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The behaviour of waves on tidal streams

By N. F. BARBER, The Admiralty Research Laboratory, Teddington, Middzx.

(Communicated by G. E. R. Deacon, F.R.S.—Received 4 November 1948)

The paper discusses the manner in which waves change their characteristics when they pass
through regions where the water has a streaming motion. The treatment applies to tidal
streams, the velocity of which depends both on time and position. Some experimental
evidence is provided in support of the theory.

INTRODUCTION

Since early in 1945 wave records from the coast of Cornwall have been submitted
to frequency analysis for the purpose of studying the generation and propagation
of waves and swell. Some results have been reported by Barber & Ursell (1948).
The evidence indicates that in a storm, trains of waves are generated of a variety
of wave-lengths up to a maximum wave-length depending on the wind strength
and that each wave train advances across the ocean with a speed approximately
equal to g7'/4m, which is the group velocity indicated by theory for waves whose
period is 7'. The separation between the longest and shortest waves travelling in
the same direction must therefore increase with the distance travelled from the
generating area, and because of this dispersion the first wave trains to arrive at
a distant recording station will exhibit a long natural period. Wave trains of
shorter period arrive later, and it is to be expected that the swell arriving at the
coast will show a period which decreases continuously with time.
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82 - N. F. Barber

The frequency spectra of waves recorded at Pendeen and Perranporth illustrate
this behaviour, but they show that the period of the swell arriving at the coast
does not vary exactly in accordance with the simple theory. The swell from a
distant storm is observed to have a period which fluctuates by as much as +1 sec.
in cycles of 12 hr. about the smooth curve drawn through the observations to
represent the general trend towards shorter periods. This fluctuation is evident in
the curves of figure 1, which are based on observations made about the time of
spring tides.
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Ficure 1. The maximum and minimum periods limiting the 24 to 14 sec. frequency band in
the wave spectra of 14 to 19 May 1945 at Perranporth.

The fluctuation in period has been attributed to the effect of tidal streams
through which the swell had to travel in the last 200 miles of its journey to the
coast. The present aim is to discuss this effect in more detail.

THEORY OF THE STEADY STATE

Unna (1942) has discussed the steady state of a wave train entering streams
whose velocity does not change with time. He shows that where the stream has
a velocity u the waves may be expected to exhibit a new wave-length A and

velocity ¢ given by the rule
Ao = Al(c+u),

where the zero subscript denotes the values of these quantities for that part of
the wave train which is on slack water. The equality is obtained by assuming that
an equal number of wave crests per unit time must pass any fixed observer. The
argument presumes that it is physically possible to have a train of waves, extending
from slack water to moving water, whose waves retain their identity, no new ones
appearing and none disappearing. No description of such a train has yet been
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given in terms of a velocity potential, and this may suggest that such a train cannot
exist; there may, for instance, be some reflexion of the wave train. But if the
existence of the wave train is assumed, and if the wave-length and wave velocity
of any part are related by the usual equation, the changes in velocity or length
may be predicted; in deep water the rule

A = 2mcd[g
enables the first equation to be written in the form
0 = (¢c/cy)® —clcg—ujcy,

which is equivalent to formulae due to Unna. The equation describes two types of
wave train:

(1) If ¢jc, is greater than 4, the wave train is one which may extend into slack
water; it cannot extend into an opposing stream whose velocity is greater than
}c,. Before this point the waves steepen and break.

(2) If c/cyis less than &, the wave train is one which rides on an opposing stream
whose velocity is greater than the group velocity, 3c, of the waves. The train
cannot extend into slack water; before it arrives there the waves steepen and
break. This wave train might be generated as the wake of a boat moving up
stream.

The arguments have been extended by Johnson (1947) to the two-dimensional
problem of waves crossing obliquely the boundary between two currents. He infers
that when the waves approach the boundary obliquely they may fail to cross it,
their energy being dissipated by reflexion or in breaking.

THE NON-STEADY PROBLEM

It will be appreciated that the tidal variations of period observed at Pendeen
and Perranporth cannot appropriately be dealt with by steady-state theory. The
velocities of the tidal streams change considerably during the time that the swell
takes to cross the area of streams lying between the deep sea and the coast. It is
desirable to develop some treatment suitable for waves on streams whose velocity
changes with time.

