesting perspectives for such applications. With the
standard interferometry from just two antennas, one could
resolve the source only in the direction perpendicular to the
track of the satellite, whereas no resolution at all would be
possible in the direction of the track. We agree that control-
ling the distance between two satellites separated by 100 km
to within 10 cm is challenging but not completely unreason-
able given the performance of modern global positioning
systems. For the analytical analysis, we assumed that the dis-
tance is constant, but, in practice, the method can probably
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be extended to varying distances as long as these are known
precisely as a function of time, similarly, as for radio-
astronomy with phased antenna arrays.

It should also be kept in mind that the method can be
easily transferred to other types of waves, sources, and
media. For example, 2D (ultra-)sound imaging might be pos-
sible by observing the beating of the signals of just two mov-
ing microphones. Different physical systems can be easily
mapped to each other by comparing the corresponding
dimensionless parameters introduced in Sec. L.
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APPENDIX A: CURRENT FLUCTUATIONS AND
TEMPERATURE

The connection between the intensity of the current fluc-
tuations and the local temperature can be found, e.g., in
Refs. 9 and 11-13. For being self-contained and relating to
the notations used in this paper, we here give a short deriva-
tion of this connection. We also show that Ezyr(w), in the fre-
quency range considered, is a circularly symmetric Gaussian
process.

1. Thermal radiation

We begin by recalling the energy density of electro-
magnetic black body radiation at frequency w, u(w) =
hiwp(w) f(w,T), where p(w) = »?/(n*c?) is the density of
states (the number of modes between frequencies w and
+do per volume) and f(w,T) = 1/(e"/®T) — 1) is,
the thermal Bose occupation factor, with kg the Boltzmann
constant and 7T the absolute temperature of the radiation
field. An infinitesimal patch on the surface at position x, y
with surface dA and temperature T(x, y) in thermal equilib-
rium with the radiation field in its immediate vicinity, radi-
ates off an amount of energy per unit time and at
frequency o given by dAuccos0 in direction 0 with
respect to the normal surface. The energy density for both
polarization directions received at the position of the satel-
lite at distance R from this patch also varies o cosf, and
energy conservation requires

dAu(w) cos 0 dATw?* cos 0
dus(w) = R: 2m3AR2 (Mol ksT) — 1)

(AD)

The Earth is a grey rather than a black body, and we,
therefore, have to include the emissivity of the patch
B(x,y; w,0, ) in the direction of the satellite given by polar
and azimuthal angles. It can also depend on polarization,
which we skip here for simplicity. Integration over the whole
radiating surface gives the entire energy density at the posi-
tion of the satellite at this frequency,
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dxdyu
”SOU):ZJ 2R’

[ dxdyhw? cos 0(x,y, h)B(x,y; », 0, ¢)
= 2R3 (0E 12+ ) (eho/aTGa)) — 1)

(A2)

In the microwave regime and at temperature T
~ 300 K, 7w is approximately four orders of magnitude
smaller than kgT, such that to first order in Aw/kgT, the Bose
factor, f(w,T) ~ kgT/(hw), with corrections on the order of
104, This simplifies u, to

2 TB(xvy) €Os 0()(,_)’7 h)

k
us(w) = .
W2 +x2 +y?

2m3¢3

J dxdy w , (A3)
where we defined the brightness temperature Tg(x,y)
= T(x,y)B(x,y;w,lé), i.e., the absolute temperature a black
body would need to have for producing the same thermal
radiation intensity at the frequency and in the direction k
considered, specified explicitly by the two angles (0, ). At
the same time, the total energy density (integrated over all
frequencies) at position r; of antenna 1 is U; = [ dwu(w)
= 2 (E*(ry)), where the average is over the thermal ensem-
ble, but, due to ergodicity, we may also average over time,

(r)r, = % ;i iz(...)dt. In the end, one should take the limit
1, — o0. In fact, we may even average over both the thermal
ensemble and time, ie., U; =% <(E2(r1)>>ra.
then the electric field in terms of its Fourier transform, the
time integral leads to a sinc-function,

0= 52 | [sine (0 = ) 32] B (), ) s

(A4)

Expressing

with sinc(x) = sin (7x)/(7x). For large 7, the sinc-function
can be replaced by (27/1,)0(w — '), and we are then left
with

€ = 2
Us=r5p J<|E,, (0)P)do. (AS)

Therefore, the energy density per unit frequency at fre-
E, (»)[*). Together

quency omega is given by us(®) = 52

with Eq. (A3), we thus have

(,()ZTB(X,y) cos H(Xa Y, h)
W2 +x2 +y?

