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A detailed discussion of Nekrasov’s approach to the steady water-wave problems leads
to a new integral equation formulation of the periodic problem. This development
allows the adaptation of the methods of Amick & Toland (1981) to show the conver-
gence of periodic waves to solitary waves in the long-wave limit.

In addition, it is shown how the classical integral equation formulation due to
Nekrasov leads, via the Maximum Principle, to new results about qualitative features
of periodic waves for which there has long been a global existence theory (Krasovskii
1961, Keady & Norbury 1978).

1. INTRODUCTION
1.1. Introductory remarks

Under consideration are the steady two-dimensional waves which can arise as the free surface
of a heavy, ideal liquid acted on by gravity, and contained in a channel of infinite extent with a
horizontal bottom, in the absence of surface tension effects. It is well known that both periodic
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634 C.J.AMICK AND J.F. TOLAND

waves (Keady & Norbury 1978; Krasovskii 1961) and solitary waves (Amick & Toland 1981;
hereinafter referred to as I) of large amplitude may occur in these circumstances. A precise
account of the free boundary-value problem presented by this situation is given in the next
section, and various physical parameters describing the flow are introduced. After some basic
results about conformal mappings and Jacobi elliptic functions have been recorded in §1.3, the
method of Nekrasov (1967) is used to reduce the existence question for these free boundary-value
problems to a similar question for nonlinear integral equations. Throughout this section, we
emphasize the role which various physical parameters play in these integral equation formu-
lations. For example, in the periodic case, the wavelength and the mean depth (which is defined in
§1.2, and which is the quantity referred to as the undisturbed depth in Cokelet (1977)) are
specified a priori and appear as constants in the equations, whereas other quantities such as mean
velocity, the flux and the flow velocity at the crest depend on the solution of the equation being
considered. An account of this is given in theorems 1.5 and 1.6.

Of'the two integral equation formulations (1.31) and (1.32) of the periodic problems given in
§1.3, equation (1.32) is perhaps the more familiar. Keady et al. (1978) used it to prove a global
existence theorem for periodic water-waves (though the physical interpretation of its solutions
there is different from ours). Equation (1.31), which is equivalent to the usual integral equations
for periodic wave (Krasovskii 1961; Nekrasov 1967; Milne-Thomson 1968), has distinct advan-
tages for our purposes in §3. The most important of these is its striking resemblance to the
approximation used in I, § 3.2 to prove the existence of large-amplitude solitary waves.

After a few remarks in §2.1 about recent developments in the theory of large-amplitude
periodic water-waves, § 2.2 is devoted to a summary and sketch of the proofs of a global bifurcation
theorem for periodic waves of wavelength A on a flow of mean depth £, where A and £ are any
given positive real numbers. Among these results is the existence of a connected set of such waves
containing waves of all amplitudes up to that of a wave of extreme form. This connected set
contains a wave whose maximum angle of inclination to the horizontal is £, for any S€[0, §n +¢€]
where e > 0 is sufficiently small, and the mean velocity of all such waves is bounded away from
zero and infinity. Some of these results are already known in a different context, while for others
the proof given here is new. For the sake of clarity, we have collected them here and expressed
them in terms of equation (1.31), which is the form in which we shall need them again in § 3.

In § 2.3 we show that solutions of equation (1.32) lie in a cone which is smaller than the cone of
non-negative functions in C;[0, 1A], namely the cone A of non-negative functions # which are
decreasing on [}A, $A] and such that () > u(3A—x), x€[0, £A]. This leads to a considerable
improvement in the global bifurcation theory for (1.32). We show that the maximal connected
subset of non-trivial solutions which bifurcates from the curve of trivial solutions {(x, 0): u € R}
at the first characteristic value, 6n4A~"coth (2n4/A), of the linearized problem is unbounded,
and lies in (6n/4A~' coth (2rh/A), 00) x . Then using the strong maximum principle, we argue
thatif (x, ©) liesin it, then @'(x) < 0 on[%A, $A]. The significance of this observation, which lies
in the fact that @ represents the angle of inclination of the free surface (suitably parametrized)
with the horizontal, is discussed, and the possibility of extending the method to get information
about the shape of the extreme wave is mentioned, but no firm conclusion is reached.t Using an
idea of Benjamin, we show that the maximum angle of inclination of any periodic or solitary
water-wave under consideration (those in the sets €, or " in theorems 2.2 and 3.5, respectively)
is less than 4n. (These conclusions are described, more plainly, in §2.4.)

T See footnote on p. 649.
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Finally, the main result of this paper is proved in § 3, and is summarized as follows: if £ is
fixed, then as A — oo the connected sets of periodic waves of wavelength A on a flow of mean
depth 4 converge, in a certain sense, to a connected set of solitary waves whose asymptotic height
is #. This connected set enjoys all the properties of the connected set € mentioned in I, theorem
3.9, and the behaviour of the corresponding waves is described in I, § 4. The global existence
of solitary waves is already known (I); what is new here is that periodic waves converge to
solitary waves in the long-wave limit. An easy corollary of our general result in this direction is
the following:

CoRroLLARY 3.4. For each §,0 < f < in, and hy A > O there exists on a flow of mean depth h, a periodic,
symmetric water-wave of wavelength A, the free surface of which subtends an angle £ with the horizontal at its
steepest point. If h is fixed and A, 1 00 as n — oo, then a subsequence of the periodic wave profiles converge
uniformly on compact subsets of R to the profile of a steady solitary water-wave whose free surface subtends a
maximum angle of B with the horizontal, and whose asymptotic depth is h.

Such results as these may be regarded as global versions of the theorems of Ter-Krikerov
(1960, 1963) and Lavrentiev (1943, 1947, 1954) who proved existence of small-amplitude solitary
waves by showing the convergence of small-amplitude periodic waves to solitary waves as their
wavelength increases indefinitely. (See Bona et al. for another global treatment of a related
problem.) It is worth noting that because the mathematical theory of large-amplitude water-
waves lacks any form of global uniqueness result, we cannot claim that all solitary waves may be
described as the long-wave limit of a sequence of periodic waves. The results of § 3 follow im-
mediately by the methods of I, §3 once the similarity between (1.31) and equation (3.10) of I
has been noted. The analysis presented here has the advantage that the linearization about the
zero solution of (1.31) is well understood because exact solutions can be found. It may be regarded
as a small step towards finding theoretical confirmation of the very striking numerical results
given by Cokelet (1977).

1.2. The water-wave problems

The question being considered is the existence problem for steady, two-dimensional waves on
the surface of an ideal liquid acted on by gravity. In this section two possible types of flow are
considered.

(a) A symmetric, periodic flow of wavelength A whose mean depth is ht

If such a flow exists and if the free surface has a unique maximum per wavelength, then a cross-
section of the flow perpendicular to the wave crests may be identified with a region in the complex
z-plane between the line y = 0 and a curve {x +1H,(x): xe€R}. Here H,: R — (0, 00) is a function
of period A which is even and is decreasing on the interval (0, 1) (see figure 1). One wavelength
of this flow then occupies the region S, bounded by the lines x = + A,y = 0 and the free surface
I') = {x +iH,(x): xe (—3A, 3A)}. Since the fluid is supposed to be incompressible and the flow
irrotational, there exists an analytic function, the complex potential, w = ¢ + iy, which is related
to the velocity (x(z),v(z)) of the flow at a point ze S, by the expression

u(z) ~iv(z) = —dw/dz = — ¢, +i, = — ¥, ~ iy, (1.1)

t The mean depth £ is defined in (1.9) by £ = @Q/¢, where ¢ is the mean velocity defined by (1.6) and @ is the
flux carried by the flow. The definition of mean velocity is one of two which Stokes (1847, pp. 444—-445) considered
as being reasonable for the water-wave problem. The mean depth is sometimes called the undisturbed depth
(Cokelet 1977). (See also Wehausen & Laitone 1960, pp. 456-457.)

54-2
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Since the flow is symmetric about ¥ = 0, » must satisfy the relation

dw do, _

) = o (~2), (1.2)
whence Va(z) = —¥,(-2) (1.3)
and U(z) = ¢Y(-2). (1.4)
In particular, yr, is zero on the imaginary axis and, by periodicity,

Vo(z) ==¢,(z) =0 if Rez=+}A (1.5)

0 Y=—Q=—ch x

Ficure 1. A steady wave of wavelength A on a flow of mean depth 4. The region occupied by one wavelength
is S,. The mean velocity of the flow is —¢, and its speed at the crest is g,.

Let C = {z(#): t€[0,1]} be any simple curve in S, directed from —}A +iy to A +iy. Then
fc{u(z) —iv(2)}dz = w(— A +iy) —w(FA +1y)
= ¢(— A +iy) —p(3A +1y),
=—((31) —¢(—3A))

by (1.5). In particular, if C is chosen to be a horizontal line (for example, the bottom of the
domain S,), we find that

by (1.4),

5[ v dz =3 [ fu(a) +in(a)}dz = BN - S~ I/, (1.6

which is called the mean velocity and is denoted by —c¢. (If the flow is considered in a frame of
reference relative to which the mean velocity is zero, then ¢ is the phase speed of the wave.) Since
the bottom (y = 0) and the free surface I', are streamlines, the stream-function ¥ must be constant
on both, and without loss of generality, we may suppose that

Y(z) =0 if zel,. (1.7)

Since £ is the mean depth of the flow,
Y(z)=-Q if Imz=0, (1.8)
where Q = ch. (1.9)

(Note that for a given flow the mean depth is not to be confused with an integral average of the
height of the free surface. It is defined by (1.9) once the flux @ of the flow is known. By definition,
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— Q@ is the value of ¥ on the bottom when ¥ has been normalized so that ¥ = 0 on the free
surface.) Finally, since I') is a free streamline, the pressure is a constant there, and Bernoulli’s
theorem then implies that

3|Vé(2)|2+gImz = const. (1.10)
for all zeT",, where g is the acceleration due to gravity.

The existence question for this type of periodic flow is first one of finding the region S, occupied
by one wavelength of the flow, and then one of finding ¢ and 3 such that a periodic flow of
wavelength A and mean depth % occupies S,. It must be shown that ¢ and y satisfy all the
conditions (1.1)-(1.5), (1.7), (1.8) and (1.10) in S,, where Q is given by (1.9) and ¢ is given by
(1.6).

4\.’)’
q.
Y=0 I
S— —
h=—— S c*—n
i— S
=—ch (6] x

Ficure. 2. The region occupied by a steady solitary wave of asymptotic velocity ¢ (from right to left)
and asymptotic height A.

(b) Solitary waves on a flow of asymptotic depth h

By a steady solitary wave is meant a symmetric two-dimensional flow whose free surface is in the
form of a single symmetric wave of elevation, whose extent is infinite, and which is asymptotic
to a finite height at + oo (see figure 2). The flow at + oo is supposed to be approximately uniform
horizontal flow from right to left in the channel. The boundary-value problem posed by this
situation is first to find the flow domain S bounded by the line y = 0 and a curve I' = {x +iH(x):
xR}, where the even function / is decreasing on (0, ) and

Illim H(x) = h, (1.11)
and then to find a complex potential w satisfying all the boundary conditions, which, in this case,
take the following form. The relation between the complex potential and the velocity field is
given by (1.1), and since the flow is symmetrical (1.2) must also be satisfied. Since the flow is
supposed approximately uniform and horizontal at points of S far from the crest, we have

lim u(z) —iv(z) = lim — —&—-(z) =—¢ (zef8), (1.12)
ol 0 lol >0 AZ
where —c¢is the asymptotic velocity of the steady flow. (In a frame of reference relative to which
the asymptotic speed is zero, ¢ is the phase speed of the wave.) Since I" and the bottom are both
streamlines, we may suppose that

=0 on T (1.13)

and Y =-ch if Imz=0. (1.14)

The boundary condition (1.13) is a normalization, as before, and (1.14) follows from (1.11)
because the stream function is a constant on the bottom, and by (1.12), ¥, (z) — ¢ as |z]| - 0,
z € S. Finally, since I is a free streamline, Bernoulli’s theorem requires that (1.10) must hold onT'.
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If, by analogy with the periodic case, the mean velocity of a solitary wave is calculated from

oy
the tormula lim A~ u(x+1y) dx for any y e (0, ), then 1t follows from (1.12) that this value
he fc ll'Alf%( iy) dx fc y y€ (0, k), then it foll fi ( ) that thi 1
.Y

A—
coincides with the asymptotic velocity. Since the flux of the solitary wave is ¢4, it follows that
the mean depth and the asymptotic depth coincide.

