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CONVERGENCE OF A BOUNDARY INTEGRAL METHOD FOR WATER WAVES*
J. THOMAS BEALE!, THOMAS Y. HOU?, AND JOHN LOWENGRUB$

Abstract. We prove nonlinear stability and convergence of certain boundary integral methods for time-dependent
water waves in a two-dimensional, inviscid, irrotational, incompressible fluid, with or without surface tension. The
methods are convergent as long as the underlying solution remains fairly regular (and a sign condition holds in the case
without surface tension). Thus, numerical instabilities are ruled out even in a fully nonlinear regime. The analysis
is based on delicate energy estimates, following a framework previously developed in the continuous case [Beale,
Hou, and Lowengrub, Comm. Pure Appl. Math., 46 (1993), pp. 1269-1301]. No analyticity assumption is made for
the physical solution. Our study indicates that the numerical methods must satisfy certain compatibility conditions
in order to be stable. Violation of these conditions will lead to numerical instabilities. A breaking wave is calculated
as an illustration.

Key words. water waves, boundary integral methods, surface tension
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1. Introduction. In this paper we prove convergence of certain boundary integral meth-
ods for time-dependent, two-dimensional water waves, that is, waves on the surface of an
inviscid, incompressible fluid in irrotational motion under the influence of gravity and pos-
sibly surface tension. Boundary integral methods have been used extensively for calculating
the motion of fluid interfaces. A partial list of works, discussed further below, includes [And,
BMO, BN, BS, CS, Do, DY, GAS, Kerr, Kral, Kra2, LC, Moor, NMP, Pull, RS, Rob, Shel, SS,
Tryg, VB, WBJ, Ye]. In boundary integral methods, the interface is tracked by markers which
move with the fluid. While there are many variants, a key feature is that only quantities on
the surface need to be computed because of the irrotationality. For water waves, the velocity
field is expressed as a singular integral, determined by the position of the interface and one
more scalar quantity, which could be the velocity potential, dipole sheet strength, or vortex
sheet strength. The formulation used here is closely related to that of [BMO, Bak]. Numerical
instabilities have been encountered and dealt with in computations, and linear analysis at equi-
librium has identified sources of instability [Rob, Do, BN], but there has been no complete
error analysis of boundary integral methods. (An exception is the ill-posed case of vortex
sheets for which the solutions must be assumed analytic [CL, HLK].) The rigorous proof of
convergence of the particular numerical methods for water waves presented here means that
numerical instabilities are ruled out even in the fully nonlinear regime, as long as the solution
remains fairly regular. A filtering in high wave numbers is used in evaluating the singular
integrals occurring in the time step in order to maintain the numerical stability; the methods
are designed so that accuracy is preserved even with this filtering. A calculation of a breaking
wave without surface tension is presented as an example of the capability of these methods
(see Figures 6-12).

Error analysis for boundary integral methods is difficult, especially far away from equilib-
rium, because of the nonstandard nature of the equations. Our convergence proof uses energy
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estimates in discrete Sobolev spaces with norms measuring several derivatives. In order to
maintain numerical stability, balances among terms with singular integrals and derivatives have
to be taken into account. Examples indicate that poorly chosen discretizations can indeed lead
to numerical instabilities. Our analysis follows a framework developed in the continuous
case for linearized motion perturbed about an arbitrary exact solution [BHL1]. A balance of
important terms was observed in the continuous equations. However, new difficulties arise at
the discrete level. The discretization must not introduce new instabilities in the high modes,
and this requires that certain compatibility conditions be imposed in the way various terms in
the equations are discretized. For this reason, the choice of rules for integration and differen-
tiation, as well as the placement of the filtering, is interdependent and affects whether or not
the numerical method is stable.

We now state the water wave problem in a form which leads naturally to the numerical
method of interest. This formulation is very close to that of [BMO] for the more general case
of an interface separating two fluids. For simplicity we assume that the fluid has infinite depth.
The fluid interface is parametrized by a complex variable z (¢, ¢) at the time ¢. The parameter o
is the Lagrangian variable. Further, we denote by ¢ («, ) the velocity potential on the interface,
and the real part and the imaginary parts of z as x and y, i.e., z(a,t) = x(, t) + iy(a, t).
To obtain a system of evolution equations, we need to express the velocity potential in the
fluid domain in terms of these two variables. Following [BMO] and [BHL1], we express the
complex potential by a double-layer representation. Denote by (e, ¢) the dipole strength to
be determined from ¢. We can write the complex potentlal ® in the fluid domain in terms of

1 as the principal value integral
1 1
= — | —————u, 1) dz(a).
i |z _Z(a,,t)u(a )dz(er)

The real velocity potential in the interior is
¢ =Red = / ona /)G(z —z(@, ), t)ds(a),

where G(z) = (2)~!log |z|. The normal derivative is taken outward from the fluid domain.
The nonnormalized vortex sheet strength y is given as the Lagrangian derivative of the dipole
strength, i.e., y = w, = du/dcx. For simplicity, we often drop the time variable from now
on, but all the quantities z, u, ¢, and y will be time-dependent. It follows from the Plemelj
formula of complex variables, or the properties of the double-layer potential, that the value of
¢ on the interface is given by

1 1 , ,
¢(a) = —M(Ol) +R f ————— () dz(e)
z(a) — z(a')
or
1
() = Eu(a) + / on@ ,)G(Z(a) — z(@))p(@) ds(@").

Differentiating both sides of the ¢ equation with respect to o and integrating by parts, we
obtain
Za ()
2w z(a) — z(a)

The complex velocity w = u — iv can be obtained by differentiating the complex potential
with respect to z. We get

Bule) = 2;/ +Re [ y(o/)doe’].

do 1 1 ,
=—=—f — da’.
dz 2ri ) z— z(oe’))/(a ) do
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Using the Plemelj formula one more time, we obtain the velocity on the interface

y (@) do y(a)

we)=— | ——————du )
2wi ) z(e) — z(a') 2z (@)

where we have taken the limit of z approaching the free surface z(«) from the fluid region.
Since « is a Lagrangian coordinate, the velocity of the interface is that of the fluid below, and
we obtain an evolution equation for the interface

0
ﬁ(a, 1) = w@, 1),

where the asterisk denotes the complex conjugate. For the evolution of ¢ («, ), we use
Bernoulli’s equation. If we neglect surface tension, the pressure is zero at the interface. (The
case with surface tension included will be treated later.) Thus, Bernoulli’s equation in the
Lagrangian frame is

1
¢ — EIwI2+gy =0.

From now on, with z(a, t) = a + s(«, t), we assume that s(«, ¢) and ¢ («, t) are periodic
in o with period 2. This implies that the flow is at rest at infinity. The singular kernel %
in the velocity integrand now becomes % cot(3). To summarize, we obtain a system of time
evolution equations for z and ¢ as follows:

N T A z(@) — z(a) , L r@
Y] “= ) y(a)cot(—2 )doe + @ w(a, 1),
1
) ¢ = 5(u2+v2)—g~y,
_ Y N (@) —z(@)\
?3) G = 5 +Re [_4711' f_” y(a’) cot (——2 )da],

Equations (1)-(3) completely determine the motion of the system. A unique solution is
specified by giving initial conditions for the interface position z and the velocity potential ¢.
It can be shown that the integral equation for the vortex sheet strength y can be solved in
terms of ¢ [BMO]. This is done at each time; we then use the interface equation (1) and the
Bernoulli equation (2) to update z and ¢.

In order to use the system (1)—(3) for a numerical algorithm we need to make choices
for a discrete derivative operator and a quadrature rule. In addition, we use a filtering of the
interface location z. These choices must be made in conjunction. We find it natural to use
a filtering related to the Fourier symbol of the derivative operator. To describe these choices
further, we recall that the discrete Fourier transform is defined by

~ 1 & ; 2
Uy = — Z u(@pe ™, o =jh, h=".
J=—N/2+1 N

The inversion formula reads

N/2

u(ey) = Z figet*®

k=—N/2+1
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Here we assume N is even. We note that iz, is periodic in k with period N. A discrete derivative
operator may be expressed in the Fourier transform as

. A N N
“4) (D )k = ikp(kh) f, k=—§—+1,...,3.
We will always assume o () = 0; this is important in some of the arguments to follow. The
choice of p(x) depends on the derivative operator. For the second-order centered difference
operator, we have

sin(kh
pa(kh) = &)z&

for the fourth-order centered differencing,

8 sin(kh) — sin(2kh) -

kh) =
pa(kh) ih

0;
and for the cubic spline approximation,

sin(kh) 3 -
kh 24cos(kh) | —

pc(kh) = [

It is clear that for the rth-order difference operator p (kh) satisfies
11— p(kh)| < C(kh)'.

Alternatively, if Dy, is a spectral derivative, applied directly in the Fourier transform, we can
choose p(kh) to be of infinite order. In this case we will assume that p satisfies the following
properties: (i) p(—x) = p(x) and p(x) > 0; (ii) p(-) € C? and p () = 0; and (iii) p(x) = 1
for |x| < Am, where 0 < A < 1. Property (iii) guarantees that D), is spectrally accurate. We
denote by S, the pseudospectral derivative operator without smoothing. This corresponds to
the case of p(kh) = 1 in the definition of Dj,.

The filtering or smoothing in the interface variable will be done by multiplying by p(kh)
in the Fourier transform. When z; is an approximation to z(a;), s; = z; — «; will be periodic.
We define sz as o + s;’ , where

(5) 87 = p(kh)3y.

It is clear that z? is an rth-order approximation to z if p corresponds to the rth-order derivative
operator. Similarly, if Dy, is a spectral derivative, we take Djz; to mean

Dyzj =1+ Dysj = 1 + Du(zj — o).

To approximate the velocity integral, given discrete functions z; ~ z(¢;) and y; ~ y(«;), we
use the alternating trapezoidal rule, with smoothing in z; as above:

s N ’ N/2 p_,pP
(6) f V(a’)cot<§q'—)—2—£(a—))da/~ Z Vjeot(z' 2z’>2h.

-7 J=—N/2+1
(j-1)odd

Now we can present our numerical algorithm for the water wave equations (1)—(3) as follows:

dz’ 1 Nz =z Vi
@) — = — y; cot L) 2h + =u; —iv;,
J=—XN/;+I ! 2 2(Dy2)i l l

(y—1)odd




A CONVERGENT NUMERICAL METHOD FOR WATER WAVES 1801

do; 1
® d—tt = E(u% +U,~2) — 8,
NJ2 p p
Vi Dyz; 2 T
9 Dy¢p; = — +R i cot 2h
G-

These equations can be solved once initial conditions are specified for z; and ¢; and a time
discretization is chosen. The integral equation (9) must be solved for y; at each time step. Its
solvability is proved in Lemma 5 below. In practice it is solved iteratively. The version of this
algorithm with surface tension will be discussed later.

Error estimates will be given in terms of the discrete L2-norm, given by

N/2

(10) Izl =Y lzPh

j=—NJ2+1

We now state the convergence theorem for the numerical method without surface tension,
followed by further discussion.