- TakB

(e, (0)) = 522

J dxdy . (A6)

The connection to the current fluctuations is found by
comparing this expression with what we obtain from Eq.
(11) if we do not use (7) yet. There we set i=j, ry =1,
= (0,0,h), ®; = m,, and v, =0 because we are interested in
the energy density in a given fixed point r, identical to the
original position of the antenna. This gives

<|E1n<w>|2>=1(4j dt1J dtzj do

o {|ji (x,y, @) )
dedy 20 L]
ijy W42+ )

Xei((ufw’)(tlftz) , (A7)
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where K4 = Kil2d/(4n°1,), and we have already restricted
the current density to the surface of the Earth, i.e., when
assuming (| (', @)|?) = d(|j; (x,y, @)|*)d(z). In practice,
the time integrals that originate from the Fourier transforms
will be taken over a finite time 7. Because the only time-
dependence is in the exponential, the time integrals can be
done exactly, which leads to

/2 ptr/2 ) )
J J dr, dl‘zel(w_w )t1—12)
7‘[[‘/2 7’[]"/2

= {1 cos [rp (w— w)]} (A8)
w/

(w—

For a large 7, this function is highly peaked at v = o'
and behaves as 2ntr0(w — '), where the prefactor may be
verified by integrating both sides of the equation over w
from minus infinity to infinity. We are thus led to

iy o))

A9
4+ x2 +y? (A%

<\E~i.r1( )|> K42mpjdxdy

The thermal fluctuations of the electric field are isotropic
in their intensity, such that one third of the energy is in a given

polarization direction i, ie., (|E;r (w)]?) = : (|Ey, ()]?).
Inserting Eq. (A6) for the latter quantity, we are led to

wZTB (X, y) cos G(Xa ) h)

o~ 2 Ta kB
(Eir (@)) = s | v

h? 4 x2 4 y?
(A10)
Comparison with Eq. (A9) allows one to identify
(i (x,3, @)[*) = KaTese(x, y), (Al1)
with Kj = 32t,7.kp/(3trlldpyc) and Te(x,y) = Ta(x,y)

cos 6(x, y, h). Thus, the current fluctuations are given directly
by the brightness temperature [rescaled by the directional
cos 0(x,y,h)], up to a constant prefactor. As mentioned in
the Introduction, we write T for short for T in the rest of
the article. The constant prefactor depends on the time inter-
vals for averaging and the Fourier transforms, but, in the
end, we will always be interested in relative radiometric res-
olution, i.e., a[T(x,y)]/T(x,y), where o[T(x,y)] denotes the
standard deviation of the reconstructed temperatures over the
thermal ensemble of the radiation field, such that the con-
stant prefactor cancels out.

2. Fluctuations of the reconstructed temperature profile

A Gaussian distribution of a complex jointly Gaussian
random vector z = (z,2,,...,2,) € C" is fully characterized
by the expectation values, E(z;) Vi, the covariance matrix
K = E[zZ'], and the pseudo-covariance matrix M = E[zZ'].
Both matrices together specify the correlations between the
four different combinations of real and imaginary parts of
the z;. The Gaussian distribution is called circularly symmet-
ric, if P(z) is invariant under the transformation z—ze'® with
an arbitrary real phase ¢. One shows that a distribution is
Gaussian symmetric if and only if M = 0. This implies imme-
diately that E[z;] = 0Vi."?
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The corresponding definitions and statements for complex
Gaussian processes are easily obtained by replacing the discrete
index 7 in z; by a continuous one, e.g., a time argument, or, in
our case, of EA”(a)), a 4-component real vector with a
“continuous index” ®,r. To show that E, () is a circularly
symmetric complex Gaussian process over o, r, we need to
prove that 0 = M(ry, 1y, @1, ®) = (E.p, (01)E.r, (7)), at
least in the narrow frequency band in which we are interested.
In view of Eq (5), for this, it is enough to show that
M; = (. - (@1)j.r,(2)) = 0. Expressed as Fourier trans-
forms of the tlme dependent current densities, this correlator
equals

i(w1t1+waty)

