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ABSTRACT

Equilibrium spectral behavior for ocean gravity wind waves has been investigated actively over the past three
decades, yet fundamental problems remain in reconciling theory with observations. Predicted equilibrium spectral
forms from physical models proposed recently by Kitaigorodskii and by Phillips are examined in the light of
wavenumber and frequency spectra reported by several investigators. While frequency domain observations
appear to support the model predictions, observed wavenumber spectra are found to differ both in the spectral
dependence on wavenumber and on the wind speed.

Based on observed wavenumber and frequency spectra for fetch-limited conditions, a model is proposed for
the form of the directional wavenumber spectrum slice in the dominant wave direction. Reduced wavenumber
and frequency spectra are calculated from this model, assuming an empirical spectral directional spreading
function and the linear gravity wave dispersion refation. These calculations reveal the underlying influences
which shape these reduced spectra. In the energy containing subrange, just above the spectral peak, the dominant
influence shaping these spectra is the variation of the directional spreading function with distance from the
spectral peak. For frequency spectra, at higher frequencies, the model calculations predict that the range of
observed frequency spectral dependences is due primarily to the Doppler shifting from advection of the shorter
waves by the orbital motion of the dominant waves, with possible additional influences of wind drift and
ambient currents.

Combining these results, composite calculated frequency spectra and one-dimensional wavenumber spectra
show close correspondence with measured field spectra. In addition to clarifying the key processes that shape
different regimes in the frequency spectrum, a refinement of the bounds of the gravity equilibrium subrange is
proposed.
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1. Introduction

Ocean wind waves possess a random character, and
wave spectra are used to represent mean distributions
of wave energy with respect to both spatial and tem-
poral scales of variability. Following Phillips (1977
§4.1) the wave spectrum for a homogeneous, stationary
wave field is defined as

Xk, 0) = 20 | 7 o(r, 1)

X exp[—i(k+r — wt)ldrdt (1.1)

where po(r, t) = &x, to)E(x + 1, ty + t) is the covari-
ance of the surface displacement £(x, t), r is the spatial
separation vector, ¢ is the time separation, k [=(k;,
k;) = (k, 8)] is the wavenumber vector and w is the
frequency. Here X (Kk, w) has the property that
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ﬁ X(k, w)dkdw = B,

the mean squared waveheight and represents the mean
distribution of wave energy with wavenumber mag-
nitude k = |k| and frequency w propagating in the
direction f. Various reduced spectra defined below are
of theoretical or observational importance, and are re-
ferred to frequently in this paper.

(i) the directional wavenumber spectrum

®(k) =2 J:o X(k, w)dw, (1.2)

representing the actual wavenumber directional dis-
tribution of wave energy propagation.

(ii) wavenumber spectrum

(-]
d. (k) = f X(k, w)dw, (1.3)
representing the folded wavenumber distribution: we
note that $,(k) = 0.5[ P(k) + $(~k)). The ®,(k) arises
from frozen spatial image analysis and does not contain
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actual wave propagation information, partitioning the
wave energy equally to components 180° apart.
(iii) one-dimensional (transverse) spectra

¢(kl) = foo ¢(k1, kz)dkz and

d(ky) = J._ ®(k;, ka)dk, (1.4)
(iv) omnidirectional wavenumber spectrum
o(k) = fﬂ k®(k, 6)do (1.5)

representing the waveheight spectral density for wave-
number magnitude k for all directions.
(v) directionally-averaged wavenumber spectrum

fk) = f_: d(k, 0)db (1.6)
(vi) directional frequency spectrum
G(w, 8) = ZJ:O X(k, w)kdk (1.7)
(vii) frequency spectrum
F(w) = f_: G(w, 0)d6. (1.8)

The evolution of the directional wavenumber spec-
trum ®(k:x, ¢) has been described by Hasselmann
(1962, 1963a,b), based on the radiative transfer equa-
tion

D®/Dt =932/t + ¢+ V& = S, + S + Sqiss.  (1.9)

Here S;,(k), S,;(k) and Sy;ss(k) are the source terms
representing the spectral distributions of wind input,
nonlinear interactions with other wave components
and dissipation, through wave breaking and turbulence.
If, for certain subranges of k,

D¥(k:x, 1)/ Dt = 03/3t + ¢,- V& =0 (1.10)

then this subrange is in statistical equilibrium and the
source terms are in balance. Phillips (1985) presents
an authoritative and comprehensive account of equi-
librium spectral subranges for gravity wind waves, and
provides a more detailed discussion of the concept of
spectral statistical equilibrium.

Particular models for the balancing source terms lead
to different equilibrium spectral subrange forms. Phil-
lips ( 1958 pioneering work on the equilibrium spectral
form observed for the rear face of the waveheight fre-
quency spectrum at frequencies above the spectral
peak, proposed an equilibrium spectral form deter-
mined primarily by dissipation through wave breaking,
which imposed a fixed upper limit on the spectral level
independent of the wind strength. Nonlinear wave-
wave interactions were not considered in this model.
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Dimensional analysis of the proposed physical model
predicted the following forms for the gravity wind-wave
equilibrium spectral ranges in the frequency and wave-
number domains:

F(w) = ag’™, f(k)=Bk™ (1.11)

where g is the gravitational acceleration and «, B are
equilibrium range constants.

Hasselmann (1962, 1963a,b) presented the theoret-
ical underpinnings of the role of weakly nonlinear
wave-wave interactions in the spectral evolution of
homogeneous random ocean wave fields with approx-
imately Gaussian statistics, expressed by .S, in the evo-
lution equation (1.9). The nonlinear spectral inter-
actions act in conjunction with the wind input and
wave dissipation in determining the wave spectrum,
implying that a proper understanding and description
of all of these source terms may be needed to properly
model equilibrium behavior.

a. Observational background

Earlier observational studies, mostly of the frequency
spectrum, seemed to offer support for the model (1.11)
proposed by Phillips (1958). More recent observational
studies (e.g., Toba 1973; Kawai et al. 1977; Kahma
1981; Forristall 1981; Battjes et al. 1987) have shown
an increasing body of support for an equilibrium fre-
quency spectrum of the form

F(w) = Bguyw™ (1.12)

for frequencies in the range 1.5 < w/w, < w,, where
w, is the spectral peak frequency and w, is a nondi-
mensional upper frequency bound. Here u, is the wind
friction velocity, which is related to a reference wind-
speed by a drag coefficient (e.g., see Wu 1980). Phillips
(1985, Table 1) and Battjes et al. (1987) reviewed the
notable observed variability in the (Toba) constant of
proportionality 8, noting the absence of any clear de-
pendence on nondimensional fetch, significant slope
or nondimensional dominant wave period. The au-
thoritative study by Donelan et al. (1985, henceforth
referred to as DHH) has provided the most detailed
study of fetch-limited wind wave growth to date. They
proposed a relationship for the frequency spectrum just
above the spectral peak of the form

F(w) = 0.0068%(U./¢,)* ¥ (w/wp)w™> (1.13)

i.., an intrinsic dependence on (U,./c,)%>* and (w/
w,), which represents a refinement over the previous
form (1.12). Here U, is the effective windspeed in the
dominant wave direction and ¢, is the phase speed of
the spectral peak waves.

Amid the increasing support for w™ dependence,
anomalous dependences have also been documented.
Forristall (1981) reported hurricane wave frequency
spectra which behaved as w ™ just above the spectral
peak but transitioned to close to w™> at higher fre-
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quencies. Very recently, for the energy-containing sub-
range under fetch-limited conditions on Lake Michi-
gan (Liu 1989) reported »™* dependence for grow-
ing windseas while » ™ was found for fully developed
spectra.

