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ABSTRACT

The residual effect of surface gravity waves on mean flows in the upper ocean is investigated using thickness-
weighted mean (TWM) theory applied in a vertically Lagrangian and horizontally Eulerian coordinate system.
Depth-dependent equations for the conservation of volume, momentum, and energy are derived. These
equations allow for (i) finite amplitude fluid motions, (ii) the horizontal divergence of currents, and (iii) a concise
treatment of both kinematic and viscous boundary conditions at the sea surface. Under the assumptions of
steady and monochromatic waves and a uniform turbulent viscosity, the TWM momentum equations are used
to illustrate the pressure- and viscosity-induced momentum fluxes through the surface, which are implicit in
previous studies of the wave-induced modification of the classical Ekman spiral problem. The TWM approach
clarifies, in particular, the surface momentum flux associated with the so-called virtual wave stress of Longuet-
Higgins. Overall, the TWM framework can be regarded as an alternative to the three-dimensional Lagrangian
mean framework of Pierson. Moreover, the TWM framework can be used to include the residual effect of
surface waves in large-scale circulation models. In specific models that carry the TWM velocity appropriate
for advecting tracers as their velocity variable, the turbulent viscosity term should be modified so that the

725

viscosity acts only on the Eulerian mean velocity.

1. Introduction

In the theory for surface gravity waves, the Lagrang-
ian mean transport by the Stokes drift has been known
for more than 150 years (Stokes 1847) whereas it is only
in relatively recent times that the importance of La-
grangian transport by ocean mesoscale eddies has been
appreciated. In both cases, the Stokes or eddy-induced
velocities are corrections to an Eulerian mean (EM)
velocity to account for the difference between Eulerian
and Lagrangian mean motions. In the theory of oceanic
mesoscale eddies, it has become common to introduce a
vertically Lagrangian (VL) coordinate system, using den-
sity or neutral density for the vertical coordinate (e.g.,
isopycnal or isoneutral coordinates), following the example
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from the atmospheric literature where potential tem-
perature is typically used (Andrews et al. 1987). In the
horizontal the standard Eulerian coordinates are retained.
Equations averaged in isopycnal coordinates have been
widely used to develop parameterizations of the effect
of mesoscale eddies in global ocean models designed
for climate studies (Gent et al. 1995; Greatbatch 1998;
Griffies 2004; Gent 2011). In the surface gravity wave
literature, a VL coordinate system, analogous to isopycnal
coordinates, has been introduced by Mellor (2003, 2008)
and by Brostrom et al. (2008) to derive depth-dependent
equations for the effect of surface gravity waves on the
larger-scale flow, in an attempt to present a simpler
formulation than provided by the (traditional) three-
dimensional Lagrangian mean equations (e.g., Lamb 1932;
Pierson 1962; Andrews and McIntyre 1978; Jenkins and
Ardhuin 2004). Both Mellor and Brostrom et al. rely on
small amplitude theory to develop their equations, using
a perturbation expansion approach. As we show in the
present paper, an alternative is to use Favre filtering
(Hesselberg 1926; Favre 1965, 1983), following the example
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from the large-scale oceanographic and atmospheric
literature and corresponding to what in this literature is
known as thickness-weighted isopycnal or mass-weighted
averaging, respectively. The (time-) averaged equations
of motion can then be written for finite-amplitude surface
waves and allow for exact conservation of volume; mo-
mentum; energy; and, if required, passive tracers.

The reason Favre filtering is common in the studies
dealing with eddies in the ocean and atmosphere (e.g.,
Gallimore and Johnson 1981; de Szoeke and Bennett
1993; Iwasaki 2001; Greatbatch and McDougall 2003;
Aiki and Richards 2008)1 is because, when written in the
VL coordinate system, the nonlinear terms in the equa-
tions of motion typically involve three independent var-
iables and not two as when the equations are written in
terms of standard Eulerian coordinates (often called
height coordinates in oceanic studies). The conventional
Reynolds averaging decomposition applied to the prod-
uct of two variables, A and B, takes the form AB =
AB°+A'B, where (- is an Eulerian low-pass
temporal filter and the single prime represents the de-
viation from the Eulerian mean (EM). This form of
averaging becomes complicated when it is applied to the
product of three variables. The Favre decomposition, on
the other hand, has been developed to handle terms that
are the product of three variables. For example, the
nonlinear terms written in flux divergence form in iso-
pycnal coordinates appear as the divergence of terms of
the form hAB, where 4 is the thickness (or mathemati-
cally the Jacobian determinant of the coordinate trans-
formation between the isopycnal and height coordinates).
The Favre decomposition takes the form hAB = hAB +
hA"B", where (--) is a low-pass temporal filter in iso-
pycnal coordinates. The caret is the Favre filter A = hA/h
and the double prime is the Favre deviation A” = A — A,
the latter of which is slightly different from the conven-
tional definition of the deviation A” = A — A. An im-
portant byproduct of the Favre filtering is a concise
treatment of the boundary condition at the top and bottom
of the ocean (Aiki and Yamagata 2006). As we shall see,
the free sea surface can itself be a coordinate surface in the
VL coordinate system, and this avoids the complications
inherent when using vertically Eulerian averaging. In par-
ticular, the problem of extrapolating variables to a location
above surface troughs is avoided (a common feature of
papers dealing with surface gravity waves).