T s 1 o
Gor () (02)) = 51| e

X (zr (112, (12)-

The physical origin of the current fluctuations are thermal
fluctuations, and the condition of the thermal equilibrium
implies that the current correlator is invariant under global
time translation (i.e., a shift of the origin of the time axis of ¢,
and f, by the same amount) and, hence, depends only on
) — 11, gz,rl(tl)‘z,rg(b» :f(l'l,l'z,f), where ©1=1 —1t,
and we will also use ¢ = (t, + #;)/2. With this, we get

(A12)

1 {o¢] . {o¢]
M; = _J dt e—l(wl-&-wz)IJ dre —i(wy— (/)1)1:/2](-(1,17 ra, ’L')
21
= V2rd(w1 + 02)f[r1,12, (02 — 1) /2],
where f(ry, r,, ) is the Fourier transform of f(ry, r,, ) with
respect to time f. The J-function implies that M, vanishes
unless w; = —m,. But we are interested only in frequencies
in the small interval w; € [w; — Aw, w; + Aw], centered
close to wq on the order of 1.4 GHz. Hence, in this frequency
interval, we indeed have M;=0, and the complex Gaussian
process E”(w) over m,r can be considered as circularly
symmetric. In particular, it does not contain any correlator of
the type E E but only of the type E E*.
The fact that the Gaussian random processes given by
Ezﬁri(w) are circularly symmetric in the narrow frequency

interval considered implies that it enjoys the property [see
Eq. (8.250) in Ref. 16]

—00 —00

(A13)

(EEEE]) = (EEEE) + (EENEE),  (Al4)
where we have abbreviated E; = E, T mos (@i). The correla-
tion function contained within the large parentheses of the

second line of (41), therefore, becomes

CZFZ(I'17P1,K13JQH)CF (r,12, K24, ke2a), (A15)
with x;; = Ar(w; — N w;)/vs, k cij = Ar(w; + ;) /(2¢) Vi, j, and
where we used (C* (ry,ry,k,k.)) = CF (ry,ry, K, k).

The fact that Cf, and CE* in (A15) contain the same
position arguments twice indicates that we cannot evaluate it
directly through Eq. (21) because the coordinate transforma-
tion to dimensionless variables based on the rescaling with
Ar becomes singular. We, therefore, have to go back a step
to Eq. (20), which yields
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B e 00 'f /(K ‘)efilc’vﬂ
F — —iKy g 20y R
sz(rl , I, K, k) K6e et J [700 dx dy 2 y/2 h2’

(A16)
TOy ( x)ef\xxh/y’hrhz
/2 h? '

—00 «

= Kge ™q J dy'
(A17)

When compared with (21), we see that this result corre-
sponds formally to @, = 0 in that equation, rather than Ar = 0,
and (A17) is recovered by using the exact result (B2)]. We can
now re-introduce dimensionless variables via the same rescaling
with Ar, , and r;
denotes as before the positions of the two antennae at = 0, only
one of which still enters as argument in sz(rl,rl,;clg,lgw),
respectively, CF* (ra, 17, K24, Kkeoa ). This gives

se)e N/ i
1/,,,/2_;'_]1

(A18)

~ . T
CE(ry,ry, 5, k) =K6ef”‘“‘°an Lo

which proves (41) in the main text with (42) and (43).

APPENDIX B: PROPERTIES OF THE INTEGRAL
KERNEL

Here, we establish the behavior and relevant parameter
regimes of the kernel K(o,f5). Note that, from (22), we
immediately obtain the relations

K(“?ﬂ) :K(fo{ng) :K((X, *ﬁ)* (B1)

We, therefore, restrict the following discussion to
o, > 0.

