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Abstract Cross-shore pressure and current observations from four fringing reefs of lengths ranging from
135 to 420 m reveal energetic low-frequency (�0.001–0.05 Hz) motions. The spatial structure and temporal
amplitudes of an empirical orthogonal function analysis of the pressure measurements suggest the
dominant low-frequency variability is modal. Incoming and outgoing linear flux estimates also support
partially standing modes on the reef flat during energetic events. A cross-covariance analysis suggests that
breakpoint forcing excites these partially standing modes, similar to previous findings at other steep reefs.
The dynamics of Symonds et al. (1982) with damping are applied to a step reef, with forcing obtained by
extending a point break model of Vetter et al. (2010) for breaking wave setup to the low-frequency band
using the shoaled envelope of the incident free surface elevation. A one parameter, linear analytical model
for the reef flat free surface elevation is presented, which describes between 75% and 97% of the variance
of the observed low-frequency shoreline significant wave height for all reefs considered over a range of
conditions. The linear model contains a single dimensionless parameter that is the ratio of the inertial to
dissipative time scales, and the observations from this study exhibit more low-frequency variability when
the dissipative time scale is greater than the inertial time scale for the steep reefs considered.

1. Introduction

Motions in the low-frequency (here 0:001 < f < 0:05 Hz) or infragravity (IG) band have been shown to be
an important component of reef flat hydrodynamics in observational studies [Nakaza and Hino, 1991; Lugo-
Fernandez et al., 1998; Pequignet et al., 2009; Pomeroy et al., 2012; Torres-Freyermuth et al., 2012; Pequignet
et al., 2014], and in laboratory experiments and numerical simulations [Nwogu and Demirbilek, 2010; Yao
et al., 2012; Van Dongeren et al., 2013; Ma et al., 2014; Su et al., 2015]. In particular, inundation events at low-
lying atolls and islands have been observed where the contribution to the shoreline water level is domi-
nated by these low-frequency motions [Ford et al., 2012; Sheremet et al., 2014; Merrifield et al., 2014].
Merrifield et al. [2014] applied a forced, damped oscillator equation to IG reef flat motions at two sites in the
Republic of the Marshall Islands and found significant correlation between observed and modeled IG wave
heights.

On steep fringing reefs, these low-frequency motions may be generated by breakpoint forcing [e.g.,
Pomeroy et al., 2012; Pequignet et al., 2014]. Breakpoint forcing first was shown theoretically to generate IG
motions on planar beaches by Symonds et al. [1982]. Here, we apply the dynamics of Symonds et al. [1982]
to an idealized step reef with breakpoint forcing due to dynamic setup. Dynamic setup follows from the
equations of steady setup with the addition of the time varying surface elevation in the continuity equation
and acceleration in the momentum equation [Lo, 1988]. For a fringing reef with a steep reef face, Vetter
et al. [2010] used a point break assumption in a simple model of reef flat setup. We extend the point break
model of setup to the IG band and use insights (and empirical parameters) from the setup analysis of Becker
et al. [2014] for the time-dependent breakpoint forcing.

We use observations on four fringing reefs to describe the low-frequency variability and to motivate the
simple forced oscillator equation presented here and applied in Merrifield et al. [2014]. We also present a lin-
ear forced, damped long wave equation that governs the dynamics of the reef flat IG motions from which
the forced oscillator equation was obtained, and apply the model to two additional fringing reefs.

Key Points:
� Observations of low-frequency

motions on steep fringing reefs
exhibit modal behavior
� A linear model with forcing derived

from a point-break model of setup
describes the observations
� Reefs with larger dissipative than

inertial time scales exhibit more
low-frequency variability
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Nondimensionalizing the long wave
equation provides a single parameter,
d5DL=

ffiffiffiffiffiffiffi
ghr

p
, that is the ratio of the

inertial to dissipative time scales where
D is a constant linear dissipation rate, L
is the reef length, g is gravity, and hr is
the reef flat water level. We show that
the size of d determines whether the
observed reef flat motions are wave-like
or dissipative for the four reefs consid-
ered. The linear analytical model pro-
vides reasonable predictions of observed
low-frequency shoreline significant wave
heights given the envelope of the inci-
dent free surface elevation, the water
level on the reef flat, and the shoaling
and breaking parameters derived from
the setup analysis.

2. Study Sites

We analyze pressure and current data
from four fringing reefs in the western
tropical Pacific to motivate the analytic
modeling study. Two of the study sites

considered here are atoll islands in the Republic of the Marshall Islands. Site 1 (ROI) is located on Kwajalein
atoll where a cross-shore instrument array aligned along �208N (N is true north and positive angles are
clockwise throughout) was deployed on the north side of Roi-Namur at the northern tip of Kwajalein. Site 2
(CMI) is located on Majuro atoll where a sensor array, aligned �508N, was deployed on the fringing reef
adjacent to the College of the Marshall Islands. Details of the sites at ROI and CMI are described in Becker
et al. [2014]. Site 3 (IP) is located at Ipan reef where various cross-shore instrument arrays have been
deployed from August 2005-present on the southeast side of Guam. We here use deployments IPG (June–
July 2007), IPL (December 2008 to February 2009), and IPN (August–November 2009) for site 3. Site 4 (SAI) is
Laulau Bay, Saipan, where two pressure sensors were deployed from June to July 2007 during tropical storm
ManYi. Sites IP and SAI are described in Vetter et al. [2010]. The reef lengths of ROI, CMI, IP, and SAI are
�350, 220, 420, and 135 m, respectively.

The cross-shore arrays at each of the study sites consist of bottom-mounted pressure sensors (Sea-Bird
SBE26plus) and combined pressure sensors and acoustic Doppler current profilers (Nortek Aquadopp)
(Figure 1 for ROI, CMI, IP, detailed bathymetry is not available for SAI). The array details and sampling
schemes may be found in Becker et al. [2014] for ROI, CMI, and IPL and IPN, and in Vetter et al. [2010] for IPG
and SAI. All data were sampled at 1 Hz, and the length of record analyzed here is determined either by the
longest record available or a subrecord long enough to resolve the low-frequency band (for IPG and SAI, we
subdivide the 43180 s records into 7196 s records). Table 1 describes the instruments and pressure and cur-
rent records used in the present analysis. Pressure records with less than 0.1 m of water over a sensor are
not considered in our analysis. Current data for which backscatter amplitudes fall below a threshold are
eliminated from the analysis, which correspond to records with low water levels.