At frequencies well above the spectral peak, the ob-
served spectral frequency dependence on windspeed is
even more variable, depending on the distance from
the spectral peak, the wave age and possibly the fetch
or duration. For example, Mitsuyasu (1977) reported
w3 for0.6 <w<4Hz andw™“for4 <w < 15 Hz
for short fetch and Uy s = 8 m s™!; Stolte (1984 ) found
similar trends for the high frequencies, with exponents
of w2 for Ups=33ms™, o> for Ups=89m
s™!, w3 for Upgs = 14.6 m s~ and w > for Uygs
= 19.0 m s~!. However, these findings are hardly sur-
prising in view of Doppler shifting effects for these
components, as analyzed by Kitaigorodskii et al. (1975)
and in Banner et al. (1989).

It is well known that the wave field is directional,
yet frequency spectra obscure the directionality. This
limitation has been addressed by time domain methods
based on the wave slope, such as the pitch and roll
buoy (e.g., Longuet-Higgins et al. 1963; Mitsuyasu et
al. 1975, 1983; Hasselmann et al. 1980). These have
provided information on directional spreading char-
acteristics in the frequency domain, but are limited by
relatively poor angular resolution.

Owing to increased observational and analysis com-
plexity, fewer spatial domain measurements have been
reported, based on arrays of height gauges (e.g., see
DHH for a summary) and stereophotogrammetric
analysis (e.g., Cote et al. 1962; Holthuijsen 1983; Ban-
ner et al. 1989). Remote sensing methods based on
radar altimetry (Barnett and Wilkerson 1967), laser
altimetry (Schule et al. 1971) and off-nadir radar re-
flectivity (Walsh et al. 1985; Jackson et al. 1985a,b)
have also been used. Also, purely spatial domain ob-
servations yield wavenumber spectra ®,(k, 6) that do
not provide information on the actual direction of wave
energy propagation, for which a further assumption is
needed, to be addressed subsequently. Donelan et al.
used an array method to determine wavenumber-fre-
quency spectra from which ®(k, 8) was directly deter-
mined near the spectral peak with increased angular
resolution. We draw heavily on their results in this
study.

b. Equilibrium range modeling

Alternative equilibrium range models were proposed
recently by Kitaigorodskii (1983) and by Phillips
(1985), based on significantly different underlying
physical processes. Phillips model predicted an equi-

librium wavenumber spectrum of the form
(k) ~ u g™k g(0), (1.14)

where g(0) represents a directional spreading function.
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The one-dimensional wavenumber and frequency
spectral forms corresponding to (1.14) were given as
o) ~ ueg k2 i=1,2 (1.15)

(1.16)

for
F(w) ~ u g™

According to Phillips, the equilibrium spectral range
covered gravity wave components with wavelengths
much shorter than those of the spectral peak. Kitai-
gorodskii’s model predicted (1.14)-(1.16) for w < w,
and (1.11) for w > w,, where w, ~ 4g/Uis an empirical
transition frequency. While recognizing the direction-
ality of the wave field, these authors did not pursue the
implications of the directional spreading function de-
pendence on wave age ¢,/ U or on k/k,, where k, is
the spectral peak wavenumber. The potential impor-
tance of these effects in shaping F(w) was noted by
DHH. As a basic component of a detailed model for
radar backscatter from the sea surface, Donelan and
Pierson (1987) proposed a composite wavenumber
spectral form for fully developed sea states. This was
based on the directional frequency spectral model pro-
posed by DHH near the spectral peak, linked to a higher
wavenumber form based on a postulated local equilib-
rium between wind input and dissipation.

Using (2.4) below, the form of the wavenumber
spectrum just above the spectral peak, consistent with
the proposed DHH frequency and directional fre-
quency spectral forms [their equations (9.1)-(9.6)]is
easily found to be

&k, 8) = 8.6

X 1075(U/¢,)*5 (ko / k)P k™*D(8; k/k,)  (1.17)

where D is the directional spreading function proposed
by DHH, which is discussed in detail in section 2.
However, it is seen that the elegant spectral dependence
on (w/w,) in the frequency spectrum (1.13) does not
carry over to the wavenumber domain. A slightly
modified form determined independently from other
wavenumber observations, together with the approxi-
mate windspeed dependence found by DHH, is the
basis of the wavenumber spectral model adopted here
(in §2a), but these differences have little impact on the
major results found here.

Despite the apparent support provided for (1.16) in
the frequency domain, further confirmation via wave-
number domain measurements is needed to assess in-
dependently whether these models are correct (Phillips
(1985, p519). A recent study of short ocean gravity
waves (Banner et al. 1989) reported wavenumber
spectra for 0.2 to 1.6 m wavelengths for a range of sea
states and windspeeds. These results are consistent with
the one-dimensional wavenumber spectral dependence
of k™3 found by Schule et al. (1971), and showed a
lack of sensitivity to both wind strength and wind di-
rection. These components had a broad directional
distribution [within the 180° ambiguity limitation of
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®.(k)] and tended to follow a wavenumber spectral
dependence of k~¢. Thus, the observational results for
this short gravity-wave spectral range do not appear to
support the equilibrium spectral form (1.15). Despite
a possible difference in spectral range of applicability,
these differences motivated an amalgamation of this
high wavenumber data with the wavenumber data of
other studies at lower wavenumbers: the SWOP project
(Cote et al. 1962; Schule et al. 1971; Barnett and Wilk-
erson 1967; Holthuijsen 1983; Jackson et al. 1985a,b)
and provide an empirical basis for analyzing some of
the problems which challenge existing physical models.
In particular, how does one reconcile the observed ¢(k;)
dependence on k; and its apparent lack of sensitivity
to the windspeed at higher wavenumbers with the fre-
quency spectrum observations (and predictions),
where a linear or near-linear dependence on u, has
been routinely reported just above the spectral peak,
and with other dependences on w and u, proposed for
higher frequencies? Additional issues such as the effects
of peak enhancement (Hasselmann et al. 1973) and
Doppler distortion (Kitaigorodskii et al. 1975) in the
frequency spectrum are also relevant and need to be
included in the analysis.

In this contribution, the ensemble of available
wavenumber data, together with the directional
spreading function and frequency spectral form pro-
posed by DHH, provides the basis for a model for ®( k,
#) for the fetch-limited growth of gravity wind waves
above the spectral peak. This model is seen to be con-
sistent with directional frequency observations and is
then used to calculate reduced spectra in both wave-
number and frequency domains. The calculations pre-
sented here are aimed not only at demonstrating close
conformity to existing observations in both domains,
but also at isolating the underlying physical processes
so as to obtain a better understanding of the structure
of evolving wind wave spectra and the allied question
of equilibrium ranges.