Unfortunately, the integral over & in (22) cannot be done
analytically. However, we can find approximations for dif-
ferent cases. First consider f=0. By using the methods of
residues, one easily finds

K(0,0) = me™. (B2)

More generally, one can obtain a useful expansion for a

small f§ by expanding exp (—i/)’/\/ &+ 1) into a power

series, and then integrating term by term. We find

00 1 00 . efio(i
00 lﬁ\/_
=V 27—5“2 }E'l— 1+ /2) n+1)/2(a) ) (B4)

where K,(x) is the modified Bessel function of the second
kind of order n. The zeroth order result (B2)] is recovered by
observing that K (x \/_ Ze™*. For a small f3, the series
converges rapidly, and one can even improve the agreement
with the numerically calculated kernel by re-exponentiating
the first few terms. For example, up to the second order, we
have a polynomial py + p1 ff + p» >, which we want to write
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as poexp (a1 + azﬂz). By expanding the exponential in
powers of ff and by comparing powers up to the order /32,
one finds a; = p;/po and ay = p2/po — (pl/po)z/Z. When
plotted together with the exact result, the thus-obtained
approximation agrees with K (a, ff) for & =2 visibly well up
to f§ ~ 4, i.e., well beyond the regime § < 1. For the fourth
order re-exponentiated form, the agreement extends up to
approximately f§ ~ 5. However, the exponential decay (B2)
already of the zeroth order term with o indicates that, for the
values of o ~ 10? to 10°, the contribution to the # integral
for values such that f§ is on the order of or smaller than one,
can be entirely neglected.

In the opposite regime of a large 5, an approximation
based on a stationary phase approximation can be found.
More precisely, one needs f§ > o. In this case, one can treat

eENE+
rapidly oscillating ¢~#/V+1. The point of the stationary
phase of the latter term is found at =0 (where the phase

has a maximum). The second derivative of the phase at £=0
equals 1. With this, we get

K(a, ) ~ ﬁe’“/“e"ﬁ, (BS)

valid for /o > 1. Interestingly, the integral kernel becomes
independent of « in this regime, which is a consequence of
the fact that the stationary phase point is at £ =0, which thus
eliminates the factor o in the phase of the prefactor. We, fur-
thermore, see that, in this regime, there is no exponential
suppression of the kernel.

For o =0, the kernel can be evaluated exactly,

1) as a slowly varying factor compared with the

—ih=
K(o,m:j PR

e 41

nlJo(B) — iHo(B)],  (B6)

where J is the zeroth Bessel function, and H is the zeroth
Struve function. Their asymptotic behavior gives back (BS).

In Fig. 3, we plot «, f§ as a function of 1. We see that a
regime o < f§ exists for K < Kyax, Which defines Ky [see
the discussion after Eq. (27) for its precise value]. For
K < Kpax, & < f. The regime o ~ ff < 1 is also possible,
but it is restricted to a tiny # interval, such that its contribu-
tion to the integral over 7 is negligible. For o ~ > 1, the
stationary phase points of &+ (f/a)/ 1 become rele-
vant. Figure 3 shows the Im- and Re-parts of the six roots of
the corresponding stationary phase equation. We see that,
only for (f/o)=2.5, real stationary phase points exist.
However, because o ~ f§ > 1 occurs for sufficiently large
for almost all # only for ff < a (see Fig. 3), the kernel is
exponentially small in this regime o ~ i > 1. Altogether,
the only relevant regime is thus ff > o > 1.

Although the asymptotic form of the integral kernel sug-
gests the use of the orthogonality relations of Bessel func-
tions, inverting (20) is, nevertheless, non-trivial due to the
more complicated dependence of « and f§ on 1. However, the
above asymptotic form allows one to obtain an approximate
analytical inversion of the kernel, which allows for an esti-
mation of the resulting resolution, as we now show.
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FIG. 3. (Left) o and f as functions of #. Standard parameters are used (see Sec. I), and two different values for x,: x, = 10’5/ m (blue curve for o) and
Ky = 10_3/ m (red curve for o); f§ (green dashed curve) is independent of «,. (Right) Real (red) and imaginary parts (blue) of the roots of the stationary

phase equation in the regime o ~ f as a function of /0.