Itis appropriate at this stage to mention one further parameter associated with a flow, solitary
or periodic. In either case, ¢c is used to denote the speed of the steady flow at the crest of a wave.

As is well known, both the free boundary-value problems described above can be reformu-
lated as nonlinear integral equations (Milne-Thomson 1968; Nekrasov 1967). In § 1.4 this formu-
lation is discussed in detail, but before we can do that we need to introduce some conformal
mappings. The approach of the next two sections is suggested by the remarks in the appendix of
Keady et al. (1978).

1.3. Preliminary mapping theorems

A treatment of Jacobi’s elliptic functions which is adequate for our purposes is given in Copson
(1972). The reader may also refer to Nehari (1952) for additional material. Throughout this
section, and in all of the sequel, % is an arbitrary but fixed positive real number.

For ke (0,1), sn (-, k) denotes the odd Jacobi elliptic function of modulus £ with primitive
periods 4K and 2iK’ and simple poles with residues 1/k or — 1/k at points congruent to iK' or to
2K +iK’ (mod 4K, 2iK’), respectively. The primitive periods are given in terms of £ by the
formulae .

K:fo (1 — %)=} (1 — F2?) -1 dx, (1.15)

1
and K =f (1—x2)-1 (1= (1 — k) k)L dx, (1.16)
0
Clearly K and K’ are monotone functions of k€ (0, 1), with K | 1w and K’ 4 00 as k | 0, while K 1 c0
and K' | ir as k4 1.
For any A > 0, let £, be the modulus of the unique function sn (-, k,) such that

A/h = 4K, /K, (1.17)

where K, and K are defined in terms of £, by (1.15) and (1.16). Since % is fixed, k,, K, and K, are

monotone functions of A and
2K, /A — m/4h (1.18)

as A — 0o. Throughout we shall use s, to denote the elliptic function sn (-, k,) for all A > 0, and s,,,
to denote the analytic function tanh which is the pointwise limit of s, as A — oo (Copson 1972,
p. 414, ex.1).

Standard theory (Copson 1972, p. 414, ex. 4; or Kober 1952, p. 172) ensures that the mapping
Py from the complex ¢{-plane into the complex é-plane defined by

Pa(8) = —kxsR (2K (E+ihk) /X)

is a conformal mapping of the region R, = {{ = x +in: —3A < x < 41, —h < 9 < 0} onto the
region 9’ = {{ =re: 0 <r <1, —n < s < n}. The function §, is analytic on R, and maps the
boundary portion 4, ={{eR): { = x+10, xe[—3A,3A)} onto the set {£ =el*: —n < s < 7},
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and maps 0R,\4, onto the non-positive real axis in the unit disc.? Let p,: [ — 1A, 3A) > (==, 7]
be defined as follows:
pa(x) =s for xe[—1a,3A),
if and only if se (—n, ] and Paly +10) = els,
Another, more convenient way of saying this is that for y e[ — 1A, §A), p.(x) = s if and only if
se(—m,n] and
cos}s+isinds = — ik} s, (2K, (x +1k)/A)
{(1 +k2) 522Ky x/2) +ica (2K, x/A) dA(2K/\X//\)}

L+ kys§ (2K, x/A) ’
where ¢, and d, denote the even Jacobi elliptic functions cn (-, £,) and dn (-, k,), respectively.
(Algebraic identities and rules for differentiating the functions ¢,, d, and s, are given in Copson
(1972, p. 384).) The expression (1.19) follows from the relation (1.17) and Copson (1972, p. 396,
example 3).)} Let §,: 2’ — R, denote the inverse of §,, and let ¢,: (—n,x] —>[ A, $A) denote
the inverse of p,. From equation (1.19) it follows that |

(14+k)) 5,(2K, qx(s5) /)
L+kys3(2K,qa(5)/A) °

which, upon differentiating with respect to s and using (1.19) along with the identities in Copson
(1972, p. 384), yields

(1.19)

inle —
Sin g§ = —

cosis = —

DOj=t

2K,(1+4)) 1_kA5A(2KAq/\( )/A) 1
A {1 +ky 522K, 4,(5) /) } 2 (s)cos s (1.20)

where ’ denotes differentiation. But, by the algebraic identities relating s,, ¢, and d, there results
that (1—kasD)® =t + (1K)}

and so (1.19) and (1.20) together yield the following expression for ¢;:

ga(s) = —{AJ (4K (1 +k)))} [cos2 s+ (1 ;zi)zsiﬁ %sJy%. (1.21)

To simplify the notation, we define the following expressions:

2 -4
Si(s) =%[cos2 s+(1 112) sin? %s] ,

(1.22)

S(s) = gsecis,
for all se (—m, ), and A =2d/(2K\(1 +k))). (1.23)
Recall from (1.18) that A -—>2h/n as A->o0. (1.24)

Since the only zeros of df,/d{ occur at { = —ik and at { = + $}A — ik, the real and imaginary
parts of §, satisfy the Cauchy—Riemann conditions on the boundary portion {e!*: —n < ¢ < =}
of 02’'. Hence

0 . 0 o o
S Ama)| =~z Req)| | = —dh(0)
— A£,(5) (1.25)
for all se (—m,m).

t The minus sign in the definition of #, reverses the usual orientation and causes the point { = — }A+i0 to be
mapped onto £ = e'%,
1 The negative root is taken in (1.19) since the point s = ©t corresponds to y = — }A.
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Before finishing this discussion of conformal mappings, we note that in the limiting case when
A — o0 a mapping which takes the region R, = {y +iy: y€ (—00,0), —k < 9 < 0} conformally
on to 2’ and the boundary portion 4,, = {y +10: ye (—00,00)} onto {e’*: —n < s < =},isgiven by

p(8) = —tanh?® (n({+ih) /4h)

= — 52 (n({ +1k) /4h).
If the inverse of § is denoted by §, then it follows just as before that
Gl ~ 0 .
5 (Im q) els é} (Re q) els
= (h/n) sec §s = (2h/m) £(s). (1.26)

If v:[—m,n] > R is a continuous, odd function with v(n) = 0, then there exists a unique
harmonic function # on the unit disc 2 = {£: |£| < 1} which satisfies the Neumann boundary

condition 0i/0r|qs = v(s),s€ (—mn,n], and the normalization condition f i = 0. It is easy to
02

see that for all s (—n,n],
T

i(ei) = G(s,t)v(t) dt,
where Gls, 1) = 1 % sin lslsm it
_ 1 Isin§(s+1¢)
o " sin%—(s—t)l (1.27)

for all (s,¢) e (—m,n] x (—m,m],s # ¢, and @ is zero on the real axis in 2. (The identity (1.27) and
further properties of G are from I, theorem 2.5.) Note that (1.27) ensures that G(s,¢) > 0 for all
(5,8)€[0,m] x [0,7], s # t.

The next theorem concerns the change of variables which enables the convergence result of
§3 to be deduced from the work of 1.

TrEOREM 1.1. Let V:[— 1A, 1A) - R be a continuous, odd function which is positive on (0, 3A) with
V(—3A) = 0. Then putting v(s) = — V{(q,(s)), for all se ( —n, ], defines a continuous, odd function which
ts positive on (0,7), and v(n) = 0.

Moreover, if A is given by (1.23), then

A"lnsm( +1t)

u(s) = onl_ sinl ( ) f/\() () (128)
Sor all se (—mn,x], iof and only if u(s) = = Ul(qa(9)),
where Uy) =fi;A§17tln %%i' V(e) de. (1.29)

Furthermore, there exists a harmonic function U on R, such that
U(x+i0) = U(x) for xe[—3A,34),

oU
=V(x) for xe(—3A34),

% X0

and U = 0 on OR\,.



ON PERIODIC WATER-WAVES 641

Proof. Tt follows from (1.19) and from the formula for the elliptic function of a sum that, under

the change of variables
X=qs) and €= a(t), s te(—m,ml,

s ( A(x+6)/2)
the kernel é}ln N RCEDIR
1 |sin}(s+¢)
becomes Ty ey sSn1G—1)|"
Since ¢3(s) = — Af,(s) on (—m,n], the result for the first part of the theorem is immediate.

Because v is continuous and odd on (—m, n] and v(n) = 0, it follows that there exists a unique
function @, harmonic on & and continuous on &, such that

i RIROLIO

or elt

and a(elt) = u(t)

for all £ (—m,n]. Since v is odd, @ is zero on the real axis in 2. Therefore U defined by

U(g) = —a(pa(£))

is harmonic on R, and continuous on R,. Since f, maps 0R,\4, onto the non-positive real axis
in @, where i vanishes, it follows that U vanishes on 0R,\4,. The results for U on 4, follow by
(1.25).

LemMmA 1.2. For all y,ee[ —3A, $A) x[—3A,3A], ¥ # 6,

1 sa@2Kx+e) /A 128, (2nl}z) (M) . (2Lle)
2nln s—————————————,\ (3K, (x=6)/2) 7T121l tan ;) sin 5 )sinl )

Progf. This follows by a simple calculation from the expansion from sn (u, k) (Gradshteyn &
Ryzhik 1965, p. 912, eqn. 20):

2K nu ©1 ¢ nlu
Insn (u,k) = ln7+lnsm—-~—4 > 71+q’{sm(2K)}

2K 5
where ¢ = e-"K/K,

THEOREM 1.3. The solutions of the linear chamcteristz"c value problem

u(s) = 3p G(s, )a(8) u(2)

consist precisely of the set of characteristic values {(6Anl/A) coth (2nlh/A)}" | with corresponding eigen-
Junctions  {sin (2nlg,(s)/A)},,- In particular, the smallest characteristic value, p, = (64n/A)coth
(2rnh/A) | 6/m as A — oo.

Proof. From lemma 1.2 it follows that the set of characteristic values of the operator defined by
the right-hand side of (1.29) comprise the set {(2n//A) coth (2rnlk/A)};° , and the corresponding
eigenvectors are {sin (2n/y/A)},° ;. The result is then an immediate consequence of theorem 1.1
and the fact that 4 - 2k/n as A - oo by (1.24). Since f, (x) < f,,(x) if A; < Ay, it follows that
M, = My, by 1, theorems A 1 and A 2. (See also lemma 3.3.)

55 Vel g303. A




642 C.J.AMICK AND J.F. TOLAND

1.4. On integral equations for water-waves

The purpose of this section is to show the equivalence of two nonlinear integral equations, each
of which is a formulation of the periodic water-wave problem when the mean depth and the
wavelength are given. Theorem 1.4 is a statement of this equivalence, while in theorem 1.5
a precise description of the wave which corresponds to a solution of equation (1.31) is given.
Theorem 1.6, which is taken without proof from I, is a statement of the corresponding result
for solitary waves.

Let / be fixed, as in the previous section, and let A be any positive real number.

THEOREM 1.4. (i) If @: [ — 1A, 1A) >R is continuous, odd, and 0 < O(x) < in on (0,3A), with
O(—1A) = 0, and if for all se (— =, 7],
0(s) = —0(q(5))s (1.30)
then 0: (—m,n] - R is continuous, odd, and 0 < 6(s) < 4m on (0,n) and 6(n) = 0. Moreover, for some
1 > 0,0 satisfies the equation

0(s) =%f1t In

- T

sin%(5+t) Ja(t)sin6(¢) dt (1.31)
sin §(s—¢) '1 +ftf/\(w) sin 0(w) dw
M 0

Jor all se (—m,n], if and only if O satisfies the equation
1x i
O(y) = 1]2 1 sA(2KA(X+e)//\). sin O(¢)
6 _%AT[

i(2Ka(x—€)/A) il +J€sin O(w) dw
#oJo
Sorall y e[ —3A, JA). Here A is given by (1.23) and f, by (1.22).
(i) If@isasin (1) and satisfies (1.32), then there exists a harmonic function on R, which coincides with ©
on the boundary portion A, and which is zero on OR\A,. If G is used to denote this harmonic function on R,
then

de (1.32)

v

0 _ sin O(y)
o B

1
: (1.33)
x+i0 34+stin O(w) dw
#oJo

Jorall x +10€ 4, =[—-1A,1A).