! Greatbatch and McDougall (2003) show that the temporal
residual-mean equations of McDougall and McIntosh (2001) are
essentially the Favre-filtered equations in isopycnal coordinates.
Thus, no expansion method, as used in the latter paper, is neces-
sary.
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To illustrate the power of the Favre-filtered equations
in the VL coordinate system, we revisit the issue of how
the classical Ekman spiral solution (which is for the EM
flow) is modified in the presence of surface waves. Polton
et al. (2005) point out that the Coriolis-Stokes force of
Hasselmann (1970) drives an EM flow that, even though
it is confined near the surface, impacts the whole depth
of the Ekman layer because the additional mean flow
modifies the surface boundary condition from that in the
classical Ekman problem. Their solution nevertheless
differs from that of some previous authors, notably
Madsen (1978) and Xu and Bowen (1994), who include
an additional surface stress that they associate with the
so-called virtual wave stress (VWS) of Longuet-Higgins
(1953, 1960). So far, the most rigorous framework for
explaining the VWS is the three-dimensional Lagrang-
ian approach of Pierson (1962).> We show here that
the VWS is contained in the Favre-filtered momentum
equations. Indeed, we are able to reproduce the equa-
tions used by all of these previous authors and are able to
point out the different surface fluxes of momentum that
are implicit in these papers and account for the differ-
ences between the different solutions. For this analysis,
we restrict the case to a steady monochromatic wave
train and a spatially uniform turbulent viscosity. More
general situations, such as nonsteady waves and a spatially
variable turbulent viscosity (e.g., Jenkins 1986, 1987a,b;
Gnanadesikan and Weller 1995; Song and Huang 2011),
will be discussed in a later paper in the context of the
Favre-filtered equations in the VL coordinate system.

The manuscript is organized as follows: Section 2
presents the fundamental equations for surface waves in
deep water using the VL coordinates. The basic theory
derived in this section is quite general and applies to
both unsteady situations and a general wave spectrum.
In particular, we show that (i) the Favre decomposition
allows depth-dependent equations for finite amplitude
waves to be derived without resorting to perturbation or
Taylor expansions and (ii) the surface boundary condition
of the Favre-filtered equations is concise and straight-
forward in the VL coordinate system. We take advan-
tage of the treatment of the surface boundary conditions
in section 3 as part of an analytical investigation of the
residual effect of linear surface waves on the momen-
tum flux through the thin viscous boundary layer as-
sociated with the waves, where the link to the previous
work on the modification of the classical Ekman spiral

2 To our knowledge, no previous studies, except for an attempt
by Ardhuin et al. (2008), have used the generalized Lagrangian-
mean equations of Andrews and Mclntyre (1978) to explain the
VWS.
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TABLE 1. List of symbols, where A is an arbitrary quantity.

A Time mean in Eulerian coordinates

A=zA Thickness-weighted time mean in the VL coordinates

A Unweighted time mean in the VL coordinates (mean height is z¢ = z

and mean thickness is z$ = 1)

Al=A—-A Deviation from the Eulenan mean, compared at fixed z¢ (A’ =0)
A'=A-A Deviation from the thickness-weighted mean, compared at fixed z (Z%‘A” =0)
A" =A—-A Deviation from the unweighted mean, compared at fixed z (W =0)
" =z-7=7"—z Vertical displacement (z§ =1+ 27,z =1, z27=0)

V = (dy, dy) Lateral gradient in the VL coordinates (Vz = 0, Vz¢ = Vz”)

Ve =(0,.0,) Horizontal gradient in Eulerian coordinates (V' =V — (Vz)d_.)

V= (u,v) Horizontal component of velocity

w Vertical component of velocity

w¥ = (w—z{ —V.Vz)zg Vertical velocity associated with volume flux through surface of fixed z
(\7 w) Thickness-weighted mean (TWM) velocity

(V, w*) Total transport velocity, V- V + w* =0

VB = V V= z’”V " Horizontal component of bolus Velocny

wB = wk—w="V".vz" Vertical component of bolus velocity

V& = V Vi=(z Z"V7), A+ Horizontal component of quasi-Stokes velocity

Wi = ¥ — e Vertical component of quasi-Stokes velocity

p Reference density of seawater (positive real constant)

g Gravity acceleration (positive real constant)

n Sea surface height

Sum of oceanic nonhydrostatic pressure and atmospheric sea surface pressure
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Divergence of the form stress = [Vz"(pgn" +p")], — V[z)(pgn” +p")]

Divergence of the Reynolds stress = p[V - (z6V'A") + (z5w+"A™) ] for A = u, v, and w
Turbulent mixing term, parameterized by (28a)—(28¢c)

Viscous stress at the sea surface by wind in the x direction (positive real constant)
Turbulent viscosity coefficient (positive real constant)

Coriolis parameter (positive real constant)

Vertical wavenumber/decay rate of the Ekman spiral velocity (complex constant)
Wavenumber in the direction of x axis (positive real constant)

Wave frequency (positive real constant)

Wave phase (sign-indefinite real constant)

Nondimensional scale for surface slope (positive real constant)
Nondimensional scale for turbulent viscosity (positive real constant)

aa = alk Wave amplitude (a = 1/k)
o

B = vkilo

y=flo

m = v/—io/lv =+/—ilBk
= = \/(—ioc + vk? = if)lv

N

Nondimensional scale for the rotation of the earth (positive real constant)
Vertical wavenumber/decay rate of viscid waves (complex constant)
Vertical wavenumber/decay rate of rotating viscid waves (complex constant)

problem is made. Section 4 presents a summary and
discussion.