THEOREM 1. Assume that an exact solution of the water wave equations is regular
enough so that z(-, t), ¢(-,t) € C™?[0,2n] and y(-,t) € C™*'[0, 2] for m > 3, and
lz(a, ) — z(B,1)| = cla — Bl for 0 <t < T and some ¢ > 0. Furthermore, assume the
condition

amn (us,v) - n—(0,-¢g)-n=co>0

holds at each point on the interface. Here (u, v) is the Lagrangian velocity, n is the normal
vector to the interface (pointing out of the fluid region), and c is some constant. Suppose the
numerical solution z(t), ¢ (t), y (t) of the initial value problem is computed using algorithm

(7)—~(9). Then if Dy, is an rth-order derivative approximation with r > 4, we have for h <
ho(T)

lz(t) = z(, )l = C(THA",
l¢@) —@C.Dlle < C(THH,
ly® =y Dlle < C(DHR.

If Dy, is a spectral approximation as above, we have the same convergence result with h"
replaced by h™ in the right-hand sides.

Condition (11) simply means that the interface is not accelerating downward, normal to
itself, as rapidly as the normal acceleration of gravity. It can be viewed as a generalization of
the criterion of Taylor [Tay] for horizontal interfaces to rule out Rayleigh—Taylor instabilities.
It appears naturally as a sign condition in the argument below, as well as in the analysis of
[BHL1]. Of course the exact solution may become singular at a later time, and the theorem
asserts convergence only as long as the solution is regular. Existence results for time-dependent
water waves with a finite degree of smoothness are rather limited. They began with the work
of Nalimov; see [Craig] and the references cited therein.

The result proved here could be extended in several ways. In the case of finite-order
derivative operators, we can improve the results by using asymptotic error expansions in
the spirit of Strang [Str]. Then we can improve the convergence rate for y to the optimal
order, i.e., h”. Also, Strang’s argument would enable us to prove convergence of the scheme
corresponding to the second-order centered difference approximation. While our analysis
shows that one set of choices leads to a fully convergent method, it is of course possible that
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other choices could be made which are convergent; for example, a different quadrature rule
might be used for the singular integrals, as has been done in practice.

We have assumed here that the depth of the water is infinite. However, this boundary
integral formulation can be modified to allow for a solid bottom below the fluid; see [BMO,
§4]. If the bottom is horizontal, we need only replace the fundamental solution G with the
half-space Green function with a Neumann boundary condition. For a more general shape
we need to include a single-layer integral over the bottom in the velocity potential, leading to
an additional integral term in the velocity expression; see [BMO, Eqs. (4.1)-(4.7)]. The new
integral terms over the bottom are similar to those before, but filtering of the location is not
needed as in the integrals in (7) and (9) on the surface since the bottom boundary does not
change. We expect that the convergence proof could be modified to include this more general
case.

The Fourier filtering in the discrete integrals of (7) and (9), replacing z with z?, is intro-
duced to balance the high wave number errors introduced by Dj,; this is the reason the filtering
is determined by the derivative operator. It will become apparent in the analysis that numerical
stability is maintained in this way. Of course, this filtering within the increment in the time step
is quite different from smoothing the entire computed solution. We do not need to apply filter-
ing to y; when we solve for y in (9), it is filtered implicitly through D, and z”. To illustrate
that filtering is necessary for stability, we present several numerical calculations for finite-
order derivatives without using this filtering (see §6). It is clear that numerical instabilities
dominate the calculations in a short time. In the case of the pseudospectral derivative (p = 1),
the high wave number errors would in principle not be generated. However, numerical and
analytical experience indicates that the pseudospectral method without smoothing introduces
aliasing errors when the physical solution is underresolved (see [GO], [HLS]). Certain Fourier
smoothing or dealiasing is thus required to stabilize the method. In our case with spectral
derivatives, the inclusion of smoothing in the derivative is needed for our arguments, and it
makes the filtering of z necessary, just as for finite-order derivatives.

We treat the case with surface tension in §5. We show that in the presence of surface
tension, properly designed numerical schemes are stable and convergent even in the case
where the flow is unstably stratified. The manner of discretizing the spatial derivatives in the
curvature is critical for stability. As before, discretization could introduce high wave number
errors which destroy the stabilizing effect of surface tension at the discrete level. This can
be seen by performing classical normal mode analysis around equilibrium solutions. Such
analysis was done with various schemes for vortex sheets with surface tension in [BN].

To estimate the errors in the numerical solution and prove Theorem 1, we first write
equations for the difference between the computed and exact solutions. The errors separate
into consistency and stability parts. The stability analysis is difficult, largely because of the
discretizations of the singular integrals. Individual terms occur which are as singular as those
which cause Kelvin-Helmholtz instabilities in related problems which are not well posed.
The terms which are linear in the error are the most important. Our approach is to identify the
leading-order linear contributions and see how the various terms balance one another. To this
end, we need to study the Fourier symbols of discrete singular operators, such as the discrete
Hilbert transform and its variants. In [BHL1] it was found that the linearized equations have
a qualitative structure surprisingly like that for the case near equilibrium. Here a similar
structure is maintained, but the arguments are more complicated because of the discretization.
An important consequence is that the most singular terms cancel out to the highest order. The
remaining linear terms can be shown to be bounded independent of the wave number and
the discretization parameter. The nonlinear terms are relatively easy to control because of the
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smallness of the truncation error, provided the solution is fairly smooth and the method is of
high-enough order of accuracy. Although the continuous case treated in [BHL1] serves as a
guide, the argument here is independent of the earlier work. Similar analysis can be applied
to other physical problems; these will be reported in [BHL2, BHL3, BHL4, BHLS].

Numerical methods with Lagrangian markers were attempted for vortex sheets long ago
by Rosenhead [Ros]. (The vortex sheet in a single fluid is a special case in that the sheet
strength is conserved, and only the interface position must be computed.) Such methods
for more general fluid interfaces were apparently first proposed by Birkhoff [Bir]. The first
successful boundary integral method was developed by Longuet-Higgins and Cokelet [LC],
who calculated plunging breakers. Boundary integral methods for the exact, time-dependent
equations have been developed and used in many other works, including Vinje and Brevig
[VB], Baker, Meiron, and Orszag [BMO, Bak], Pullin [Pull], Roberts [Rob], New, Mclver,
and Peregrine [NMP], and Dold [Do]. Early work was reviewed by Schwartz and Fenton
[SF] and Yeung [Ye]. A related approach for water waves is based on perturbations about
equilibrium in Eulerian variables. An expansion in powers of the surface height is used to
calculate Fourier modes. These works include Stiassnie and Shemer [SS], West, Brueckner,
and Janda [WBJ], Dommermuth and Yue [DY], Glozman, Agnon, and Stiassnie [GAS], and
Craig and Sulem [CS]. The last paper [CS] has the advantage that the expansion is evidently
uniform in wave number. The Fourier method of Fenton and Rienecker [FR] is Eulerian but
has some features in common with Fourier versions of the boundary integral method. Methods
of boundary integral type have been used even for the ill-posed cases of fluid interface motion,
including vortex sheets and Rayleigh-Taylor instabilities [Moor, And, Kral, Kra2, Kerr, Tryg,
BS, Shel]. Either a regularization or filtering of high wave numbers is necessary to maintain
an accurate solution. Surface tension is included in some interface calculations [Pull, RS, BN,
HLS]. Related methods have also been used for viscous flow [Po].

Linear analysis has contributed to the understanding of numerical instabilities for bound-
ary integral methods. Robert [Rob] showed how to remove a sawtooth instability. Baker and
Nachbin [BN] have performed Fourier analysis near equilibrium for various schemes for a
vortex sheet with surface tension, identified sources of instability, and proposed new schemes
which are free of linear instabilities. Dold [Do] emphasized the role of time discretization
with respect to instabilities. Hou, Lowengrub, and Shelley [HLS] introduced implicit time
discretization with surface tension to avoid a severe time step constraint.

The advantage of using the alternating trapezoidal quadrature is that the approximation
is spectrally accurate. This and related quadrature rules have been used by several authors in
the literature. Baker [Bak] used the alternating quadrature rule for a desingularized integrand
in water wave calculations. It gives a quadrature similar to (6) but with a different (and desin-
gularized) integrand. Sidi and Israeli [SI] analyzed the spectral accuracy of a midpoint rule
approximation for a periodic singular integrand. They realized that the alternating quadrature
rule applied to singular integrals, as in (6), gives spectral accuracy. Shelley [Shel] used scheme
(6) (with Krasny’s filtering) in the context of studying the vortex sheet singularity by vortex
methods. By using the spectral accuracy of the alternating trapezoidal rule, Hou, Lowengrub,
and Krasny gave a simplified proof of convergence of the point vorex method for vortex sheets
[HLK].

The rest of the paper is organized as follows. Sections 2 and 3 are devoted to studying
the consistency and stability, respectively. We present the convergence proof in §4. In §5
we consider the case when surface tension is included. In §6 we present some numerical
calculations which show that there is a class of unstable discretizations for the water wave
equations (some of which have been used in the past). Comparisons in both physical and
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spectral spaces are made with our stable scheme. A calculation of a breaking wave without
surface tension is presented as an example of the capability of the numerical method. Finally,
we prove a few technical lemmas in the appendix.

From now on, we will use z(e;), ¥ (¢;), and ¢ (@;) to represent the exact solution, and z;,
¥;, and ¢; to represent the discrete solution.

2. Consistency. We first discuss the accuracy of the quadrature in (7). By change of
variables &’ = o + B and using periodicity, we rewrite the velocity integral as

- i 2

= fﬂ [y(a +8) cot(Z(“) — e +ﬂ)> + Y@ cot(é)]dﬂ,
. 2 @ O\ 2

where we have used the fact that cot(%) is an odd function and the integrals are principal value
integrals. Note that the last integral on the right side of (12) has a removable singularity:

. (@) —zl@+p)\ |, v©@) B\ _ v(@)zua(@)  2y4(@)
Jim, [V(“”)C‘“( 2 >+ (@) "‘“(5)] T a@? we
We define
12) F(a, B) = y(a + B) cot (Z(“) —zat ﬂ)> + Y@ o (é)
2 ) a2
and
N/2 n
13 hey= Y Fepph- [ Fanprdp.  p=ih
j=ZNJ2+1 -

Recall that z(-) € C™*?[—m, 7] and y(-) € C™*'[—m, ]. We conclude that F(a,:) €
C™[—m, m]. It is well known that the trapezoidal rule approximation of a smooth periodic
function gives spectral accuracy [DB]. We obtain

(14) | Ju(@)| < Ch™| Dy F (e, )ip-
Note that
N/2 N/4 e
2Jh(a,~)—th(a,-)=[2 > Fl.pph— ), F(ai,ﬂzj)zh]— / F(ai, B) dB
j=—N/2+1 j==N/4+1 -n
N/2 b4
= > Fanpprn- [ Fe.pdp.
J=—N/2+1 -
Jodd
which implies
N/2 2w
(15) Y F(ai, Bj)2h — fo F(ai, B)dB = O(h™).
J=—N/2+1

J odd

Substituting (12) into (15), we obtain

Z y (@ + By cot (Z(Oli) —z(a; + ﬁj)) o

—N/2+1<)<N/2
J odd

(16) — /” y(a; + B) cot (Z(“") kGl m)dﬁ = oM.