Proof. The first part follows immediately from the definition of ¢, as the inverse of p,. The
equivalence of (1.31) and (1.32) may be seen by changing variables and by using (1.25).

The next result is a precise statement of the sense in which solutions of equation (1.81) corre-
spond to non-trivial periodic water-waves. Once the method of I has been applied to prove the
convergence of solutions of the equation for waves of period A to solitary wave solutions as A — o0,
the convergence of periodic waves to solitary waves in the physical domain will follow.

THEOREM 1.5. Suppose that 6 is an odd, continuous function on [ —, 7] with 0 < 0(s) < mon (0,n) and
() = 0, which satisfies the integral equation (1.31) on [ —n, nt] for some p > 0. Then 6 is real-analytic on
[ —n, ] and satisfies 0 < 6(s) < }m on (0,n). Moreover, there exists a solution of the periodic water-wave
problem of period A on a flow of mean depth h. The mean velocity of the flow is given by

3

¢ = J(3¢g) EJ‘" fa(t) cos6(2) & —Ig’ 5
iy, .
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Jfrom which the flux Q and the speed at the crest gc may be calculated as follows:

- (1.35)
and ge = (3gAc/m)}. "
The free surface Ty is then given by {(x, Hy(x)): x € (— %A, 3A)}, where for xe (0,32),
()~ Ey(0) = (S} [° AAsindl) g, Y
(x) — H,(0) (3g) L_l(x)(}[l"ﬂfl(w) sin 6(w) dw)?f (1.37)
and for se (-, 0),
5) = (623_%2)%‘{0 Ja(t) cos 0(¢t) dt. .

’ (71 + f ; £, (w) sin 0(w) dw)%

Remark. In this expression for the free surface profile, the value of H,(0) is given by
f“_h exp (T'(0 +i7)) dy, were 7 is the function in (1.39) below. Since 7" is uniquely determined
in R, by 8 and (1.39), one may determine H,(0) explicitly in terms of %, 0, k, and A. Unfortu-
nately, it does not appear possible to put this result in as neat a form as (1.34) (1.37), or (1.38).

In theorem 2.4, we show that the upper bound of }= for # may be replaced by .

Proof. The method of proof of theorem 2.2 (ii), (iii) applies to any solution of (1.31), and not
just to those in €,. Hence, the real-analyticity of 6 and the a priori bound of }n for 6 follow
immediately.

Let 6 be the function which is harmonic on R, mentioned in theorem 1.4 (ii), and 7" denote the
unique function which is harmonic on R, and conjugate to O (that is, T-i6 is analytic in R))
such that

3 n
5[5 exp Ta-im)dx = 1. (1.39)

If § denotes the harmonic function on 2 with boundary values 6, then the real-analyticity of 6
ensures that 8 is real-analytic on 2. Since 6(¢) = —8(§,(L)), € R, the analyticity of §, on R,
ensures that @ is real-analytic on R,, and hence that T is real-analytic by the Cauchy-Riemann
equations. Because T —i@ is analytic on R,, we can use it to define an analytic function 7 on R,
by putting

we) = [ exp(F(e)-i6®)de. (1.40)

The function ## is injective on R,; for otherwise there exist &, {, € R, with

& ~
f exp (T'(£)) cos O(£) dE = 0,

and this contradicts the fact that |@| < }n on R, by the maximum principle. Since 7’ ({) # 0 in
R,, it follows that R, is mapped conformally onto a region S, by 7%, and that 7% is invertible there.

Because 6 is odd on A4,, and zero on the rest of OR,, it follows that 6({) = —6(—{) and
T(¢) = T(- ), £e R,. From thisobservation and (1.40) there results that —m(Z) = iii(— ), { € R,.
Combining this with (1.39) and the fact that @ = 0 on 0R,\4, yields that S, is bounded by the
lines y = 0, x = + 1A and the curve I'y = m(4,). If ¢ lies on the line 4,, then

(d/dx) Rem(£) = exp (T'(¢)) cos 6(¢) > 0,
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and so, for some even function H,, we have
Iy = {x+iH,(x): xe[ — A, $A)}.
A further calculation based on (1.40) yields that
Hj(x) = —tan O(m~Y(x +1H,(x))).

Since 7 is invertible, #-! is analytic on S,. We shall now show that if a complex potential o is

defined on S, by putting
0(2) = $(2) +iY(2) = o (2) (1.41)

with ¢ given by (1.34), then all of the conditions (1.1)-(1.10) are satisfied, and the proof of the
theorem will be complete.
The velocity field (z,v) generated in S, by  is given by

u(z) —iv(z) = —dw/d:
= —cexp (—T(m1(2))) {cos ® (m=1(z)) +isin O(m~1(z))}, (1.42)
whence — @(~1(z)) is the angle which the negative velocity vector makes with the x-axis, and
cexp (—T(m(z))) is the speed of the flow at z€S,. Since — () = m(—{), { € R,, it follows that
equations (1.2)—(1.4) are satisfied. Since @ = 0 on dR,\4,, it is immediate from (1.40) that (1.5)
holds. To show that (1.6) is satisfied we note that, by (1.39),
A (—3A) - p(3A)} = A~ Re {(—44) -~ (3A)}
=AY A -3} = —o. (1.43)
Next, if zeT,, then #~1(z) € 4,, whence ¥(z) = 0. If zeS, and Imz = 0, then Im#~(z) = — 4,
and so ¥(z) = —ch. It follows that (1.7)-(1.9) hold.

LetT: [ —}A, $A] — R denote the restriction of T'to 4,. Then, since @ = 00ondR,\4,, it follows,
by Cauchy’s theorem and (1.39), that

1 i -
f exp (T'(x)) cos ©(y) dy =f exp (T'(x —ik))dy = A. (1.44)
—32 -

However, from (1.33) and the Cauchy-Riemann equations,

T(y) = T(0) —%ln(l +(§1‘)f"sin@(w) dw) (1.45)

0
for all y e[ — 1A, 31]. Substituting this expression for 7" into (1.44) gives

exp (~T() =5 osO) gy

AJ-n (1 + (ﬁli) f;c sin O(w) dw)3

= %J" Atfa(t) cos 0(¢) Lt = (34 /e, (1.46)
—r (1 +,uf0f,((w) sin 6(w) dw)

by (1.34), whence @ = Pexp (—3T(0)) = 3gAc/p,

and so (1.36) is satisfied.
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In order to prove (1.10), we must show that }(u2(z) +v2(z)) + gImz is constant on T, or,
equivalently, that cZexp (—27°(x)) + gImi(y +10) is constant for ye[ —§A, A]. A calculation
gives

(d/dy) [3e® exp (- 2T (x)) + g Imm(y +10)]
= —c*exp (- 2T (x)) T"(x) —gexp (T'(x)) sin O(x)
= exp (T'(x)) {—c*exp (= 3T (x))T " (x) —gsin O(x)}
=0
by (1.45) and (1.46).

Finally, to calculate the wave profile we proceed as follows. At a point x+iyeT,, the free

surface is given by
y= H/\(x):

where H,(x) = —tan @(m~'(x+1iH,(x))). Hence

H,(x) — Hy(0) = f *Hj(w) du

Il

~ [T tan 000 cos O(x) exp(T (1) dx

_pe? e in O(y)
) (;;A) fo (1+(%)}0Xsinx@(w) dw)%dx’

where &: [ — 32, 3A) - R is given by

&(x) = Rem(x+1i0)

2\% ’
T —
¢ °(1+(§)J sin@(w)dw)

0
Hence if x€[0, $A],

- - (LEP [ g,
( : ) f ( )(p+f0f)\(w)sin0(w)dw)
where a7l(x) = (Goq,) " (x) = pa(@}(x)) < O,
and so, for se (—m, 0],
a(s) = dogq,(s) = (%)%fﬁm cos O(x') %dX'

0 (1 + (%) fox' sin O (w) dw)
_ (4x § 1o fa(t) cosO(¢) '
( i ) ‘L (7i+f:f,\(w) sin O(w) dw)%dt

This completes the proof of the theorem.

THEOREM 1.6. Suppose that 0 is an odd, continuous function on [ —m, ) with 0 < 6(s) < m on (0,T)
and O(r) = 0, which satisfies the integral equation

sin 1(s+1) l Sf () sin6(¢)
sin}(s=1) ;16+f:f(w) sin 0(w) dw

L |

o(s) = Ef_ﬂEln

dt (1.47)
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Sorallse[ —mn,n), whereu > Oand f(t) = Lsecdt forte (—n,n). ThenOf € L,(—mn,n), 0is real-analytic
on (—m,m), and 0 < O(s) < ¥mon (0,n). Moreover, if h and ¢ are any positive real number& which satisfy

i{f( [f w) sin O(w )dw) =1,

then there exists a steady solitary wave flow whose mean velocityt and asymptotic height (see §1.2) are — ¢ and
h respectively. The speed g of the flow at the wave crest may be calculated from the expression

ngs/6ghe = 1/p.
Moreover, the solitary wave profile I' is given by {(x, H(x)): x € R} where for x > 0,

H(x) - H(0) = §’ (15«% )& fo%) ( 1 +f‘J;((ti :1: jg()m dw) Lt (1.48)
mtfirael=n 0 a(s) = h (36c2)%f0 f(t) cos6(t) ds (1.49)
3\neh) Js (—1 + f : () sin 0(w) dw)§ ' '

Remark. In this case, we can assert that the value of H(0) is

et
2gh 2 \nu’gh

because the asymptotic height is known (see I, theorem 4.6).

Proof. While this theorem is formally the limiting case of theorem 1.5 as A — oo, it needs a
separate proof. This may be done by modifying the method of proof of theorem 1.5, using
the mapping f from R, onto 2’ introduced in §1.3. The function @ is then required to be in
L,(—o0,00), odd, positive on (0, o), and to satisfy

1* 1
O(x) =§f_wﬁln

an equation which may be obtained from equation (1.47) by putting x = (—2k/n)ln
(sec 3s+tanls), and € = (—24/xn) In (sec 3t +tan §¢),s, t€ (—n, 7). An alternative proof is to be
found in I, theorems 1.1, 4.1, 4.3 and 4.6. (The function @ in I, theorem 1.1 differs from that
which arises in the method suggested by the proof of theorem 1.5 by a change of sign.)

tanh (n(x +€)/4h) l sin @ (e)

tanh (n(y —e)/4h)|2

— de, (1.50)
— +f sin O(w) dw
T Jo

For the sake of giving a complete description of Nekrasov’s integral equations, we include in
the Appendix the equation for periodic waves on a flow which is infinitely deep. The derivation
there is slightly different from those already in the literature, and emphasizes the dependence of
the flow parameters on a given solution of the equation. It is shown how this equation can be
written in an alternative form which involves the conjugate operator from the Ly-theory of
Fourier series. While a similar formulation might be adopted in the case of finite depth (Krasovskii
1961), we avoid this approach because the normalization requirement ((1.39) above and

1 Recall from the Introduction that in the case of solitary waves, the notion of mean velocity coincides with
that of asymptotic velocity, and similarly, the mean depth and the asymptotic depth coincide.
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Krasovskii (1961, p. 1002, eqn (1.19)) means that when the depth is finite the conjugate operator
is nonlinear. In any case, (1.831) and (1.32) are preferred, since the dependence of the integrand
on 6 and 0 is given explicitly.