Sea surface elevation time series are obtained using linear theory to depth correct the detided records of bot-
tom pressure. The significant wave height is 4r, where r is the standard deviation of the band-passed surface
elevation. The IG band is defined as frequencies between 0.0011 <f < 0:033 Hz for ROI and CMI, and between
0.001< f< 0.05 Hz for IP and SAI. We choose slightly different low-frequency bands for the sites to avoid con-
tamination from the sea and swell band and to be consistent with previous studies [Pequignet et al., 2014].

The IG significant wave heights, Hig, at the closest instrument to the shore (xs 5 50, 44, 30, and 68 m for sites
1–4, respectively, see Table 1) are compared to the incident (reef face) significant wave height in the sea

Figure 1. Bathymetry and sensor positions for the data sets described in Table 1
for ROI, CMI, and IPAN. The band of water levels at the surface represents mean
lower low and higher high water levels computed for the duration of the ROI,
CMI, and IPL deployments.
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and swell band, Hf, (SS, 0.033 <f < 0:35 Hz for ROI and CMI, and 0.05< f< 0.2 Hz for IP and SAI) with the
reef flat water level hr , indicated in color (Figure 2). The wave heights are estimated over the full length of
the surface corrected records, and hr is the average water level of all of the reef flat sensors (Table 1). The
maximum Hig for the four sites is 0.61 m for ROI, 0.76 m for CMI, 0.58/0.44/0.58 m for IPG/L/N, respectively,
and 0.86 m for SAI. While shoreline IG wave heights are correlated with incident SS wave heights (r2 5 0.54
(ROI), 0.75 (CMI), 0.83 (IPG), 0.71 (IPL), 0.69 (IPN), 0.95 (SAI), all correlations presented have p values less than
0.05, taking into account serial correlation in the time series), considerable scatter exists particularly for ROI
and IP. The high correlations seen between Hig and Hf for IPG and SAI are due to the short length of deploy-
ment in which only a single large wave event was measured. Some reef flat water level dependence of Hig

versus Hf is evident at ROI, IP, and SAI. That observed at IP and SAI is in part due to the water level on the
reef flat being setup dominated [Becker et al., 2014].

The evolution of the low-frequency band across the reef for ROI is illustrated in spectrograms of the 5400 s
records (Figure 3). All of the spectral estimates presented are convolved with a Hanning window for a �7
degree of freedom estimate. While the 95% confidence intervals associated with this spectral estimate are
large (not shown), the estimated spectral peaks are associated with periodicities visible in the time series
and are representative of IG variability observed. The top plots show that the low-frequency energy density
of the free surface elevation on the reef face (RC5) is most energetic for frequencies > 0.01 Hz and is con-
sistent with a shoaling bound wave [Pequignet et al., 2014]. The spectrogram of the envelope of the reef
face free surface elevation, obtained as the magnitude of the analytic signal, shows energy distributed
across the low frequency band. On the reef flat moving shoreward, the low-frequency energy presents a
banded structure consistent with the excitation of cross-shore modes [Nakaza and Hino, 1991; Pequignet
et al., 2009, 2014]. The modes observed in these studies were related to the theoretical open basin modes
for a step reef of length L with the spatial structure of the free surface elevation given by

wnðxÞ5cos ðknxÞ 0 < x < L (1)

with

Table 1. Details of the Sensors Used in This Analysisa

Sensor Type
Depth

(m)
Position

(m)
Record

Length (s)
C.S.: B. D.

(m)

RC1 (s) P 0.4 50 5,400
RC3 P 0.7 200 5,400
RC4 PUV 0.8 282 5,400 0.1: 0.1
RC5 (f) P 6.1 410 5,400
MC2 (s) P 0.5 44 5,400
MC3 PUV 0.8 115 5,400
MC4 P 0.8 152 5,400
MC6 PUV 1.0 212 5,400 0.1: 0.1
MC7 (f) P 5.3 280 5,400
IPG1 (s) P 0.3 30 7,196
IPG4 P 0.6 359 7,196
IPG5 PUV 0.6 396 7,196
IPG6 P 0.2 416 7,196
IPG8 (f) P 8.0 530 7,196
IPL1 (s) P 0.5 30 7,200
IPL2 P 0.5 195 7,200
IPL4 P 0.7 359 7,200
IPL8 (f) P 8.0 530 7,200
IPN1 (s) PUV 0.4 30 10,800
IPN3 PUV 0.3 277 10,800
IPN5 PUV 0.5 416 10,800 0.2: 0.1 m
IPN8 (f) PUV 7.9 530 10,800
SA1 (s) P 0.4 68 7,196
SA2 (f) P 11 280 7,196

aSensor: first symbol indicates site (R 5 ROI, C 5 CMI, IP 5 Ipan, SA 5 Saipan, second indicates deployment, third indicates sensor
number (see Figure 1). Sensors used to represent conditions at the shoreline (s), and reef face (f) are indicated; type: P denotes a Sea-
Bird SBE26plus and PUV denotes a Nortek Aquadopp, depth: mean sensor depth during deployment; position: �distance from the shore;
record length: duration of 1 Hz sampling for record used; C.S.: B.D.: cell size and blanking distance of the current measurement.

Journal of Geophysical Research: Oceans 10.1002/2015JC011516

BECKER ET AL. IG WAVES: DYNAMIC SETUP 3012



kn5
ð2n11Þp

2L
ðn50; 1; 2 . . .Þ (2)

The frequency of the nth mode is

xn5
ffiffiffiffiffiffiffi
ghr

p
kn (3)

where hr is the reef flat water level.

3. IG Observations

We begin with a statistical description of the low frequency variability of the cross-shore pressure and cur-
rent measurements at ROI, CMI, and IP. During energetic events, the low-frequency variability suggests par-
tially standing, cross-shore modes.

3.1. EOF Analyses and Linear Fluxes
Since the pioneering work of Winant et al. [1975], empirical orthogonal function (EOF) analysis has been
widely used to assess the dominant variability of dynamical processes in nearshore oceanography. We first
carry out EOF analyses at ROI, CMI, and IP to determine the dominant cross-shore spatial and temporal pat-
terns of the low-frequency motion. SAI has only two sensors and is not included in this analysis. For Ipan
reef during Tropical storm ManYi (IPG), Pequignet et al. [2009] detected cross-shore standing modes on the
reef flat using an EOF analysis. Pequignet et al. [2014] also noted that cross-shore modes were excited during
a large wave event of deployment IPN at Ipan. We note that EOFs, computed as eigenfunctions of the data
covariance matrix, are empirical modes. To ascribe physical significance to these modes, we show below
that the spatial and temporal behavior of the EOF modes suggest cross-shore modes of an idealized step
reef.