Unna (1941), discussing the behaviour of short waves riding on swell, treats the
short waves as if they expanded and contracted with the water mass on which
they move. The short waves then attain their greatest length as the trough of
swell passes them and attain their smallest wave-length when they are overtaken
by the crest. This somewhat intuitive treatment can be justified by reducing the
problem to the steady state. A uniform velocity impressed on the system will
bring the swell to rest and it may be regarded as slight variations in space, but not
in time, of a rapid stream on which the short waves move. This leads to the
formulae given by Unna.

The idea that waves expand or contract with the water mass can be justified,
however, by another means which is found to provide a solution to the general
problem. This treatment is given below, and its conclusions will be seen to be in
fairly good agreement with experimental observations.

6-2



84 N. F. Barber

KINEMATICS OF WAVES ON STREAMS

The classical theory of water waves shows that if the height of the waves is
sufficiently small the system can always be regarded as due to the superposition
of a sufficient number of elementary wave trains, each consisting of long parallel
crests equally spaced and moving with a speed appropriate to the wave-length.
In the resulting interference pattern the elementary waves lose their identity, and
the more complicated phenomena of group motion, in which waves appear and
disappear as they travel in groups, take their place.

In discussing waves on streaming water two assumptions will be made. By
analogy with the theory of waves on slack water it will be assumed that a com-
plicated wave motion on streaming water can be looked upon as being the super-
position of a sufficient number of elementary trains which could have an indepen-
dent existence and in which the wave crests would retain their existence as they
progressed through the streaming water. Whether such elementary wave trains
are possible on streaming water is not known, but the analogy with classical wave
theory makes it plausible.

It will also be assumed that in each of these elementary trains of waves the
length of the wave and its velocity relative to the water are related by the equation
of classical theory ey 2 - 2h "

: 2m A’
where ¢ = wave velocity relative to the water mass, A =wave-length, g = ac-
celeration due to gravity, - = water depth.

This equation is strictly applicable only to the waves of an elementary train in
slack water, but it seems likely that it may apply to an elementary train on
streaming water provided:

(@) that the changes in stream velocity are small during a very large number of
wave periods;

(b) that the stream velocity is very nearly constant over a large number of
wave-lengths;

(¢) that the streaming velocity is sensibly uniform over a depth equal to half
a wave-length.

With these assumptions it is possible to consider the one-dimensional case
illustrated in figure 2. The velocity « of the stream is prescribed at each point x
as a function of the time ¢. An elementary train of waves is present on the surface,
and the length A and velocity ¢ of the waves will in general be functions of both
the position x and time ¢.

Z -
wave velocity €

1"
|

| stream velocity u

l —
!

77

Frcure 2. Kinematics of waves on streams (one-dimensional problem).
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Considering a wave crest which is at position « at time ¢, its velocity relative to
the water is ¢ and relative to the fixed system of co-ordinates is (c+u). The Nth
wave in succession from this one will be at a distance NA from it, and the velocity
of this wave will differ slightly from the velocity of the first one, the difference

being NAB(e +u)/ 2.

This relative velocity may also be expressed as the time rate of change of the
distance between the two crests. The value of A depends both upon z and ¢, and

since the waves move forward a distance (¢ +u) &t in a brief interval 8¢, the rate of
change of NA with time is
N(OA[ot+ (c+u) OA[ox).

The two expressions for relative velocity may be equated to give the relation

oA oA\ 0
%(5{+(c+u)%> = (ca—;u). (2)

WAVES ON WATER WHICH IS DEEP OR OF CONSTANT DEPTH

The formulae (1) and (2) may now be combined, but the precise form of
equation (1) is not involved at this stage, and it is only necessary to observe that
the velocity ¢ has been assumed to be a function of A, ¢ and % and not a function,
for instance, of the space and time derivatives of these quantities.

In the first instance it will be assumed that the waves are in water whose
depth is uniform and constant, or else that the water in which the waves are
travelling is deeper than a wave-length. The equation (1) then shows that we may

write ?ﬁ ~ ng ?-/}
ox  dAox’
This relation when substituted in equation (2) gives

1roa _A,"_Zfa_/\ _ou 3
Aottt ) e | T (3)

The right-hand side of this equation measures the rate of expansion of the
water surface which is produced by the streaming motion. The left-hand side is
the fractional rate of increase of wave-length with time; the expression does not
refer to a given set of waves, but to those waves which happen to be in the vicinity
of an observer who moves relatively to the water with a velocity

¢~ Ade/dA.