2. THE GLOBAL THEORY
2.1. Background

The first proof of the existence of large amplitude, periodic water-waves is due to Krasovskii

(1961) and is based on an adaptation of the monotone minorant theorem (Krasnosel’skii 1964) to
a particular version of Nekrasov’s equation. Among his results on the existence of periodic water-
waves in a channel with a wave-like bottom is included the special case when the bottom is flat.
In this case, the conclusion is that for each positive h and A, and for each f e (0, in), there exists a wave
of wavelength A, on a flow whose mean depth is h, which is such that the maximum angle of inclination of the
JSree surface to the horizontal is 8 and the mean velocity of all such waves is bounded away from zero and
infinity. Though this result is highly suggestive, it does not amount to a global bifurcation theorem
since neither the question of bifurcation, nor the question of the existence of a connected set of
solutions is considered. The first result of this kind is due to Keady et al. (1978), who regard
Nekrasov’s integral equation as an example in the general theory of global bifurcation (Dancer
1973; Rabinowitz 1971; Turner 1975). They proved the following: if L and Q are fixed positive real
numbers, then there exists a connected set of periodic water-waves which bifurcates from the set of horizontal,
uniform flows, each of which is of flux Q, and each of which has wavelength 2L with respect to the velocity
potential. This set contains a wave whose speed at the crest is qc for any value of q. in the interval
(0, (gLn~1tanh (nQ/L))*).

Since the mathematical theory of steady water-waves still lacks any global uniqueness result,
it is not possible to assert that the solutions obtained by Krasovskii are included in the connected
set which Keady and Norbury obtain. (In principle, Krasovskii’s method may yield solutions
lying off the bifurcating set, if such exist.) Nevertheless, it can be shown (Toland 1978, inde-
pendently of the work of Krasovskii) that this bifurcating set contains waves with maximum angle
of inclination to the horizontal g, for all values of £ in the interval (0, ir). Indeed, it has been
shown by McLeod (1982) that this connected set of water-waves contains a wave whose maximum
angle of inclination to the horizontal is g, for all f € (0, §n + €] for some € > 0.

In the next section, we shall summarize the global bifurcation theory for periodic water-waves
of spatial wavelength A on a flow of mean depth k. Because of our declared intention to deduce from
these results the corresponding theorems for solitary waves on a flow of mean depth 4, we state
theorems about the periodic problem in terms of the integral equation (1.31) rather than the
equivalent equation (1.32). In §2.3, we shall see how the use of (1.32) leads to new results about
the bifurcation of periodic waves, which are obscured by the formulation of the problem as (1.31).

2.2. The bifurcation of periodic waves of wavelength A on a flow of mean depth h

Throughout this section, we consider waves of wavelength A on a flow of fixed mean depth £.
Accordingly, we are interested in solutions (z, §) of (1.31) with > 0 and 0 < 6(s) < 4non (0,).
Since all solutions of (1.31) are odd, it suffices instead to consider the eigenvalue problem

o) =~ f:G(s,t) - Sirf"(‘) dr (2.1)
ﬁ+j Sr(w) sin 6(w) dw
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where the kernel G is defined in (1.27). Let Cy[a, 5] denote the Banach space of continuous
functions on [a, 5] which vanish at ¢ and &, and let #([a, ] denote the closed, reproducing cone
of non-negative functions in Cy[a, 4]. For any [a, b] < [0,n],C[a, b] denotes the usual Banach
space of continuous functions on [, b] with the supremem norm. For convenience with notation,
we will abbreviate J[0, ] as ;. Since G is non-negative almost everywhere on [0, ] x [0, 7]
and is the kernel of a compact, linear Hammerstein operator on Gy[0, ] (I, theorem 2.5 (a), (5)),
it follows that this linear operator leaves J; invariant. The linearization of (2.1) about § = 0
is given by

o) =% f "G, 04000 2.2)

and from theorem 1.3 it follows that the characteristic value with smallest absolute value is
6AnA~1coth (2rnk/A) - 6/ as A — oo, and the corresponding eigenvector is sin (2rng,(s)/A).
Before the global bifurcation result may be stated, one further observation is necessary.

LEMMA 2.1. Let g > 0, and let 6 € Ky be such that, for all s€[0,n],
t)sin (JO(¢
1 L) .( &) 4 (2.3)
;—L-f—ff,\(w) sin (JO(w)) dw
0

o) =3[ 6

where Jx = (sgnx) min{|x|,n}, forall xeR.
Then (i) 0<0(s)<mn on (0,n), and (i) p > puy = 6AnA~1coth (2nk/A).

Proof. The proof of this result is an easy consequence of the maximum principle, and is proved
by the method used to establish theorem 3.3 (a), (¢) of I. No modifications are required.

The next result is a summary of the global existence theory for solutions of equation (1.31).
Throughout the discussion, the mean depth is fixed. Let &, = {(#, ) € (0, 00) x H#,: (u, 0) satisfies
(2.1) and 0 s 0} U {(uy, 0)} where u, = 6AnA-1coth (2nk/A). Section 2.3 gives more sophisti-
cated properties of %; in particular, the upper bound of {r in (ii) and (vi) may be replaced by
1n. Much of this result is well-known, though maybe in a different form. We outline the proof for
completeness.

THEOREM 2.2. Let €, denote the maximal connected subset of £ in R x Gy[0, 1] which contains (u,, 0).
Then
(1) €, s closed and unbounded.
(i) If (u,0) €G\{(tr, 0)}, then p > py and 0 < 0(s) < 4m on (0,n), whence {u: (n,0) €€,} =
[/"’)\a OO) .
(iii) 0 is a real-analytic function on [0, ].
(iv) For each A, 8 > 0, there exists a constant B, 5 > O such that

0(s) > B, ssins (2.4)
if > py+0and (pn,0) €.
(v) If (,0) €¥,, then the mean velocity of the corresponding wave is given by the formula (1.34) and
will be denoted by c(p,0). For each A > 0, there exists a closed interval [a,, b,] < (0, c0) such that

{C(ﬂy 0) (:u" 0) E(gz\} < [a/b bA]:
and ay, >0as A= 0, while b, < M for all A > 0,
where M is independent of A.
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Let the speed of the corresponding flow at the wave crest, calculated from (1.36), be denoted by qc(p, 0).
(Vi) If {(#tn> 0,)} < € and p,, — 00 as n - o, then qe(pin, 0,) — 0, and there exists a subsequence
{60,00) of {0,.} such that 6,y — 6 uniformly on [8,n] for each & > 0, where 0 is a non-trivial solution of the

equation
sin 0(¢)

Jal?)
fG( fﬂ w) sin 0(w) dw

The function 0 is real-analytic on (0, 7] and 0 < 0(s) < 4m on (0,n). Furthermore the following dichotomy
holds:t either im 0(s) = ¥m, or

s—0+

dt for se(0,m]. (2.5)

0 < liminfl(s) < in < limsup 6(s).
>0+ s—>0+

The periodic wave corresponding to a solution of (2.5) has a stagnation point at ils crest (i.e. gc = 0).
(vii) Let {(ft,, 0,)} < €, denote the subsequence in (vi). Since (p,,, 0,,) satisfies equation (2.1), 1t follows
that the function 03 defined on [0, u, 7] by

O (%) = 0,(x/pn)s
2 (M (% y Saly/pn) sin 07 (y)
orw) == | el =, L) —= dy
e ”")1+ [ w2 sin 03 w) o

satisfies the equation

=3

Sor all x€[0, p, ).
Moreover, as n — oo, {0%} converges uniformly on compact subsets of (0,00) to a function 0* which

satisfies the boundary-layer equation
21

0*(x) = 3), 2x n

dy,

x+y| 1sin 0*(y)

x—y L

142 f sin 6* (w) dw
2Jo

and sup O0%(x) > in. It follows that there exists an € > O such that, for all n sufficiently large,

xe(0,00)
|0]col0,x1 = 37 + €. Hence, for each f € [0, §n + €], there exists a periodic water wave of any specified mean
depth and wavelength, the free surface of which subtends a maximum angle to the horizontal of f.
(viii) For each N > O, the set {(u,0) €€y: p < N} is relatively compact in the topology of R x C* for
each integer | > 0, where C' is the Banach space of lth order continuously differentiable functions on [0, x].

Proof. (i) The proof of this is a simple application of Dancer (1973, theorem 2) to equation (2.3),
once the a priori bound of lemma 2.1 has been noted (sce Keady et al. (1978, lemma 4.1) for a
similar treatment of equation (1. 32)).

(ii) That g > u, follows after multiplying equation (2.1) by f, and by the eigenfunction of
the linear equation (2.2), which corresponds to the characteristic value y,, and integrating
over (0,7).

A slight modification of I, theorem 3.3 (d) yields that 6(s) < 4m on (0, n). In this case the
crucial observation is that the function P defined on 2’ by putting

P(l) = —Fexp (=25(8) - Y(§)

is a super-harmonic function on 2’ which attains its minimum at every point of the boundary
portion {e!: te (—n, n]}. (The use of the super-harmonic pressure function P to show that the

t Professor L. E. Fraenkel and the authors have now proved that 0(s) > }n as s >0+ for solutions of equation
(2.5) when 0 < A < . (See Amick, Fraenkel & Toland 1982.)

56 Vol. g03. A
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free surface of periodic water-waves have no vertical tangents was introduced by Spielvogel,
(1970), and used again by Keady et al. (1978).) Here § and Y are defined as follows. If (g, 6) € €,
then suppose that

8

0(s) = X qsinls,

1=

[

—_}

f,\ w) sin 6 (w dw)

p(t) dt, then it follows that
k4

and put p(t) =—%In (

forte[—n,n].lfa(,:%t

o]
F(relt) = ay+ 3 qrleitt
1=1

for re€[0, 1), te (— =, n] defines an analytic function on 2. Then put

p(8) = ReF(E),
1 (¢ ~
and Y() = Im [ exp (PO) 7 (€) 2

for {€ 2’ where §, is the inverse of the conformal mapping §, introduced in §1.2 (and prime
denotes differentiation). With this definition of P, the proof that § < }r follows exactly as in
I, theorem 3.3 (d).

(iii) Lewy’s (1952) theorem ensures that 8 is real-analytic on [0, «].

(iv) If this result is false, then for some § > 0 and for each n, there exists (x,, 8,) €€, n {{#r+
8,00) x Ay} and s, € (0,7) such that 6, (s,) < n'sins,. Now for each closed interval [q, b] <
(0,7), there exists £ > 0 (depending on [a, 4]) such that if ¢e[a, §], then

G(s,t) > Esins
for all se[0,n] (see I, theorem 2.5(c)). Hence

n~lsins,, f G(sp, t) J:’\(t) sin 0,,(¢) d¢
+f Sfi(w)sin 6, (w) dw

2E £) sin 6,2 dt¢| sins,.
{ f ff,\ )sin 0, (w) dw }

Since [a, b] is chosen arbitrarily in (0, ), there results that
1 Jt‘;(t) sin 0, (¢) o,
—+f Sfu(w)sin @, (w)dw
0

almost everywhere in [0, n]. From the a priori bound established in (ii), it follows that 8, - 0 in
L,(0,m). However, an integration of (2.1) over (0, n) after multiplication by sins yields that

f"e ) sin¢dt

b

fﬂﬂ()smsds_lfn Sul)sin 0, (1) sin ¢ dt>—1—

0 ffA (W) sin0,(w)dw " ffA w) sin 6, (w) dw
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whence {#,} is bounded, since f, sinf,, - 0in L, (0, n). Because G is the kernel of a compact linear
operator on C,[0, nt], and because {#,} is bounded, it follows that 6, converges to 0 in C,[0, r].
But %, is closed, from which there follows the contradiction that the sequence {%,} < [#,+ 6, )

converges to 4,.
(v) If (u,0) €€, A > 0, then by (1.23) and (1.34) there results that

¢(p, 0) < const. x K, Ad f: : tf,\(t)ccz)sﬁ(t) e _%.
(/7+f0 Sa(w) sin O (w) dw)

Hence, for any N > 0, the set {¢(u,0): (#,0) €€, A€ (0, N1} is bounded above, or else there
exists a sequence (4, 0,) €€, , A, € (0, N], such that

fﬂ Jan(t) cos8,(¢)
(ﬂi” + f : o (w) sin 0, () dw)
as n — oo.