For each record, we first bandpass filter the free surface elevation into a frequency band that contains the
first two theoretical modes of a step reef for the estimated reef lengths, L, and observed reef flat water

Figure 2. Reef face significant wave heights in the sea and swell band, Hf, versus shoreline significant wave heights in the infra gravity band, Hig , colored with the water level on the reef
flat hr for all sites.
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levels, hr . We choose this frequency range to minimize contributions from the SS band and bound wave
energy (which was shown to work against break point forcing in Pequignet et al. [2014]); however, we also
quote results from EOF analyses of the entire IG band. The minimum period for theoretical mode 1 is given
by T min

1 5min 2p=x1ð Þ, where x1 is defined in (3) with n51. For ROI, T min
1 � 125 s (achieved for the record

with the maximum reef flat water level of hr 5 1.43 m), hence we bandpass the free surface elevation to 1/
900 <f < 1/100 Hz. For CMI, with a shorter reef length of L5220 m and maximum hr 5 1.68 m, T min

1 � 75 s
and we bandpass to 1/900 <f < 1/50 Hz. For IPL, the widest reef with L5420 m and maximum hr 5 1.20 m,
T min

1 � 165s and we use 1/1000 <f < 1/150 Hz. The band passed free surface elevation gðx; tÞ for the N
instrument transect is decomposed into EOFs according to

gðx; tÞ5
XN21

j50

~gE
j ðx; tÞ5

XN21

j50

~C jðtÞ~w jðxÞ: (4)

where ~C j is the temporal amplitude of the jth EOF spatial mode ~w j .

Representative EOFs for ROI are presented in Figure 4 for three energetic wave events. The wave events
have similar incident wave conditions (Hf 5 2.3 m and Tp between 14 and 16 s), but different water levels
on the reef flat. The top plots show the spatial dependence, ~w jðxÞ, of the first two (j 5 0,1) EOF modes, and
the bottom plots show spectra of the corresponding temporal amplitudes at the shoreline,
~gE

j ðxs; tÞ5 ~C jðtÞ~w jðxxÞ, where xs 5 50 m for ROI. The first wave event on 21 January 18:00Z, 2011 (Record
486, Figures 4a and 4d) had a relatively high water level on the reef flat (hr 5 1.24 m). The first two EOF
modes of record 486 describe 95% of the variance in the EOF frequency band (87% in the total IG frequency
band), with a spatial dependence resembling the gravest and first theoretical mode of a step reef ((1)–(3),

Figure 3. The low-frequency variability across the reef at ROI. The spectrogram (log10) of (a) the incident free surface elevation at RC5,
(b) the envelope of the incident free surface elevation at RC5, and (c)–(e) the reef flat free surface elevation at sensors RC4, RC3, and RC1,
respectively. White bands are times when sensors are not submerged.
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n50; 1). In particular, the spatial structure of the first two EOF modes resemble 1/4 and 3/4 wavelength
modes, and the spectrum of ~gE

0ðxs; tÞ shows a dominant peak near the theoretical (for a step reef) mode
n50 frequency, and a smaller peak near the theoretical mode n51 frequency for the spectrum of ~gE

1ðxs; tÞ.

The EOFs of the second wave event of 27 February 03:00Z, 2011 (Record 777), with a moderate reef flat
water level (hr50:94 m), also suggest the excitation of the gravest and first mode of a step reef, however,
the modes have switched order. This is due to significantly less energy near the theoretical mode n50 fre-
quency in the envelope of the reef face forcing for record 777 compared to records 486 and 783 (see sec-
tion 4.3). The mode j 5 0 EOF explaining 51%=48% of the variance in the EOF/IG band has one zero
crossing consistent with a 3/4 wavelength (n51) theoretical mode on the reef flat and high-frequency
energy (Figures 4b and 4e); the mode j 5 1 EOF describing an additional 40%=39% of the variance in the
EOF/IG band has no zero crossing consistent with a 1/4 wavelength (n 5 0) theoretical mode on the reef flat
and low-frequency energy (Figures 4b and 4e). The spectrum of ~gE

j ðxs; tÞ (j 5 0,1, Figure 4e) shows signifi-
cantly more elevation energy at the shoreline in the gravest mode (n 5 0, EOF j 5 1) than the first mode
even though the first mode (n 5 1, EOF j 5 0) accounts for more variance across the reef flat (sensor RC1 is
located near the node of the n51 theoretical mode). The third event of 27 February 21:00Z, 2011 (Record

Figure 4. The first two EOFs of the band-passed (100–900 s) free surface elevation for three 1.5 h records at ROI. (a)–(c): Spatial structure across the reef, ~w jðxÞ, (d)–(f): Spectra of ~gE
j ðxs; tÞ,

from (4). The solid/dashed black line shows the j50=1 EOF, respectively. The vertical-dashed lines denote the theoretical modal frequencies from (3)/2p. The variance captured by each
EOF mode is indicated in parentheses by the mode number. The grey line on the lower plots is the spectrum of the observed free surface elevation in the EOF band.
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783) demonstrates the effect of low reef flat water level (hr5 0.76 m) on an energetic wave event for ROI
(Figures 4c and 4f). The EOF mode j 5 0 (65%=62% of the variance in the EOF/IG band) suggests the excita-
tion of the gravest (n50) cross-shore mode similar to the first event shown in Figures 4a and 4d. The lower
water level of the third event results in a lower peak frequency in the spectrum of the time amplitude of
EOF mode j 5 0 than for the first event (Figures 4d and 4f), consistent with the water level dependence in
(3). In addition, comparing the EOF mode j 5 0 spatial structure of Figures 4a and 4c, we find that the ampli-
tude slightly decreases shoreward between sensors RC3 and RC1 for the lower water level record. The
observed values of Hig nearest the shoreline for the three events are 0.60, 0.57, and 0.52 m, respectively.

For CMI, the EOF analysis reveals how water level may impact the generation of extreme amplitude IG
energy at the shoreline (Figures 5a, 5b, 5e, and 5f). A wave event over a 6 h period with Hf 5 2 m, and
Tp 5 14–16 s occurred at peak tide (hr 5 0.98 m). Over the first 3 h period (sampled for 5400 s) a strong
modal response was observed on the reef flat (Figures 5a and 5e, 27 February 12:00Z, 2011, record 852)
leading to a shoreline 5400 s IG wave height of Hig5 0.54 m. The subsequent 3 h period (27 February 15:00,
2011, record 853, sampled for 5400 s) had the largest observed IG shoreline wave height of the deployment,
Hig 5 0.76 m. The near constant water level over the 6 h period led to enhanced excitation of the EOF j 5 0
mode by the wave event (Figures 5b and 5f).