APPENDIX C: RECONSTRUCTED IMAGE OF A POINT
SOURCE

From T(r”) in (35) and Eq. (16), we obtain

~ T()Ar
T(k,n) =—=95(n—n,).
(re, 1) W (1 —ny)
Because 1 is assumed to be in the allowed range for the
point source considered, we can use the approximate analyti-
cal form of the integral kernel, Eq. (28), to get from Eq. (29)
the correlation function

C,’,‘(l‘l,l’l -+ Aréy, K,/g(;)

(ChH

—iKko pisign(k)n/4  —ik—HAe

\/WO[Kmax (715) - |K”’

e

e
Velng (o2 + i)
(C2)

where 0(x) is the Heaviside theta-function. When consider-
ing (34), we may define an approximative reconstructed
source function suitable for sources at i, > 0 through

= F - ~ |/€L‘| e/
TFCC(K, 7]) = ./\/f/a*)[ Cii(rla r+ Areya K, kc) )

21 Ks
(C3)

= K6T()Ar

where N is a normalization constant. Due to the x-dependence
of the window functions, and the { dependence of the integral
transform compared with a simple Fourier transform of 7', one
cannot get a normalization constant independent of the source
field. In particular, for the single point source, N would depend
on the position of the point source. However, we use Ty only
for estimating the geometric and radiometric resolution. For the
former, all prefactors are irrelevant. For the latter, we avoid the
problem by calculating relative uncertainties of (Trec)/Trec
only, where any prefactor cancels. Hence, we set N/ = 1 in the
following equations.
Inverting the Fourier transform in x leads to

1 oo 00
Threc ) = d
(x:3) 21K Ar J * J

—00 —00

d /gc o~ iK(E—0) eﬂa.g

lkcl. (C4)

X Cg(rl,rl + Arey, K, ke) >
T

This equation is valid for all sources located in the posi-
tive y plane, not necessarily point sources. When we re-
express the correlation function through (29) and perform
the Gaussian integral over k., we find a direct approximate
formal relation between the FT of the original T(x, y) in the
upper half plane and its reconstructed image Tre.(x, ),

~ Ch
T<K7 )
00 o) /1 — 12
Trec(x,y) = ! J dKJ d{’—C

" 2nAr o (1 —=C?)
~ efirc,%ef};z(év*f)z/“ X {W[zl(’c)7 CZ(K)’ CI}

—00

X cOs [kL.o(C -+ ﬂ +w(li(x), (), =]

X cos {kco(é ) - ﬂ } (C5)

When using this expression, or by inserting (C2) into (32)
and the resulting filtered correlation function into (C4), we
find the reconstructed image of the single point source

To/C(1 - gf) o (L) /4
V2132 yh

X COS [IQL.O(C —{)+ ﬂ sinc[Kmax ({;)% /7], (C6)

Thec (x,y) =

where (g =n,/\/n?+ /52, Kmax ({5) = Cs\/ 1 - Cf/(%ﬁ)’ and

sinc(x) = sin (7x)/(7x), which proves Eq. (36) in the main
text.

APPENDIX D: ADDITIONAL FREQUENCY PAIRS

Here, we show once more that using additional fre-
quency pairs is of no use for substantially increasing the
radiometric resolution. We do so by proving that, for obtain-
ing statistically independent correlation functions, i.e., for M
and V in Egs. (61) and (60) to vanish, the second pair of fre-
quencies },w) must not be in S. There, however,
Cij(ri,ry, o, @)) vanishes, such that one does not obtain a
second useful correlation function.