2. Formulation using vertically Lagrangian
coordinates

We derive depth-dependent equations for finite-
amplitude surface waves in incompressible deep water of
constant, uniform density p. The equations are written in
the vertically Lagrangian and horizontally Eulerian coordi-
nate system introduced by Mellor (2003, 2008), Jacobson
and Aiki (2006), and Brostrom et al. (2008). As a check
on the formulation of the kinematic boundary condition,
we take into account the presence of a background ver-
tical flow, which might be caused by the horizontal diver-
gence of the larger-scale flow. For convenience, Table 1
presents a list of the symbols used in the text.

a. Cartesian coordinates

Let Cartesian coordinates be labeled by the set of in-
dependent variables (x°, y°, z¢, ), where x° and y© are
horizontal coordinates; z° (the geopotential height) in-
creases vertically upward; (u, v, w) are the corresponding
three-dimensional components of velocity. The continu-
ity, horizontal, and vertical momentum equations then

take the form
VeevV+w, =0, (1a)

p(Ve + V-VV + WV, + fz X V)

= —Vpg(n — )] — Vp + F¥,  (Ib)
~—
—pgVn
pw, + V-Vw +ww_)=—p_ +F" (lc
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where V = (u,v) is the horizontal velocity; V* = (9 ., ayf) is
the horizontal gradient operator; f is the Coriolis pa-
rameter; z is the unit vector in the vertical direction; and
pg(n — z°) is hydrostatic pressure, which vanishes at the
sea surface where z° = n with g being the acceleration
due to gravity. Use of the hydrostatic pressure has led to
no gravitational acceleration term appearing in (1c). The
quantity p is the sum of oceanic nonhydrostatic pressure
and atmospheric sea surface pressure. The terms F¥ and
F" represent the effect of turbulent mixing on V and w,
respectively.

The kinematic boundary condition at the sea surface,
¢ =m,is

Ne + V-V =w. (2)

Using (2) we take the depth integral of (1a) to give

n
—_— [ Vdz =0, 3)

—o

which expresses the conservation of volume in each
water column.

b. Vertically Lagrangian coordinates

The idea is to choose a coordinate system that follows
the high-frequency fluid motion (i.e., waves), as in La-
grangian coordinates, but is such that the equations for
the low-frequency fluid motion (i.e., currents) appear as
in Eulerian coordinates. High-frequency fluid motion is
distinguished from low-frequency fluid motion by using
either a low-pass temporal filter with a given time scale
or an ensemble average (cf. Andrews and Mclntyre
1978). In what follows, we shall refer to the averaging
operator as a low-pass filter. It should also be noted that
the theory is quite general, applying to both finite am-
plitude waves and a general wave spectrum.

In this study, we use the vertically Lagrangian (VL)
coordinates of Jacobson and Aiki (2006), which we label
by the set of independent variables (x, y, z, t). The
transformation between the Cartesian coordinates and
the VL coordinates may be written as

C C c

X =x, Yy =y z“=z0xyz1), €=t 4

with the inverse transformation given by

C C

x=x y=y, z=z(x%y%z51), =1 (5)
Care is required to define the value of the vertical co-
ordinate z attached to a particular fluid particle at the
horizontal location, (x¢, y°) at time #°. First, we let z~ be
the (Lagrangian) low-pass filtered height of that same

fluid particle centered around time . Then we form the
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material surface that consists of all fluid particles with
this same low-pass filtered height, 7%, centered around
time 7. We then define z to be the (Eulerian) low-pass
filtered height of this material surface at the location
(x, ¥°) and again centered around the time °. It follows
immediately that

7=z (6)

where the overbar indicates a temporal low-pass filter
carried out in the VL coordinates. It should be noted that
this particular transformation is rather special since it re-
quires that, if one fluid particle is instantaneously situated
above another fluid particle at (x°, y°) at time ¢, then the
value of z assigned to the first fluid particle is also higher
than that assigned to the second. While this property can
be expected to be satisfied for surface gravity waves in the
vertical plane (or indeed the heaving of isopycnals by the
mesoscale eddy field), it is not likely to be satisfied, for
example, by turbulent motions in the vertical plane. The
expression z(x, y, z, f) may be interpreted as a surface
fluctuating in (x, y, ) space. Each surface is formed by the
group of fluid particles whose (Lagrangian) low-pass fil-
tered height z” is a given value.> The members of the
group are successively updated with progressing time us-
ing a sliding time window. In the analogy to isopycnal
coordinates, the coordinate z corresponds to the density
and the z surfaces correspond to isopycnals.*

Time series of surfaces of constant z at a fixed hori-
zontal position (x, y°) are illustrated in Fig. 1 by blue
lines. Two cases are compared, in Fig. 1a without and
in Fig. 1b with a background vertical flow (the latter
may be caused by a large-scale horizontal convergence/
divergence of currents). With a background vertical
flow, the blue lines get left behind by the rising sea sur-
face and are eventually below the layer of active wave
motion. In this case, water clearly passes through the
z surfaces (using the notation introduced below, w* >
0 in this case). Without the background flow, no water
passes through the z surfaces (corresponding to w* = 0).
In this case, the sea surface is also a z surface.

¢. Mathematical development

To proceed with the mathematical development,’ we
note that spatial derivatives in the VL coordinates are
given by

3 Each surface is labeled by the value of the (Eulerian) low-pass
filtered height of this material surface, written by (6).

4 It should be noted that, in the case of mesoscale eddies, there is
no guarantee that the z surfaces defined here are the same as iso-
pycnal surfaces.

5 Readers may find it helpful to refer to the corresponding
analysis in de Szoeke and Bennett (1993).
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FI1G. 1. Illustration of surfaces of fixed z (blue line) and the sea surface (black line) in (¢, %)
space (a) without a background vertical flow and (b) with a background flow.