IP has a longer reef flat with smaller tidal range than ROI and CMI. For IPL, we present EOFs from two wave
events (10 December 20:00Z, 2008, Hf 5 2.7 m and 11 December 08:00Z, 2008, Hf 5 3.0 m, records 47 and

Figure 5. The spatial structure, ~w j and spectra of ~gE
j ðxs; tÞ of the first two EOF modes for CMI (sensors MC7, MC4, MC3, and MC2) and IPL. (a), (b), (e), (f) EOFs of the band passed (50–

900 s) free surface elevation for two 1.5 h records at CMI. (c), (d), (g), (h), EOFs of the band passed (150–1000 s) free surface elevation for 2 h records at IPL. The solid/dashed black line
shows the j50=1 EOF, respectively. Note the difference in vertical scale for CMI and IPL for the spectra. The vertical-dashed lines denote the theoretical modal frequencies from (3)/2p.
The variance captured by each EOF mode is indicated in parentheses by the mode number. The grey line on the lower plots is the spectrum of the observed free surface elevation in the
EOF band.
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50) with similar reef flat water levels (hr 5 0.96 and 1.07 m, respectively) and incident peak periods
(Tp 5 13 s). For the first/second event, the dominant (j 5 0) EOF mode is consistent with the excitation of
the gravest (n 5 0)/first (n51) mode of a step reef as the envelope of the reef face forcing for the second
event near the theoretical n50 frequency is significantly less energetic than for the first event (see section
4.3). While cross-shore modes appear to be excited on the reef flat (Figures 5c and 5d), the amplitudes are
significantly less energetic than observed at ROI and CMI (Figures 5g and 5h). In addition for the second
event (Figure 5d, record 50), the EOF mode j 5 1 (similar to the gravest theoretical mode, n 5 0) shows
decay shoreward suggesting the importance of dissipation. The values of the observed shoreline Hig for
these two events are 0.38 and 0.37 m, respectively.

The deployment-averaged percentage of the variance in the EOF/IG band described by the j 5 0 EOF mode
is 54/44%, 52/49%, and 57/40%, for ROI, CMI, and IPL which is consistent with the variable bandwidths cho-
sen for the EOF analysis (i.e., the EOF band is 92, 98, and 87% of the IG band for ROI, CMI, and IPL, respec-
tively). The first two (j 5 0, 1) EOF modes describe 87/72%, 76/72%, and 82/59% of the variance in the EOF/
IG band. The top plots of Figure 6 present time series of the variance described by the mode j 5 0 EOF in
the EOF band for ROI, CMI, and IPL. The middle plots present a scatter plot of the variance described by the
first two EOF modes j 5 0 and 1 in the EOF band for each of the sites colored by reef flat water level hr . The
EOFs describe a larger percentage of the variance for higher reef flat water levels, which is particularly evi-
dent at ROI. As discussed below in section 5, the reef response is more modal and less dissipative at high
water levels.

The effect of reef length on the dominant (j 5 0) mode selected by the EOF analysis is illustrated in the bot-
tom plots of Figure 6. The solid blue and red traces are the first two theoretical modal frequencies, f0 and f1

from (3) (divided by 2p), for each site. Superimposed on the theoretical modal frequencies is the peak fre-
quency of the estimated spectrum of the time amplitude of EOF mode j 5 0. For the shorter reef of CMI
(L � 220 m), the peak frequency of the time amplitude of EOF j 5 0 is dominantly the theoretical mode
n 5 0 (Figures 5a, 5b, 5e, and 5f). For the intermediate reef length of ROI (L � 350 m), the peak frequency of
the time amplitude of the dominant EOF mode is either theoretical mode n 5 0 or mode n 5 1, consistent

Figure 6. EOF variance and modal selection for CMI, ROI, and IPL (left to right plots, ordered by increasing reef length) for the band-passed free surface elevation. (top) Time series of the
variance in EOF mode j 5 0 over the deployment. (middle) Time series of the variance in EOF modes j 5 0 and j 5 1 colored by water level on the reef flat. (bottom) Time series of the
gravest (blue) and first (red) theoretical modal frequency with the peak frequency of EOF 0 superimposed (black circles).
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with the results of Figure 4 (i.e., records 486 versus 777). For the longest reef, IPL (L � 420 m), the peak fre-
quency of the time amplitude of the dominant EOF mode shows significant scatter predominantly around
the theoretical mode n 5 1 frequencies (Figures 5c, 5d, 5g, and 5h).

The EOF analysis suggests that the majority of the variability in the IG band is consistent with the excitation
of cross-shore modes, particularly at high water levels. To assess the degree to which these modes are
standing, we next estimate the incoming and outgoing linear energy flux shoreward of the reef crest using
the pressure and current measurements at the PUVs for ROI, CMI, and IPN (RC4, MC6, and IPN5). We first
determine the principle axes of the total energy flux (f1 5 1/900 Hz, f2 5 0.35 Hz for ROI and CMI and
f1 5 0.001 Hz, f2 5 0.2 Hz for IPN) defined as

Few ; Fns½ �5gh
ðf2

f1

Coðg; uewÞ;Coðg; vnsÞ½ �df (5)

where ðuew ; vnsÞ are the east-west and north-south current components, h is the water level at the PUV, and
Co is the cospectrum. We rotate the currents into these principle axes to obtain the cross-shore and along-
shore currents ður ; vrÞ and estimate the cross-shore incoming and outgoing linear energy flux from Shere-
met et al. [2002]

F
6ðf Þ5

ffiffiffiffiffiffiffiffi
g3h

p
4
½Cog;gðf Þ1ðh=gÞCour ;ur ðf Þ62

ffiffiffiffiffiffiffiffi
h=g

p
Cog;ur ðf Þ�: (6)

Figure 7 presents the band-integrated incoming and outgoing cross-shore energy flux, F6, for the EOF
frequency band (top plots) and the IG frequency band (bottom plots) for RC4, MC6, and IPN5 colored
with the water level at each PUV. For all sites, the band-averaged outgoing flux increases with both
incoming flux and water level. For the shorter reefs at CMI (L � 220 m) and ROI (L � 350 m), the
incoming and outgoing linear energy flux in the EOF bands are comparable suggesting partially
standing modes. The records used in the EOF analyses of Figures 4 and 5a, 5b, 5e, and 5f) are indicated
in Figure 7.

3.2. Cross-Covariance: Break-Point Forcing
Break point forcing has been shown to be a mechanism to generate IG waves on sandy beaches [Symonds
et al., 1982]. For steep reefs, break point forcing has been observed in field studies [Pomeroy et al., 2012;
Pequignet et al., 2014], and in laboratory and numerical studies [e.g., Baldock, 2006; Su et al., 2015]. While we
do not have direct observations of breaking, we here perform a cross-covariance analysis following Pomeroy
et al. [2012] between the envelope of the incident free surface elevation and the IG free surface elevation
across the reef for ROI (Figure 8). A positive covariance between the envelope of the incident waves and
the reef flat response is indicative of breakpoint forcing, whereas a negative covariance typically occurs for
forced difference interactions [Pomeroy et al., 2012].