To see this, one first shows, with the help of (A14) and
in a few lines of calculation, that
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V = C.(ri,r, o1, 0))CL(ry, 12, w2, 0), (D1)
M = C..(ry,r2, w1, 05)Caz (11,12, 00, 7). (D2)

We have C..(ri,r;, o, o)) from (Al8), where now

Kk = (0] — w1)Ar/vs, and, correspondingly, for

C..(ra, 12, 0y, ), where Kk = (@) — wp)Ar/v,. Whether V

and M are large or small can be judged by comparing them

to the product of the standard deviations of each factor. This

corresponds to calculating Pearson’s product-moment coeffi-
S —

: 17 es — _ V. =M
cients’’ V" = 0@ and M" SOV

define, for complex C, ¢(C) = \/62(8%6‘) + 62(3C), and
C Eézz(rl,rz,wl,wz), C ECAZZ(rl,rz,w’l,w’z) for short.
When going through the same calculation as for V, we find,
after some algebra,

where we

7*(C) = Co(ry, 11, 01, 0)Cor (T2, T2, 02, 02), (D3)
= (nKe)’I*(0), (D4)
where
o T ’ —|k|\ i
1(x) EJ alK)e —di. (D5)
0t +h
_ oo _To,(0) el :
and, hence, 1(0) = [ —dn. This implies
n2+h
st (@ — 1) Ar /o |T[( — @2)Ar/v]
V| = 2(0) . (D6)
For M, we have
C..(ri,r, 1, 05)C..(r1,rp, @), @
|Mre5| ‘ ( 1,12, W1 2) ( 1,12, W 2) ’ (D7)
Ce:(ri,r, 01, 01)Coc(r2, 12, ), 3)
J (112, 00 (15172, ©c112)
= - D8
‘ 2(0) ) (D8)
where
dn
S o) = [
VP +h
- A 19/
<K (e \op 0 S
n+h
X To (k1) (D9)

with Ky = (@) —w1)/vs, Ky = (02 — @) /02, Oy
= (w1 + ) /2, and w., = (0} + ®,)/2. From the proper-
ties of the integration kernel K, we know that C..(ry,rz,
o1, @) vanishes if |o; — 0| = (w; + wh)vs/(2ch) and, cor-
respondingly, C..(ry,rz, ), m,). Hence, for |M| < 1 and
;> and a)/L2 all on the order of w,, we need |w; — )|
= wovy/(ch) or |} — wy| = wov,/(ch). Note that wov,/
(ch) = (1/y)vs/h > vg/h.

For determining the properties of V, we consider our
two previous cases of sources.

J. Appl. Phys. 123, 074502 (2018)

1. Case 1: Single point source

Here, we have T independent of «, see Eq. (C1), which,
when inserted into (D5), yields
ToAr e/’

I(K) =
Vamn2 + i

(D10)

and, hence,
2
|Vres| _ 67?’_:’\/ n2+h” (|0 —o|+|o)—o|) ) (D11)

For sources at 1, ~ h, we, therefore, have [V'| < 1 if
o) —wi] >dw or |wh,—w|>dw, where Jw=ruv,/

<Ar\/17_% + 52) ~ vs/(Arh) = v;/h ~ 1072 Hz,

2. Case 2: Constant temperature field in the positive
upper half plane

Here, T (k,,n) is given by Eq. (51). Hence, V'™ =0 as
soon as @ # w; or w5 # ;. The d(k,) function in (51) arises
from the complete lack of structure of the temperature profile
in the x-direction. More realistic is at least a cutoff at the size
of the Earth, which we take as the same as in the y-direction. In

this case, one finds T (k,) = (yTo/7)sinc (%) and, hence,

I(k) = (yTp/m)sinc <M) J Le—\x\\/ i’ (D12)
T 0 ’/’2 +I/;2

The exponential factor in the integral again indicates
that V'™ essentially vanishes if |o! — w;| = v;/h for i=1 or
i=2.

When comparing with the situation for M, we find that,
for both types of sources considered, V vanishes much more
rapidly as a function of the separation of two frequencies
because there is no factor 1/ multiplying vs/h. Hence, the
request for vanishing M is more restrictive.