0, 10 z£ 0\ /o,
6y _ 0 1 z; 0 ayc . ™
0, 00z 0ffoa.
a, 0 0 zf 1 0
We also note that z = z¢ leads to
@727 = (0.0,1,0), ®)

identities that are useful later when we average the gov-
erning equations. It should also be noted that z¢ corre-
sponds to the thickness (and is analogous to the thickness
in isopycnal coordinates).

We now use (7) to write the governing equations (1a)—
(1c) in terms of the VL coordinates,

(z9), + V- (z5V) + (zow*), = 0, (9a)
Zwr=w —z{ — V-V, (9b)

p(V, + V-VV + w*V_ + fz X V)
= —V(pgn + p) + p Vz* + F", (%)
p(w, + V-Vw + wiw ) = —p_ .+ F",  (9d)

where V = (0, ay) =V +(Vz9)d,. is the lateral gradient
operator in the VL coordinates. Except that (i) p is the
nonhydrostatic pressure and (ii) 7 is a free sea surface
height, (9a)—(9d) are the same as equations (9)—(14) of
Jacobson and Aiki (2006).

The quantity w* measures the flow that passes through
the surfaces z = const and is caused by the horizontal
divergence/convergence of the large-scale flow (Fig. 1b).
In fact, using the coordinate transformation (7), it is
easy to show that w* = (9, + V- V* + wa )z, from which
it follows that w* is the rate of change of the coordi-
nate z following a fluid particle: w* = Dz/Dt¢, analogous
to w = Dz¢/Dt in which D/Dt¢ = (3, + V-V +wd ).
When no water passes through a z surface, as in Fig. 1a,

w* = (. It follows that for the situation shown in Fig. 1a,
w* = 0 at the sea surface.

d. The thickness-weighted mean (TWM)
governing equations

Momentum equations in a flux-divergence form can
be obtained by multiplying each of (9c) and (9d) by the
thickness z¢ and then using (9a) to give

pl(zzV), + V- (2;VV) + (2zw*V), + fz X 27 V]

- v
= —z;V(pgn + p) + p,Vz© + 2 F", (10a)

pl(ziw), + V- (z5Vw) + (zgwiw) | = —p, + 2 F",
(10b)

where z;p_. = p_ has been used.

Hereafter, the term “‘thickness-weighted mean” (TWM)
refers to the Favre filter associated with the thickness z§.
Application of a low-pass temporal filter to each of (9a),
(10a), and (10b) yields TWM equations for the in-
compressibility condition and the horizontal and verti-
cal components of momentum:

(11a)

plV, + V- (VV) + w¥V)_ + fz X V] + RSY

= —V(pgn + p) + FSY + FV, (11b)

pl, + V- (Vib) + () ] + RS” = —p, + F*,
(11¢)

where we have used z¢ = 1 [since z° = z, Eq. (6)], and

(12)

[ — c

b4 ¢ —z,
and hence Vz° = Vz”. The caret indicates the TWM
operator (A = zZA for an arbitrary quantity A), the
double-prime indicates the deviation from the TWM
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(A" = A — A, compared at fixed z), and the triple-prime
indicates the deviation from the unweighted mean
(A" = A — A, compared at fixed z).

The quantity RS? in (11b) and (11c) with A = u, v,
and w is the divergence of the Reynolds stress (or, more
correctly here, the Favre stress),

RS = p[V - (2EV'A") + (ZZw¥ A7) ] (13)
The Reynolds stress represents the effect of wave mo-
tions, while the turbulent mixing is represented by F* in
(11b) and (11c). Equation (13) shows that the vertical
component of the Reynolds stress is based on w*” (not
w") and thus is nearly zero. Indeed, for the situation
shown in Fig. la, w* = 0 everywhere at all times,
showing that the second term on the rhs of (13) is zero in
this case—an issue we return to in section 3 [it means,
in particular, that, in the VL coordinate system, the
Coriolis-Stokes force of Hasselmann (1970) does not
arise from a Reynolds stress, unlike the situation in
Cartesian coordinates]. This is attributed to the way the
VL coordinates have been designed so that w* repre-
sents fluid motions associated with low-frequency fluid
motions and not with the waves themselves. The quan-
tity FSV in (11b) is the divergence of the layer-thickness
form stress:

FsY =

_ZZ/V(pgTIW +p///) +p;//vzw

Ve Gan™ 77, = VI Ggn” 7))
(14)

The TWM momentum equations (11b) and (11c) con-
tain two types of three-dimensional velocity, the TWM
velocity (V,w) and the total transport velocity (V, w*).
Here # and w* are not the same mathematically, but the
difference is negligible as far as the present study is con-
cerned. The total transport velocity is three-dimensionally
nondivergent, as shown by (11a), and can be written as the
sum of the unweighted mean velocity (V,w) (averaged in
VL coordinates) and a velocity (VZ, w?), analogous to the
bolus velocity (Rhines 1982) in the mesoscale eddy liter-
ature. In particular,

V=(0+z)(V+V")=V+77V", (15a)
——— S——
z¢ A\
wh=ziwF =w—zf —V.VzZ# —V7.Vz” | (15b)

0 whB

where (9b) and (6) have been used. The explicit form of
the vertical component of the bolus velocity as in (15b)
has been little mentioned in previous studies because
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the bolus velocity was originally defined for large-scale
horizontal flows in layered, hydrostatic ocean models
(Rhines 1982). The bolus velocity can be compared with
the quasi-Stokes velocity.® The bolus velocity is refer-
enced to the unweighted mean velocity in the VL coor-
dinates, whereas the quasi-Stokes velocity is referenced
to the EM velocity, (V°,°), averaged in Cartesian co-
ordinates. In particular,