In the latter case it follows, by the bounds in (if) above, that 6, - 3rin L,(0, ), and sin 6, — 1
in L;(0, 7). Without loss of generality, suppose that 1/u, - a€[0,ir] and A, > A€[0, N] as
n — oo. Hence, for any interval [a, ] < (0, &), it follows by I, theorem 2.5 (¢) that

7] b t)sin @, (¢
f G(s f'\" sin 6,1 ==t~ dt > const. x f {L()t.s.l_l_l_’.‘ﬁ)_ dt| sins > const. x sin s,
fst1n0 a——+f S, sin6,
0

where the constants are independent of sufficiently large n. Hence, by the dominated convergence

theorem 1 t ¢
In (/—7 +f Ja, sin 0n) - 1n (a +f f,\)
n 0 0

in L,(0,w), as n —> o0, and so for any / > 1,

f sinls6,(s)ds = 3lf"s1nltf,\ n(#) sin 0 (t) dt = —%f"cosltln( ff,\ sin @ )
0 0

2,;dt—>0

f S sinf,,
0
1= t
- ——f cos/tln (oc +f f,\) dt (2.6)
3Jo 0
as n —> o0.
Therefore, for each integer [ > 1, equation (2.6) gives
t
%nf sinlsds = —%f cosltln(a +f fA) ds (2.7)
0
3lf sin [t —-2— dt.

oc+ff,\

However thisis a contradiction since, if @ is non-zero the right-hand sideis o(1//) by the Riemann—
Lebesgue lemma while the left-hand side is not (for odd /). In the case & = 0 the right-hand side
may be re-written as

f"smlt 1s1nltdt~—+0(1/l as [—»>o0
3/ 31 ff

while the left-hand side of (2.7) vanishes for all even /.
56-2
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Hence the set {c(u, 0): (u,0) €€, A€ (0, N]}is bounded above. In order to show that an upper
bound may be found which is independent of N, we proceed as before by seeking a contradiction.
If the result is false, then ¢(u,, 6,) - oo for some sequence {(x,,0,)}, where (u,,0,) €%, and
A, — oo. However, a slight modification of the proof of theorem 3.1 (iv) yields that there must
therefore exist a subsequence {(f,u, Onm)} such that (1/p,m, On) > (&, 0) €[0,00) x Ly(0, ),
and ¢, Ony) = {[6gh/7] (2 +f:f(t) sin 0(¢) dt)}r e[y/(gh), 24/(gh)]. This is a contradiction.

Finally, to show that, for fixed A, the set {c(x, 0): (u, 0) €%,} is bounded below by a positive
constant, it suffices to observe that

¢(n; 0) > const. x { f ’ (711, + f ;ﬁ(w) sin ﬁ(w)dw)_% dt}_%
> const. (by (iv))

where both constants are independent of (x,0) €¥,. To complete the proof, we observe that
¢(uy, 0) = {(gA/2n) tanh (2rh/A)}} > 0 as A — 0.

(vi) Since ¢(u,,0,) < M, it follows from (1.36) that ¢,(x,, 0,) = 0 as n - co. The asymptotic
behaviour of {#,} as n — o0 is established by a slight modification of the arguments in I, § 5, using
(iv) to obtain the appropriate estimates. The behaviour of the limiting function 6 may be
analyzed by precisely the method used to establish the results in I, theorem 5.2 (d)—(g).

(vii) This is the main result of McLeod (1982) reformulated in terms of equation (2.1). The
proof for equation (2.1) is identical (with certain obvious modifications), and there is no need to
repeat it here. Since €, is a connected set in R x C,[0, ] which contains (x,, 0) and a point (, 6)

with sup 6(s) > §n+e, it is immediate that for each f€[0,in+¢€] there exists an element
se(0,n]

(u,0) €€, with sup 0(s) = g.

se[0, ]

(viii) We sketch the prooffor/ = 1; for general [ the result follows by induction. Let (x, 0) €€,
with # < N. Then the odd extension of  to [ — «, 7] is the conjugate of the even function p defined
in the proof of (ii) (for the L,-definition of the conjugate operator, which is sufficient for our
purposes here, see Appendix). Standard theory (Zygmund 1977) then gives that

|0]ca < const. X |p]|ce,

where C* denotes the Banach space of Hélder continuous functions on [ —r, ] with exponent
a€(0,1), and the constant depends only on a. For s, s, €[ — =, 7],

81
1+,uf Sasin0
0
lp(s1) —p(s2)| = §|In s

1+u| fisind
0
< const. x §p|s; — 55| < const. x FN|s; —s,|.

Thus |p|c« < const. and hence |0|¢« < const., where the constant depends only on N, o and A.
However, the function df/ds is the conjugate of

dp _ 1 £4(s)sin6(s)
ds 31 s
-+ inf
p J‘Of,(sm

and so |dp/ds|ce < const., whence |df/ds|c« < const., and once again the constant depends only
upon N, a and A. The result for / = 1 then follows by the Ascoli-Arzela theorem. The proof'in the
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general case follows once one has taken into account that the conjugate of the /th derivative of p
is the /th derivative of 6.

Remark. The proof of theorem 2.2 (ii)—(vi), (viii) did not use the connectedness of €, and so all
of these results hold with %, replaced by &,.

2.3. Properties of periodic waves

In § 2.2 the global nature of the solution set of the periodic water-wave problem was studied
through its formulation as the integral equation (1.31). This equation bears a striking resemblance
to the approximation used in I, § 3.2 to prove the existence of large-amplitude solitary waves. In
§ 3 we shall adapt the proofs in I to prove that as A — oo the unbounded, closed connected sets
%, converge, in a certain sense, to a global ‘branch’ of solutions of the solitary wave problem.

In this section, we exploit the integral equation (1.32) to gain further insight into the nature
of periodic waves which lie on the bifurcating set €,. These results do not seem immediately
accessible from (1.31), and are new.

In this section, our interest is restricted to solutions (x, @) of equation (1.32). Since @ is an
odd function on [ — }A, }A], it suffices to consider the equation

3 5 ¢
O(1) = 4(1,0) (1) = 35 [ [ LRALL >§;>

sin O(e)
f; sin @ (w) dw

x€[0, A]. Here 4, 5, and K, are defined in § 1.3; the positive parameters £ and A upon which they
depend are chosen arbitrarily but are then fixed.

Since the domain R, = {(x,7): x€(—%A,34A), 7€ (—£4,0)} is mapped conformally onto the
cut unit disc @’ = {reit: te (—n,n),re(0,1)} by p,, the results of theorem 2.2 have implications
for the solution set of (2.8), some of which are set out below. Let 7, = {(#, ®) € (0, 0) x H,[0,3A]:
O # 0 and (u, O) satisfies (2.8)} U {(#,, 0)}, where #, = 6AnA~! coth (21riz/)() is given in theorem
1.3. Where necessary, we shall identify @ € [0, $A] with its odd extension to [ — A, 3A].

de, (2.8)

THEOREM 2.3. Let &, denote the maximal connected subset of 7, in (0,00) x Cy[0, $A] which contains
(#,0). Then

() & = {(16): O(x) = —0(pa(x)), x<[0, 3], where (1, 0) €6},

(i1) &), s closed and unbounded.

(iii) If O denotes the harmonic function on R, with O(x +i0) = O(y), ye[— 1A, 3A], and @ = 0
elsewhere on OR,, then 06

o

_1 sin O (y) (2.9)

. X ’
a0 34, f sin @(w) dw
~ o Jo

x €[ — 1A, }A]. Furthermore, @ is real-analytic on Ry; in particular, O is real-analytic on [0, 32]. If O is
non-trivial, then

(iv) 6,(0,9) > 0,6,(3A,m) < 0 for all ne (-4, 0).

(V) O,(x,) > 0for all (x,7) € (0,34A) x [, 0].

(vi) ©,,(0,9) > 0, 0,,(3A, 9) < 0 for all e (—4,0).

Proof. Theorem 1.4 (i) and the maximality of €, and &, in &, and 7, respectively, together
prove (i). Parts (ii) and (iii) follow immediately from theorem 2.2. By theorem 2.2 (iii), § is real-
analytic on &, and hence @ is real-analytic on R, since §, is analytic there and @() = —G(f,(£)).
Equation (2.9) is a restatement of (1.33).
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To prove (iv)—(vi), we use the maximum principle (Protter & Weinberger 1967). By the

maximum principle for a harmonic function « on a rectangle R we mean the fact that minz <
oR

u($) < maxu, for all {€ R; while the strong maximum principle refers to the fact that at every
oR

point of OR, other than corners, where the maximum (minimum) of « is attained, the outward
normal derivative is positive (negative). Let R = (0,31) x (—#4,0). Since 6(y,0) = O(y) > 0
on (0, 4A) and vanishes elsewhere on OR, the strong maximum principle gives (iv) and the result
@ﬂ(x, —h) > 0,x€(0,3A). Since (2.9) ensures that @,,(X, 0) > 0 for all ye(0,3A), and since

0, vanishes on the lines {(x,7): x = 0, %A,n§[-k, 0]}, part (v) follows from the maximum
principle. The strong maximum principle for @, then gives (vi).

Theorem 2.3 (i) ensures that any properties proved for elements of &, may be translated into
corresponding results for €,. The next three theorems concern solutions of (2.8) with0 < O(y) <«
on (0, 3A), and note that the results hold for all elements of &,\{ (x,, 0)}, since such elements
satisfy 0 < @(y) < 3n on (0, 3A) by theorem 2.2 (ii).

The following theorem ensures that non-trivial elements of &, satisfy y©@'(y) < ©@(y) on (0, $A],
and, equivalently, that y~'@(y) is monotone decreasing on (0, $A). This property implies that
O(x) < im, x€[0, 3A], for all elements of &,, and, equivalently, that 0(s) < i, s€[0,n], for all
elements of €.

THEOREM 2.4.1 Assume that (1, O) satisfies (2.8) and 0 < O(x) < mon (0,3A). Then

(i) x0'(x) < O(x) on (0,}A]
and

(i) 0 < O(y) < it on (0,3A).

Proof. (i) Assume that (i) is false, and let @ be as in theorem 2.3 (iii). Since &(y, — k) = 0, there
follows 6, (y, —h) = 0, x€[0, 2], and the use of this with theorem 2.3 (vi) ensures that

6,(0,0) = 6'(0) >0 and 6,(}A,0) = 0'(}A) < 0. (2.10)
>

Hence there exists y € (0, 3A) such that yO,(x,0) = @(y, 0). The use of this with (2.10) ensures

that for some constantd > 1

x0,(x,0) < dO(y,0) forall yxe[0,3A], (2.114q)
and R0,(8,0) = d6(R,0) forsome ge(0,%A). (2.11b)
Define a function Won R = (0, }A) x (-4, 0) by

W(x,m) = xO,(x,n) —d6(x,7).

It follows that I vanishes on the lines {(0,%): ne(—h,0)} and {(x, —h): x € (0, $A)}; that W is
negative on the line {(3A,9): n€ (—#h, 0)} by theorem 2.3 (iv); and that W is non-positive on the
line {(x, 0): x€(0,3A)} by (2.114). Hence W < 0 on 0R. A calculation yields

2 2 2d .
AW—)—(WX—-F(d—I)Wz)?-(d—I)éz() in R. (2.12)

+ That this result might hold for periodic waves was suggested to us by J. B. McLeod, who attributed it to
Professor T. B. Benjamin, F.R.S., in the case of solitary waves. Note that, in the periodic case, an even finer
estimate may be established by the same method, namely

sin (7—;&) e'(x) < ;—cos (1—;\)—() O(x), Xxe€ (0, }Al

As A - o0, this reduces to Benjamin’s result for solitary waves.
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Standard theory (Protter et al. 1967, pp. 64, 67) applied to (2.12) ensures that W < 0in R and
that the normal derivative of W is positive at any point on 0R (other than the line y = 0 since
(2.12) is singular there) where W equals zero. By (2.115), W(g, 0) = 0 for some ¥ € (0, $A), and so
W, (%, 0) must be positive. A calculation yields

0< I’V”(x, ) = ﬁgxq(x’ ) _d@ﬂ(ﬁ) 0)
_pd (1 sin00) Y| _d( sin0()
dx{32+fxsin @} o 3 {%+f sin @}
(2.18)

where we have used the relation £0'(8) = dO(8) from (2.11). Since O < =, it follows that the
right-hand side of (2.13) is negative, and this is the desired contradiction.