2. Analysis

For the frequency spectrum F(w) and its associated
directional frequency spectrum G(w, ), a directional
spreading function 4(8; w) exists such that G(w; 8)
= h(6;, w)F(w). It follows that £ = [ F(w)dw
=[5 7. G(w, 0)dbdw = [5 F(w) [T h(8; w)didw
and therefore f " _h(0; w)dd = 1. There is a direct par-
allel with this in the wavenumber domain involving
the directionally averaged wavenumber spectrum f(k),
but for the present purpose it is not convenient to use
this form but rather the component ®(k, 0,,.,) of the
directional wavenumber spectrum in the direction 60,4
of the dominant wind waves at the spectral peak. Do-
nelan et al. show that 6, need not be aligned with
the wind direction, which results in a spectral depen-
dence on the effective windspeed U cos rather than
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U, where  is the angle between the dominant waves
and the mean wind. An alternative spreading function
D(6; k) is defined by

D(8, k) = ®(k, 0)/ (k, Omax) (2.1)

which is not required to have unity polar integral, but
is constrained only by the total wave energy require-
ment that

[ [ @tk buwype0, kokaide = 22
L

The two spreading functions 4(6; w) and D(8; k) have
different relative magnitudes, but their directional de-
pendence is the same. It is also useful to recall the re-
lationship of ®(k, 6) to the frequency spectrum F(w)
and to the directional frequency spectral slice G(w, 8),
as detailed by Phillips (1977, §4.1):

F(w)= f:r G(w, 6)d8

=2g7V? (K372 ®(k, 0)Jk=02/gdf. (2.2)

From (2.1), the polar component of the directional
wavenumber spectrum ®(k, ) in any direction 8 is
given by

Bk, 0) = B(k, Omax )D(6; k). (2.3)

Formulation of the wavenumber spectral model

Throughout this paper, the focus is on fetch-limited
wind wave growth. Apart from the relative lack of
complexity in relation to more general wind wave sit-
uations, most of the available wavenumber spectra and
complementary frequency spectra were obtained under
fetch-limited conditions. The applicability to more
general situations is taken up in the discussion.

Figure | shows one-dimensional spectra ¢(k;) from
several investigations for conditions closely approxi-
mating fetch-limited growth: the high wavenumber
data of Banner et al. (1989); the lower wavenumber
¢(k,) spectra (the wind is in the one-direction) of
Schule et al. (1971) and Barnett and Wilkerson (1967)
for a succession of fetches; the high windspeed, very
long peak wavelength data calculated from Run 36/1
in Jackson et al. (1985a). This interesting run approx-
imated fetch-limited conditions until several hours be-
fore the spectrum was measured, when the wind di-
rection began turning gradually, initiating a second
spectral peak directed from the original wind wave sys-
tem by about 90°. According to the sudden wind shift
computations of Young et al. (1987), some degree of
attenuation of the original wind sea might have oc-
curred. The apparent consistency between the wave-
number dependence of the spectral range just above
the spectral peak wavenumbers for all these one-di-
mensional spectra in the dominant wave direction over
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F1G. 1. One-dimensional wavenumber spectra ¢(k;) in the wind
direction for fetch-limited wind wave growth conditions. (Solid)
Jackson et al. (1985a, Run 36/1); (dot-dash) Schule et al. (1971);
(dotted) Barnett and Wilkerson (1967); (hatched) Banner et al.
(1989). Also shown: (short dash ) Jackson et al. (1985a), orthogonal
o(ks) spesctrum. The background asymptote shown (long dash) has
slope k;~°. .

such a wide range of dominant wavelengths is note-
worthy. Also, the Jackson et al. 1985a) Run 36/1
transverse spectrum reflects the strong directionality of
the wave field near the spectral peak. It is seen that the
transverse spectrum has less energy near the spectral
peak, a lower spectral slope and only begins to asymp-
tote to the dominant wave direction spectrum for
k/k, > O(4). These directional aspects are better
understood from the directional wavenumber spec-
trum ®(k, ¢), which allows a basic understanding of the
form of observed reduced wavenumber and frequency
spectra. _ :
Using the transform relationship (2.2) and the wave
age dependence in the frequency spectrum (1.13) pro-
posed by DHH, together with the wave age-indepen-
dent form of spreading function found by DHH [see
(2.8) and (2.9) below], the available wavenumber
spectral data supports the form of the two-dimensional
wavenumber spectral density slice in the dominant
wave direction:
Bk, Omax) = 0.45 X 107*(U/c,)' 2k ~*
(kincpm). (2.4)

Underlying the determination of (2.4 ) from observed
wavenumber spectra ®,(k, 6) is the use of a plausible
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directional spreading function D(6; k). Three forms
for D(#; k) are considered here: the form proposed by
DHH, which needs to be extrapolated to higher wave-
numbers, and those reported by Hasselmann et al.
(1980) and Mitsuyasu et al. (1975), for the case of
fetch-limited growth conditions. The relative merits of
these different spreading functions are discussed criti-
cally in DHH, and it is apparent that basic problems
still remain with the determination of this fundamental
quantity, particularly for wave components well above
the spectral peak.

Mitsuyasu et al. (1975) and Hasselmann et al.
{1980) both proposed

D(8, k) = cos®*[(0 = Omax )/ 2] (2.5)

with different dependences of the spread exponent s
on two underlying parameters: the dimensionless
wavenumber k/k, and the wave age c,/ U of the spectral
peak. Based on pitch-and-roll buoy data, Mitsuyasu et
al. (1975) proposed

s = 115(c,/ ) (k/kp) "% for k/k,> 1,
(2.6)

while Hasselmann et al. (1980) proposed

5 = 9.77(k/ k,)~1032+0.712/(c/ V)] kik,> 1.
(2.7)

On the basis of radar backscatter measurements,
McLeish and Ross (1983) suggested that actual direc-
tional distribution widths may be narrower than those
reported from pitch-and-roll buoy determinations. This
was confirmed by DHH using a wave probe array. Do-
nelan et al. examined two alternate forms for D (6, k):
the form (2.5) and one based on the form

D(8; k) = sech®b(0 — Omax ) (2.8)

with the width parameter b(k) as discussed below.
Based on wavenumber—frequency spectral techniques
with an improved angular resolution over pitch-and-
roll buoy data spreading estimates, DHH found sig-
nificant differences arising from noise limitations, de-
pending on the choice of fitting the full angular distri-
bution or the half-power points. The latter reduced tail
noise influence and suppressed the wave age depen-
dence found by the previous investigators. The DHH
determination of D(#4, k) only reached k/k, ~ 2.6 and
is therefore restricted to the peak enhancement region.
Above k/k, ~ 2.6 considerable scatter developed in
the measured b(k), which was interpreted by DHH as
a high wavenumber cutoff in the directional spreading
function. However, a spreading cutoff at such low k/
k, is unlikely, a view supported by recent unpublished
results (Donelan, personal communication ) using an
extension of the wave gauge array technique to higher
wavenumbers, which show a continued increase in
spreading beyond k/k, ~ 2.56 with a spreading cutoff
at much shorter scales, consistent with the broad di-

for
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rectional distribution observed by Banner et al. (1989)
at higher k/k,. On this basis, extrapolation of the DHH
spreading distribution found near the spectral peak to
higher wavenumbers, including the expected gravity
equilibrium subrange, is proposed according to the
form (2.9b), for which further support follows from a
comparison of predicted and observed frequency spec-
tra. Based on the half-power fitting criterion, the form
for D(#0; k) adopted here is (2.8) with

2.28(k/k,) 055,

097 <k/k,<2.56 (2.9a)
10—0.4+0.8393exp[—0.567ln(k/kp)]

for

for k/k,> 2.56. (2.9b)

The form for (2.9b) simply matches the ordinate and
slope of (2.9a) at the transition k/k, = 2.56 and pro-
vides a suitable spreading cutoff at high wavenumbers.
These directional spreading characteristics for different
k/k, values are shown in Fig. 2a. The corresponding
folded form Dy(#; k), arising from frozen spatial image
wavenumber spectral determinations, is given by

Dy(0; k) =0.5[D(b; k) + D(6 — =, k)] (2.10)

and is shown for reference in Fig. 2b.
Near the spectral peak, reference to Fig. 2 shows that
to a close approximation,

Bk, Omax) ~ 2%5(k, Oimax ). (2.11)

At higher wavenumbers, this approximation is slightly
degraded, owing to the assignment of a small propor-
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tion of rearward-traveling wave energy by the choice
of spreading model.