(VI W) = (V = V', w* — w°)
=(V-=V,w* —w) + (V- V,w—w)
— B B " n n n
_(V 7w )+(z Vz +,Z Wz +...)’
(16)

where the last term represents a Taylor expansion in the
vertical direction (cf. McDougall and McIntosh 2001).
Combining with (15a) gives the following expression for
the horizontal component of the quasi-Stokes velocity,
an expression that will prove useful later (Smith 2006;
Mellor 2008):

VE = @V, + (17)

It should be noted that, although the definitions of the
quasi-Stokes velocity and traditional Stokes drift are
different, they are closely related. The conventional
definition of the Stokes-drift velocity based on a Taylor
expansion in Cartesian coordinates is

1 - 1 .
VStokes = (J thc)‘VCV + (J Wd[C)VzC s

which can be transformed to

o[ [T,

z¢

© The concept of the quasi-Stokes velocity was introduced in the
studies of mesoscale eddies to develop an eddy-induced velocity,
which satisfies both an incompressible condition and a no-normal-
flow boundary condition at the top and bottom of the ocean, as
does the EM velocity (McDougall and McIntosh 2001; Aiki and
Yamagata 2006). The sea surface is assumed to be rigid in the
theoretical studies of mesoscale eddies. For surface gravity waves,
the sea surface is not rigid, and this means that the EM velocity,
(V¢,w°), is not strictly defined at depths that spend part of the
averaging time above the sea surface. However, in such cases, it is
sometimes possible to use the Taylor expansion on the rhs of (16)
to define the quasi-Stokes velocity at such depths. The bolus ve-
locity, by contrast, is always defined, even at finite amplitude.
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in which the first term vanishes for horizontally homo-

geneous waves and the second term is analogous to the

first term on the rhs of (17) within an approximation
¢ .

[wdrc~z".

e. The free surface

A nice feature of the VL coordinates used here is the
handling of the free surface. Indeed, as can be seen from
Fig. 1a, since the free surface is itself a surface of con-
stant z in that case, it follows that, when averaging in the
VL coordinate system, there is no need to deal with
regions beyond the sea surface, that is, above troughs
when the surface is below its mean height, as happens
when averaging in Eulerian coordinates. Mathemati-
cally, the ease with which averaging can be carried out in
the VL coordinates arises because the kinematic bound-
ary condition is not only preserved in the VL coordinates
but also avoids products of quantities varying at high
frequency, making averaging straightforward.

We begin by noting that n, = 1, and Vn = V‘n. We then
note that the sea surface is given by z°(x, y, z, 1) = n(x, y, 1)
and, since at the sea surface’ z = 7], this means that

Z°(x,y,m,1) = n(x,y,1). (18)

It then follows that
i =m, = 25M, (19a)
Vz¢ = Vn — ziV7. (19b)

One immediate consequence is that (zf)|zc:n # m, and
(Vz“)|z(,:n # V7 in general. We now substitute the set of
(19a) and (19b) to (9b) and obtain

zwt =w— (n, —zzm) — V- (Vn — z2V7)
— |-
. vz

= Z;(ﬁ[ + V. Vﬁ)»

=7

(20)

where the kinematic boundary condition (2) at the sea
surface has been used. Equivalently, dividing by the
thickness z¢,

w* =7, + V. V7, (21)

7 Strictly, for the situation shown in Fig. 1b, it is not correct to say
that z = 7. This is because, in that situation, the sea surface is no
longer coincident with the material surface used to define z [see
how z is defined just before (6)]. The analysis, nevertheless, re-
mains the same, and for convenience we continue to label the value
of z at the sea surface by 7.
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showing that the form of the kinematic boundary con-
dition is preserved in the VL coordinates and that, fur-
ther, only one high frequency variable, V=V + V",
appears in the expression for the kinematic boundary
condition in our VL coordinates. The advantage of the
form taken by the kinematic boundary condition in the
VL coordinates can be seen when applying a low-pass
temporal filter to (20) to yield

—

w* =zw* =7 + V. V7, (22a)

W = wE — Wk = V'V, (22b)
at the sea surface (where it is assumed that 7, and V7
are effectively constant during the filtering). Equations
(19a)—(22b) have not, to our knowledge, been shown
before the present study. These equations are corner-
stones for (i) treating the slow variations of the sea
surface in both time and horizontal space and (ii) taking
the depth integral of various quantities.

To illustrate (ii), we note that an equation for volume
conservation can be derived by taking the depth integral
of (9a):

7
0=(z +zzw¥)|,_; + J7 V- (z5V)dz

gl
= (& =V V)| 4 Y J £V dz

—0

= (zf + ziﬁl + ZEV -V — ZEV - Vﬁ)\zzﬁ
gl
+V J 73Vdz

- V-Jﬁ (23)

75V dz,

where (20) has been used to derive the third line and
(19a) has been used to derive the last line. Equation (23)
is consistent with (3), resulting in validating (19a) and
(19b). Equation (22a) allows the depth integral of (11a)
to be written as

_ 7
0:w*|zzﬁ+J V.Vdz
N

Vdz

= (w* = V-V)|__; + V-J_
no
Vdz,

—o0

7w+ J (24)
which is consistent with both (3) and (23). Exact equa-
tions for depth-integrated momentum can also be de-
rived easily (not shown).

The kinematic boundary conditions (19a)—(22b) also
allow exact energy equations for finite amplitude waves



732

mean potential energy
S9m?