This expression is the usual definition of the group velocity of the waves in
classical theory. In this problem, therefore, as in many others, the group velocity
enters into the equation with a peculiar significance. It appears that if an observer
follows a given wave group through moving water, the average length of the waves
in the group expands or contracts at the same rate as the general surface of the water
wpon which the group is moving. It will be appreciated that this result determines
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the whole behaviour of the waves, for the velocity and period may be inferred when
the wave-length has been found.

It is convenient to use a special symbol to denote the time rate of change of
some characteristic of the waves in a particular group, and using the notation

D 0 oc\ 0
_D—t=5+(u+c—/\ﬁ)5a—;’ (4)
the equation (3) may be written as
1 DA ou
ADt " ®)

THE GENERAL CASE

It is clear that in tidal regions the water depth is a function both of place and
time, and the effective value of gravity to be used in equation (1) may also vary;
the waves are riding on a mass of water whose vertical acceleration must modify
the effective force of gravity on the waves. It can be shown that these two effects
rarely appear simultaneously; the changes in gravity are of importance in dis-
cussing the behaviour of wind waves riding on long swell in water whose depth
is comparable with the length of the swell, and the changes in depth are of im-
portance in discussing the behaviour of waves on tides. For the sake of generality,
changes in both A and g will be discussed.

The wave equation (1) is a relation between the quantities ¢, A, g and %, and if
the wave period is denoted by 7', where

T =2,
it may be shown that the following relations hold between the partial differential

coefficients (?_E) _l @) ,\(@) )
oh M,“A(ah Tg(c_ A )’

CIRREMECIN

~where the subscripts denote the quantities held constant during the differentiation.
The quantity ¢—A(9¢c/0A),;, in these expressions is recognizable as the group
velocity and will be denoted by G.
Substitution may now be made in the kinematic relation (2). The quantity
oc/ox on the right-hand side of this equation may be expanded as

dc _ %) 3_/\+3_0) oh @) o9
o~ \) 00 T\an),, e \5g) 00

and using the equations (6) the kinematic equation becomes
DA T L0 o L0

ADt  ox A\oh),, ox A\og)m, ox’

This expression for the fractional rate of increase of wave-length in a wave

- group is similar to the equation (5) derived previously, but it includes two terms

(6)

(7)
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which show the effects of changes in depth and in effective gravity. This may be
regarded as the fundamental equation governing the change of character of the
waves of a group as the group advances through streaming water. From the
wave-length the period or velocity or group velocity may be inferred, but it is
possible to obtain the changes in these quantities explicitly. Thus if M denotes one
of the quantities ¢, 7' or ¢ it can be shown that

pj_!f_(@g) Nz @4) oh, b\ (M) .0
e~ \ax ), e\ ) et e (ah o

oM\ (og og oM ag
+(a—g)m(é%+“a'x)+<‘a§)m%x' (®)

A reasonable physical interpretation may be given to equations (7) and (8).
From equation (7) it will be seen that the time derivatives of g and % do not affect
the wave-length, and so long as the waves remain on a mass of water which is all
behaving in a very similar way the changes in wave-length are produced solely
by the contraction or expansion of the water surface; changes in ¢ or 4 only affect
the wave-length in so far as the group experiences them as a result of moving with
velocity G on to new masses of water where g or A are different. When moving on
to new water, the changes in wave-length occasioned by changes in ¢ or h take
place as if the period of the waves remained constant. Thus if waves are present
on the surface of water in a tank which suddenly begins to accelerate upwards or
downwards the length of the waves will not change, but the period will alter
appropriately to the new value of g; when waves pass into shoaling water which
has no streaming motion the period remains constant, but the wave-length alters
appropriately to the new depth of water. The other wave characters experience
changes which may be inferred from these changes in wave-length or period.