The high wavenumber &®,(k) findings of Banner et
al. (1989) were transformed using (2.8) and (2.9b),
giving

Bk, Omax ) ~ 0.5 X 107%™, (2.12)
It is noted here that a higher wavenumber cutoff in the
spreading function, which would produce broader di-
rectionality for the high wavenumbers, would have the
effect of slightly reducing the coefficient in (2.12): a
truly isotropic directional distribution would result in
a coefficient of 0.3 X 10™*in (2.12).

The available data on ®(k, 0.}, extracted using
(2.9) from Jackson et al. (1985a, run 36/1) and from
Holthuijsen (1983) together with ®(k, #) derived from
Banner et al. (1989) are shown in Fig. 3a, weighted by
k*and (U/c,)™"/?, which shows consistent support for
the proposed form (2.4) over a considerable range of
peak wavenumbers, excluding the noisy tail regions.
The slight reduction in spectral level reflected in the
Jackson et al. (1985a) data was possibly associated with
attenuation caused by turning winds, as discussed ear-
lier. The classic SWOP data (Cote et al. 1960) were
also analyzed, but are not included here with the fetch-
limited growth data. Interestingly, for the SWOP data,
®(k, Omax) was found to conform to k~* dependence,
but with a spectral level low by a factor of O(2), as
noted previously by others (e.g., Phillips 1977, §4.5).
A detailed discussion of these aspects of the SWOP
spectrum is given by McLeish and Ross (1985) and

FIG. 2. (a) Polar plot of the DHH (Donelan et al. (1985) directional spreading function D(8; k) given by (2.8) and (2.9), shown for
the various indicated k/k, values. (b) As in (a), but showing the equivalent spreading function D(8; k) = 0.5[D(6; k) + D(8 — =, k)]
as observed in a purely spatial domain measurement.
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FiG. 3. (a) Directional wavenumber spectral slice ®(k, 0.,) in
the dominant wave direction for fetch-limited wave growth conditions,
shown weighted by k*and [ U/c,] ~"/%. *: Jackson et al. (19853, Run
36/1), +: Holthuijsen (1983, Obs.#1), O: Holthuijsen (1983,
Obs.#2), O: Holthuijsen (1983, Obs.#4). ///: Banner et al. (1989),
with assumed D(6; k) according to (2.10)-and (2.11). Background
asymptote shown (long dash) has spectral level 0.45 X 107 (b)
Directional frequency spectral slice G(w, 85, ) in the dominant wave
direction for fetch-limited growth conditions, shown weighted by w?.
»: Ewing (1969), O: Longuet-Higgins et al. (1963), ///: Donelan
(private communication ).

further consideration of the SWOP spectrum is given
in section 4.

The model for the wavenumber spectrum adopted
in this study is based on the observed data for ®(k,
Omax ), as fitted by (2.4) in conjunction with a plausible
directional spreading function D(8; k) and takes the
form:
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(k, 0) = 0.45 X 10™*(U/¢c,)'*k™*D(8; k). (2.13)

For typical k, for ocean wind waves, this is in very
close agreement with the form (1.17) derived from the
DHH results on the basis of D(6; k) given by (2.8)
with (2.9a). The differences, whose magnitude is in
the noise level of the observations, is of little conse-
quence to the main conclusions of this study, and its
effect on the reduced spectra is masked by uncertainties
in D(6; k).

Observational frequency domain support for the de-
pendences in (2.13) is also available, from the slice
through the directional frequency spectrum G(w, 8) in
the dominant wave direction 6,,,. Here, a transfor-
mation of (2.13) to give G(w, ) according to the re-
lationship expressed in (2.2) gives

G(@, Omax) ~ (U/cp) ? 0> (2.14)

Again, the availability of such data is limited and the
accuracy of the spectral level depends on the amount
of smoothing used in the spreading function determi-
nation. Nevertheless, observational evidence for the w ™
frequency dependence in (2.14) .for fetch-limited
growth conditions is available in the G(w, 6) data of
Longuet-Higgins et al. (1963, Record 10) and of Ewing
(1969, Record 5), which are shown weighted by w> in
Fig. 3b. The lower spectral level in the former appears
due to systematically broader directional widths, pos-
sibly reflecting different smoothing of the directional
distributions. Donelan (personal communication)
confirms w~° dependence for G(w, Omax) in very recent
(unpublished ) observations, with a spectral level in the
weighted spectrum comparable with Ewing’s record 5,
as indicated on Fig. 3b. Each of these studies reveal
o4 dependence for the frequency spectrum F(w) near
the spectral peak.

Finally, it should be noted that in the immediate
neighborhood of the spectral peak (say (k/k, — 1|
< 2), a peak enhancement is to be expected, reflecting
the slope of the waves at the spectral peak and, there-
fore, dependence on the dimensionless fetch xg/u2,
just as with the frequency spectrum (e.g., see Hassel-
mann et al. 1973; DHH). However, only the influence
of peak enhancement on the high frequency part of
the spectrum is considered in this study (§3c, §3d, §3e).

Section 3 describes the results of calculations of the
one-dimensional wavenumber and frequency spectral
forms that result from appropriate tranformations of
the proposed model for the directional wavenumber
spectrum (2.13), using a plausible form for the direc-
tional spreading function D(6; k).

3. Results

a. Reduced wavenumber spectra

The one-dimensional spectrum in the dominant
wave direction ¢(k,) was calculated for the gravity
range above the peak enhancement region k/k, ~ 2.
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The transverse one-dimensional spectrum ¢(k,) re-
quires knowledge of the entire spectral shape including
the spectral peak and below, and is not included here.

The integration ( 1.4) using the proposed directional
wavenumber spectrum (2.13) with any of the different
spreading distribution functions described in section
2a does not have a straightforward analytic form over
the spectral subrange of interest, necessitating numer-
ical computation. The wavenumber and windspeed
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dependences for ¢p(k, ) were computed for typical ocean
wave and wind conditions, assuming the linear dis-
persion relation to relate peak frequency and peak
wavenumber: 6 second waves (k, = 0.0148 cpm) and
12 m s~ windspeed, for which U/ ¢, ~ 1.28. The effect
of doubling and halving the windspeed at the same
fetch, under fetch-limited growth conditions, was also
investigated using the fetch-limited relationship pro-
posed by DHH [their Eq. (5.5)] to calculate the cor-
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F1G. 4. Calculated one-dimensional wavenumber spectra based on
the proposed wavenumber spectral form (2.13) for fetch-limited wind
wave growth, for various directional spreading models/D(8; k). (a)
DHH: Eq. (2.10) and (2.11). (b) Hasselmann et al. (1980): Egs.
(2.5) and (2.7) (c) Mitsuyasu et al. (1975): Egs. (2.5) and (2.6). In
each subfigure, the central curve is for a reference peak wavenumber
of 0.0148 cpm and the upper and lower curves are for peak wave-
numbers of 0.0084 cpm and 0.0376 cpm respectively, corresponding
to doubling and halving the windspeed under fetch-limited conditions.
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responding peak wavenumbers. For U = 24 m s, the
corresponding peak wavenumber is 0.0084 cpm, with
U/c, ~ 1.76, while for U= 6 ms™!, k, = 0.0376 cpm
and U/¢, ~ 0.93. The calculated ¢(k; ) for the different
spreading function models are shown in Figs. 4a-c.
From these results, it is seen that for each of the pro-
posed directional spreading models, the predicted
wavenumber dependence for ¢(k,) is close to k73,
which is in agreement with the observed one-dimen-
sional wavenumber spectra in Fig. 1. The wavenumber
dependence of the calculated spectra differs from the
k, 2 variation predicted by (1.15) and the calculated
windspeed dependence is significantly weaker than the
linear variation according to (1.15).