~{(V V(g +p))) <<

mean kinetic energy

(50912 +87))
|

(V- BV 4 aFv))

JOURNAL OF PHYSICAL OCEANOGRAPHY

V.78V 4+

(@ — w*)p, >>
_<< —V.Rr8v

—wWRS™

VOLUME 42

N
—ny'p"| =7

wave potential energy

14 1112
291

(e

wave kinetic energy
) ((5z2V7P +w)))

|

<<ng// . F//V + zgw”F”“’>>

FIG. 2. Energy diagram based on (A8a)—(A9b) where ((---)) = ﬁx -+ +dz. The sign of en-
ergy conversion terms is referenced to the budget of (mean) kinetic energy. The symbol G =
—V“pgn + p) is the negative of the horizontal gradient of the combined hydrostatic and

nonhydrostatic pressure.

and currents to be derived (appendix A). An associated
four-box energy diagram is illustrated in Fig. 2. The
boxes of mean kinetic energy and wave potential energy
are connected by a conversion path by the form stress
FSY. The mean kinetic energy is defined by the TWM
velocity

LAVE + W),

which includes the horizontal component of the quasi-
Stokes velocity (i.e., V=V + V%). These characteris-
tics are the same as that of an energy diagram based on
hydrostatic equations (Bleck 1985; Rged 1997; Iwasaki
2001; Aiki and Yamagata 2006; Aiki and Richards 2008).
Because the present study includes a free surface, the

1,'p"" |, is included

"o

work of air pressure disturbances —n,"p
in Fig. 2.

.-

3. Linear waves with a viscous boundary layer

We now consider viscid surface waves in the presence
of wind forcing and show how waves can modify the
classical Ekman spiral velocity near the sea surface,
a problem that has been investigated previously using
a number of different approaches. As noted in the in-
troduction, the solution of Polton et al. (2005) (and also
Huang 1979) differs from that of Madsen (1978) and Xu
and Bowen (1994) in that the former do not include an
additional surface stress at the surface associated with
the so-called VWS of Longuet-Higgins (1953, 1960). So
far, the most rigorous framework for explaining the

VWS is the three-dimensional Lagrangian approach of
Pierson (1962), Piedra-Cueva (1995), and Ng (2004).
The use of the VL coordinate system and the TWM
approach allows for a careful reexamination of the sur-
face boundary conditions used in these studies as well as
the budget of momentum in each vertical column. As in
the previous studies, we use a perturbation expansion
approach appropriate for small-amplitude waves.®

a. Perturbation expansion

We work with the situation as in Fig. 1a in which there
is no horizontal convergence/divergence of the large-
scale flow and w* = 0 everywhere (including at the sea
surface). In addition we assume for simplicity that wave
statistics are equilibrated in both time and horizontal
space so that 9 A=0 and VA =0 for an arbitrary
quantity A. An immediate consequence is that 7=10
(strictly 17 = const, but we can put the constant to zero).
Below, we use z = 1 = 0 as the label for the sea surface in
the VL coordinates.

We work with small amplitude waves, with smallness
measured by the parameter «. In particular, we let the
slope of the sea surface be scaled by & <« 1 and use it to
make a perturbation expansion

8 We restrict here to the case of a spatially uniform viscosity with
steady waves and steady wind forcing in order to illustrate the
power of the TWM approach. Readers are referred to Jenkins
(1986, 1987a,b) for discussion of nonsteady waves and spatially
varying viscosity using a Lagrangian coordinate system.
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¢ =z + az} + &’z + O(P), (25a)
n = an} + a’ny + O(a?), (25b)
p=ap|+ 012p2 + 0(a?), (25¢)
V =aV{'+a’V, + 0(a?), (25d)
w=aw] + a2w2 + 0(a?), (25¢)
w# = 0, (25¢)

where p, =p, +p4, V,=V,+ V] and w, =w, +w}.
For simplicity, we have assumed no mean flow at O(«).
The thickness-weighted governing Eqs. (9a), (9b), (10a),
and (10b) become

2, V-V =0, (26a)
~~

"
w 1z

p(V', + fzxX V) = —pgVny — Vpi + (XFY),,
(26b)

" "

pwi, = —pi; + (ZF"),,

(26¢)
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at O(«) and

25, + V- (V, + 2LV = 0, (27a)

w, =z + VI.Vz”, (27b)

pl(Vy + 2, V), + Vo (VIV]) + f2 X (V, + 2. V])]

= —V(pgny + p,) — z{,V(pgn
+ pi Vi + (2EFY),,

m nr

1t Py
(27¢)

plwy + 21w, + V- (VWD) = =y, + (EF"),.
(27d)

at O(a?).

b. Turbulent mixing term

In the following, v is a real, uniform constant rep-
resenting turbulent viscosity and the momentum mix-
ing is represented using a conventional symmetric
tensor in Cartesian coordinates. The turbulent mixing
term may, therefore, be expressed in the VL coordi-
nates as

Z;Fu = pyzg[(zux‘)x‘ + (uyC + Uxf)yt‘ + (uzc + ch)zc]
= przg[Qu,.), + (uyf + UXL.)y (Ut we)e — z7Quy) . — z;(uyt. + v,

= pr[z5Qu,.), + zg(uyc + vxc)y + (e +wy), — 23y, — z;(uyc + v,

= prl(z22u), + (25 (uy T v0)), + (e + Wi = 2520, = 25w, +v,0) ],

(28a)

Cc — Cc
ZLFY = przg[(v,. + uyf)xf + (2vyL )yL + (v, + wy[.)z[.]