We first consider the cross covariance for two consecutive elevation wave records (28 November 06-
09:00Z, 2010) during falling tide (top plot, 8). The cross covariance between the envelope of the reef
face free surface elevation and the reef face IG free surface elevation (i.e., prior to breaking) is large and
negative, consistent with a shoaling bound wave on the reef face. The cross covariance between the
envelope of the reef face free surface elevation and the IG free surface elevation on the reef flat (after
breaking) is large and positive with increasing lag and decreasing amplitude moving shoreward across
the reef flat. As the falling tide reduces the reef flat water level, the lag at maximum cross covariance
increases for the second record consistent with the water level dependence of the long wave phase
speed. The bottom plot of Figure 8 presents the maximum cross-covariance across the reef for ROI for
records with Hig > 0:30 m, colored with water level on the reef flat, and confirms the results of the top
plot over the deployment. The cross covariance before breaking between the incident envelope and
free surface elevation is strongly negative, and that between the incident envelope and the reef flat
response after breaking is consistently positive, with lag increasing with decreasing water level. Cross-
covariance analyses of observations at CMI and IP over steep reef faces also are consistent with break
point forcing.
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4. Linear Model

The statistical analyses of the observations presented in section 3 suggest that the low-frequency variability
consists of partially standing, cross-shore modes with properties similar to modes of a theoretical step reef.
For steep reefs such as those studied here, break-point forcing has been shown to generate low-frequency
motions. We derive in the Appendix A a linear analytical model that follows from an extension of the point
break model of setup [Vetter et al., 2010; Becker et al., 2014] that governs IG motions on the reef flat. This
model, first applied in Merrifield et al. [2014], is evaluated here against the observations as a linear input-
output system. The linear analytical model predictions, that rely on empirical parameters from the setup
analyses, also are compared with observations with reasonable agreement.

4.1. Transfer Function
Equation (4) in Merrifield et al. [2014] is

@2�gðcÞn

@t2
1D @�gðcÞn

@t
1x2

n�gðcÞn 5ð21Þn 3
32

gcbknhr HbðtÞ: (7)

where �gðcÞn is the Fourier cosine transform of gðx; tÞ (A5). It is straightforward to solve (7) in the frequency
domain with

Figure 7. The linear incoming and outgoing energy flux at sensors colored with the water level at RC4 (a, d), MC6 (b, e), and IPN6 (c, f) from (6) averaged over the EOF band (top), and
the IG band (bottom). In Figures 7a and 7d, the circle, triangle, and square denote records 486, 777, and 783 (Figures 4 and 10) and the penta and hexa star denote records 481 and 482,
respectively (Figure 11). In Figures 7b and 7e, the circle and triangle denote records 852 and 853 (Figure 5), and the penta and hexa star denote records 864 and 865, respectively
(Figure 11).
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�gðcÞn 5�̂g
ðcÞ
n eixt; Hb5Ĥbeixt: (8)

where �̂g
ðcÞ
n � �̂g

ðcÞðkn;xÞ. We find

�̂g
ðcÞ
n 5AnðxÞĤb; AnðxÞ5AnðxÞe2i/nðxÞ (9)

where AnðxÞ � Aðkn;xÞ (and similarly for AnðxÞ, /nðxÞ),

AnðxÞ5
3gcbknhr=32ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2

n2x2Þ21ðDxÞ2
q (10)

and

/nðxÞ5tan 21 ð21ÞnDx

ð21Þnðx2
n2x2Þ

� �
: (11)

Inverting the Fourier cosine transform, and invoking (9), we obtain

ĝðx;xÞ5
X1
n50

ĝnðx;xÞ5
X1
n50

T nðx;xÞĤbðxÞ; (12)

T nðx;xÞ5
2
L
Ancos knx � Gnðx;xÞeiUnðx;xÞ (13)

where T nðx;xÞ is the modal transfer function for the linear input, ĤbðxÞ, output, ĝðx;xÞ, system described by
(7) and (8). In (13), Gnðx;xÞ and Unðx;xÞ are the gain and phase of the modal transfer function. In section 4.2,
we compare the theoretical transfer function (13) with that obtained from a cross-spectral analysis of the obser-
vations with the breaking wave height taken as the shoaled envelope of the reef face free surface elevation.

We also solve (7) with a Fourier transform in time (i.e., ĝ5F½g�) yielding the theoretical approximation to
the reef flat free surface elevation used in Merrifield et al. [2014] (note that a factor of 1/2 is missing from
their Equation (7) since their Bn5 2

LAn)

gðx; tÞ5
X1
n50

F21½ĝnðx;xÞ� (14)

where F and F21 are the forward and inverse temporal Fourier transforms, respectively. We compare (14)
with the observed values of the IG shoreline wave heights in section 4.3.

Figure 8. Breakpoint forcing: Cross-covariance as a function of spatial lag between the envelope of the SS free surface elevation at RC5
and the free surface elevation (cei ) at RC5, RC4, RC3, and RC1 for (top) two consecutive 1.5 h records at falling tide and (bottom) for all
records at ROI with Hig > 0:3 m colored with water level on the reef flat. (top) The solid and dashed lines were derived from 28 November
09:00Z, 2010 (Record 51), and 28 November 09:00Z, 2010 (Record 52).
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4.2. Spectral Transfer Functions
For a linear input-output system, the spec-
tral transfer function is defined as

~T ðx; f Þ5 SXYðx; f Þ
CXXðx; f Þ (15)

where SXY is the cross spectrum between
the input, Xðx; tÞ, and the output, Yðx; tÞ,
CXX is the input auto spectrum at the posi-
tion x, and f 5x=2p. We perform a cross
spectral analysis using the observations

described in Table 1. The input time series of the significant breaking wave height, X5~Hb, is estimated as 2
ffiffiffi
2
p

times the low-pass filtered envelope of the sea and swell band free surface elevation at the reef face sensor,
gf , shoaled to breaking hence

~HbðtÞ52
ffiffiffi
2
p

sbjgf 1iHil½gf �j (16)

and Hil is the Hilbert transform. The shoaling is carried out simply by multiplying the envelope by a factor
consistent with a comparison of the estimated 15 min average breaking wave heights versus reef face wave
heights using the method in Becker et al. [2014]. For all sites the shoaling factor is sb � 1:321:4 (Table 2).
The output time series is the free surface elevation at location x on the reef flat. We define the gain and
phase of the estimated transfer function as