-

2

2
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In deriving (16), we have used the fact that cot(—g-) is an odd function of B8, and N is even. On
the other hand, we know that if Dy, is an rth-order approximation to Dy, then

a7 [Dnz(ei) — za(@i)| < Ch' ||zl grsa.

If Dy, corresponds to the spectral derivative operator, then we have (see, e.g., [Tad, p. 542])

(18) |Dpz(ei) — za(ei)| < Ch™ |1zl gmsa.

Moreover, note that corresponding to the rth-order derivative operator Dy, and z = « + s(«)
|87 — Skl = [(o(kh) — 1)§i| < Clk|"h" |5l

We have

2P () —zle)| < Y CH K[|k

[k|<N/2

<Ch Y k7 lzllgre < CH Izl g,
[k|<N/2

Combining (16)—(18), we have proved the following consistency result.

CONSISTENCY LEMMA. The exact solution of the water wave equations z(c, t), ¢ (o, t)
satisfies the discrete equations (7)—(10) with a truncation error of size O (h") for the rth-order
derivative operator (r = m for the spectral derivative).

3. Stability. To obtain stability of the method, one of the terms we need to estimate is

L gy,
_ . op
dmi Z vj cot 2 h+ 2Dy z;

J=—N/2+1
(j—1)odd

1 A 2P () — 27 (et)) ()
- | — Dot | —————L2 ) op 4 L
4mi J=;/z+. y(@j)co < 2 ) * 2Dpz(a;)

(y—1)odd

in terms of z; — z(«;) and y; — ¥ («;). For technical reasons, it is easier to work with the kernel
in the infinite domain than in the periodic domain. To this end, we first extend the sum over a
single period to the sum over the whole line. We note that

! cot (Z) ! + i
2 Tz - (Zkﬂ)z’
which converges absolutely away from z = 2k for any integer k. We have

N2

% E y(a])00t<ﬂ.;_z.(_al_)_>2h
J=—N/2+1
(y—1)odd
N/2 . © N/2 N ‘ .
(19) =y Y@ ey 26 @)y @)

Lt 2e) —2(@) | A, @) — 2(ep)? — (2km)?

(j—1)odd (J~1)odd
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Recall that z(a, t) = a + s(«, t) and s(«, t) is 2w -periodic in o. We obtain
fﬁ & 2) — z2(@))y (@)

= Sha @) — z(@)? — (2km)?

(y—1)odd

— Gaa Lzla) —z(ey) — 2km - z(e) — 2(ey) + 2k
(J—1)odd

_ f: Nz/z [ y(e) N y (o)) ] ”
= G Lz(a) — (o + 2k + () z(oy) — (o — 2km + s())
(j—1)odd

We define
oy = @ + 2km.
Then we obtain by a change of variables that

M N2

Z Z 2(z(0) — z(e))y ()

k=1 J=—N/j2+1 (z(a;) — Z(aj))z - (2k7r)2

(y=t)odd
N(M+1/2) —N/2
20) _ Z/ v (@) o+ ()
J=Nj2+1 z(ai) — Z(aj) J=—NM+1/2)+1 z(a;) — Z(Olj)
()—1)odd (y—1)odd

Combining (19) and (20), we obtain

N2 ) — . N(M+1/2) _
SRS ST CamECl P, e 1Ch

2 J=—Nj2+1 M—oo O i z(o;) — Z(O!j)

(y—t)odd (y—1)odd

Throughout the paper, we will use the notation

. N(M+1/2) .
22) Z ——y&—% = lim Z _y(a_])_Zh
(j—i)odd z(ei) — z(e)) M—oo ot i 2(ai) — z(@))
(J—1)odd

Similarly, one can show that the corresponding extension holds for the numerical solution.
We have

1 N/2 Zip _ Zj{’ Vi N(M+1/2) Vi
5 Z ijOt ——2— 2h = Z —p-_——ﬁZhE lim Z p2h7

P _
Py o1 (i=hodd & T % M=o amima G T Fj
(j—t)odd (j—1)odd

where we have assumed that s;’ = z]’.’ — o is extended periodically outside the interval

F+1<j<%y i..e., s;’iN = s}’. Not.e that z; is different from z(e;); z; stands for the
numerical solution obtained from our algorithm.
We define the variations for z, y, and ¢ as

z; =z — z2(a)),
vi=vi —v(a),
b; = — d(@)).

These variations define the errors between the exact and numerical solutions.
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We introduce an mth-order smoothing operator A_,, which satisfies the property
IDR(A-n @)l < Clizlz  and | A_n(S;2plle < Clizllz for0 <k <m,

where Sy, is the spectral derivative operator without smoothing. Apparently, the second in-
equality also holds if we replace S, by Dj,. In particular, when m = 0, Ao(z) denotes a
bounded operator in /2,

Aozl = Clizlle.

It is easy to see that
h"Ag(y;) = A_m(¥), h"™ Ao(Dpzj) = A_m—1)(Z;).

In our stability analysis, we need to study the properties of the discrete derivative operator
and the discrete smoothing operator. We have the following lemmas.
LEMMA 1. Assume f(-) € C? and w € I*. Then we have

(23) D (f(a)w;) = f(e) Dp(w;) + wi fo (o) + hAo(w;),

where W] = Wrq(kh) and q(x) = %(p (x)x), Ag is a bounded operator.
The exact form of the second term in Lemma 1 is needed for the case with surface tension.
Throughout the paper, we will frequently use the discrete “smoothing” operator of the
form

(24) Ry(w)= Y flo, a)w;2h

(j—i)odd

for some function f (¢, &) which is smooth in both & and &’; w is a generic periodic function.
It is clear that the continuous analogue of R, is a smoothing operator, i.e., R(w) = A_,(w)
if f € C™. However, at the discrete level, R, does not necessarily give a smoothing property
due to aliasing errors. For example, if we let

g() — g(@)

1 . .
—7'? o —ao , fla,a)= g/(a)7 with g(a) — e2ta’

f((X, a/) =

and w; = €% ®™/2=1 then we can show (using Lemma 3 below) that
Rp(w;) = —2ig(a;)w;,

which is as singular as the w that we started with. This shows that the discrete operator does
not necessarily produce any smoothing effect on high-frequency components due to aliasing
errors. However, with smoothing on the high-frequency components of w, we can prove the
following result.

LEMMA 2. Assume f(«, B) is a smooth functionina and B, and f (-, -) € C™ withm > 2.
Then with Ry, defined by (24) we have R,(w?) = A_1(w), ie.,

(25) Z [l aj)w/2h = A_(w).

(j—i)odd

If p(x) satisfies, in addition, that p'(xmw) = 0 and f(-,-) € C™ withm > 3, then we have
Ry(wP) = A_z(w), ie,

(26) D fla, apwl2h = A (w).

(j—i)odd
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We will defer the proofs of these two lemmas to the appendix.
We remark that, in particular, Lemma 2 means that R, (S,z”) = Ay(z), and, in the second
case, Rh(S,%z'P ) = Ap(2). This property will be used later in our analysis. We define

1 Vi Yi
Ei=_— ——2h, L= ——
2mi (j_%;)dd -z Dz’
and
D . .
Q=4 pi‘,ﬂh-
i (St T

Similarly, we define E (@;), ¢ (e;), and Q(cy;) with z; replaced by z(e;) and y; by y (@;). Now
we need to estimate the variances of these three variables:

Ei=E —E(@), ¢i=&G-¢@), Qi=Qi— Q).

These variations define the errors between the exact quantity and its numerical counterpart.
We first estimate E. We decompose E into its linear part and the nonlinear part

27 E; = EF + ENE.
Direct calculations show that the linear part E L is given by

Vi 1 Y @)@ —z))

. 1
(28) El = — ————2h — — 5
2mi (i Tada ()P — z(aj)? 2mi (i Tradd (z(a;)? — z(aj)P)

and the nonlinear part ElN L'is given by

(29) ENL =

g \
_

3 Y@l —2)? o
I (e | @@)? — 2(@)P)2(z(e)? — z(e)P + 2] — 27)

1 Vi@ =)
- o
Tl (j—i)odd (Z(al) Z((X]) )(Z(al) Z((X]) +Zi Z])

To estimate the linear part of E;, we need to introduce a discrete Hilbert transform:

| NotH g | £,
(30) Hyfi = — lim Z — _oh=— Z _Ji_op,
M=o | Nrmipe @ — @ 0 (j—i)odd o —Q;

(y—1)odd

where M > 0 is an integer. In the appendix, we will prove that this discrete Hilbert transform
shares many properties of the continuous Hilbert transform. These are summarized in the
following lemma.

LEMMA 3. Assume that f satisfies f 0= f ~n2 = 0. The discrete Hilbert transform
defined by (30) satisfies the following properties:

(31) H; fi = —i sgn(k) fr,
(32) Hy(Hp f)) = —fi,
1 = f
33) msh) = ¥ 2=,
(i 5eaa (@i — @)
(34) Sw(Hnf) = Hy(Sh f3),

where Sy, is the pseudospectral derivative operator without smoothing.
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Using Lemmas 2 and 3, we can prove the following.
LEMMA 4. Assume z(-,t) € C"2(m > 3), y(-,t) € C™, and z, # 0. Then

a1 Vi o y(e) . N
T (o @) — 2@ 2izg(@)? HiDn (@) + Aoz:)
j—i)odd
1 i . . . .
= Ho) — LB, D) + Ao + Re) + A (9,

2ize (i) 2izq (a;)?
where Ry, is an operator of the type (24) with a smooth kernel.

We defer the proof to the appendix.

Remark. Note that since we do not introduce smoothing in y explicitly, we do not have
Ri(y) = A_i(y) directly. As we will see in (60), y is related to Dué and Dyz. Since
Dz = (Syz)?, Lemma 2 implies that R,(Dyz) = A_1(Spz) = Ao(z). Similarly we have
R, (Dnd) = Ao(¢). This is sufficient to close our energy estimates. And this is why we do
not need to filter ¢ in our numerical method.