CHANGES IN THE APPARENT PERIOD

. A wave characteristic which is not included in the general treatment of the
previous section is the apparent period of the waves as recorded by a stationary
observer. This will be written as

T* = Al(c+u), . (9)

and it is this apparent period which is measured in the frequency spectra or waves
recorded by an instrument fixed upon the sea bed.
The differentiation of equation (9) gives

1 DT* 1DA 1 (Dc Du)

T* Dt ADi (cvw)\Di " Dt)
where the operator D/Dt¢ has the significance previously given to it in (4). The
quantities DA/Dt, Dc/Dt and Du/Dt may be obtained from equations (7), (8) and

(4), and upon substitution of these quantities the equation govermng the apparent
period appears as

1Dpr+ 1 %4_ a_c) 8_h+ oc\ 0g ;
T Di = (ure)| o (ah 2y O (5;} ot (10)
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This equation shows that the changes in the apparent period depend only upon
the time derivatives of u, ¢ or h; if, therefore, a wave group passes through an
area of sea in which the streaming motion is everywhere constant with time, the
apparent period of the waves in the group remains unchanged throughout its
progress. The equation shows how the apparent period will change if the waves
pass through a tidal area in which u, g and % vary with time.

When wave groups complete their passage through a tidal area in a small
fraction of a tidal cycle the change in apparent period will be proportionately

“small. Comparing two wave-measuring stations screened from the ocean by
different widths of continental shelf, it may be inferred that the corrections which
must be made to the measured periods in order to obtain the true wave periods
in the open sea will be smaller for the station with the narrower continental shelf,
assuming that the stream velocities and tidal ranges are similar in the two cases.
The proposed wave measuring stations at Casablanca and Wellington, N.Z. are
likely therefore to provide a simpler picture of the state of the sea than do the
stations in Cornwall.

A PRACTICAL INSTANCE OF THE TIDAL VARIATION IN APPARENT PERIOD

(@) Swell travelling from the Southern Ocean

The equations (5), (7) and (8) derived in the previous sections make it possible
to deduce what changes will take place in waves when they cross an area of sea
in which the stream velocity and the depth of water are known as functions of
time and position. In any practical case it is unlikely that the stream velocity
and depth can be expressed as analytic functions of « and #, and a graphical
method is more suitable for the integration of the equations. This method has been
used to estimate the total variation to be expected in the apparent period of
a wave train having a period of 18 sec. in the open sea, which arrives at Perran-
porth, Cornwall, after being generated in the region of the Falkland Islands. The
fluctuations observed experimentally have been shown in figure 1.

Figure 3 is a refraction diagram for such waves as they cross the continental
shelf, and the full line represents the path of a wave group arriving at Perranporth.
Figure 4 shows the velocity of the tidal streams at various positions on this path
throughout the tidal cycle, the value used being the component of the stream
velocity parallel to the line of the path; these values have been estimated from the
Admiralty Atlas of tidal streams. Most of the curves of figure 4 are approximately
sinusoidal, and irregularities are probably due to errors in interpolating from the
Atlas. They are more complicated in the region of Perranporth, for the tidal
streams on the north Cornish coast appear to show a double maximum flood
stream. Figure 5 shows the mean depth of water at points along the path, values
of the tidal range in depth and the time interval by which high water at various
points along the path precedes high water at Dover; this information is obtained
from the Admiralty Atlas of tides, and high water at Dover is used as a reference
time so as to conform with usual practice.
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The data of figures 4 and 5 were used in the integration of equation (10) to
obtain the total change in apparent period which the waves would show at Perran-
porth; only the first two terms on the right-hand side of this equation were con-
sidered. The values of the quantity ou/df were obtained for points at intervals of
10 miles along the path by taking differences between successive hourly values
of the stream velocities in figure 4. These values were written in array upon a
diagram whose axes were the distance from Perranporth and the time relative to
high water at Dover. On this diagram straight lines were drawn to represent the
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48~

~
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Ficure 3. Refraction diagram for waves crossing the continental shelf from the direction
215°. Depth contours in fathoms. Broken lines show every 100th wave crest. Full
line shows the path of a group arriving at Perranporth.