A straightforward calculation establishes the form
of the omnidirectional wavenumber spectrum ¢( k) for
(2.13) with DHH spreading (2.11). The integral (1.5)
for ¢(k) takes the form, with 6., = 0,

(k) = 0.45 X 107°(U/c,)" *k 3 f” sech?(b0)db

-

=0.9 X 1073(U/c,)""*k2b7" tanh(br) (3.1)

where b is given by (2.9). Above the peak enhancement
region, where (2.9a) applies, b decreases according to
(2.9b) as the directional spreading broadens. For b suf-
ficiently large, i.e. b > 1, tanh(bw) ~ 1 and (2.9b)
indicates that this holds out to about k/k, ~ 3.7, for
which (3.1) gives

&(k) ~ (U/Cp)l/zkp_0'65k_2'35. (323)

For very large k/k,, the spreading cutoff in (2.9b) gives
a constant value of b ~ 0.4, for which the correspond-
ing high wavenumber form for ¢(k) is ¢(k) ~ (U/
¢,) %k, 0%k =3, Similarly, for large k/k,, the direc-
tionally averaged wavenumber spectrum has the form

flky ~ (U/c,) "k, 055k, (3.2b)

A calculation of ¢(k) for the reference conditions
quoted above is shown in Fig. 5a. For the energy con-
taining subrange 2.5 < k/k, < 10, this shows a pre-
dicted behavior of ¢(k) ~ k™" with n ~ 2.5. ¢(k)
extracted from the Jackson et al. (1985a) Run 36/1
data gives the omnidirectional spectrum plotted in Fig,
5b, similar to (3.3). It is noted that this wavenumber
dependence near the spectral peak results from the k/
k, dependence of the azimuth-averaged directional
spreading function.

b. The effect of directional spreading on calculated fre-
quency spectra

The influence of the directional spreading alone on
the frequency spectrum is determined from (2.2) using
(2.13) and the linear dispersion relation, with the aim
of determining the predicted frequency and the ap-
parent windspeed dependences. Peak enhancement
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peak. (a) calculated from (2.13) using (2.8) and (2.9) for k, = 0.0148
cpm and U/c, = 1.28. The region at the spectral peak where peak
enhancement is operative is shown (dashed ). (b) Extracted from the
data of Jackson et al. (1985a, Run 36/1).

effects are not included here. The resulting form for
F(w)is

F(w)=09
(3.3)

k=w?/g

X 10“‘g2(U/c,,)uzw-sU" D(6: k)d()}
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Note that the dispersion relation w? = gk does not allow
for local Doppler effects due to direct wind influence
and dominant wave orbital motions, which are ex-
amined subsequently.

An analysis similar to that for the reduced wave-
number spectra in section 3a was carried out to ex-
amine the sensitivity of the shape of the frequency
spectra which arise from the proposed spectral form
(2.13) using the different spreading distributions D(#6;
k) described above, noting particularly the predicted
dependence on frequency and on the windspeed.

For the DHH spreading distribution, (3.3) with .«
= 0 gives

F(w)=0.90

T

sech?(b8)db.

-7

X 107*g*(U/¢y) *w b (3.4)

The same considerations as discussed for ¢(k) apply
here. For DHH spreading, just above the peak en-
hancement region, out to w/w, ~ 2 (corresponding to
k/k, ~ 4), b ~ (w/w,)”" and so (3.4) yields

F(w) ~ (U/¢) 2w, P07 (3.5a)

for this frequency subrange. For large w/w, ~ 20-30,
the spreading cutoff gives b ~ 0.4 and (3.4) gives the
form

F(w) ~ (U/cy) 0w, R0 (3.5b)

for high frequencies relative to the spectral peak.

From (3.2)and (3.5) it may be seen that the explicit
windspeed dependence at a fixed fetch can be calculated
from the resultant ¢, and &, dependence on windspeed
and fetch, e.g., Eq. (5.5) in DHH which proposes U,/
¢, ~ (xg/U2)7%2*, where x is the fetch. Taking the
ideal case U, = U, then this relation gives ¢, ~ U%**,
wp, ~ U™%* and k, ~ U'%® at a fixed fetch. With
these DHH fetch dependencies, the predicted wind-
speed dependence in (3.2) and (3.5) is U%%3. Other
authors have proposed different windspeed dependen-
cies for F(w), but this is very close to the linear cor-
relation with U reported for many frequency spectral
observations, such as those cited above [see (1.12)],
especially in view of the potential errors in the empirical
spreading exponent —0.65 in (2.9a).

For completeness, frequency spectra were calculated
for the same representative peak wavenumbers and
windspeeds used in section 3a, and the results plotted
in Figs. 6a-c show the effect of doubling and halving
the windspeed at a given fetch on the fetch-limited fre-
quency spectrum components for the three different
spreading function forms due to DHH, Mitsuyasu et
al. (1975) and Hasselmann et al. (1980). The following
major features are confirmed in each of these figures:

(i) the two different dependences on the frequency,
™" where n ~ 4 in the subrange 1.3 < w/w, < 3,
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transitioning at w/w, ~ O(3)to n ~ 5 towards higher
w/wp.

(ii) In the range 1.3 < w/w, < O(3) where the n
~ 4 behavior is found, the calculated shifts in spectral
level in Fig. 6a are seen to correspond fairly closely to
a doubling and halving of the reference peak wave-
number spectral level, in accordance with the U%%
dependence calculated above. In Figs. 6b,c a near-linear
dependence on U is also seen. Thus according to the
model, only a small O(20%) part of the observed
windspeed dependence in the frequency spectrum is
due to the intrinsic windspeed dependence of ®(k, 6)
via the term (U/c,)'/?, based on the variation of wave
age with dimensionless fetch proposed by DHH [ their
Eq. (5.5)]. The major contribution arises from the
variation of the directional spreading distribution with
k/k,(and wave age c,/ U, if applicable) as the spectral
peak evolves, rather than to local growth through wind
input. This viewpoint is consistent with that of several
authors (e.g., Hasselmann et al. 1973; Komen et al.
1984; Young et al. 1987) who propose that the evo-
lution of the peak, including the directional spreading
distribution, is controlled mainly by the nonlinear
spectral interactions near the spectral peak, rather than
through direct wind action.

(iii) The results are generally qualitatively insensi-
tive to the choice of D(6; k): each of the directional
spreading formulations reproduces frequency spectral
trends which parallel the observations. It is evident that
minor differences do exist, which have a secondary in-
fluence on the spectral slope and level. Their resolution
awaits the refinement of the directional spreading for-
mulations.

In summary, it has been shown that the proposed
form (2.13) for the directional wavenumber spectrum
for fetch-limited growth, in conjunction with any of
the proposed wavenumber-dependent directional
spreading formulations described above, gives predic-
tions in the energy containing range [1.5 < w/w,< 3.5]
of (1) w ™" behavior, with n ~ 4 (ii) an apparent near-
linear dependence on the windspeed. Also, these cal-
culations show a transition for higher w/w, to w™>,
with the transition point dependent on the rate at which
D(6; k) changes with k/k,. For higher w/w,, the mea-
surements are either not available or continue at w ™",
with # ranging from 3.3 to 5. The calculated w~> high
frequency behavior found above needs to be reexam-
ined in the light of possible Doppler shifting of the
shorter waves by the orbital motions of the underlying
dominant waves at the spectral peak and by wind drift
and ambient currents. These aspects are investigated
below in sections 3c-3e. Further support for the model
near the spectral peak comes from a comparison of
calculated and observed frequency spectra for those
studies where wavenumber and frequency spectra were
both measured, taken up in section 3f.
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¢. Effects of the slope of the spectral peak waves on
calculated frequency spectra

This section examines the influence of the slope of
the spectral peak (or dominant) waves on the shape
of the frequency spectrum. The additional effects of
wind drift and ambient currents are investigated below.
An exact calculation which addresses this problem is
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FIG. 6. Calculated frequency spectra based on the proposed wave-
number spectral form (2.13) for fetch-limited wind wave growth, for
various directional spreading models D(8; k). (a) DHH: Egs. (2.8)
and (2.9). (b) Hasselmann et al. (1980): Egs. (2.5) and (2.7) (¢)
Mitsuyasu et al. (1975): Egs. (2.5) and (2.6). In each sub-figure, the
central curve is for a reference peak wavenumber of 0.0148 cpm and
the upper and lower curves are for peak wavenumbers of 0.0084 and
0.0376 cpm respectively, corresponding to doubling and halving the
windspeed under fetch-limited conditions.

beyond our current capability and to illustrate the likely
effects we have chosen a two-scale approximation cal-
culation based on the kinematic conservation law (e.g.,
Phillips 1977, §2.6) and a short-wave energy modu-
lation theory (e.g., Phillips 1981).