We now estimate ¢. Again, we decompose ¢ into its linear part and the nonlinear part,
;=L + ;JNL where the linear part ;JL is given by

o Dwz(e)y; —y(@)Dnz; _ 2a(@))y; — v (@) Dpz; - .
(36) ;1 = DhZ((Xj)z - Za(aj)z +A—r(yj) +A—1(Zj)a

and the nonlinear part £ ¥* is given by

37) ;NL _ _(th(aj)yj - V(aj)Dth)Phij .
! Dy z(aj)*(Dpz(@j) + Dnzj)

Note from Lemma 2 that the commutator of [Hy, f] is a smoothing operator:

(38) (i, 12 = Hi(f @)Z]) = f (@) Hn(])
=y LS 24,
o —Qj

(j—i)odd

since g(a, B) = %f;(m is a smooth function in both « and 8. Here we define g(o, o) =

f'(a). Thus, we obtain from Lemma 1 and the above estimate on the commutator operator
that

G9  Ef+ %;’f = zi [(1 — iHy) (yi - lbhz'i)] + Ao(@) + Ra(7) + A1 (),
2o 20
where we have used A_;(Dyz) = Ao(2).
Remark. We remark that if we had not used the filtering z” in approximating the velocity
integral, then the term Hj Dy (z) in Lemma 4 would have become Hj, S;(z). In that case, the
leading-order terms of (39) would become

L (. v .. i iy . )
—\vi——Dnzi ) —\=—H - ——=H,S(2)).
. ()’z = D z) (22a w(¥) 22 1Sk (2)
The high-mode errors between Hjy, Dy and H, S, would not allow us to combine £X with ¢&
into one term, as in (39). It can be seen that this upsets the high-mode balances and introduces
numerical instability. This explains why we need to introduce the additional filtering in z to
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compensate for the high-frequency errors introduced by Dj,. Another benefit we have by using

the Fourier filtering is to smooth out the aliasing errors in the commutator [Hj, f] (see (38)).
We define

(40) T* =sup{tlt < T, ||zlle, I$llz < h°%, Iy lle < B2,

Note that

N
212 212 112
hlzi? <h Y1zl = 1zl
i=1

We conclude that
(41) Izleo < h™"2l2llp <h* fort <T*
and

17l < ™27z <h fort <T*.
Note that

N N 2
) N A 2 .
IDazl% =) (ko (k))?|2® < N* ) |zl* = (—h ) l1Z11%-
k=1 k=1

Therefore, we obtain

IDazllco < B~ Dazlle < 2h =22l
As a result,
(42) IDpzlloo <2mh fort < T*.
Now, since Dyz =z, + O(h"), 7o, # 0 fort < T*, we have from (37) that
(43) 1EY 1l < CIDRzlR (1Y lloo + 1 Dazlleo) < ChII Dzl
In view of (42), we conclude that

IEV e < Clizlle,

which implies that

(44) VP = Ag(z) fort < T*.

We are now left to estimate the nonlinear term E jN L defined in (29). It is sufficient to
illustrate the idea for one of the two terms. The other can be treated similarly. We take the
second term on the right-hand side of (29) as an example. By assumption we know that

45) |z(et;) — z(@j)| = cloy — @j| = ch  for j —i odd.
Therefore, for 4 small and # < T*, we have, by using (41),

(46) lz(et;) — z() + 2 — 2] > clay — aj| — 2h* > ~|a; — ;.

[\S R
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Thus, fort < T*,

S Vi@ — )2k
i Grpag @len) = 2(0)) + 2 — 2 (z(ew) — 2(@y)) |,
. . ch c . ) .
< 17 llol1Z]l2 max Z e Z||y||oo||z||,2 <clzlle,
(j=hodd i — o)

where we have used Young’s inequality in the estimate that involves z; in the numerator. The
above argument still applies when we replace z by z” since z” = z 4+ O(h") with r > 2. This
shows that

Vi@ —2)2h

i Lty (@) — 2(@)? + 2 — D) (@(@)? — 2(@))P)

47 = Ao(2i)-

Similarly, we can show that the first term in (29) is A¢(z;). This proves
(48) ENL = Ag(z) fort <T*
Putting (39), (44), and (48) together, we obtain

_ v()
Zo ()

49) E;+ '2‘§j = m(l — i Hy) (J/j D‘th) + Ao(Z) + A1 () + Ru(y)).

This completes the estimate for E; + ¢;/2.
We now turn to estimate Q; defined below (26). It is easy to see that
Qi = (Drzi) Ei + Dpz(@) E;
= (Duz)(E(@) + Ei) + Dpz(ei) Ei,

where E; is defined as before. It is easy to show that ||E loo < ch fort < T*. On the other
hand, from the consistency argument, we have

E@) = ~ [ 2

i md(x + O(h ) = on((X,’) + O(h ),

where
1 y (@) ,
)=— | ———————dd'.
wale) 2mi / z(e) — z(a') *
Moreover, we have
Dpz(a;) = zo(t;) + O(R").

Using the first estimate for £ in Lemma 4 and the previous estimate for £ IN L, we obtain that
fort < T*

S 1 Dnz(ai) Vi
(50) Qi = Dpzwo(oy) + i 2(0)P — z(aj)P 2h

(j—i)odd

y(a;) ] )
- mHhDh(Zi) + Ao(2i).

Equations (49) and (50) are our main stability estimates in this section.
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4. Energy estimates and convergence. We are ready to combine our consistency and
stability estimates to obtain convergence of the method. It follows from the consistency lemma
and the definition of E, ¢, and Q that

I PR
(629) d—;z,' —E1+2§t+0(h ),
(52) m@=%+m@ﬁ+mmy

Substituting estimates (49) and (50) into the above equations, we get

dzf 1 . S 4GOI .

(53) I _ZZa(ai)(I iHy) [Vz @) th,] + Ag(2)

+A_ 1Y) + Ru(yj) + O(H),
(54) m@=ﬁ+hPmme?“”MM@]

2 2izy (o)

Dyz(at;) Vi . .
+Re [—27”, (._Z @ @7 Z(aj)th] + Ao(z:) + O(H").
j—i)odd
Furthermore, we can write (54) as
. 1. . . ' y (@) .
(55) Dyo; = Vi + (Kpyi) + Re{wo(a;) Dpz;} — Im 5 Hy,Dy(z;)
Za (o)

+ Ap(zi) + O(H"),

where
. Dpz(e;) Vi

56 K,y =R - 2h .
(56) nY e|: i i z(o)P — z(Olj)P :|

We remark that ¢ and y are not independent. Actually, one can solve for y in terms of é
and z in (54). In the rest of the paper, we will use z and ¢ as our unknowns. So we need to
express y in terms of 7 and ¢. From (54) we have

y(a;)

1 .
(&) (EI + Kh) vi = Dpop; —Re [wo(“i)DhZi - m

HhDh(Zi):] + Ao(Z;) + O(h").

Apparently, if (%I + K;)~ ! is bounded, then we can bound y in terms of Dhgl}, Dpzand O(h").
LEMMA 5. Assume z(-,t) € C3 and z,, # 0. Then there exists a constant hy > 0 and
C > 0, such that for all h with 0 < h < hy,

1 -1
-1+ K,
(2+h>

The proof of Lemma 5 will be deferred to the appendix.
It follows from (55) and (56) that

(58) <C.

12

y (@)
Za(0t;)

Vi = —2Kyy + 2Dyé; — 2Re(wo(et;) Dpz;) + Im [ HhDh(Zi)] + Ao(zi) + O(h").
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We will show that K,y is a lower-order term. To see this, we first rewrite (57) as

59 (%I + Kh) v = DyG + Ag(2) + O(R"),
where
G=¢—Re [wo(aozi _ yie) Hh(zi)] ,
2izq(0;)

and we have used Lemma 1. Using (59) we have
1 -1 .
Kny = Ky (51 + Kh) (DhG + Ap(2) + O(K"))

-1
_ (% I+ K,,) Kn(DhG + Ao(3) + O(H)),

1 -1 1 -1
Kp| I+ K =|=-I+K K,
(s1em) = (zrem)

which can be verified easily. Furthermore, we note that

where we have used

. 1 Vi . .
(j—i)odd J (j—i)odd (j—i)odd

for some smooth function g. Thus, K, () is an operator of the type (24). Therefore, we obtain
by using Lemma 2 that

Kn(DyG) = Ky((S,G)P) = A_1($xG) = Ao(G).
Since (% I + K;)~! is a bounded operator, we conclude that
Kny = Ao(2) + Ao(@) + O(K)).

As aresult, we get

(60) Vi = 2Dyés — 2Re(wo(;) Dyz:) + Dy HyIm [ (@) z',-]

Za (@)

+ Ao) + Ao(éi) + O,
where we have used Lemma 1 and the estimate (38) on the commutator [ H, f]. In (53) we
have terms of the form Ry, (y) and A_;(y). These can now be rewritten as error terms in z and
¢. For the first term in (60), for example, we have R, (Dy¢) = Ry (Sp¢P) = Ao(¢), using

Lemma 2. Treating other terms in (60) similarly, and using Lemma 1 in the second term, we
obtain

(61) Ri(¥) = Ao(Z) + Ao(p) + O(K")
and

(62) A_1(¥) = Ao(2) + Ao(d) + O(R").
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Note that from Lemma 3,

(I —iH)I +iH)Dy = + H)D, =0,
since both the zeroth mode and the %th mode of Dy, vanish. So we get
(63) (I — iHp)Hy Dy = (I — i Hp)(i Dp).
Now applying (I — i Hy) to both sides of (60), we get

(I —iHy)y; = (I — i Hy)(2Dpg; — 2Re(wo(at;) Dpz:))

y(a) .
(e 0 °

+ (I —iHy) [HhDhIm( )] + Ao(2) + Ao(@) + O(h").

It follows from (63) that

(I —iHp) [HhDhIm(V(ai) z'i)] (I —iHy) [chIm<y(a') ; )]
Za(ai) Ot( )

Therefore, we obtain

(I —iHpy: = (I — iHy) [2Dh¢,~ — 2Re(wo(e) Da:) + ilm ( y(( )) e ))]

(64) + Ag(2i) + Ao(p:) + O(h"),

where we have used Lemma 1. Now substituting (61), (62), and (64) into (53), we get

1
T 2z TR
. [2Dh¢i — 2Re(wo(@;)Dyzi) +iIlm ( v(@) Dhéi) () Dhéi]
Za(ai) Ot( i)
(65) + Ag(Z:) + Ag(:) + O(H).
Note that
—2Re(wo(e;) Duzi) + iTm ( v@ ,~> _red
Zo (i) Zo(a;)
= —2Re(wo(e;) Dpz;) — Re ( v (@) Dhéi)
Zo(0t;)
66) = —2Re [(wo<a,~> A ) th',-] = 2Re[w(e;) Dai],
2Zot(ai)

where w(e;) = wo(e;) + (¥ () / 2z (e;)). Substituting (66) into (65) and using Lemma 1
again, we get

dz* ;
dzt = ﬁ(l — i Hy)[Dagpi — Re(w(e) Duzi)] + Ao(zi) + Ao(di) + O (k")

(67) =

— Re(w(@;)z:)] + Ao(zi) + Ao(d:) + O(h").

Za (0t;)
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It is natural to set

(68) Fi = ¢; — Re(w()z;) = i — u(a) ki — v(es)yi.

Then (67) becomes

(69) i _ 1 (I — iHy)DyF; 4 Ao(z) + Ao(F:) + O(h").
dt  ze(a;)

We can also write (69) as

(70 —%(z.,(ai)z';‘) = (I —iHy)DyF; + Ao(2:) + Ao(Fi) + O(H").
Note that
(71) Za(@i)Z] = (Xa (o) Xi + Yo (i) Vi) — i(=YaXi + Xa Vi)

We introduce the normal and tangential vectors of the interface position as

" (—}’a, xa)
N(a) = m = 0(0) (= Ya» Xa)»
(72) 7':(“) _ (Xas Ya)

‘/—;—'2-—_’_—-;5 =0 (o) (Xa, Ya),

where o = (x2 + y2)~1/2. We define
(73) =y T, M =@y-N.

Then we obtain

74) (@) = > (ai)[fcf —ixM].