~T ðx; f Þ5~GXYðx; f Þe2i ~UXY (17)

We estimate the transfer function from the observations using (17) with input X5~HbðtÞ from (16), and the
free surface elevation at the sensor closest to the shoreline, Y5gi , as the output, gi (i5 sensor number). Fig-
ure 9 presents spectrograms of ~Hb, C~H b ~H b

, (top plots) the gain ~GHbgi
(middle plots) and phase, ~UHbgi

(bottom
plots) of the transfer function (17) for an extended energetic wave event at ROI (26 February 06:00Z to 28
February 18:00Z, 2011) and CMI (26 February 15:00Z to 1 March 03:00Z, 2011). The energy of the breaking
wave height spectra (Figure 9 top) spans most of the IG band and differs from the spectra of the envelope
of the free surface elevation presented in Figure 3b only by the scaling factor 2

ffiffiffi
2
p

sb (note the different

Table 2. Parameters Used in the Estimates of the Theoretical Transfer
Functions (13), the Breaking Wave Height, ~HbðtÞ, (16), and the Predicted
Reef Flat Free Surface Elevation, ~gðx; tÞ, (18)a

Site L (m) cb sb D

ROI 350 1.2 2 0.5h01 0.2h02 1.3 0.004
CMI 220 1.1 2 0.2h0 1.3 0.006
IP 420 1.3 2 0.4h0 1.3 0.008
SAI 135 1.4 2 0.7h0 1.4 0.011

ah0 is a proxy of the tide taken as the detrended water level at the reef
face sensor for each site.

Figure 9. Linear transfer functions during an energetic wave event at ROI (a)–(c) and CMI (d)–(f). (top) Spectrum of the input breaking
wave height, C~H b ~H b

. (middle and bottom) Gain and phase of the observed transfer function, ~G ~H bgi
and ~U ~H bgi

from (17).
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color bar scales). The frequency dependence of the gain of the transfer function (Figure 9, middle) clearly
shows that the reef acts as a low pass filter consistent with the spectra of the observed free surface eleva-
tion across the reef (Figures 3c, 3d, and 3e). The phase of the transfer function (Figure 9, bottom) presents a
banded structure in the frequency range where the gain of the transfer function is amplified.

We next compare the transfer function (17) estimated from the observations, with the transfer function
from the linear analytical model derived in section 4.1. We compute the modal transfer function, (13), using
the water level on the reef flat, hr , the reef length L and the modal wavenumber and frequency from (2)
and (3). We take cb from the setup analysis of Becker et al. [2014]; hence, the only adjustable parameter in
(13) is the dissipation D. The empirical values of sb and cb used here are provided in Table 2 for the four
sites. In Figure 10, we present the theoretical (13) and observed (17) transfer functions for the three records
from ROI of Figure 4. Qualitative agreement is obtained between the theoretical and observed gain (top
plots) and phase (bottom plots) of the transfer functions for D5 0.004. In particular, the gain of the transfer
function estimated from the observations is amplified near the peak in the n50 analytical transfer function.
The phase of the observed transfer function also is in qualitative agreement with the analytical phase in the
frequency ranges where modes n50; 1 are energetic. The banded phase structure of Figure 9 is apparent
in the theoretical and observed phase estimates of Figure 10 (bottom plots). We remark that the value of
D50:005 in (13) used in Merrifield et al. [2014] also provides a modal transfer function that is consistent
with the estimated transfer functions presented in Figure 10. We use D5 0.004 due to the use of slightly
different values of cb used here (see correction to Becker et al. [2014]).

4.3. Forcing Characteristics and Tidal Phase
The linear analytical model suggests that the spectral characteristics of the forcing, ~Hb, and tidal phase
affect the IG motions on the reef flat. We next present observational evidence of how the envelope forcing
and tidal phase affect the IG shoreline response. Figure 11 shows the input, C~H b ~H b

, and output, Cgigi
, spectra

Figure 10. The modal transfer functions, (13), for the parameters of Table 2 and the observed transfer functions, (17), for the records of Figure 4. (top) modal gain, G0 (blue), G1 (red), and
observed gain ~G ~H bg1

(black), and (bottom) modal phase, U0 (blue), U1 (red), and observed phase ~U ~H bg1
(black dots). The vertical grey-dotted lines denote the first two modal frequencies

from (3)/2p.
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of three consecutive records over a 9 h period from ROI (21 January 03:00-09:00Z 2011, records 481,482,
and 483) and 2 (10 March 0:00-06:00Z, 2011, records 864, 865, and 866) for energetic wave events that
occurred during peak tide.

The effects of the evolving forcing on the shoreline response for ROI are shown in the left plots of Figure 11.
The incident reef face wave height, Hf, peak period Tp, and reef flat water level, hr are 2.4, 2.2, and 2.1 m,
16, 16, and 14 s, and 1.36, 1.36, and 0.52 m for the three records, respectively. For record 481 for ROI, the
two lowest frequency peaks in the spectrum of the breaking wave height C~H b ~H b

occur near periods of �600
and 300 s, respectively (Figure 11a). The spectral response of the shoreline free surface elevation at sensor
RC1, Cg1g1

, for record 481 follows the peak in the forcing near the frequency of the gravest normal mode
and exhibits a peak near �300s (Figure 11b). The theoretical modal period for record 481 is T0 � 385 s esti-
mated from (3) for the observed water level hr51:36 m. The gain of the estimated transfer function for
record 481 shows spectral peaks near the peaks of the shoreline response, Cg1g1

(Figures 11b and 11c).
Records 481 and 482 occur at peak tide and have the same hr51:36 m since the water level on the reef flat
at ROI is tidally dominated [Becker et al., 2014]. The input spectrum C~H b ~H b

for record 482 has evolved to
exhibit low-frequency peaks near periods of �210 and 450 s, respectively (Figure 11a). The shoreline spec-
trum for record 482 shows a peak near the theoretical modal period of T0 � 385 s as does the gain of the
transfer function (Figures 11b and 11c). The near constant water level at peak tide for records 481 and 482
and the energetic envelope at low frequencies has resulted in the excitation of a cross-shore mode similar
to the gravest normal mode. Figure 7a also supports a modal interpretation as records 481 and 482 have
nearly equal incoming and outgoing linear energy flux in the EOF band (1/900< f <1/100 Hz). The third
record in this sequence, 483, occurs at falling tide, and while the spectrum of ~Hb, C~H b ~H b

, is slightly less ener-
getic than for the previous records, the shoreline response is reduced significantly. The IG wave heights at
the shoreline, Hig are 0.61, 0.58, and 0.28 m for records 481, 482, and 483, respectively.