The question of the usefulness of considering other fre-
quency pairs can now be phrased as the following: Can one
find pairs of frequencies (o], @}), such that |0, — w;| > Aw
= (1/y)vs/h or 0] — w2] > Aw while still |w) — o} |<Aw
for all frequencies wy,w,; with |w; — @;|<Aw used in the
reconstruction of a temperature profile from C(ry,rs,
w1, w)? For a single frequency pair (|, w)), all conditions
can be easily satisfied. It is enough that both pairs (w1, ®;)
and (o), ®)) be inside the strip S and, at the same time, far
away from each other, i.e., |w; — @}| > Aw, which implies
|@h — 1] > Aw and |o] — w;| > Aw at the same time.
However, the difficulty arises from the fact that we already
use all pairs (w;, @) in the full available band-width for the
reconstruction of a single temperature profile. This can be
seen, e.g., from Eq. (34), where we integrate over all lgc
= Ar(w; + wy)/(2¢) for recovering T. Hence, there really
are no new frequency pairs that can be used for improving the
signal-to-noise ratio of the reconstructed temperature profile.

The same conclusion can be arrived at more formally by
calculating the correlations between temperature profiles
obtained from different center frequencies. Let Trec(x, y; @p)
be the reconstructed temperature profile given by Eq. (C4),
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where we now keep explicit the dependence on the center
frequency @, hidden in that equation in the ﬁlteFr functions
A(wy, ), see Egs. (32) and (33), and Cf — C,. is under-
stood, so as to get the temperature profile from a single reali-
zation of the noise process. We define the correlation
function

K[Trec (6001), Trec (CUOZ)] = <Trec (ny; wOl)Trec (X, i CL)()z)>

- <Trec(x7)7§ w01)><Trec(xay§ UJ02)>7
(D13)

and its renormalized dimensionless version

Krel [Trec ((U()] )a Trec (wOZ)] = K[Trec (wOI )7 Trec ((UOZ)]

/K[TFCC (wOI )7 Trec (wOI )] (D14)

that satisfies Kiel[Trec (@01), Trec(@o1)] = 1. We have
K[Trec (COOI ) ) Trec ((UOZ)}

1 2 ~ ~ \ Vgcllg(,'2|
=— Jd;cl dky dke1 dkep ———
21K Ar 2n

R

cO’\/E
- ) b
X F(kdkaﬂ)?ﬁ)

X [(sz(l'ul‘z,wl,wz)c;(rl,l‘z,wﬁ,wé»

_<é:z(r17 I, wyp, 602)> <ézz(r1 , 2, wllv w,2)>] ) (DIS)
where K1 = (W — 1) Ar /vy, kK2 = (0 — @) Ar /vy, kep = (o
) Ar/(26), ke = (o, + ) Ar/ (20), k0 =) (=1, 2),

F(Igp,lg b ) =A(wy,w0)A* (s, w0) with ko= Aramg/c [see

Cﬂaﬁ
Eq. (31)], and we wused T €R. We evaluate
K[Trec(001),Trec(w02)] for the case of constant temperature
in the upper half plane. By using (60) and (52), and by

switching momentarily to integration variables w;,w,, ], )

and then back to x| k.;, we are led to

2
T5vs
2ne

K[Trec(wOI )aTrec(wOZ)] - Jdkl dlg('l |I€cl |62m€(l

~  ~(1) l; ) (~ ~(2) l; >
XF keikyy,—= |F| ket kg —= |-
< PR \/E PR \/E

(D16)
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The integral is clearly real, as it should be. The integral
over k; leads, when integrated, from —oo to oo, to a diver-
gent factor, but that factor cancels [together with the remain-
ing prefactor T2v,/(2nc)] when we consider the re-scaled
version of the correlation function Kiej[Trec (®01), Trec (®02)]-

If we set léff = ~£é> + k.0, it is clear that the only remaining

scale for 51500 is b / V2. The remaining integral over IEL.I in
(D16) can, in fact, be evaluated analytically. The result is too
cumbersome to be reported here, but plotting it as a function
of 5/€¢-o shows that, indeed, the correlations decay only on a
scale on the order of b. This proves that, by shifting the cen-
ter frequency within the available bandwidth, one cannot
gain independent estimates of T that would allow one to
improve substantially the signal-to-noise ratio.
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