Substituting (74) into (70), we get

(75) (&1 = 0(@)DyFi + Ao&]) + Ao(&)) + Ao(Fi) + O(h'),
(76) Gy = o () HyDyF; + Ag(i]) + Ao&") + Ao(F;) + O(K').
We introduce a change of variables

) §i =xT + HyxY, i) =zxl.

Then (75), (76) are reduced to

(78) G = o(@)HyDiFi + AoGi], %) + Ao(Fi) + O(R),
79) 6 = AoGk], 1) + Ao(F:) + O(K'),

where Ao(x], i) = Ao(xT) + Ao(xY). We still need to express the evolution equation for
F; in the new variables. From the definition (68), we have

(80) (F)e = (@) — u()it; — v(e)0; — ur (o) %; — ve ()i,
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where
. . dx,' dy,
U, =u; — u(a,-), v =V — v(a,-), u = 717, v; = -‘7[

To evaluate (d),-),, we compare (8) with the continuous Bernoulli law, i.e.,

a9

; 1
81) - =5 +vD) ey,

d¢ (o)
dt

Subtracting (82) from (81), we obtain

(82)

1
= E(u(wi)2 + v(e)*) — gy(e).

(83) @) = %(u? — u@)?) + %(v,-2 —v(@)?) — gyi
or, equivalently,
(84) (@) = uo)it; + v(o)v; — gyi + %(%’2 +07).
Substituting (84) into (80), we obtain after cancellation
(85) (B = —ur(@)k; — i) + §)3i + %(u% + 0,
It is important that the right-hand side of (85) depends only on the normal component of the
vector (X, y) to the leading order. To see this, we note that the Lagrangian velocity (u, v)
satisfies the Euler equations
(86) U+ pe =0, v+p,+g=0,
so that
—(us, vi 4 &) = (P, Py).

Moreover, p = 0 on the interface so that Vp is in the normal direction. We have

87 —uki — (U + 8)¥i = (Px, py) - Gy Y1) = —c(@)xY,
where
(88) cle;) = —Vp() - Ni = (s, v +8) - N.

Therefore, we get
. 1
(Fi) = —cl)i] + S + ).

Now the whole set of evolution equations for £V, §, and F is

(89) &Ny, = o () HyDyF; + Ag(xY, 8;) + Ao(F)) + O(h"),
(90) G = Ao(xN, 8) + Ao(Fi) + O(),
1) (Fi) = —cla)xl + %(u% +17).
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Thus, we have reduced the error estimates for the full nonlinear, nonlocal water wave equations
into a simple linear and almost-local system for the variation quantities. The only nonlocality
in the leading-order terms comes from the discrete Hilbert transform H), in (89). The lower-
order terms are nonlocal, but they are smoother than the principal linearized terms. This
simplification helps us identify and balance the most important terms in our energy estimates.
Define a discrete operator

92) Ay = HyDy,.

It is important to note that Ay, is a positive and symmetric operator. In fact, A;, has the discrete
Fourier symbol |k| o (kh). We introduce a discrete H'/? norm as

93) I£ e = (A + D f HY2
We also assume as in hypothesis (11) of Theorem 1 that c(«) is positive:
94) c(a) = co > 0.

To perform energy estimates, we multiply (89) by (c(«;))/(o (a,))x , (90) by 8;, and (91) by
(An + DF;, sumin i, then add up. With

2

e\12 . .
©9) )’o(l‘)2=“('—) ) 18I+ NF e,
o 2 h

the result is

1jt)’o(t) (ARF, cx™) — (cx", (Ay + DF)

2
(96) + O+ (P8 + (P, (A + DF),
where
1P < el + ||3I|zz +Fllp +h") forj=1,2,
7 7= <u +3)).
By (69), we have
98) uj —iv; = ] = (I — iHy) Dy F; + Ag(Z)) + Ao(F}) + O(R").
dt  z.(aj)

Arguing as in (41) we can show, using (40), that

I Drlloe < 27h.

Thus, it follows from (40), (68) that for ¢t < T*,

99 lilloo + 10lloe < ch.

Therefore, we have

I(Ap + DF, > + 93] < (A + DF[p[d® + 02
(100) < IAx + DFlpch(IDyFllz + I Flle + 11212 + hT).
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Note that
N2 R 172
I(An + DF|l2 = ( Z (k| p(kh) + 1)2|Fk|2>
k=—N/2+1

1/2
< J/NJ2- +‘1( Z (|k|p(kh)+1)|Fk|2) < Ch“l/lellH}:/z.

|k|<N/2
Similarly, we can show
IDyFllp < Ch—1/2||F||th/2.
As a consequence,
10D (A +DF,i® +9°)] < CIE N el Fll e + 15 e + 181z + 7).

Hence, we obtain

1d

(102) 3 Eyé(t) < C(ys + yoh').

The Gronwall inequality then implies

(103) yo(t) < C(T)h", t<T"

In terms of the original variables, we have

(104) Izl + Idllz < BCDAK, ylle < BOK ™', < T,

where we have used formula (60) for y. For m > 3, and h small, we get
Izl + 191l < B(T)R® < %h”, Iyl < %h”.
It follows from the definition of 7* in (40) that
T =T.

This implies that estimate (104) is valid for the entire time interval 0 < ¢t < T. Convergence
of the interface velocity w follows from (98). This completes the convergence proof of
our scheme.

5. The case with surface tension. In this section, we consider the case with surface
tension. As before, we assume that the fluid occupies the lower region. As it was shown in
[BHL1], in the case with surface tension, the direction of gravity plays no role in the stability
estimates. Consequently, the analysis also applies to the case with fluid above the interface.

The effect of surface tension is to introduce a discontinuity in pressure across the interface
proportional to the (mean) curvature. The pressure is larger below when the interface is curved
toward the lower region. The earlier form of Bernoulli’s equation (2) is now replaced by

1 2 2
¢z=5(u +v%) — gy + Tk.
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Here « is the curvature and the constant 7 is the coefficient of surface tension. The new set of
evolution equations now becomes

b4

(105) z = ! y (@) cot(

4mi J_,

z(@) —z(o/))d()l,+ 1y@ _

2 Pa@ = V@D

1
(106) ¢ = = +v?) — gy + t«,

2
107) ¢y = % +Re [:}:i /” V(@) cot (?Sﬂ:;i‘ﬁ) da/] .

The curvature « can be expressed by

XaYaa — YaXaa
108 ==
(108) =T

In the case with surface tension, we need to use the sharper estimate (26) in Lemma 2. This is
because ¢ now contains second-order derivatives of z. In order to close the energy estimates,
we require an A_1(¢) in (65) or, equivalently, A_{(F) in (69). This will be seen in the
proof. This amounts to having better control of the aliasing errors arising from the alternating-
point vortex quadrature rule. This requirement will be satisfied if we impose, in addition,
that p’(£m) = 0. For the spectral derivative approximation, we can always require that the
Fourier smoothing multiplier p(x) satisfy this property. The numerical approximation for
(105)—(107) is given by

(109) az 1 3 ycot i -7 om 4 Y .
. T A= j =w; =u; —iv;,
dt ami S " 2 2(Dnzi)
do; 1
(110) {;— = 5(“1’2+vi2)_gyi+fl(i,
p__p
Yi DhZi 3 — Zj
(111) Dp¢; = —+Re[ . Z yjcot< )2]1],
2 ami S 2

Dyx! D}y, — Dy D}x;
(Dyx)? + (Dyy!)2)3/2’

(112) K =

where 27 = a + 57,27 = a + 59, §7 = p(kh)Sk, §! = q(kh)Sk, and q(x) = ‘%(xp(x)).

We remark that the use of z7 in (112) is to balance the high-mode error due to aliasing
in the spectral approximation or in the finite-order accurate approximation. No additional
smoothing is necessary for the second derivative terms D?x; and D7 y;. This is determined by
the precise form of the discrete product rule

Dy(fz) = fDpz+ (D f)z? + hAo(2)

and
Dy(fDiz) = fDjz + (D f)Dnz? + Ao(2),

as given by Lemma 1. The g smoothing on z is necessary in obtaining estimate (121). Without
this modification, the numerical discretization would be unstable for finite-order derivative
operators. This can be verified by performing linear stability analysis (the normal mode
analysis) around equilibrium solutions.
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Note that if p(kh) corresponds to an rth-order derivative, then
lo(kh) — 1] < C(kh)", |p'(kh)| < C(kh)"™".
This implies that

lg(kh) — 1] < C(kh)".

Hence, z7 and z? are rth-order approximations to z.

For finite-order approximations, the natural filtering associated with D), is not strong
enough since p’(7) # 0 for all finite-order derivative operators. Therefore, we need to apply
an additional filtering before we take the finite-order derivative in equations (109) and (111).
That is, we should replace D, by Dy, in (109) and (111), where Dy z; = Djzf and 2§ = 25 (kh).
The Fourier multiplier s satisfies

11 —s(kh)| < C(kh)", s>0, and s(£m)=0.

The derivative operators in (112) remain unchanged. To maintain the balances of high-
frequency errors, we need to modify the filtering operator accordingly to retain the structure of
the high-frequency errors we had before. That is, 2,’: now becomes p(kh)s(kh)Zz;. With these
modifications, the algorithm is exactly the same as (109)—(112). We can prove the follow-
ing result.

THEOREM 2. Assume that z(-, t), ¢ (-, t) € C™3[0,2r], and y (-, t) € C™*2[0, 27] for
t < T andm > 4. If D), corresponds to an rth-order dpproximation r > 4, then we have

(113) lz¢, 1) = 2@l gy < CDR,
(114) 16 ¢ 1) = ¢l < C(DIN,
ly 1) =y Dl gre < CDOR,
where
N/2 N
112 = D (L+IkIpkR)IG,  A(kh) = p(kh)s(kh),
k k=—N/2+1
and

16131 = 18115 + | Dad I

¢§k is the discrete Fourier transform of ;. If D), corresponds to the spectral derivative, the
result is the same by replacing r by m, and replacing p by p.

Remark 1. Again, by using Strang’s argument, we can improve the convergence result to
the optimal rate A" in the case of finite-order derivative approximations. In that case, we will
obtain convergence for the second-order discretization as well.

Remark 2. In the presence of surface tension, the right-hand sides of the equations
involve higher-order derivatives of the interface variables. Therefore, we have to work with
a high-order norm to obtain stability. Consequently, the accuracy is one order lower than the
order of accuracy for the case without surface tension.

To illustrate how the algorithm looks in a concrete example, we consider the case of the
second-order finite difference approximation Dj:

fir1 — fi-1
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The corresponding p(kh) is given by p(x) = Si—’;("—), so that g(x) = cos x. Clearly, we have
. . eikh 4 gikh\
Zf = cos(kh)zx = (—-—2——) 2

which implies that

g _ %1t Zi-1
a=Tg
As a result, we obtain

Zi42 — -2
q i+
Dz} = —an = Dz

and

2 Zig2 — 2z +Zi2
D;z; = T

This simply says that we should use every other gridpoint when discretizing the curvature «.