To calculate the net effect of the orbital motion of
the spectral peak waves, the proposed wavenumber
equilibrium spectral form (2.13), with D(6; k) given
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by (2.8) and (2.9), was modulated by an underlying
long wave with a prescribed slope, corresponding to
the spectral peak component which was assumed for
simplicity to propagate in the direction ... At a given
phase of the long wave, the directional wavenumber
spectrum was modulated in accordance with Phillips
(1981) and transformed to a local frequency spectrum
using the local orbital velocity in the dispersion relation:
refraction effects were neglected as they were estimated
to be of secondary importance. Phase averaging over
the long wave then yielded the observed frequency
spectrum, with negative apparent frequency compo-
nents appropriately folded back into the positive fre-
quency spectrum F(w). Realistic orbital velocities, es-
pecially for steeper long waves, were computed from
an exact steady nonlinear wave formulation due to
Fenton (1986). Also, it should be noted that the two-
scale approximation requires a sufficient scale sepa-
ration for the long-wave orbital velocity to be effectively
uniform over several cycles of the short-wave com-
ponents. This implies that the approximation is un-
likely to be very accurate for spectral components with
k/k,<0O(10) [or w/w, < O(3)], but for shorter spec-
tral scales, the method should provide a valid assess-
ment of the net effect on the frequency spectrum of
the steepness (peak enhancement) of the spectral peak
waves. The present calculations extend those reported
in Banner et al. (1989) which did not include direc-
tional spreading effects.

The results are shown in dimensionless form in Fig.
7 for a range of spectral peak wave slopes AK, where
A is the amplitude and K ( =k, ) is the wavenumber of
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FiG. 7. Effect of the slope 4K of the spectral peak on the tail of
the frequency spectrum over 3 < w/w, < 30 for various indicated
slopes 4K of the spectral peak, due to spectral peak orbital velocity
effects, is shown (solid). Computations were based on (2.13) with
(2.8) and (2.9); w is in rad s~'. The additional influence of a wind
drift current of 0.05¢,, where ¢, is the phase speed of the spectral
peak, is shown (dashed).
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the spectral peak. For the present purpose, it is con-
sistent with the two-scale approximation to estimate
AK from the integrated height spectrum from 0.5w, to
1.5w,, denoted by £,” and use AK ~ V2(§,2)'/*k,. The
calculation indicates that the spectral range w/w, < 3
is relatively unaffected, but with increasing w/w,, the
effects of orbital motion Doppiler shifting progressively
increase the exponent of the frequency dependence
from —5 to —n, where n < 5, with this exponent de-
creasing both with increasing frequency and stronger
spectral peak enhancement. This effect is entirely ki-
nematic and is independent of direct wind influence,
and depends solely on the slope of the spectral peak
waves, which is related to the wind through the depen-
dence of the peak enhancement factor on the dimen-
sionless fetch (e.g., Hasselmann et al. 1973; DHH).
For typical open-ocean conditions, slopes AK ~ 0.1
are common, and a high frequency dependence of ™4
is predicted for the gravity regime. For young waves
under active growth conditions, AK ~ 0.15 t0 0.2 is
typical and a w~>® high frequency dependence is pre-
dicted. For vanishingly small slopes of the modulating
long waves, an asymptotic w ™ limit is recovered. Thus,
a clear source of departure from «~> dependence of
the gravity wave regime arises from the net kinematic
Doppler shifting influence of the orbital motion of the
dominant waves.

d. Additional effect of the wind drift current on calcu-
lated frequency spectra

Here we examine the relative importance of the di-
rect wind effect in the form of a thin surface wind drift
current in the direction of propagation of the spectral
peak component. An average level u; ~ 0.5u, (Wu
1975) was assumed as representative for the very short
gravity wind waves. Two additional physical consid-
erations were included in the modeling of the drift cur-
rent for the wavenumber range 9 < k/k, < 900 ad-
dressed by the calculation. First, advection by the wind
drift current progressively reduces with decreasing
wavenumber, as the associated orbital motions pene-
trate to increasingly greater depths where the wind drift
is attenuated. This was modeled by assuming a varia-
tion in u; from zero at k/k, = 1 to an asymptotic level
of 0.5u, for k/k, = 900 according to u; = 0.5u,[1
—sech(0.01k/k,)]. Second, the modulating influence
of the long wave on the surface drift current was in-
cluded using a formulation due to Phillips and Banner
(1974). These effects were included in the local dis-
persion relation.

Prior to carrying out the main body of computations,
the computer code was checked by calculating the ap-
parent frequency spectrum for a unidirectional wave-
number spectrum

‘I)(k, 0) = (I)(k, omax)a(o - Bmax)

with a superposed steady codirectional current, for
which a simple analytical expression was derived. For
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this test case, the computed and analytical results
agreed closely.

Wind drift calculations were carried out for the same
range of spectral peak slopes as in section 3c, taking
0.05¢, as the high wavenumber asymptotic value for
u,. For 6 second wind waves, this level is about 0.47
m s~} and would correspond to a windspeed of about
26 m s, based on typical neutral drag coefficient cor-
relations (e.g., Wu 1980). The results of these calcu-
lations are shown in Fig. 7 in relation to the zero wind
drift case and reveal that even for this strong generation
case where U/c, ~ 2.8, the additional influence of the
wind drift current at higher frequencies in the gravity
regime is small in comparison with orbital motion ef-
fects and reduces progressively as the spectral peak
slope increases. It is also seen that the influence of the
wind drift current decreases rapidly towards the energy-
containing subrange closer to the spectral peak, where
directional spreading was identified as the déminant
influence shaping the frequency spectrum. For more
moderate windspeeds and sea states, the influence of
wind drift would be expected to be insignificant for this
spectral subrange.

e. Additional effects of ambient ocean currents

The influence of an additional codirectional uniform
ocean current field of strength 0.1 ¢, was calculated in
the presence of a modulating spectral peak wave as in
section 3c, again using a modified dispersion relation
to include this additional source of Doppler shifting.
The results, shown in Fig. 8, do not include wind drift
effects. The incremental effect of a wind drift current
(as in §3d) closely paraliels the trends seen in Fig. 7
and is not shown here. Thus the overall effect of the
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FiG. 8. As for Fig. 7, but showing the additional influence of an
ambient codirectional current of 0.1c,, where ¢, is the phase speed
of the spectral peak. Wind drift effects are not included. The results
for zero ambient current from Fig. 7 are shown (dashed).
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FIG. 9. Predicted composite frequency spectrum for the range 1.3
< w/w, < 30 from a synthesis of the results in Figs. 6 and 7. The
conditions are as in Fig. 6, with a wind drift level as in Fig. 7. The
ambient current is set to zero.

codirectional current is an expected shift to higher
spectral levels at any given frequency.