The effects of the forcing characteristics and tidal phase also are evident in the CMI IG shoreline response
(right plots of Figure 11). For CMI, the incident reef face wave height, Hf, peak period Tp, and reef flat water
level, hr are 2.0, 2.0, and 1.7 m, 14, 15, and 14 s, and 1.12, 1.30, and 0.62 m for the three records, respectively.
Here, record 864 shows a shoreline response, Cg2g2

(Figure 11e), that follows the frequency content of the
forcing, C~H b ~H b

(Figure 11d), with a dominant peak period near �250 s close to the theoretical modal period

Figure 11. Effects of forcing characteristics and tidal phase on the shoreline response for three consecutive 1.5 h events at ROI, (a)–(c) and
CMI, (d)–(f). (top) Input spectra, C~H b ~H b

, (middle) Output spectra, Cgi gi
(i51; 2 for ROI and CMI, respectively), and (bottom) Gain of the transfer

function, ~G ~H bgi
from (17). The vertical-dotted grey lines denote the first two theoretical modal frequencies from (3)/2p for records 482 and

865, respectively.
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of T0 � 270 s (hr 5 1.12 m). The low-frequency spectral content of the forcing C~H b ~H b
(Figure 11d) for sub-

sequent record 865 shows an energetic spectral peak near �500 s while the shoreline response, Cg2g2

(Figure 11e), shows a broader spectral peak near �250 s, the theoretical modal period for record 865 for the
gravest mode. The gain of the transfer function for record 865 also is peaked near this theoretical modal
period (Figure 11f). Again, as the tide falls and the incident forcing is less energetic (record 866), the shore-
line response is significantly reduced. The IG wave heights at the shoreline, Hig, are 0.58, 0.59, and 0.31 m
for records 864, 865, and 866, respectively.

The above results indicate that the reef flat response may follow the forcing due to breaking at the time
scale of the envelope. When reef flat water levels hold constant due to peak tidal phase for tidally domi-
nated reef flat water levels, or large setup for setup dominated reef flat water levels [Pequignet et al., 2009],
cross-shore modes tend to be observed on the reef flat. Otherwise, varying water level may detune the
modal generation. Moreover, the frequency content of the envelope forcing affects the dominant EOF
mode selected as described in section 3.1 for ROI and IPL. When the spectrum of the envelope forcing is
weak near the theoretical n50 mode frequency and energetic near the theoretical n51 mode frequency,
the dominant (j50) EOF resembles the theoretical n51 mode (e.g., record 777 for ROI and record 50 for IPL;
see also Figure 6 bottom plots).

4.4. Theoretical Prediction of Hig

The linear analytical model of section 4.1 and the Appendix A provide a one parameter prediction of the
free surface elevation on the reef flat given empirical breaking parameters from the setup analyses, the
water level on the reef flat, and the spectral content of the breaking wave height. The modal amplitudes of
the free surface elevation, �gðcÞn , are governed by a damped, forced oscillator equation (7), and the results of
section 3.1 suggest keeping only the first two modes in (14) in the prediction

~gðx; tÞ5
X1

n50

F21½ĝnðx;xÞ�: (18)

The results of sections 4.2 and 4.3 suggest that the forcing in (7) may be obtained from the shoaled enve-
lope of the reef face free surface elevation (16), the water level on the reef flat hr , the breaking, and shoaling
parameters, cb and sb from the setup analysis of Becker et al. [2014], the reef length L and the constant dissi-
pation parameter D. Figure 12 presents scatter plots of the observed Hig at the sensor closest to the shore-
line for the data described in Table 1 versus those predicted from (18), ~Hig (4 times the standard deviation
of ~gðxs; tÞ), at the same location as the observations colored with the reef flat water level. The r2 correlation
coefficients between predicted ~Hig, and observed Hig are 0.75 (ROI), 0.78 (CMI), 0.94 (IPG), 0.87 (IPL), 0.88
(IPN), and 0.97 (SAI). In Figure 2 and the accompanying text in section 2, we describe the correlations
between observed Hig and reef face wave height, Hf. Comparing Figures 2 and 12, we find that for ROI and
IP in particular, the linear analytical model provides better predictions of Hig than simply regressing on Hf,
and also provides a dynamical framework for the IG variability. Specifically, the theory relies on a wave
breaking parameterization consistent with the setup analysis of Becker et al. [2014], and knowledge of the
spectral characteristics of the envelope of the free surface elevation at breaking. We find the linear analyti-
cal model, (18), provides a better estimate of the largest observed values of Hig for IP where the water level
on the reef flat, hr , is setup dominated, and dissipation is more important than for ROI and CMI. As shown in
Figure 11, for ROI and CMI with tidally-dependent reef flat water levels, some history dependence to Hig is
exhibited that is not captured in the present linear analytical model and that appears to contribute to
underpredicting the largest observed values of Hig. For CMI, we also emphasize that two-dimensional effects
that are neglected in the present work may be important for some large IG events. Finally, as described in
section 2, the high values of r2 obtained for IPG and SAI are in part due to the data analyzed only capturing
a single large wave event (tropical storm ManYi).

Our prediction of the reef flat free surface elevation, ~gðx; tÞ, and ~Hig includes a single tunable parameter, D,
which we interpret as a measure of the relative dissipation among the four sites. We find that values of D
increasing from ROI to SAI provide good estimates of Hig using the parameters of Table 2. We remark, how-
ever, that the specific values of D that provide agreement between observations and predictions of the
shoreline IG wave height depend on the choice of L, cb and sb in the forcing term of (7). The values of D
here were chosen so that the slope of the regression between the predicted and observed IG wave heights
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was �1. Figure 10 also shows for ROI, D50:004 gives reasonable agreement between the theoretical trans-
fer function, (13), and the observed transfer function (17) at the shoreline. Measurements of reef flat rough-
ness would be useful to determine the validity of the relative ranking of the dissipative parameter in the
theory.

The data sets analyzed here also provide the opportunity to assess the effect of the reef length on IG gener-
ation during a large wave event. Tropical storm ManYi impacted both IPG and SAI with reef lengths of L �
420 and 135 m, respectively. For IPG (L � 420 m), the largest Hig for the �2 h record observed 30 m from
the shoreline was �0.6 m when the incident wave conditions were Hf 53:9 m, Tp5 11 s and reef flat water
level hr 5 1.39 m (9 July 04:00, 2007). For SAI (L � 135 m), the largest Hig observed at the midreef flat sensor
located �65 m from the shoreline was �0.9 m, when Hf 52:4 m, Tp5 10 s, and hr 5 0.95 m (9 July 06:00,
2007). Further, when extrapolated to the shoreline using the mode 0 spatial profile ((1), with n50), the
observed Hig at IPG is unchanged, while at SAI, Hig increases to �1:2 m, demonstrating that IG motions may
be strongly amplified on shorter reefs.