Proof of Theorem 2. We take the spectral derivative approximation as an example. The
consistency and the stability are almost the same as before. The only difference is in the way
we treat the linear stability. Moreover, since the evolution equation for z is the same as before,
we have from (89) and (90) that '

(115) (M) = o () HyDiF;i + Ao(iN, 8:) + A_1(F;) + O(K),
(116) 8i)e = AoV, 8:) + A_1(Fi) + O(h),

where we have used (26) to replace Ao(F) by A_{(F) since we now have p'(£mr) =0. In
our nonlinear stability estimates, we need to modify the definition of 7* in (40) as

T* = sup{tlt < T, lzllp, Bl < B2, |y lle < B2}

With this modification, we can show that the nonlinear term of the type defined by (47) is of
the order A_;(2) instead of Ag(2) in the case without surface tension. More precisely, the
nonlinear terms are of the form hAo(z). We still set

Fi = ¢i — ua)x; — v(e)yi.
It follows from (91) and (106) that
. 1
117 (Fi) =tk — c(a)xN + 5(”"2 + 02),

where « is defined by k; = k; — k(;). In the discrete case, the linear stability estimate for
the curvature term is considerably more difficult than its continuous counterpart. This is due
to the high-frequency error in the discrete derivative operator Dj. In the continuous case, we
have the product rule

D(fz) = fDz+ (Df)z.

In the discrete case, we have from Lemma 1 that

(118) Dy (fz) = fDrz+ (Dr f)z? + hAp(2).
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We define P; by

(119 p = th?D,Z,y,- - Dhy,qD;Z,xi
=
(Drx{)? + (Dayi)?

One crucial step in our estimates of the curvature term is to express the linear variation of P;
by

(120) P; = Dy(0(0)* (xo (@) Dryi — Yo(i) Duxi)) + A_1(2:),

where 0 = (x2 + y2)~1/2. It can be shown that without the g smoothing in (119), estimate
(120) is not valid. In proving (120), we have repeatedly used the discrete product rule (118).
Using (120), we can show that the linear part of « has the following simple expression in terms
of the normal component of z:

(121) k = 0 () Dplo (@) Dai M1 + Ao (2).

Except for estimate (120), the proof of (121) is similar in spirit to the proof of the corresponding
continuum case given in [BHL1]. Since the calculations are quite technical, we omit the proof
here. Putting (115), (116), (117), and (121) together, we arrive at

(122) (M) = o(@)HyDhFi + Ao, 8) + A (F)) + O(h"),
(123) ) = Ao(xN,8) + A_1(F) + O(h"),

(124) (Fi)i = t0(;) Dylo (@) Dui}'] + Ao@) — @i + %(df +97) + 0.

One should note that the leading-order contribution in (124) comes from the surface
tension. The term involving c(e;) is a lower-order term here. Therefore, it plays no role in the
leading-order stability analysis. This is in contrast to the case without surface tension where
the sign of c(«) is crucial for determining the linear stability of the numerical scheme.

To perform energy estimates, we seek to balance the leading-order terms from (122) and
(124). To this end, we first apply Dj, to both sides of (122), then multiply the resulting equation
by to(a,-)thcf" , and sum in i. On the other hand, in (124), we multiply Ay F; and sum in i.
We then add these two equations. After summation by parts, the leading-order terms cancel
each other, i.e.,

‘L'(UD;,XN, DhO’AhF) + T(O’Dh(O’DhXN), AhF)
= 1(0 Dpx", Dpo Ay F) — t((c Dpx"), Dyo ARF) =0

where we have used (Dy, f, g) = —(f, Drg), which can be verified directly in Fourier space.
Thus, we obtain

a( N2 .
E(h > (a(a,-)<th§V>2+<AhF,-,Fi))

i=—N/2+1
(125) = (ta () DpxY, Dyr1) + (AFi, 1) + R,

where r, and r, are given by the lower-order terms in the right-hand side of (122) and (124),
respectively. The time dependence of o also introduces a lower-order term R which can be
bounded in the same way as the lower-order terms r; and . We neglect this time dependency
here. Further, we multiply (122) by A,x¥, and sum in i. On the other hand, we multiply
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(124) by %F ; and sum in i. We then add these two equations. As before, the leading-order
terms cancel out after summation by parts:

(HyDpxV, 0 H,D, F) + (Dy (o DpxVN), F)
= ((HyDpx", Hyo Dy F) + (Dy(0 Dyx%), F))
— ((HyDyi", [Hyp, 01D, F)) = Ry + Ry,

where [Hy, 0] = Hyo — o Hy, is the commutator operator. It has been shown in (38) that
[Hy, 0127 = A_i(z). We have

[Hp, 1Dy F = [Hp, 61(ShF)? = A_1(SiF) = Ao(F).
Therefore, we get
|Ra| < | HyDax™ 2 - IlHn, 61D4F 2 < CUIF I + 1 Dax™ [17).
As for R, note that H,th = —Dj,. Applying summation by parts, we get
Ry = —(H2Dyi", 0 D4 F) + (D (o D), F)
= (Dpx", 0 DyF) — (6 Dyx", DLF) = 0.
Therefore, we have
(126) 4 [(A,,;&N,x”f + <—1—F', F)] = (AN, r) + (—I—F, r2> .
dt To To

Now we define

N/2
L 1
»o@?=h Y (a(ai)(th,N)2+<AhF,~)F,~+(Ahx,”)x,” + F?)
i=—NJj2+1 To (@)

+ D8I + 1V 1% + 1817

Then we can show that

d
(127) E;)’o(t)2 < C(D)yo()* + h yo(1)].

We remark that we do not lose any order of accuracy when we apply Dy, to (122)—(123) because
the error O (k") is of the form
Cr(a)h + Cryy(a)h™ ' + - -

and the error coefficients are smooth. To prove (127), we need to estimate the lower-order
contributions. We pick one term to illustrate the idea. To estimate (to D%V, Dyr1), we note
that

|(ta DpiN, DyA_1(F))| < CUIDREN 1% + I F11%).

Recall that in our derivation, Ay(z) comes from the two sources. One is from Lemma 1
when we use the discrete product rules. Another one comes from Lemma 4. From Lemma
1 we know that A¢(z) = fy2? + hAp(z). From the proof of Lemma 4 we have Ay (z) =
D(a;)Hpz + A—1(2). In either case, we can easily show that

1Dr Aol = CUIDazllez + 112 12)-
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Therefore, we have
|(zo Dui™, DA™ < CUIDREN 17 + 15V 117)
and
|(AnFi, 3| < |(HpFi, Dp™)| < IDpiN 1% + 1 F I

The other lower-order terms can be treated similarly. This proves (124). By Gronwall’s
inequality, we obtain

(128) yo(t) < C(T)Hh".

The rest of the argument is the same as in the case without surface tension.
In the case of finite-order derivative operators, we need to modify the argument slightly.

The derivative operator Dy, in (122) now becomes Dy, where (Dp)y = i ko(kh)s(kh). Since
we do not use s smoothing in computing the curvature, the derivative operator Dy, in (124) is
still the same, i.e., (ﬁh)k = ikp(kh). We define Ay = H, Dy,

To perform energy estimates, we seek to balance the leading-order terms from (122) and
(124). As before, we first apply Dy, to both sides of (122), then multiply the resulting equation
by ra(a,)th and sum in i. On the other hand, in (124), we multiply AyF; and sum in i.
‘We then add these two equations. After summation by parts, the leading-order terms cancel
each other, i.e.,

(0 DpiV, Do Ay F) + t(0 Dy(o Dpx), ALF)
= t(6Dpx", Do Ay F) — t((c DpxV), Dyo AL F) =0

where we have used (Dy, f, g) = —(f, Drg). The rest of the argument is almost the same as
in the case of using the spectral derivative. We omit the details here.

6. Numerical examples. In this section we present some numerical calculations that
illustrate the performance of methods for which the convergence theory applies and also the
difficulties which can arise from the stability issues that have been dealt with analytically. We
present calculations of a standing wave, with or without surface tension, using the methods
developed here. We use the same solution to illustrate that instabilities occur with finite-order
derivatives if the filtering in z is not used in the singular integrals. Finally, we present a
calculation of a breaking wave without surface tension to demonstrate the behavior of the
convergent method in the fully nonlinear regime.

In the standing wave calculations we use four different discretizations. In all cases, the
velocity integral is discretized using the alternating trapezoidal rule. The only difference in
these four schemes is the way in which the space derivative 9, is discretized. In the first
scheme, we use a pseudospectral method. This scheme has been proved to be stable with the
filtering of z. However, the filtering was not needed in the standing wave calculations because
the solution is very smooth The second scheme uses a second-order centered finite difference
approx1mat10n for ; the third uses a fourth-order centered ﬁmte difference approximation
for . The fourth scheme uses a cubic spline approximation for -2 35 We remark that the cubic
sphnes have been widely used in boundary integral computatlons of interfacial flows; see,
e.g., [BMO, Pull]. In our calculations, we choose a sinusoidal perturbation to the equilibrium
solution of period 1. The initial condition is

x(c,0) = a 4 0.01 sin 2ra), y(a,0) = —0.01sin 2rw),
y(a, 0) = 0.01sin Qra).
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The gravity coefficient is set to 9.8. This choice is not physically meaningful, but it leads to
a predicted solution from the familiar linear theory of water waves which is a standing wave,
periodic in time, with period .801, without surface tension. A simple iterative scheme is used
to solve for y. The (m + 1)st iterative solution y™*! is given by

Dz N2 -2
Yt = 2Dy¢; — 2Re | —— Z y" cot <—'———L> 2h
4mi Py 2
(j—1)odd
In our calculations presented in Figures 1-5, we use the fourth-order Runge—Kutta method
as our time discretization. We use the solution of y at the previous time step as our initial
guess for the iterative solution for . We stop the iteration when the error between the two
consecutive iterative solutions is smaller than 10™'°. For the calculations presented in Figures
1-5, it typically takes about four iterations to converge.

We first use the pseudospectral method with no surface tension. In Figures 1a and 1b, we
plot the numerical interface positions obtained from the first scheme from ¢t = 0 to t = 4.8
and from ¢ = 5.2 to t = 10, respectively. As predicted from the linear theory, we obtain a
standing water wave with a period of about 0.8 time unit. So there are, in total, about 12.5
complete oscillations by time ¢ = 10. Clearly, the numerical solution is stable and smooth. It
also suggests that there is a global smooth solution for the exact problem. In Figure 1c, the
log of absolute §y is plotted, where logs have base 10. We can see that the round-off errors
remain small at all times, indicating that no high-mode instability occurs in the calculation.
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spectrum of gamma at t=0.1,0.9,...,9.7, N=128, dt=0 001, tau=0 005, eps=0 01
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FiG. 2.

In Figures 2a and 2b we present the calculation for the second-order derivative operator using
the modified algorithm (109)-(112). The surface tension t is equal to 0.005. The period
of oscillation predicted in the linear theory is shifted slightly to .792. Here it is important
to use the p and ¢ smoothing in (109)—(112) to obtain stability. We did not use the extra s
smoothing here because the solution is very smooth. We plot the vortex sheet strength and its
Fourier spectrum. We have also performed calculations with more refined mesh sizes. The
method is indeed stable. This is clear from Figure 2. Calculations with the fourth order and
the cubic spline derivative operator, as well as the spectral derivative operator, also confirm
our theoretical result. We do not present the pictures here since they are all very similar.