progress of a wave group arriving at Perranporth at various hours before and after
the time of high water at Dover, the gradient of the lines being appropriate to a
uniform velocity of the group equal to 32 knots. Some approximation is involved
here, since the different depths of water along the path lead to theoretical values
of the group velocity ranging from 33-5 to 30-0 knots, and the tidal streams them-
selves are of the order of a knot and affect the progress of the group over ground.
These differences mean that the position of a wave group at hourly intervals
would be somewhat different from the positions obtained by the assumption of
a constant value for the group velocity, and the values of 0u/0t at these positions
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Ficure 4. Variations of the component of tidal stream at various points upon the path in
figure 3. The velocity plotted is the component of stream velocity along the path.
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would differ in consequence; it was considered, however, that assumption of a
constant group velocity of 32 knots would not lead to any serious error. From
the diagram it was possible to infer the values of du/ot which the groups would
experience at equal intervals during their progress and to obtain, by addition, the
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Ficure 5. Mean depth of water at various points along the path shown in figure 3. @, mean

depth of water; b, range of tide at springs; ¢, hours by which high tide precedes the time
of high tide at Dover.
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Fioure 6. Estimated values of apparent period of waves originally of 18 sec. period which
travel across the continental shelf in a direction 035° as in figure 3, and arrive at Perran-
porth at various tidal times. a, total value; b, effect of tidal stream velocities; ¢, effect
of changing water depth in tides.
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integrated value of the first term in equation (10). The changes in apparent period,
due to the term ou/o¢, which the various groups would exhibit on arrival at
Perranporth are shown by the broken line b in figure 6. It seems likely that much
of the erratic nature of this curve is due to errors in interpolation in reading from
the Atlas. The large fluctuation at 2 hr. after high water at Dover may be real
however, since it is associated with the double flood stream near the north Cornish
coast.

The integral of the second term in equation (10) was obtained somewhat differ-
ently. The maximum value of the quantity 0k/ot at various positions on the path
was obtained from the tidal ranges shown in figure 4 on the assumption that the
rise and fall of water-level was sinusoidal with tidal period, and the values of the

coefficient — (gh) were evaluated for the various positions on the path using
Ag

the mean water depths shown in figure 5 and assuming a value of 18 sec. for the
wave period. The quantities were then compounded in a vector diagram, the
amplitudes of the vector elements being the maximum values of the quantity

1/0c\ ©oh

A5
obtaining at the various positions on the path, and the angles of the vector elements
being the hour angle by which a wave group arriving at Perranporth at the time
of high water at Dover would pass each of the positions prior to the time of
maximum 0h/ ot at that position. The summation of these elements in the vector
diagram showed that the greatest increase in apparent period due to this cause
would occur in waves arriving at Perranporth 2% hr. before high water at Dover,
and it would amount to an increase of 0-28 sec.; for the remainder of the tidal
cycle it is indicated by the sinusoidal broken curve ¢ in figure 5.

The sum of the two calculated changes is shown as the full line ¢ in figure 6.
Disregarding certain irregularities in the curve it appears that the overall fluctuation
in apparent period should be about 2-3 sec., and the greatest period should be
shown by waves arriving at Perranporth about 3 hr. before the time of high water

at Dover. This is in fair agreement with the fluctuations in the apparent period
evident in figure 1.

(b) Swell travelling from the west

Calculations similar to those above have been made to find the change in
apparent period that might be expected in swell arriving at Perranporth after
having crossed the continental shelf from the west. The calculated curves are
shown in figure 7; these suggest that the greatest increase in period would be
about 0-6 sec. and would be shown by swell arriving at Perranporth about half an
hour before the time of high water at Dover. The swell generated in storms in the
North Atlantic does not usually show such regular and well-defined fluctuations
in period as does swell coming from the Southern Ocean, and it can only be said
that the calculated changes shown in figure 7 are not in violent disagreement with
the observations.
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Ficure 7. Estimated values of apparent period of waves originally of 18 sec. period which
travel across the continental shelf in a direction 090° and arrive at Perranporth at
various tidal times. a, total value; b, effect of tidal streams; ¢, effect of changing water
depth in tides.

CONCLUSIONS

Fluctuations in tidal cycles of the period of waves recorded by a stationary
instrument can satisfactorily be attributed to the action of tidal streams. In deep
water the average length of waves appears to expand or contract at the same rate
as the general surface of water on which they are moving. The change in period
will be proportionately small when the tidal streams are weak or where the waves
complete their passage through the tidal area in a small fraction of a tidal cycle.

The author wishes to express his indebtedness to P. J. H. Unna for a number
of suggestions on this and on allied subjects. The data of figure 1 are based on
frequency analyses made by J. Darbyshire. The paper is published by permission
of the Chief of the Royal Naval Scientific Service.
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