5. Discussion

The linear analytical model of section 4 provide a prediction of the reef flat free surface elevation given the
envelope of the incident free surface elevation, the reef flat water level and breaking and shoaling parame-
ters derived from analyses of the setup. Equations (A1) and (A2) may be combined to obtain a forced,
damped wave equation

Figure 12. Observed versus predicted shoreline IG wave heights for all sites colored with the reef flat water level, hr . The predicted ~Hig

was obtained from 4 times the standard deviation of ~g from (18) using the parameters of Table 2.
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@
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for g follows from the setup balance
yielding g � 3
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ffiffiffiffiffiffiffi
ghr

p
, we
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where the subscript � denotes a dimen-
sionless quantity. The single dimension-
less parameter in (20), d5DL=

ffiffiffiffiffiffiffi
ghr

p
,

determines whether the reef flat dynam-
ics are wave-like or dissipative, as (20)
reduces to a forced wave equation for
d� 1, and a forced diffusion equation

for d� 1. For the reefs considered here, and for incident wave heights, Hf > 1 m, we find values of d ranging
from 0.4 to 0.7 for ROI, 0.3 to 0.6 for CMI, 0.9 to 2.2 for IP, and 0.5 to 0.7 for SAI suggesting that the reef flat vari-
ability at ROI, CMI, and SAI is wave-like, and at IP more dissipative. Figure 13 presents the observed shoreline IG
wave height nondimensionalized by the reef face SS wave height, Hig�5Hig=Hf when Hf > 1 m, as a function of
d. The dimensionless shoreline IG wave heights, Hig�, for ROI, CMI, and SAI are largely independent of d except
potentially at the largest values of d. For IP, the Hig� are a decreasing function of d consistent with more dissipa-
tive behavior.

For all four sites, the linear analytical model is able to capture a significant percentage of the variability
of the IG significant wave height at the shoreline over a range of conditions without the need for a com-
putationally expensive numerical model. We also demonstrate that for the reefs considered, the IG vari-
ability may be interpreted as dynamic setup as the linear analytical model follows from extending the
breakpoint forcing of the mean motion (the setup) to the low-frequency band using the envelope of
the observed SS free surface elevation. While knowledge of the spectral characteristics of the envelope
of the reef face wave height is needed to force the model, as well as empirical shoaling and breaking
parameters derived from the setup, it is encouraging that a linear analytical model is able to provide
reasonable predictions of IG shoreline wave heights. Further, interpreting the observations in the con-
text of the linear analytical model used here demonstrates that IG motions on steep reefs with small val-
ues of d (wave-like) are more energetic and show more variability than those with large values of d
(dissipative). In addition, this study provides an estimate of low-frequency wave energy at fringing reef
shorelines for inundation assessments. Finally, we remark that the present observational study comple-
mented by the linear analytical model provides insight into the dynamics of IG generation for steep
reefs, which in term complements studies based on more sophisticated numerical models [e.g., Quataert
et al., 2015].

Appendix A: Derivation of (4) of Merrifield et al. [2014]

We consider linear forced, damped, long waves over an idealized step reef with the shoreline located at
x50, and the reef edge at x5L. The dynamics are those of Symonds et al. [1982] with linear dissipation,

@U
@t

1g
@g
@x

52
1
qh
@Sxx

@x
2DU (A1)

@g
@t

1hr
@U
@x

50 (A2)

where U is the depth integrated horizontal velocity, g is the free surface elevation, Sxx is the radiation stress,
D is a constant damping rate, hr is the total water level over the reef flat assumed constant, and ðx; tÞ are
the cross shore coordinate and time, respectively. The linear damping rate, D, may be related to the drag

Figure 13. Observed shoreline IG wave height normalized by the observed reef
face wave height, Hig=Hf , versus d5DL=

ffiffiffiffiffiffiffi
ghr

p
for all sites and Hf > 1 m.
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coefficient Cd following Symonds et al. [1995] and Monismith [2007], DU � Cd ujuj=hr , where u is the instan-
taneous near-bed cross-shore velocity. In the radiation stress gradient term, the water level h is variable as
the gradient is evaluated on the reef face in the limit as the reef face slope tends to infinity. The boundary
conditions for free, undamped motions are

U50;
@g
@x

50; x50 (A3)

@U
@x

50; g50; x5L: (A4)

We decompose the IG motions into free spatial modes using finite Fourier cosine and sine transforms
defined as

�f
ðcÞðkn; tÞ5

ðL

0
f ðx; tÞcos ðknxÞdx (A5)

f ðx; tÞ5 2
L

X1
0

�f
ðcÞðkn; tÞcos ðknxÞ (A6)

and

�f
ðsÞðkn; tÞ5

ðL

0
f ðx; tÞsin ðknxÞdx (A7)

f ðx; tÞ5 2
L

X1
0

�f
ðsÞðkn; tÞsin ðknxÞ (A8)

where kn is defined in (2).

Taking the sine transform of (A1) and cosine transform of (A2), invoking (A3 and A4) and neglecting inte-
grated terms with respect to the boundary terms in the forcing yields

@�UðsÞn

@t
2gkn�gðcÞn 1D�UðsÞn 5ð21Þn11 1

qh
Sxx

� �
x5L

(A9)

@�gðcÞn

@t
1knhr �UðsÞn 50 (A10)

where ð�UðsÞn ; �gðcÞn Þ � ð�UðsÞðkn; tÞ; �gðcÞðkn; tÞÞ. We assume that breaking occurs on the reef face at a location
x5xb in the limit where xb ! L. Invoking the shallow water approximation for the radiation stress, we
obtain

1
qh

Sxx

� �
x5L

5
3

32
gcbHbðtÞ (A11)

where

cb5
Hb

hb

is the ratio of breaking (significant) wave height, Hb, to the water depth, hb, at breaking. In Becker et al.
[2014], the mean (15 min average) Hb and hb were determined from the observations of wave height and
setup assuming conservative shoaling and a point break model. For the setup analysis, the 15 min aver-
age Hb was highly correlated with the reef face wave height, Hf, and cb was a site specific, tidally-
dependent breaking parameter. We describe in section 4.2 how we estimate a time dependent breaking
wave height, HbðtÞ, in (A11) from the observations of incident reef face wave height and breaking wave
setup.

Combining (A9) and (A10) to eliminate �UðsÞn and invoking (A11), we obtain a forced, damped oscillator equa-
tion (7) for the time-dependent modal amplitude, �gðcÞn . In physical ðx; tÞ space, (7) is a forced, damped long
wave equation (see (19)).
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