= pr[(z5 (v, + uyc))x + (z§2vy‘,)y + (v, + W = (v + uyc) — Z;ZUyF)Z],

(28b)

CTW — c
" =przg[(we +u),. + (wa + vzz)yz + (2w, ]

— - c _ - _ .
= (RSO0 + 1)), + Oy + 0.0, + Q= 20+ ) = 250wy + v,).,

where z70_. = d_ has been used. Perturbation expansion
of (28a)—(28c¢) yields

(2ZF")y = pr[Quiy), + (i, +vf), + (i, + wi),]

= pu(V* + 82)uf, (29a)

(ziFY), = pr[(v], + ui,), + Quf), + i+ wi) ]

= pr(V* + 2", (29b)

(@2F™)y = prl(wiy + ui), + (Wi, +v7), + @wi)),]

= pr(V* + 2w, (29¢)

(28c)

at O(a) where (26a) has been used and

"

@y = pr[( ) + Gy g wy = 2iug

m m m

~ vz T a2uly — 2 () i)l

(30a)
(@ F)y = pr[(oo) + (o)) + (y + owyy — 20,
~ 2y T R T u) T 2 2vp).,

(30b)
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(zsF"), = pv[(--), + (- .)y + (2W2z = 2z w{,

"

— 2w ) =z Wi + i)l
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at  O(a®) where 9, =(1/z0)d, =[1/(1+z7)]o, ~
(1 —2z7)d, has been used.
Substitution of (30a)—(30c) to (27c) and time averag-

(30c) ing yields the TWM momentum balance at O(a?),
“f @+ 2T = (L lognT + D), + i, — Gl 2, o) TG DL Gl
————
f}Z
pf (@ + 2u7) = R,(ogmy + p]L. + pvloy, — GIE, T 2 0f ) T 00— up)l. (1)
——— —
i,
where (26a) has been used. The above equations can be rewritten using the TWM velocity at O(a?),
~pfo, = [ (g + PP, + prliy, — Gy + 22, + 2@l — vl + 2@l i), (32a)
pfiy = 3oy + P, + prlin, = GRLov + 220, + 2 + ) + 00, — u )l (32b)

where (15a) has been used.

c¢. Monochromatic wave

We consider a monochromatic wave propagating in the
x direction: 0 = ae” in which 6 = kx — ot is wave phase
(real constant), k is wavenumber (positive real constant),
and o is wave frequency (positive real constant). Because

m

17 is O(a), wave amplitude becomes aa so that a = 1/k.
See Table 2 for the value of physical parameters assumed
in this section. The governing equations (26a)—(26c) can
be rewritten in wave space:

—iozy, + tkuy =0,

1z
—

m

1z

(33a)

—fuv] = —ik(gaew + pilp) + (ic — vk* + V&?)u”l’,

(33b)
fuf = (ic — vk? + vag)v’l”, (33c¢)
0= —piilp + (ic — vk> + va2)w?, (33d)

where (29a)—(29¢) have been used.
We consider a Poisson equation for p7, derived from
the three-dimensional divergence of (26b) and (26c¢):

—pVX VY ==Vi(gon{ + p}) = pi.,
+ pr(V2 + 02) (V- Vi + wi),
————
0
(34)

where (29a)-(29¢) have been used. The viscosity term
vanishes because O(«) velocity satisfies an incompressible
condition (26a). A wave-space expression of (34) is

ikpfv = —kz(gpaeie +py) + Ples (35)
Substitution of (33a) and (35) to the lhs and rhs of (33c¢),
respectively, yields

—pfzwi”z = (ioc — vk? + 1/6%)[—162(3';301@"‘9 +p7) + il

1zz

(36)

Substitution of (33d) to the vertical derivative of (36)
yields a characteristic equation for the vertical profile
of wf,

2 " — s 2 2 2 2 " "
—f wi = (io — vk* +v37) (—k“w] + lez)’ (37)
which can be approximated by two separate equations:

—fPwi ~ =t (—IPw] + wi ), (38a)

12

: 2 2N2. m
(io — vk® + vay) wi. ..

—f*wi., (38b)
The first equation can be reduced further to 0 ~
(—k*w{"+w{ ) because flo = y < 1 (nondimensional
positive real constant, Table 2). Thus, w1 is written by

the composite of €5* and ¢" %, where

Y L N

v

(39)
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TABLE 2. The value of physical parameters assumed in section 3.

Main text Figure 3

@ 107! 0.1 0r 0.2
B = vk’lo between 10 and 107 1077
y=flo 1074 1074
p kgm? 10° 10°
o s 1 1
f 5! 1074 1074
k m! 107! 107!
aa = alk m 1 1.0 or 2.0
v m?s ! between 10 *and 102 103
Vvle=\Blk m between 10 2and 10™" 32 x 1072

vlf m between 1 and 10 32
2pvak*(aa)> Nm™?  between 102> and 107" 0.02 or 0.08
a’7; Nm™?  arbitrary 0.1
ok(aa)® ms !t 107! 0.10r0.4
azT_z/(p\/ZTf) ms ! arbitrary 0.22

in which 8 = vk%/c < 1 (nondimensional positive real
constant, Table 2) and m = v—io/v = /—i/Bk (complex
constant). Using both (io — vk? + v92)e*+i0 = jgek*i
and (io — vk? + vd2)e" “H1 = xife" 1 we solve (33a)-
(33d) and obtain both a general solution

p = Re{ew[ekz(a + bt +b7)

bt . b™ -
+ (nJre" - nie" Z) vk — a}}pg,

2j= Re{e[eF(a + b" + b7) — bt — b7 ]},

(40a)

(40b)

u’l = Re{em[ekz(a +b" +b7)

+ .+ n'z - = )

—(b"nT"*+b ne )E o, (40c)

v = Im{ew{ekz(a + b +b7)
_ (b+n+en+z _ b*n*enfz)%}}f, (40d)

we = Im{e?[e**(a + b + b7)
— bt — b o, (40e)

and a dispersion relation o® = gk. Each of b and b~ is a
complex constant to be determined in the next subsection.
The above solution is given in the VL coordinates so that
there is no need to extrapolate the solution using the
Taylor expansion to include regions above the free
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surface, for example, where there are surface troughs, as
in previous studies.