(if) The arguments for theorem 2.2 (ii) show that @ < i, and the use of this with (i) ensures
that y~'sin ©(y) is monotone decreasing on (0, 31). Hence,

X
3 /—1+f sin &
P

0

< 4{@(;?) cos O(f) —sin @(;?)}

x=x

Asm?(e) < S":@(e) = esii:n@?(;) <o gn)@(f) -2 for all ee(0,3A).
—+f sin & fsin@ f———w-wdw ———ﬁf wdw
£ Jo 0 0w € 0

The use of this estimate in (2.8) yields

15, (2K (x +€)/A)|d

2
fad SN TE) )28 1
Ox) < e In NTRrEDIDIE for all xe(0,3A),

and making the transformation € = ¢,(t) and x = ¢,(s),s,t€( m, 0), gives in the notation of

theorem 1.1,

Ox) =—-0(s) < —-g _RG(s t)g"g gdt se(—m,0).

Since 6 is an odd function, there results that

fG’s,

ds, se(0,m). (2.14)

Since ¢)(¢) = — Afi(¢), we have

It is noted in the proof of lemma 3.2 that f,(¢)/f(¢) is monotone decreasing on (0, ), where
Sf () = 3sec it It follows that

At ) fa(t) f,\( ) f(t)

3 sec %t d
¢ € (0,m).
and so 0(s) < f G(s ln (sec 3t +tan ) s€(0,m)

A simple calculation gives
3secdt
In (sec 3¢ +tands)

< 3(tan 3t +cotdt), te(0,m),

and so 0(s) < gfu G(s,t) (tanit+cotdt)dt = (n—1t) + 5t = 3.
0

The evaluation of the integral in the expression above is given by I, theorem 2.5 (d), (e).
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Remark. A more precise estimate using the right-hand side of (2.14) is not possible since one
can show that this quantity approaches §n as s - 0.

Obviously, part (ii) of theorem 2.3 follows from the abstract global bifurcation theory for
positive operators (Dancer 1973) using the reproducing cone #,[0, $A] (see Keady et al. (1978)).
The next results of this section (theorems 2.5 and 2.6) are a consequence of the observation that
a smaller cone # is more appropriate in the study of equation (2.8). Here A = {ueA,[0,3A]:
for all $€[2A,3A] and for all y*e[3A— £, X], 2(X) < u(x*)}. Note that ifue%;, then  is non-
increasing on [}A, 37A], and hence A is not reproducing in Cy[0, 3A]. Our aim is to show that
&) < (0,00) x A, and hence that O'(x) < 0on [}A, 3A] for all non-trivial (u, @) €é),.

THEOREM 2.5. If (u, O) is as in theorem 2.4, then OcA.

Proof. Let @ be asin theorem 2.3 (iii). Let € (A, 3A] and y * € (3A — 8, £), and define &€ ({7, }A)
by & = (% + x*). To prove the theorem, we claim that it suffices to show that for all x € (2, }A)

6(x,0) = O(2a—y,0) forall ye[2a—1A,a]; (2.15)
indeed, since y* €[2& — A, &), it follows from (2.15) that O(y*) = O(x*,0) > 6(2&— x*,0) =

6(%,0) = O(R).
Assume that (2.15) is false for some o € (31, £A). For each number d > 1, define the continuous

function g by B B
gd)= min  {d6(y,0)—O(2x—yx,0)}.

xel2e—3A, a]

The function 6(y, 0) is strictly positive on [2a — }A, a] since this closed interval is contained in
(0, 31). Hence, g(d) is positive for all sufficiently large 4, and since g(1) < 0, there exists D > 1
such that g(D) = 0. It follows that

DO(y,0) > O(2a—y,0) forall ye[2x—1A,a], (2.16a)

and DO(3,0) = O(2a—F,0) forsome X€(2a—13A,a). (2.165)

Let R* denote the region (2 — 1A, &) x (— £, 0), and define a harmonic function V> on R* by
Ve(x,n) = DO(x,1) — O (2a—x,n)

for (x,7) € Re. It follows with the use of (2.164) that V* > 0 on OR*, and the maximum principle
then ensures that V= > 0 in R*. Since V*(¥,0) = 0 by (2.165), the strong maximum principle

gives
0> V3(%,0) = DO,(Y,0) - 6,(2¢~F,0)
Dsin®(})  sinO(20—x) S Dsin O()) —sin ©(2a — ¥) (2.17)

» Q0 —¥ 20— ¥
3(-‘/—1+fxsin@) 3(£+f Xsin@) 3(4+f Xsin@)
Y4 0 12 0 1 0

Equation (2.165) yields
Dsin O(y) = Dsin (0(2a— ) /D) > sin O(2a—X),

since D > 1 and O < n (indeed, © < in by theorem 2.4 (i)). The use of this inequality in (2.17)
yields a contradiction, and so we conclude that (2.15) holds. .
The following theorem gives various properties of @ implied by membership in .
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THEOREM 2.6. Let (u, ©) be as in theorem 2.4, and let O be as in theorem 2.3 (iii). If, in addition,

R € (1A, 32) and x* €[3A -, R), then
Q) O(&,n) < 6(x*,n) for all ne (—h, 0]; and, in particular, O(%) < O(x*).

(i) 6,(%,m) < 6,(x*,n) for all ne[ — h, 0]. Moreover,

(iii) O,(x,7) < 0and 6,,(xsm) < Oforall (x,7) €[}A, $A] x ( =k, 0]; in particular, O’ (x) < 0 for
X €[4, 3A].

(iv) 04(0,7) +6,(3A, 1) > 0,and 6,,(0,7) +6,,(32,7) > 0 forallye (- h, 0]; and, in particular,
0'(0) +0'(3A) > 0.

Proof. (i) Since @ # 0, we know from theorem 2.4 (i) that 0 < O(y) < 4mon (0,A). Combining
this with the fact that @e&i;, yields that for y, € (1A, 3A] and y,€[3A — X1, X1)>

sin O (x,) < sin O (¥,) (2.18)

A/ﬂ+f"'sin@ A/,u+fxzsin0
0 0

Now suppose { € (A, 3A) and y* €[3A—%, R), and put a = }(x* + £). Define a harmonic function
W on R by putting We(x,m) = 6(x, 1) — O(2x—x,7)
for all (x,7)eR* = (2a—1A,a) x (—4,0). Then
We(2a—4A,9) >0, ne(—h,0];
Wy(x,0) >0, xe(2a—3A, o),

by (2.9) and (2.18); and W* = 0 elsewhere on 0R*. By the maximum principle W* > 0 on R,
and by the strong maximum principle W=(y, 0) > 0 for all ye (2a—}A, ). In particular, for
X = x*€(2a—3A, a), there results that

@(X*) 77) - @(2) 77) >0
for all e (— £k, 0], and (i) has been established.

(il) We first prove (ii) for » = —h and % = 0. Since W* > 0 on R* and is zero on the line
{(x, —h): ye[20—}A,«]}, the strong maximum principle for W<« gives Wj(x, —h) > 0,
X€(2a—3}A,a). If weset ¥y = y* € (2a — 37, &), then the case 9y = —k is proved. It was shown in
the proof of (i) that Wy (x,0) > 0, x € (2 — }A, @), and so the result for # = 0 follows upon setting

X =x*
We now show that Wy (x,%) > 0on R*, so that the result for 7 € (— £, 0) in (ii) will follow upon
setting y = x*. Because of the maximum principle for Wy, it suffices to show that W} > 0 on

OR%; note that this has already been done for the horizontal portions of the boundary. For
€(—h,0), we have a ~ ~

rel=ho) Wilan) = ,(a,1) - 0,(a,1) =

and W;‘(2OL—%)\, 77) = @7](20“' %A, 77) —@v;(%/\) 77) = @”(2OL—%)\, 77) =0

by theorem 2.3 (v).
(iii) Ifae[}A, 4A), and W= is the harmonic function defined on the region R* as above, then it

follows by the strong maximum principle that
W(a,7) < 0, (2.19)
for all y € (— &, 0), whence, putting o = y,
O,(0: 1) +0,(x;m) < 0, (x:m) €[4A,34) x (=4, 0). (2.20)

57 Vol. 303. A
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(Although (2.19) only proves (2.20) for y < }A, the result for ¥ = 1A is due to theorem 2.3 (iv).)
Differentiating (2.9) with respect to y yields that

5 0, cos O sin @
30y 0 = T " TR . (2.21)
—+f sin & (—+f sin @)
& Jo "o Jo
which, combined with (i) above, yields
Oyl < 0, XE[1A ). (2.22)

Hence, 6, does not attain its maximum on the line segment {(y, 0): x € (1A, 1)}, by the strong
maximum principle. Combining (2.20), (2.22) and theorem 2.3 (vi) yields that @,(}A,0),
6,(31,0) < 0, and the first part of (iii) has been established.

We now prove the second part of (iii). Since 6,(34,0) < 0, equation (2.21) ensures that
@xv(%/\’ 0) < 0, and the use of this with (2.22) proves the case = 0. It was shown in the proof of
(ii) that Wy > 0 on R* and that W;(a,y) = 0, e (—h,0), for all a€[}A, 7). By the strong
maximum principle, B

0> W;x(a, 77) = éqx(a» 77) + @ﬂx(a, 77):
whence @,;x()(,n) < 0 for all (x,7)€[3A,3A) x (—4,0). This, along with theorem 2.3 (vi)
establishes (iii).

(iv) The function WH is a positive, harmonic function on R}, and is zero on the line

{(0,7): ne (—h,0)}. Hence, by the strong maximum principle,

W%"(O,n) >0, 9e(—h0).
Therefore 0,(0,7) +60,(3A,9) >0, ne(—h,0),
whence, by (iii), 6,(0,0) > —6,(32,0) > 0. (2.23)
However, by (2.21),

6,00,0), 6,(31,0)

A 12
— 4 + sin @
M ®oJo

6,,(0,0) +6,,(32,0) = >0, by (2.23), (2.24)

and the first part of (iv) has been established.
It was shown in the proof of (ii) that W% > 0 on R= for all 2€[}A, 4A). For the case & = A,
we have Wi" = 0 on the lines {(,7): x = 0, A, 7€ (=, 0)}. By the strong maximum principle,

0 < WH(0,1) = 6,,(0,1)+ 6,34, 1), 1€ (=h0),
which, together with (2.24), yields
0,,(0,7) +6,,(34,7) > 0, 7€ (—h,0].

Our aim at the outset was to design a cone which was invariant under the operator in equation
(2.8), and which was sufficiently sophisticated in its structure to give information about the shape
of solutions @, at least for large u.

Our motivation comes from various numerical results (Cokelet 1977, p. 215; Schwartz 1974,
p. 572; Thomas 1968, pp. 146-147) which make it seem plausible that ®' should have a unique
zero in (0, 3Q), if (u, ©) is in &,. Physically, all this says is that the wave has only one inflection
point between crest and trough; theorem 2.6 says that there are none between }A and }A, but this
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does not appear to help. The Serrin-Lavrentiev comparison theorems have been suggested as a
possible way to tackle the problem (Keady & Pritchard 1974, pp. 365-367) but there are
difficulties in applying them in this case (Toland 1978, p. 484). (However there are other
indications (McLeod 1982) which suggest that the number of zeros of @' approaches infinity as
1 — 00.)

From the point of view of this section, a natural approach is to let 4" be the set of all solutions
in &, which have the property that &' vanishes only once in (0, $1). One can use the local
bifurcation theory to show that.#"is not empty and non-trivial, and it is clearly closed. We have
been unable to show it to be open, but remark thatit suffices to show that ®’ and ®” cannot vanish
sim-1ltaneously on [0, 3A]. For the analogous problem in the theory of nonlinear Sturm-Liouville
problems (Rabinowitz 1971, pp. 500-503) this method works, since there @' and ®” cannot
vanish simultaneously (because of the uniqueness theorem for differential equations).