The results described in sections 3c—e indicate the
relative strengths of the various kinematic Doppler
distortion effects which can influence significantly the
shape of the gravity regime of the tail of the frequency
spectrum and which need to be considered in inter-
pretations based on this class of measurements.

f. Comparison with observed wavenumber and fre-
quency spectra

1) ONE-DIMENSIONAL WAVENUMBER SPECTRA

The observed one-dimensional wavenumber spectra
¢(ky) for fetch-limited situations shown in Fig. 1 con-
form closely to the proposed form

(k) = A(U/cp) *ky? (3.6)

which arises from the proposed model (2.13) with any
of the forms for D(6; k) in section 2a. A calculation
using (2.8) and (2.9) for D(8; k) gives 4 ~ 0.6 X 107%,
which corresponds closely to the spectral level A
~ 0.6(%0.2) X 10~ found from the observations.

2) FREQUENCY SPECTRA

A synthesis of the calculated frequency spectral be-
havior found in sections 3b, 3c and 3d provides the
composite frequency spectrum shown in Fig. 9, which
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combines the results from Figs. 6 and 7 into a unified
dimensionless frequency spectral form for fetch-limited
growth situations, applicable above the spectral peak.
The dominant shaping influences near the spectral peak
and for the tail have been described in detail above. It
remains to compare this predicted composite form of
the frequency spectrum with observed fetch-limited
frequency spectra which cover all or part of the spectral
range of interest.

(i) Behavior near the spectral peak

In the calculations that follow, the directional wave-
number spectral model (2.13) with the DHH form for
D(6; k) [(2.8), (2.9)] was transformed to frequency
spectra for the wavenumber datasets where accompa-
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nying frequency spectra were observed. These cases
were Jackson et al. (1989a, run 36/1), Holthuijsen
(1981, obs 2) Banner et al. (1989, run 3). Results for
these cases are shown in Figs. 10a—c from which it is
seen that the calculated and observed frequency spectra
are in close accord for the spectral range 1.3 < w/w,
< 3.5, which excludes the peak enhancement region
below w/w, ~ 1.3. It should be noted that in Fig. 10a,
the developing secondary wind sea peak at 0.1 Hz at
90° to the main wind sea was not taken into account
in the model calculations and contributes to the un-
derprediction of the tail energy level. Also in Fig. 10b
the wind-wave system peaking at 0.31 Hz was super-
posed on a background low-frequency swell system.
We recall the anomalous frequency spectral behavior
noted by Forristall (1981), who reported w™* depen-

(b)
—— STERED
BUOY

FIG. 10. A comparison of measured fetch-limited frequency spectra
with calculated frequency spectra based on the corresponding peak
frequency and the proposed wavenumber spectral form (2.13) with
D(4, k) given by (2.8) and (2.9). (a) (solid circle on line) Jackson
etal. (1985a, Run 36/ 1) pitch-and-roll buoy data; (dashed) calculated
spectrum. (b) (dashed) Holthuijsen (1983, Obs.#2) buoy data;
(dashed) calculated spectrum. (c) (solid) Banner et al. (1989, Run
3) observed spectrum; (dashed) calculated spectrum.
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dence for the range 1.5 < w/w, < 3 transitioning to
w ™ behavior above w/w, ~ 3. This transitional be-
havior is predicted by the composite model calcula-
tions, provided the slope AK of the spectral peak is
small. For the Forristall data, AK was around 0.08, for
which a transition exponent of approximately —4.7 is
predicted by the model, in close correspondence with
Forristall’s observations. This kind of spectral depen-
dence might be expected generally for situations where
the dimensionless fetch xg/u3 is large, for which the
slope of the spectral peak waves is reduced (e.g., Has-
selmann et al. 1973; DHH) and the kinematic Doppler
influence from the spectral peak waves does not ap-
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preciably distort the spectral range above w/w, > 3
from w ™~ power law behavior.

(ii) Behavior at high frequencies

There have been relatively few studies of the higher
frequency range of the spectrum because of reduced
signal-to-noise ratio and operational difficulties in using
the thinner wave probe wires in oceanic conditions.
Here we consider the high frequency results reported
by Mitsuyasu (1977) and Stolte (1984), which were
found to conform closely to the fetch-limited relation-
ships found by DHH. Calculated frequency spectra
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FIG. 11. Comparison of predicted and observed frequency spectra for higher frequencies w/w, > 3. (a)
Mitsuyasu (1977), U/c, ~ 3.0, w, = 0.59 Hz. (b) Stolte (1984), U/c, ~ 1.8, w, = 0.15 Hz. (c) DHH, U/
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based on the physical model, assuming DHH spread-
ing, are shown superimposed on the observed fre-
quency spectra in Figs. 11a,b. The spectral peak fre-
quency, its slope and the wind drift level needed as
input parameters for the model calculations were ex-
tracted from the data given in these papers. The fre-
quency range was extended out to 30 times the spectral
peak frequency for these calculations, but retaining
only gravity in the dispersion relation. For intrinsic
frequencies above about 7 Hz, the effects of surface
tension are likely to influence the results, but this aspect
was not pursued here due to lack of knowledge on the
form of the wavenumber spectrum for the capillary-
gravity wave regime and beyond. Although their fre-
quency range is less extensive than those above, the
frequency spectra shown by DHH in their Fig. 20 have
also been included here in Figs. 11c.d, as they provide
further examples of reliable fetch-limited data. Figure
11cis for U/c, ~ 3.6 while Fig. 11dis for U/c, ~ 1.0.

Ascan be seen in Fig. 11, the calculated and observed
results are in close accord for each of the datasets ex-
amined here. It is also seen that a power-law exponent
close to —4 provides a more reasonable fit to the ob-
served spectra in the near-peak region than the —5 ex-
ponent originally proposed for this spectral region. It
is evident that the form of extrapolation to high wave-
numbers for D(8; k) as expressed in (2.9b) has led to
high-frequency spectral levels closely conforming to
those observed, providing additional support for
(2.9b). Other authors have reported frequency spectra
extending out to high frequencies (e.g., Kondo et al.
1973; Leykin and Rozenberg 1984) and the calculated
spectra corresponding to these observations were found
to be in close agreement both near the spectral peak
and for the higher frequencies in the gravity wide range.

Overall, for fetch-limited wind-wave growth situa-
tions, the proposed wavenumber spectral model is seen
to provide close correspondence with the observed one-
dimensional wavenumber and frequency spectra, both
near the spectral peak and in the high frequency tail
region. With this additional support for the underlying
model, we address the implications of the model for
identifying equilibrium spectral ranges and also its ap-
plicability to more general wind wave situations in sec-
tion 4.

4. Discussion

Using the proposed model, we can address the ques-
tion of equilibrium subranges and delineate their lo-
cation more clearly. As before, we focus on fetch-lim-
ited growth and discuss the applicability to more com-
plex situations at the end of this section.