We remark that in the presence of surface tension there is an additional difficulty in time
integration due to the stiffness of the resulting system. Surface tension introduces high-order
spatial derivatives which are coupled to the interface equations in a nonlinear and nonlocal way.
It is not straightforward how to apply implicit methods to remove the time step restrictions
introduced by the surface tension. In [HLS], we present a new formulation of the interfacial
problem that shows how to remove the strict time step restrictions. This reformation can be
applied to a number of interfacial flows with surface tension, including the water wave problem
considered here.

The calculations presented in Figures 3-5 are for the case with zero surface tension for
finite-order derivative operators but without using the modification z? in the evaluation of the
interface velocity. This is to illustrate that the additional filtering (i.e., z?) is necessary. In
Figure 3a, we plot the numerical vortex sheet strength obtained from the second scheme at
different times. We can see that there is a critical time beyond which the numerical solution
starts to produce numerical oscillations. The oscillations grow rapidly with respect to time. If
we further reduce the mesh size, the numerical oscillations will appear earlier. In Figure 3b,
we examine the growth of the Fourier coefficients for the vortex sheet strength. We show the
log plot of spectrum at different times ranging from ¢t = 0.008 to r = 0.22. For ¢ small, we see
that the spectrum decays exponentially. But due to numerical round-off errors, the computer
cannot accurately represent the Fourier coefficients smaller than 10~!°. These round-off errors
are amplified by the numerical instability in time. As we can see, the round-off errors at the
high modes are amplified the fastest. The ordering of the curves is in the increasing order of
time. Only after the time ¢+ = 0.2, do we begin to see the effect of this numerical instability in
the physical space. Numerical oscillations start to grow rapidly in time. The highest N mode
does not grow, however, because the discrete derivative operator forces the highest mode to
vanish. In our figures (except for Figure 5) for the Fourier spectrum, we did not plot the —I;i
mode as it is identically zero. By comparison, the round-off error remains bounded at the
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original round-off level for the first scheme; see Figure 1c. Very similar behavior is observed
for the third and fourth schemes, except that the instability occurs earlier for the fourth-order
scheme and the cubic spline approximation. The results are plotted in Figures 4a, 4b, and 5.
We also include the pseudospectral calculation in Figure 5 for comparison. In Figure 5 the
cubic spline is the solid line above and the spectral is the one below.
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One can also obtain a more intuitive understanding of these numerical instabilities by
performing a linearization around the equilibrium solution z = «, ¥ = 0, and ¢ = 0. For
this choice of equilibrium solution, the corresponding interface velocity is equal to zero, i.e.,
u = v = 0. The resulting linear equations for the variations reduce to a system of first-order
partial differential equations with constant coefficients. Then, the usual normal mode analysis
can be used to determine the linear stability of the various methods. We refer the reader to
[BHL5] for details. Of course, it is not possible to analyze the aliasing errors (instability) from
anear-equilibrium analysis as aliasing errors arise only in the case of nonconstant coefficients.

Next, we present a calculation of a breaking wave using our first scheme for zero surface
tension. For a survey of breaking waves, see [Per]. In order to produce breaking in the water
wave we use the following initial condition:

x(a, 0) = ¢, y(a, 0) = 0.1cos 2ra),
y(a,0) = 1.0+ 0.1sin 2ra).

Note that the vortex sheet strength ¥ does not have zero mean in this case. This amounts
to a convenient choice of frame of reference. Although the derivation of (7)—(9) was for the
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special case where ¢ is periodic and y has zero mean, the formulation is still valid provided
that we only apply D, to equation (8); only D¢ is needed in (9). Our numerical experiments
have shown that a smaller perturbation of size 0.05 would give rise to an oscillatory wave
which travels to the right and does not seem to break in finite time. The time integration in
this numerical example is the fourth-order explicit Adams-Bashforth method. The fourth-
order Runge—Kutta method is used to initialize the first three time steps. Also, a fourth-order
extrapolation in time is used to obtain a more accurate initial guess for the iterative solution
for y as suggested in [BMO]. With this improved initial guess, the iteration will converge
with an iteration error of order 10710 in two iterations for most time until the wave is close
to breaking. In the calculation of breaking wave, we use a Fourier smoothing in the spectral
derivative. The smoothing factor p is chosen to be

p(kh) = exp(—10Q2Ik|/NY?) for [k < N/2,

so that (Dy), = ikp(kh) gives a 25th-order accurate approximation to the derivative operator.

In Figures 6a—c we present a series of interface profiles from = 0 to r = 0.5175. In
order to clearly see the time evolution of the water wave, we plot the solution at five different
times in a single picture. The first curve from the top is obtained by adding 0.6 to the y
coordinate; the successive ones are displaced by multiples of 0.3. Time increases from top
to bottom. As we can see from Figure 6b, the interface becomes vertical around ¢ = 0.32.
After that, the wave turns over. In the mean time, the interface develops large curvature and
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requires more refined numerical resolution. With N = 256, we can compute up to ¢ = 0.5
with six digits of accuracy in the interface positions; see Figure 7a. But in order to compute
very close to the time of wave breaking, we need to increase our resolution to N = 512 or
larger. Of course, beyond r = 0.32 where the interface becomes vertical, our convergence
result will cease to be valid since it violates our condition (11) in Theorem 1. But one can
see that our numerical calculations remain robust even after condition (11) is violated. In this
highly nonlinear regime, the numerical filtering in our algorithm becomes crucial to remain
stable in time. We plot the Fourier spectrum of the interface positions in Figure 7b. It is clear
that the numerical round-off errors are kept small even in the fully nonlinear regime of our
calculations.

In Figure 8a, we plot the enlarged version of the wave fronts from ¢ = 0.5 to 0.5175 when
the wave is close to breaking. It is evident that the wave will break in finite time. In Figure
8b, we illustrate the number of computational particles near the wave front at the final time
of our calculations. We can see that the interface is still well resolved and more particles are
clustered near the head of the wave front. This demonstrates the self-adaptive nature of the
boundary integral method. As the interface is close to breaking, the curvature increases very
rapidly. In Figure 9a, we plot a sequence of curvatures from r = 0.48 to + = 0.515. Itis
more illustrative if we plot curvature as a function of arclength. This gives us a better idea
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how rapidly the curvature changes in a small neighborhood of the wave front; see Figure 9b.
We plot the vortex sheet strength y in Figure 10.

Finally, we would like to emphasize that our initial condition is 1-periodic and our gravity
coefficient g is taken to be 9.8. The initial vortex sheet strength is perturbed around 1.
This is responsible for obtaining a breaking wave with a relatively small perturbation of the
equilibrium solution in short time. If we change to a 27 -periodic initial condition and set
g = 1 as in other water wave calculations, then we can obtain a similar wave breaking for
larger perturbation from the equilibrum solution. In Figure 11, we present a calculation using
the initial condition

x(@,0) =a, y(@ 0 =0.6cos(x),
y(a,0) = 1.0 4+ 0.6sin (@).

And the gravity coefficient is set to 1. Then the wave is going to break around ¢ = 3.75;
see Figure 11. For comparison, we also present the previous calculation at # = 0.5175 in
Figure 12.
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It would be interesting to see how the breaking wave calculation is affected by surface
tension and whether it prevents the curvature from growing without bound. This would require
us to use the reformulation introduced in [HLS] to remove the time step restriction. This will
be reported elsewhere.

Appendix.

Proof of Lemma 1. From the assumption, we know that p is C> on — < & < m,
p(xm) = 0, and p is even. Recall that % = ;. We define R(§) = £p(£). Then R is C?,
R(£m) = 0, and R is odd. Thus, R’ is even, and R'(—m) = R'(;r). Note that if we extend
R periodically with period 27, then R is C! everywhere and C? except for possible jumps in
R" at§ = +m, etc.

Now assume that f is smooth and w € I2. Then we have

(f-w@ = Y fridpe®H”

ky,Ka€l
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with I = {——% +1<i< %}. Let kK = k; + k, and consider one term in the following two
cases:
(1) Suppose k = ki + k, € I. Then we get

Dpe’™ = ikp(kh)e** = %R(kh)e“‘".

Now use Taylor’s theorem with the remainder

1
R(kh) = R(kyh) + R’ (ksh)kih + f (1 — £)R" (kah + thyh)dt - K2h2.
0

Thus, we obtain
Dheikx — eik]X(Dheikzx) + (ikleikxl)Q(kzh)eikzx + h- Cklkzk%eikx7

where Q(x) = R'(x) and Cy,y, is bounded independent of &y, k5.
(2) Suppose ky + kr > % Letk =k +kyandk =k — N = k; + ky — N. Then
Dyt @ % — i p(khyel™ = %R(/Eh)e"h.

Now extend R periodically past 7 = %’—h. As noted earlier, R is C' and C? except for R” at
7. The Taylor formula is still valid, and the same argument works!

R(kh) = R(kh) = R(kah) + -~ .

Of course, if k; + k, < —%, we can argue similarly.

The first two terms in the expression above give the two main terms in (23). We still need
to estimate the error term. We have to show that it is bounded in /> by Ch|lw/||;2. Omitting A,
the coefficient of ¢'**, k € I, is

Cik, k% S wkz .
ki +ky=k(mod N)
We can think of this as a discrete integral operator, taking a function of &, to a function of k.

Using the discrete version of Young’s inequality, we conclude that the operator is bounded on
12 provided that

Y RKiful =€,

kel

which holds since f € C3. This completes the proof of Lemma 1.
Proof of Lemma 2. Recall that W, = p(kh)W;. We have

N/2

Fw)= Y fle,apwl2h =" f(ai, i )wly_2h.
(j—i)odd =1

Denote by f « (a0) the Fourier coefficient of f(«, 8) as a function of 8. Further, we can write
F as
N/2
Fw)=21) " Y fi ()i, plhgh)e’ s
I=1 ki kol
N/2
=2h Z fAkl (Oli)li)kzp(kgh)ei(k'+k2)a"1 Zei(kﬁkz)otzz.

ki ko€l =1
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It is easy to see that if k; + &k, # 0 mod (%), then we have

N/2
Zei(kl-}-kz)ay =0.
=1

Therefore,

Fw)=n Y frl@)iyplkh)e o

ky kel
ky+ky=0mod(N/2)

=7 ) fu@)bi,p(—kih)

kel
N/2

+ 7 Z fAkl (ai)ﬁ)N/Z—kl,D((N/Z _ kl)h)eia,_lN/z
k=0

-1
7 ~ N i
+r Y fu@idonpwp ((_E - kl) h) el N2

ki=—N/2+1
=I+1I+1IL

Recall that f(c, B8) is a smooth function in both variables. So f &, (o;) is a smooth function in
a;. Moreover, fi, («;) and its derivative in o; decay like O (k;™), where m is the number of
continuous derivatives of f with respect to the second variable. Therefore, we have

IDLI(w)| < Cllwllp forO<l<m
and

[1(Swdl = C Y | fullkal'lidg| < Cllwlle for0<i<m—1.
kIEI

We conclude that I = A_¢,,_1)(w).

For the term II, we note that f;, (e;)e*%-1¥/2 is not a smooth function in ;. However,
since p() = 0, we get

lp(r — ki) = |p(m) — p'(m)kih + -+ | < Ckih.