Finally, we remark that numerical evidence suggests that the zeros of @’ approach 0 as g
approaches infinity; @' being negative on (0, 37) in the limiting case of 1/4 = 0, which means
that the limiting wave is convex (Schwartz 1974, p. 576; Thomas 1968, p. 147).

2.4. Firm conclusions about the periodic water-wave problem —a summary

Roughly speaking, the following firm conclusions have been reached about the periodic water-
waves under consideration (i.e. those which correspond to sqlutions in %, of Nekrasov’s integral
equation). The free surface I') is the graph of a real-analytic function of period A provided the
solution (u, 0) of Nekrasov’s equation to which it corresponds has # < co. Moreover in this case
the slope of the wave profile never exceeds /3, but there do exist waves whose slope exceeds 1/4/3.
The mean velocity of all waves is bounded above by an absolute constant which is independent
of A, and is bounded below by a constant which depends on A and which tends to 0 as A — 0.
Apart from the a priori bound of /3 for the wave slope, the main conclusion of § 2.3 is that the
profile of a periodic wave is convex in the half wavelength centred about each trough.

The unboundedness of %, ensures the existence of a sequence (g, 6,) in €, with x4, - o as
n — 00. This means that the speed of the flow at the crest of the corresponding waves tends to 0 as
n — co. We know that there exists a subsequence of these waves for which the profiles tend to the
profile of a periodic wave which has zero speed at its crests (i.e. it has a stagnation point there).
This wave corresponds to a solution of Nekrasov’s equation with 4 = oo, and its profile is the
graph of a real-analytic function except at its crests. (In the light of the footnote on page 649,
it is now known that the first derivative of the function describing the profile has a simple jump
discontinuity at each crest.)

3. ON THE CONVERGENCE OF PERIODIC WAVES TO SOLITARY WAVES
IN THE LONG-WAVE LIMIT

Throughout this section the mean depth # is fixed. The purpose here is to show the sense in
which the sets €, of periodic water-waves converge to a set €’ of solitary waves as the wavelength
increases indefinitely. Recall from §1.2, that each set %, contains exactly one point corre-
sponding to a uniform horizontal flow of depth 4, and that this point (u,, 0) is the point at which
periodic waves of wavelength A and mean depth 4 bifurcate. In other words, on a flow of depth 4,
periodic waves of wavelength A bifurcate from the horizontal flow when the mean velocity of the
flow is {(gA/2n) tanh (2rnk/A)}2. Moreover, the value of #, converges to 6 /n as A o0 (theorem 1.3).

572
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Let Ube any bounded, open setin R x Cy[0, 7] such that (6/x, 0) € U. Then, for all A sufficiently
large, €, N OU # @ . The next theorem is the main result of this paper. (Further properties of the
function 6 constructed below are given in the remarks following theorem 3.5; in particular,
part (i) may be improved to 0 < 6(s) < 4n on (0, 7).)

THEOREM 3.1. Suppose {A,} = R and A, * c0 as n — 00, and suppose that €, AU # & for each n.
If {(#n, 0,)} = (0,00) x H s a sequence such that (p,,0,) €€, NOU for each n, then the sequence
{(tns 0,,)} is relatively compact in [6 /1, 00) x Ko If { (U Onaer)} 15 @ subsequence of {(p,,, 0,,)} such that

" (/'Ln(kb 0n(k)) ng (//0 0) € [6/1‘:, OO) X ‘%, (31)
tnen

(1) u>6/n,0<0(s) < 3non (0,n) and (u,0)edU.

(i1) (m, 0) is a solution of the equation for solitary waves (1.47).

(iii) The sequence { f), > Onao} converges in L,(0,m) to f0 as k — oo.

(iv) If c(Upws Onary) 15 calculated using A, instead of A in expression (1.34), then

Ut ) > {22 (24 [ 50y sino) dt)}*e (Jgh), 2 gh)-

(v) For each k, the free surface may be denoted by {(x, Hy.(x)): x € (— ¥ > $Anay) } where H,, depends
0n Ayys Py and 6, according to the formulae (1.37) and (1.38). As k — 00,
Hy(x) = Hy,(0) > H(x) — H(0),

uniformly on compact intervals, where {(x, H (x)): x € R} is the profile of the solitary wave corresponding to
the solution (u, @) of (1.47). The function H may be calculated from (u, 0) by the formulae (1.48), (1.49).

A proof of this theorem may be obtained by modifying the arguments of I, theorem 3.8. The
following lemmas facilitate this procedure.

Lemma 3.2. For any non-negative, bounded function u on [0, 1], whose support has full measure, and for
any o 2 0,
W) f0u)
i z t
oc+f0f,1(w) u(w) dw oc+f0f,,(w) u(w) dw

if A 2 v > 0,andf,, f, are defined by the expression (1.22).

Proof. Since f,(t) > f,(¢) for all £€[0,n] when A > v, it will suffice to show that

ff,, w)dw > f,(t ffA dw

for all te[0,n]. In other words, it will suffice to show that

0 < [ (A 00) A0 @) u(w) do

- [orone (i ) e ae

However, a simple calculation yields that f, /f, is increasing on (0, ), and the proof'is complete.
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Lemma 3.3. For each A > 1/, let g, denote the function defined on [0, 7] by putting

f,\(S),SE[O,ﬁ—l/A],
&) = {O,se(n—l//\, ). } (3.2)

Then there exists a unique solution (y, ¥r)) of
2 n
-2 [*cnam v

with (y, ) €[0,00) x Xy and |¥|c,10,m = 1. Moreover y, | 6/n as A - co.

~ Progf. The proof is similar to that of I, theorem 3.2. Existence and uniqueness follow im-
mediately from the general theory of ug-positive linear operators, and that y, | 6/n follows by
exactly the same argument as was used to show that y,, | 6/n in I, theorem 3.2.

The proof of theorem 3.1 consists of a number of steps. Since %, N 9U # @ we can find certain
elements of this intersection which converge (in a sense to be made precise) to an element (¢, 6) as
A — c0. We then show that 6 is non-trivial, and that various physical quantities such as the mean
velocity converge as A - c0. Then, as a consequence of theorem 1.5, the convergence of the wave
profile to that of a solitary wave may be inferred.

Proof of theorem 3.1. Because of the obvious similarity between the problem here and that of
proving theorem 3.9 of I we shall limit ourselves to giving an outline of the proof. The letters (4’),
(B"), (C"), etc., when used below, refer to the pointsin the proof of theorem 3.9 of I so labelled.

Since {(#n,0,)} = 0U < Rx Cy[0,n] is a bounded sequence, .there exists a subsequence
{(#nm» @)} and a corresponding sequence {A,4)} < R, such that

HKn) > 8 in R, k | (3'3a)

O.0—0 weaklyin L,(0,x), (3.30)
sinf,4)— 0o weaklyin  L,(0,r) ‘ (3.3¢)
and Aaptoo in R

ask - 00. We shall show that the conclusions (i)—(v) of the theorem hold for this subsequence. For
the sake of having a convenient notation, we shall henceforth use {x,}, {6,}, {A,} to denote the
subsequence for which (3.3) holds.

(i), (i), (iii) An obvious adaptation of (A’)-(D’) yields that 6, - 6 and sinf, - sin@ in
L,(0,7) as n — oo; that 8, — 6 in C[0,8] for each de(0,n); and that (u,0) €[6/x, 0) x K is
a solution of (1:47). The next step is to prove that @ is non-trivial. To do this we first show that
if 6 = 0, thenp = 6/m. '

Now for each n,

f G(s, t) Saa(t) sin @, (1) d L
1y f : Fralw)sin 0, (w) du
S § JKG(S, 0 Sy (t) sin6,(t)
f Jay(w) sin 6, (w) dw
for all » > I (by lemma 3.2 and the fact that A 21 00),

>3 f Gls, )= a6l 4,
0 !T+f0f,‘,(w) sin 6, (w)dw |

On(s) =
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where g,, is defined by (3.2). Therefore

[Fetnan0o.a

an(s) = %An,l 1 P
—+f Jy(w)sin 6, (w) dw
0

, (3.4)

for all se[0, n], where A,,= inf S ‘9n(~°).
v seton-1/a1 0n(5)

Now multiplying this inequality by g,,¥,, whose existence is guaranteed by lemma 3.3, and
integrating gives

[faw o a
,Tln + f " fow)sin 0, () du

Voo 006 ¥(9) £105) ds > 4

Thus ﬂi+ f " () sin 0, (w) dw > A, /v,
n 0

forall » > [. If 6, - 0 in L,(0,n) as n - oo, then @, - 0 in C[0,d] for each d€(0,n), and so
A, ;— 1 as n — co for each fixed /. There results that

1/ = lim 1/p, > 3}
n—> 0

for each [. Since y,,| 6/m, as [} oo, it follows that x < 6/n. Since u, > u,, |6/ as n—> o0
(theorems 2.2 (ii) and 1.3) it follows that 4 > 6/r. We have shown that if (#,,0,) - («,0)
in R x Ly(0,7), then u = 6/x.

From this observation, the method of (#”) yields that f; 6, converges toffin L,(0,n), and then
the method of (G’) may be used to prove that8, — 6 in C,[0, n]. The function 6 must therefore be
non-zero, for otherwise, as we have seen, (#,,0,) - (6/x,0) in R x Cy[0, x]. This contradicts the
fact that Uis an open set which contains (6 /x, 0) in its interior. That 0 < 6(s) < 4w on (0, n), and
Jt > 6/mis proved in I, theorem 3.7. This completes the proof of (i), (ii), (iii).

(iv) By (1.23) and (1.34)

c(pt, 0,) = 2K,,(1+k,) /(3g) EJ”‘ o, (8) cos0,(t) d& -3
)(n (/\n 0 (/%L+f:f,\n(w)81n0n(w)dw)s ) .

2K,,(1+k,,)J(30) _ 1y(3¢)

From (1.24) it follows that

Ay 2h (3.5)
asn — 00. Now for any a e (0, x),
f () cosb,(t) 4
(/":_ ij,, )sind,,( )dw)3
=~2_f t) cos 0,,(t) a2 2 fn F () cos 0, (2) .
! (,u" f,\,, w)sin 0, (w)dw) A (/4;4 fﬂ (w)sind, (w )dw)‘
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For any € > 0, choose «(e) € (0, ) such that for all n sufficiently large |cos 8,(t) — 1| < € for all
te[a(e), n]. This can be done since 8,, - 6 € #; uniformly on [0, 7]. Moreover, by (8.84) and (iii),
a(€e) can be chosen so that

t 3 ® b
(l + f oo (1) sin 6, (1) dw) _ (1 + J' F(w) sin 6(w) dw) <e
P 0 1.2 0
for all te[e(€), 7] and for all z sufficiently large. From (8.6) it follows that
lim Ja (0 cosﬂ L (2) ) df = lim A2 n 1 f,(,;(t) cos8,(t) , dr
noed ( f oo (1) sin 6, (1) dw) nols "‘“’( + f Fualw) sin 0, o)
n 0

o« 10 n . *
T An)a )(—l-+f Sr,(w) sin 6, (w) dw)
Pn 0

hm/\2 ) - St “} de. (3.7)
Tnee s “(s)( +J.of(-w)sin0(w)dw)-—-

However, by (1.24) and (1.25),

lim 5| Sty dt = lim J' Sult)dt = lim <= f G, () dt = nlgx:o/l‘ =g @9
Also, from (iii), ,
n 4 3 3 -
lim (l+ f f,\n(w)sinﬁn(w)dw) =(1+ f f(w)sinﬁ(w)dw). (3.9)
n—> 0 ﬂn 0 # 0

Collecting (8.5)—(8.9), we find that
"—‘/2%52(%@)*[(% fo F(w) sin 6(w) dw)*— ]* < Bim (i, 0,)
< “42(:*?) (i") (1— ( J () sin () dw) .

and since € is ar'bitrary, it follows that
lim ¢(u,, 0,) = J ‘ﬁgh( f S (w) sinf(w )dw)} .

That this last quantity lies in an interval (y/ (gﬁ), 2,/(gk) has been established in I (theorems 3.9,
4.12, and the footnote to theorem 3.7 (¢)).
(v) An analogous calculation to that just given yields (v).