For fetch-limited growth, eq. (1.10) for local spectral
equilibrium requires that wave components in the
equilibrium range should satisfy

0P/0t + ¢, V& = o @, ~ 0 (4.1)

i.e., spectral stationarity in the dominant wave direc-
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tion. Before investigating how closely (4.1) is satisfied
for the form of ®(k, 6) proposed here, we recall that
®(k, #) has a narrow directional spectral peak region,
which broadens towards higher k/k,. Owing to the
greater rate of change of directional spreading variation
with k/k, near the spectral peak, the spectral range 2.5
< k/k, < 101is where (4.1) s least likely to be satisfied,
for developing wave situations where the spectral peak
evolves to lower wavenumbers with increasing fetch.
A calculation was carried out to assess the order of
magnitude of ¢, ®, in comparison to the magnitude
of the wind input source term S;,, using the non-
dimensional peak frequency-fetch relation Uw,/g
= 11.6(xg/U?)""/* together with the Snyder et al.
(1981) form for the wind input source function and
d(k, 6) given by (2.13) with (2.8) and (2.9). The result
is

Cox®y/ Sin = 2 X 103

1.48(k,,/k)0'650 sech[2.28(kp/k)0'650] —0.125
(k/ky)'?(kyx)(U cosb/c, — 1)

(4.2)

This result indicates that for k = 4k, in the dominant
wave direction 0max, the wind input source term is
0O(30) times larger than ¢, ®,, so the equilibrium cri-
terion is reasonably satisfied. However, for some of the
k = 4k, wavenumber components oblique to the wind
direction, | ¢g®y/Six| becomes comparable with the
magnitude of this source term, indicating that these
directional components are not close to equilibrium.
Only when the downfetch evolution has approached
full development (Pierson and Moskowitz 1964) will
equilibrium conditions prevail for this spectral sub-
range, for which the angular spreading width must de-
crease if F(w) ~ w2 (Liu 1989) and (2.4) persists.
Thus, while the spectrum is evolving with fetch, the
spectral subrange near the peak is not in equilibrium,
so that ¢(k) ~ k25, ¢(ky) ~ k=3 and F(w) ~ 0™
subranges do not imply equilibrium for this region, in
contrast to the viewpoint taken by Kitaigorodskii
(1983), Phillips (1985) and others. Paradoxically, the
shorter wave components, which are close to equilib-
rium in all directions (see Fig. 2a), transform to a fre-
quency spectral form (as in Figs. 7-9), which appears
to reflect nonequilibrium behavior in the frequency
domain. This distortion arises from the kinematic
Doppler shifting effects and appears to have confused
previous assessments of equilibrium subranges.

In summary, equilibrium wind-wave spectral sub-
ranges are more perspicuous in the wavenumber spec-
tral domain, which allows a consideration of the di-
rectional behavior of wave components unaffected by
Doppler shifting. These equilibrium subranges are vis-
ualized in Fig. 12. Just above the spectral peak, the
wavenumber components in the dominant wave di-
rection are close to equilibrium, in contrast to the
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oblique components for which equilibrium conditions
are not satisfied. At higher wavenumbers in the gravity
range, where the variation in D(8; k) with k/k, is small
in all directions, equilibrium conditions prevail.

It remains an outstanding problem to understand
the details of the spectral balance among the source
terms that produce these equilibrium spectral depen-
dences on wavenumber and wave age, and the corre-
sponding spectral levels. This is left to a future study.

This section concludes with a brief discussion on the
applicability of these results to other wind-wave growth
situations. These might, for example, include duration-
limited growth, turning wind situations, transiently
growing and decaying winds and the presence of un-

derlying shearing currents. According to McLeish and
Ross (1985), the classical SWOP investigation be-
longed apparently to the last of these categories. The
SWOP results had peak spectral levels well below that
of standard fetch-limited conditions, as shown clearly
by McLeish and Ross (1985). However, it is interesting
to note that for the SWOP data, a detailed analysis
indicates an apparent equilibrium wavenumber de-
pendence for ®(k, max) of 0.3 X 10 %k~ for the near-
spectral peak region resolved by the stereophotogram-
metric analysis. Again, the observed SWOP frequency
spectrum could be recovered closely by a calculation
such as in section 3f(2), but using this form for ®(k,
0max ). However, in the light of the absence of any fur-
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ther information on the mechanism (s) suppressing the
energy of the SWOP spectrum below its fetch-limited
level, it does not appear useful to pursue this further
here. For these more general situations, including tran-
sient wind changes in strength and direction, it is likely
that equilibrium conditions will still be satisfied for a
subrange of high wavenumbers in the gravity regime.
It would appear that numerical solution of the radiative
transfer equation (e.g., Young et al. 1987) provides a
path to future progress, once the outstanding problem
of establishing a secure dissipation source function Sgig
has been resolved. The proposed equilibrium form in
the dominant wave direction may provide a useful basis
for refining Syis. Such investigations are currently in
progress for fetch-limited and duration-limited growth,
and should have potentially significant implications for
numerical wave models in more general wind sea sit-
uations.

5. Conclusions

An empirically based physical model for fetch-lim-
ited wind wave growth has been proposed for the 2-D
directional wavenumber spectral density in the dom-
inant wave direction 0., . It takes the form

q’(ka amax) =045 X 10"4(U/cp)1/2k—4

and appears to be applicable from short gravity-wave
scales to very near the spectral peak. The directional
wavenumber spectral density ®(k, 6) in any other di-
rection is obtainable from

®(k, 0) = ®(k, Omax) D(6; k)

where the directional spectral function D(8; k) reflects
the decreasing directionality of the wave field with in-
creasing wavenumber.

Further support for the proposed model derives from
several aspects of predicted reduced wavenumber and
frequency spectra calculated from this model, using a
recent determination for D(#; k) due to Donelan et al.
(1985), plausibly extrapolated to higher wavenumbers,
and the linear gravity-wave dispersion relation. Near
the spectral peak, calculated one-dimensional and om-
nidirectional wavenumber spectra show dependences
of k=3 and k27, respectively, in close correspondence
with observed spectra. Calculated frequency spectra
show a dependence near the spectral peak of close to
w ™4, arising primarily from the dependence of D(6; k)
on k/k,, which also has a strong role in establishing
the observed near-linear dependence on windspeed.
Further from the spectral peak, the Doppler shifting
due to orbital motions of the spectral peak waves plays
a major part in influencing the spectral dependence of
the intermediate and high frequency regions of the
gravity wind-wave frequency spectrum. The high fre-
quency tail is also affected by wind drift currents, which
appear to have only a secondary influence that de-
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creases as the spectral peak slope increases. Ambient
ocean currents can also influence this spectral region
and should be monitored during observational studies
of high frequency wind-wave components. In addition,
a composite model that embraces the two frequency
spectral subranges just described predicts frequency
spectra in close agreement with observed frequency
spectra for fetch-limited growth situations, both near
the spectral peak and for the high-frequency tail region
in the gravity range.

Further observational wavenumber-frequency spec-
tral determinations are needed to provide further direct
confirmation and refinement of the model, particularly
for wavenumbers k/k, distant from the spectral peak,
which constitutes a very considerable technical chal-
lenge. However, in its present form, the proposed model
serves the important role of clarifying the previously
elusive question of equilibrium spectral subranges. In
this regard, it is found that near the spectral peak, equi-
librium conditions prevail for wavenumber compo-
nents in the dominant wave direction while lateral
components are not in equilibrium. Thus, the energy-
containing subrange just above the spectral peak, where
u,w ™ frequency spectra are reported for fetch-limited
growth before full development, is not an equilibrium
subrange. This is contrary to previous interpretations.
There is, however, an equilibrium subrange in the di-
rectional wavenumber spectrum for the higher gravity
wavenumber components, which is masked in the fre-
quency spectrum by Doppler influences from the or-
bital motion of the dominant waves and from wind
drift and ambient currents.

The model also provides a useful test case for as-
sessing models for the spectral dissipation source term
by exploiting a previously unrecognized local equilib-
rium form in the dominant wave direction. The ques-
tion of the detailed balances within the source terms
in the governing radiative transfer equation, which lead
to the form of the equilibrium spectral subrange struc-
ture proposed here, is left to a future study, as are the
behavior of the spectral peak itself and of the techno-
logically important very high wavenumber tail, where
radar backscatter data suggest that a wind speed de-
pendence is operative, whose strength appears to in-
crease with increasing wavenumber.
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