As a result, we obtain

N2 N
w)| < Y | i @) |[Dyjai,p ((E - kl) h)'
k=1
LEy [ N2k, |
<Chy_ o = Chllwle,
k=1 1

since m > 2. This proves II(w;) = hAy(w). Clearly, we have
I DR ll(wi) Iz < Cllwll;z  and I(Sw)ll2 < Cllwlp.

Similarly, we can prove 11l = hAg(w) and, consequently, III = A_;. If, in addition, we have
p'(r) = 0, then |p(r — k1h)| < Ckih*. Then we have I1 = h? Ag(w). This proves Lemma 2.
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Proof of Lemma 3. We can express Hj, f as a convolution,

2h f;

(A1) H,fi = — = (K * f)(o),
(iShodd % T &
where
—— if jisodd,
(A2) K(aj) =1 79
0 if j is even,

and x is the discrete convolution,

K f(a) =) Ko — o)) fih.
J

Thus, we have

(A3) (H; )k = Kicfr
with
R 2h 00 —iQ2I4+1)kh 2 00 —iQ2I+1)kh
(A4) Be== N 2 2y ¢
m = Q@+Dh T om = QI+
We claim that

2 X, iHDE

(AS) o l;w m = sgn(§), 1§l < 7.

We extend sgn(§) periodically outside the interval |§| < 7, with period 2. To prove (AS) is
the same as proving that sgn(&) has the Fourier expension given by the left-hand side of (A5).
Let F(§) = sgn(§). The Fourier coefficients of F are given by

e

L1 . 1
Fi=7- F(&)e ™ dg = — (- (=1)*) fork #0,

and for k = 0, we have F o = 0. This proves that

2
. — ifk=20+1,
(A6) Fr={ mi2l+1)
0 if k =21

Then by the classical result on convergence of Fourier series for piecewise smooth functions,

2 X LiI+DE

_ _ N\ po ikt _ 2 £
(AT) F(S)—Sgn(S)—Xk:er =7 2 @FD

T =

for 0 < |£] < m on which F () is smooth. This proves (AS). Using (A5), we easily obtain
that

. D &, ei@kh

(A8) Kk = ; = m =1 sgn(—kh) =—i sgn(k)
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Hence,

A N
(A9) Hj, fi = —i sgn(k) f for k| < >
where we have defined sgn(0) = 0. From (A9), we get
(A10) Hy(Hy) = (=i)*1 = =1

on functions f with fo =0, fn 12 = 0. We now proceed to evaluate the symbol of

1 L f.
Dif =~ 3 i)y,
T Sea (@i — @)
1 2h 2h .
(A11) =~f L —— fi .
7 eaa @ = ) T Seas (@i — )
Define
2
— if jisodd,
(A12) G) =14 79
0 if j is even.
Then we can write
(A13) DIfi = = f i Gt
i = Ji - a;).
mh'' = 2L+ 1) ‘
Thus, we obtain
(A14) pii=(2 3 —L __6)7
o\ = @2 R
where
. M X e—i(21+l)kh 7 & e_,'(21+1)kh
Gk = — —— I — —_—
w = 2+ Dh]? ~ mh =+ 1)2
Using the identity
00 1 7‘[2
,;,o QA+ 4
we obtain
T 9 X mi@HDkRY
AlS Difi=|2-=2 5 S — .
(A15) IDIf; (2h - ,;w a7 ) -
We claim that
9 X i+DE -
Al6 = - = g, )
(A16) T X EyE =y kb El<m
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As before, to verify (A16), we firstextend P (§) = 5 —|&| periodically out the interval |§| < 7
with period 27, then compute its Fourier coefficients. They are given by

N 1 [7 : 1— (=D
Pr=~— | PEe™de=—o" ifk#0.

=) (6)e § p—e ifk #
And clearly 130 = 0. This proves (A16) since P(§) is piecewise smooth and continuous at
& = 0. It follows from (A16) that

P 7 X, emi+DkR | — kh
TP PN R
That is,
(A17) DI f; = Ikl f-
On the other hand,

Hy(Sufo) = —i sgn(k) - (k) fr = k| fi for |kh| < .

Therefore, we obtain

1 "~ f
HG =~ Y LIy

(j—i)odd (ai - a])z
for functions f with f o=0and f ~s2 = 0. And it is an easy matter to check that
Hy(Sp) = SpHp,

since each operator is multiplication in transformed space. This completes the proof of
Lemma 3.
Proof of Lemma 4. By definition, we have from (27) that

1 Vi 1 v ()@ —2))

EL = _— - .
b2mi S 2@)P — z(ey)P 2l tae @@i)? — z(e)P)?

Using the Taylor expansion, we have

1 1
z(a;) — z(a)) = Za(o) (@ — aj) + floy, o))
and
v (@) _ y (@)
(z() — z(@))?  zi(a) (o — ;)2
q(a;) o
T i —ay T8

where f(o;, a;) and g(o;, o) are smooth functions of o; and «j, and

Vo (@) 2o (@) + ¥ (@) 2aa (0t;)

q() = 2@
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Note that z(«;)? = z(a;) + C(a;)h" for some smooth C(«). We have
2(a)? — z(@))? = z(o;) — z(@)) + O(h") = (z(;) — z()))(1 + O(h")) fori # j.
Thus, we get

y())
(z(a)P — z(aj)P)?

Therefore, it follows from Lemmas 2 and 3 that

y(aj)
(z(o) — z(ej)?’

=(14+ 0"

1 Y@@ —27) 1 v @)@ —2})
— 2h=Q04+O0W))— e ) /)
1 ot Gy — sy = U0 2 e e
= (1+ 00" (zl.yg‘z"),)HhSh( 7~ T8 i) + A l(z))

y () . q( ,)
= 222 Hy,Dy(2) — ——Hp(z") + A-1(2),

since S, (z”) = Dy(z) and r > 2. Similarly, we have

1 Vi 1
— 2h = H, R A_ ,
— (,.;)oddz(a,-)l’—z<a,~)1’ S )+ Ra@) + A

where R, is the discrete “smoothing” operator defined by (24), and the A_; term corresponds
to the error between z and z”. This completes the proof of Lemma 4.
Proof of Lemma 5. First we state a result for the corresponding continuous problem. Let

Ky(@) =Re (; | M)

2mi z(a) — z(a')

with z(a, t) smooth and zy # 0. It is easy to see that the kernel K defined above is adjoint to
the kernel K corresponding to the dipole strength formulation

Ryt =ke (51 [ L)

2 z(a) — z(a')

It has been proved in [BMO] that (% I+K ) is invertible and the inverse is bounded. Therefore,
we have (% I + K) is invertible and

1 -1
—I+K

‘We now show that (%I + K},) is invertible. We first consider the case when

o 1 Drz(e .
Ky = Z Re{z—m‘[——}i(a%]}yjz}l

(j—i)odd Z(al) - z(a]

<C.
2

For any discrete /? function y, we define ¢ by

1 _
=vi + Kpyi.

¢i=2
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We will show that ¢ = 0 implies that y = 0. This implies the invertibility of (17 + K). Let
I; = [a; — h,a; + h]. If @ € I; with i odd, we partition the real line as the union of I; with i
even. We define

1 D, i
K%(a,a') = Re( n2(@:) )) ifael;, o €l forjeven,

i z(a;) — z(aj
K°(a, ') = 0 otherwise.

If @ € I; with i even, we partition the real line as the union of I; with i odd. Similarly, we
define K¢(c, ') as the piecewise constant kernel. Moreover, we define f°(a) = y;, and
¢°(a) = ¢; if @ € I; and i is odd. Similarly, we define f°(«) = y;, and ¢°(a) = ¢; if @ € I;
and i is even. Note that because of the alternating-point quadrature rule, when i is odd, K,y;
uses only those y; with j even, and vice versa. Thus, for odd-valued index i, we have

1 _ 1
Svit Bave = 512 + f K (e, o) f*(a)de!,

and for even-valued index i

1 _ 1
Svit Ravi = 5 /@) + f K*(ar, o) f(a')del .

We first consider the case o € I; with i odd. We have

1 [ Dyz(a;)

K N £l Ndey — Rel! — e Ny
/ (e, @) (@ )der (j;)odd j;'eI, © { 2mi [ z(oy) — Z(Olj)]} JHede

and

L[ a@f@) N / {L[_&]}e//
Re(2ﬂifz(a)—z(a’)da)_(j_‘:)odd wel, Re\ i Lz@@) — 2ty | /@4

Therefore, for « € I; with i odd, we can write

/ K°(a;, o) fé(a')da’ = Re (L / Mda’)

2mi z(a) — z(a')
1 Dyz(a;) Ze ()
Rel — -
* (]—lZ)Odd v/Ol"€1] © { 27Tl [Z(al) - Z(a]) Z(a) - Z(al)j]}
- fe(a)do'.

Note that Dy z(¢;) = z4(a;) + O(A™). Let
O(a,a') =Re (2% i) =Re (m + G(a, a')) =Re{G(a, a')},
where G(«, &’) is smooth in « and «’. This implies that Q(«, ) is smooth. Thus,
Qi ) — Qa, &) = Qole; + i, ) (i — @) + Qur (0 + 1, @ + &) (@ — &)
=hF(o, aj,a,a)
for some bounded function F. Therefore, we obtain

f K°(a, o) f*(a)de’ = Re (L f Za@)f@)
z(ar) — z(a)

2mi

da’>+h Z Fai, aj, @) f(a;)h

(j—i)odd
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for some bounded function F. Now, for & € I; with i odd, the equation

1 _
(A18) '2'J/i+KhVi =¢;

is equivalent to
1
FfOHKf +hLefC=¢°

where L, is a bounded linear operator generated from F. Similarly, we can show that for
o € I; with i even, (A18) is equivalent to

1
SFEHKFO Lo = ¢,

where L, is a bounded linear operator. Now we add and subtract the equations for f¢ and f°
and we obtain the equations for f¢ + f? and f¢ — f, respectively as follows:

1
5(f”+fe)+K(f°+fe) =¢° + ¢° — hL,f° — hL,f¢

and
1
E(fo—fe)—K(f"—fe)=¢°~¢e+hLaf°~hLefe.

Since the eigenvalues of K are all strictly less than % in absolute values [BMO], the same is
true for the operator (—K). Therefore, the Neumann series of (%I — K) converges. Hence,
both (%I + K) and (%I — K) are invertible. As a result, we obtain

1f°+ folle < CUI¢° + Nz + hlly )
and

1f° = fllz = CUI¢° — @Iz + liy ).
From this, we easily deduce that

1vi + Vierlle = CAI@ll2 + Ally )

and

Vi = Yit1lle < CAI@ll2 + Allylle),
which implies that

Ivliz < Cliglle.

where C is a constant independent of /. This proves that (%1 + K ) is invertible since ¢ = 0
implies y = 0. The above estimate shows that the inverse operator is bounded.
Furthermore, we note that

z(a;) — z(@;)) z()P — z(a;)P (@ — a;)?

where L is a bounded operator. Thus, for 4 small, (%I + K,) is invertible and its inverse is
bounded independent of /1, where K}, is defined by (56). This completes the proof of Lemma 5.
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