CoRrOLLARY 3.4. For each f,0 < B < }m, and hy X > O there exists on a flow of mean depth h, a periodic,
symmetric water-wave of wavelength A, the free surface of which subtends an angle B with the horizontal at its

steepest point. If k is fixed and A, 4 00 as n — oo, then a subsequence of the periodic wave profiles converge
" uniformly on compact subsets of R to the profile of a steady solitary water-wave whose free surface subtends a
maximum angle of B with the horizontal, and whose asymptotic depth is h.
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Proof. By theorem 2.2, there exists (#,, 0,) € €,, such that |0|¢ o, » = f, for any fe[0,n/6).
The result will follow by the method used in the proof of Theorem 3.1, once it is established that
the sequence {u,} is bounded. However

n t)sin 4, (¢
0,(5) =2 f Gls, ) Susinfnll) 4,
0 et f Si,(w) sin 0, (w) dw
0
T R LY
—+f Ja,(w) sin 0, (w) dw
0
if n > m, by lemma 3.2. Without loss of generality suppose that p, - co. Then, as in the proof
of theorem 2.2 (iv), it can be shown that there exists B > 0 such that f,(s) > Bsins, for all
s€[0,n]. But this estimate is enough to guarantee (by a routine adaptauon of the methods of

(I;§5)) that a subsequence {6,,,} of {6, } converges in C[8, ], for each & € (0, ), to a non-trivial
solution & of the equation

ds,

)sin (¢ ) dt

f G(s,t)
f f ) sin O(w
However, we know from I, theorem 5.2 that for such a function 6, limsup@(s) > 4n. This
>0t
contradicts the fact that |6,|c, 0,1 = £ < 7. o0

Finally, we have the following result. Let & = {(u, 0) € (0, 0) x #;: (1, 0) solves (1.47) and
0+ 0}. For all (u, 0) €%, the product f0 € L,(0,n) (I, theorem 4.1). Let &' = {(u,0) &L (u,0)
is the limit, as A - o0, in R x C,[0, 7] of a sequence (u,, 0,), where (u,,0,) € €,}.

THEOREM 3.5. If €' is the maximal connected subset of &’ which contains (6/m,0), then €' is closed,
unbounded, and has all the properties attributed to € in 1, theorem 3.9. Clearly €' < 6.

Proof. This is immediate, since it has been shown that the boundary 0U of every bounded,
open set U < R x Cy[0, ] which contains (6/m, 0), contains a point of %’. Since the set &’ is
obviously a closed subset of &, and it has the property that bounded subsets of it are relatively
compact (I, theorem 3.8), the result is immediate from I, theorem A 6.

Remarks. (a) Section 4 of I gives further properties of the elements of €. In particular, the
function @ is real-analytic on [0, nt), and so the wave profile is an analytic curve in R?% and the
rate at which the free-surface approaches its asymptotic level is estimated. In § 5 of I, it is shown
that if {(x,,0,)} = €’ and u, - 0o as n —> oo, then a subsequence converges to a non-trivial
‘solitary wave of extreme form’ which satisfies (1.47) with 4 = co. The behaviour of this wave
at its crest is similar to that given in theorem 2.2 (vi).

Clearly the results of McLeod (1982), quoted in theorem 2.2 (vii) for periodic waves, hold also
for solitary waves corresponding to ¢”, or €. This agrees with numerical results (Longuet-Higgins
& Fox 1977, p. 738).

(b) Since periodic waves converge to solitary waves on compact sets as the wavelength goes
toinfinity, itisreasonable to hope that the limiting solitary wave will inherit some of the properties
of periodic waves given in §2.3. Unfortunately, this has not been proved for the conclusions of
theorem 2.5; only some parts of theorem 2.3 hold in the solitary wave case. The difficulty lies in
the fact that R, - R,., while the uniform convergence of periodic waves to solitary waves is only
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on compact intervals. If, however, the plan outlined in the remark following theorem 2.6 could
be implemented, then conclusions would follow which would be compatible with the numerical
results on solitary waves (Byatt-Smith & Longuet-Higgins 1976, p. 185), on the convergence of
periodic waves to solitary waves (Cokelet 1977), and on the solitary wave of extreme form
(Longuet-Higgins 1974, p. 10).

The results of theorem 2.4 do go over in the limit as A - oo, and one can show that elements
of €' satisfy yO'(x) < O(x) and O(y) < 4mon (0, 0).

ApPENDIX. ON PERIODIC FLOWS OF INFINITE DEPTH

THEOREM. Suppose that 0 is an odd, continuous function on [ n, 7] with 0 < O(s) < mon (0, n), which
satisfies the integral equation

0(s) = %fl%ln

for some o > 0. Then 0 is real-analytic on [ —m,n)] and 0 < 0(s) < 4mon (0, 7). Moreover, p > 3, and if
A and ¢ are positive real numbers such that

3 n
(3g/\2) _ ij‘ cos 0(t) dt, (A2)
2mc 2n) = (1 (. 3
(—+f sin 0(w) dw)
#oJo

then there exists a periodic wave of wavelength A on a flow of infinite depth. The velocity of the flow at infinite
depth is then c, and its speed at the crest is given by

sin%(s+t)' sinf(t) 4, (A1)

inl(s— 7
sin3(s—1) 1+f sin 0(w) dw
Mmoo Jo

= (8gAc/2mpu)3.
The free surface may be parametrized by (x, Hy(x)), where x € (— A, §A) and for x€[0, 3A]
2.2\% 0 S lg
) -0 = () 1 (A3)
g A (ﬂ+j02s1n0( )dw)
2.2\% 0 1 6
where for se[ -, 0] a(s) = (:;\g;z) f 4 cos 6(t) - d. (A4)

NI !
(ﬂ +J0 Lsin0(w) dw)

Proof. The proof that 6 is real-analytic and bounded by 4= follows as in theorems 2.2 and 2.4.
To show that # > 3, multiply (A 1) by sin s and integrate over ( —m,n), using (1.27).

As before, there exists a harmonic function & on the unit disc such that f(et) = 6(s) for all
se(—mn,n], and

o0
or

_1 sin 6(s) . (A5)

ot 3-1-+jssin¢9(w) duw
#oJo

Using the expansion of G given in (1.27), it follows from (A 1) that for all se (— =, ],

de.

1™ (1 2 sinlssinit sin 6(¢)
0s) = —f {Ez— ) }1 '

! —+f sin O(w) dw

Mmoo Jo

-
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From this and Fubini’s theorem there results that the Fourier series for 6 is

3 asinls, (A6)
1=1
1 (* 1,
where a = ———f cosltln (— +f sin 0 (w) dw) de. (AT)
3n) —x # 0
Tt follows that putting HE) +i0(E) = 3 8 (A8)
=1

defines an analytic function on the unit disc, and

0

F(el®) +i0(es) = ay—11In (}L +fssin O(w) dw) +16(s) (A9)
1 [~ i L,
for all se[ —m, n], where  aq, = —-f 31n (— +f sin O (w) dw) de.
2n) —x Mmoo Jo

Let ¢ and A be positive real numbers chosen so that (A 2) holds. Then an analytic function
T —i0 can be defined on R, = {y +iy: —3A < ¥ < }A,7 < 0} by putting

_ T(5)-i6(L) = 7 (exp (—2mi&/A)) +i0(exp (- 2rig/A)).
Hence O(y +i0) = —0(—2ny/A) and so

06

20 2n  —sinf(—-2nx/A) sin O(y)
o B

. = —2nx/A
xro 31 +f " sin 0(w) dw A +fx sin O(w) dw
moJo 2mp - Jo

(A 10)

b

SO

where ©(x) = @(x+i0). Since |0] < 3n on [—m, ], it follows by the maximum principle that
|6| < inin R,.

Now define an analytic function 7 on R, by putting

¢ 71 e Yod 7
(@) = [ exp (T'(¢) -i6)) ¢
Since O( + 1A +ix) = 0 for all 9 < 0, and since |T(§) —i0(L)| = 0 as |§]| - o0, {€R,, it follows
that # is a conformal mapping from R, onto an infinite region in the z-plane of the form
S,={x+iy: =A< x < A,y < Hy(x)}, and H;(x) = — tan O(m~Y(x +1H,(x))). Since % is invertible,
we can define a complex potential @ = ¢ +iy on S, by putting

(?)(Z) = on~(z),

where ¢ was chosen when A was chosen so that (A 2) holds. Then for z€§,,

= —cexp (— T(m~1(2))) {cos B (2 (2)) +isin O(m~1(z))}

and it follows that cexp (— 7' (71(z))) is the speed of the flow and — ©@(~1(z)) is the angle which
the negative velocity vector makes with the x-axis at a point z€S,. Moreover u(z) —iv(z) - —¢
as |z| - o0, z € S,. From the definition of @, it follows that i/ - — o0 as |z| - 00,z€S,, and ¢ = 0
on the free surface I'y, = {(x, H)(x)): xe (—3A,3A)}.
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Finally to show that the free surface condition is satisfied, we proceed as follows. By (A 8), (A 9)
and Cauchy’s formula there results that

n #(elt) 1 if(eit)) jeit x
1 = exp (0) = %f exp (7 (e )+.t15(e ) ie dr = P (ao)f cos 0(¢) d,
miJ et ar ) (1 ['. ]
(Zﬁf sin 0/(w) dw)
0
and so, by our choice of A and ¢,
exp (ay) = (2ne?/3gA)%. (A11)
2mc? 1 (s
Fleis) = 1 -1 o 1
Hence 7(els) 31“(3g,\) Lln (ﬂ+fosm0(w) dw),
e . 2mc? 1 2m (%
=1 () —in( -+22 ) s
and so T(x+1i0) = {In (3g/\) i1n (ﬂ-'— 3 fo sin O (w) dw). (A12)
Therefore

2 ~
a‘-i)—( 2 exp (~27(x +10) +gImﬁz(X+i0)}

_ 2ncexp (— 27 (x+i0))sin O(y)
3 %+2—/\-" :sin 6(w) dw
= . 2mc? 3gA . .
= exp (T'(y +10)) {3—/\5—%6—251n O(x) —gsin @(X)} = 0.

—gexp (T'(x +10)) sin G (y +10)

To complete the proof of the theorem we must verify that (A 3), (A 4) give the wave profile. This
is a routine calculation based on the method used in the proqf of theorem 1.5.
Results similar to those in theorems 2.4-2.6 hold if one replaces @ by 6 and }A by =.

Though the proofof this last theorem is in many respects similar to that of theorem 1.5, we have
included it in order to obtain the following corollary. We need the notion of a conjugate function
which is defined as follows. If u is an L,-function whose Fourier series is @, + Xi2;(q cos Is +
b;sin [s), then the function conjugate to « is denoted by Cu and is the L,-function whose Fourier
series is Y721 (q;sinls — b, cos Is) (Bary 1964).

CoROLLARY. If 0 satisfies (A 1) for some u > 0, then 0 satisfies the equation

sin 1(s+1)

T 1
=1 -
0(s) = dv _,,nln sin 3 (s —1¢)

where v = 3gA /2nc?.
Proof. By (A 6)-(A9)

exp (—3CH(t)) sin O(¢) dt

36A ;10+J‘ sinf(w) dw|*

2
whence by (A 11) exp (—3CH(t)) 2me { : ! }
0

Substituting this last expression into (A 1) gives the required result.

Remark. In the previous sections, the mean depth was held fixed as A - co. If we now fix A,
and let & - oo, then one can prove a result analogous to theorem 3.1, but the proofis essentially

simpler, because the limiting equation is non-singular. A word of caution is necessary however;
58-2
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if {(u,, 0,)} is a sequence of solutions of (1.31) corresponding to waves of the same fixed wave-
length A, but of different mean depths 4, -> co, and if {(%,,, 0,,)} < 0U, where U is an open set in
R x Cy[0,3A] containing (6, 0), then a subsequence converges to (, 6), where (3, 0) is a solution
of (A 1). This may be seen from (1.31), since (1.17) and (1.22) together give f;(¢) - } uniformly
for te[—m, ], as & — oo.
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