d. Case of no air pressure disturbance

One way to determine b* and b~ is to assume at the
sea surface that (i) there is no air pressure disturbance,
P1l.—o =0, and (ii) there is no stress in the direction of
wave crests, v"[__, = 0. With a straightforward manip-

ulation (appendix B), the general solution (40a)—(40e) is
reduced to

p = Re{e”(" — 1)}apg, (41a)
z] = Re{ei9+kz}a, (41b)
ul = Re{e* ) ao, (41¢)

vy = Im{eie{ekZ — e’”z(l — i'g + i%mz) \/ﬁ}}”f’
(41d)
W,l,, _ Im{ei0+kz}a0'~

(41e)

Substitution of (41a)-(41d) to (32a) and (32b) yields the
TWM momentum balance at O(a?),

—pft, = pr(il,, — 20k*a’e®) (42a)
pfil, = pv(v,, — fkPa’Re{e® ™)) = (42b)
——————

rrrrrrr

U2z
where the pressure term has vanished owing to the phase
relationship of O(«a) waves. Substitution of (41b)—(41d)

to (16) yields the expression of the quasi-Stokes velocity,

uf = @uy), = oka?e®, (43a)
e fka?
vy = @), = f—za Re{ie®"™}, (43b)

where u?’, at this order in «, is identical to the Stokes-
drift velocity in the inviscid theory (hereafter, the in-
viscid Stokes velocity refers to oka’e™?).” The viscous
stress in (42a) can be rewritten as pv(it,, — 20k*a”e*<) =
pv(ity, — ui)) = pviis,. The stress acts on the EM com-
ponent of velocity and not the TWM velocity. This result
holds for irrotational waves in general, as shown using

m m

u? —w" =0,u” +w;” =0 and (43a) to obtain
Z X X Z

? It should be noted that the expression of (uJ’,v%") is not guar-

anteed to be the same as the Stokes drift for inviscid waves, a case
in point being the solution in the next subsection.
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iy, — (] ¥ 22, T )
g P — T
= Uy T TIWI, T T U

—C __ " ST
= Uy, S EUSE Uy
_ —C T —T
= U, Tyl T Trctyy
=15,. (44)
Indeed, (41c) and (41e) satisfy both the irrotational and
incompressibility conditions.

The boundary condition for (i,_,,_) is set by the rate
of momentum input at the sea surface,

pv(iy,|,_, — 20K*a®) = 75, (45a)

pv(in |,y — fiPa®) = 0, (45b)

which represents the wind blowing in the direction of
wave propagation, with 7, being the wind stress (here
introduced at order a?). The fk’a* term in (45b) may be
omitted because of flo = y < 1. Equations (43b) and (42b)
contain terms proportional to ¢”% = eV-IBkz that are
effective only within the thin viscous boundary layer
associated with the waves (hereafter referred to simply as
the viscous boundary layer, not to be confused with the
Ekman layer of depth \/v/f). At depths below this layer,
(42a) and (42b) can be rendered into

v(ily, — 20k2a*e*)

—fo, =
fﬂz =

(46a)

(46b)

PVyzz

which may be solved by using the boundary condition
(b, 0,)|,_o = (T/(pv) + 20Kk*a*,0) to yield
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. (2kle)eT + (4iKPvif)e?Rc L, T,
i, +iv, = 1+ 4ik2wif oka” + p—yee ,
(47)

where the second term is the classical Ekman spiral
velocity with e = \/lfw being a complex constant. By
subtracting uf’ + v}’ ~ oka®e** from (47), we obtain
the EM velocity

_ (2kle)e® — ez

. . T,
R AR

e (48)
which corresponds to the solution of Huang (1979) and
Polton et al. (2005). The latter point out that the classical
Ekman spiral solution is modified by the presence of
surface waves because the waves drive flow near the
surface through the Coriolis—Stokes force. Even though
the flow that is directly driven by the Coriolis—Stokes
force is surface confined, its effect is felt throughout the
whole depth of the surface Ekman layer, as shown by the
first term of (48) and illustrated in Fig. 3. This is because
the presence of the surface-confined flow modifies the
surface boundary condition from that in the classical
Ekman problem.

Setting the turbulent viscosity v = 0 in (46a) and
(46b), it follows immediately that in the inviscid case (no
turbulent mixing and no surface wind stress) Vz =0.
Since V, =V, =0, as follows from (25a) and (25d), it
follows that there is no net horizontal transport by the
waves up to O(a?), corresponding to the result of Ursell
(1950), Pollard (1970), and Hasselmann (1970) that
surface waves propagating without change of form in a
rotating system have no net mass transport associated
with them.

To understand the budget of mean kinetic energy,
(p/2)(i15 + 3), in each vertical column, we take the depth
integral of the inner product of (iZ,, v,) and (46a) and (46b),

0
0 = dypu(ity, — 20k%a)|,_, — pVJ_ [y, (i, — 20K2a%) + b, (b, — fK2a®Refe")))] dz

-5
=l 0Ty ~ P”J

—oo

|75

-6
—c —C .
- pVJ (W05, + V5,05,) dz —
—

oo 2.2 2k ~s
[iy, (&), — 20k"a"e™) + 0,0, |dz

-6
pVJ 2()‘/{261262k1ﬁ§Z dz , (49)

——

surface viscous stress viscous stress on EM velocity

where integration by parts has been used and we have
assumed that the depth integral is not sensitive to com-
plicated terms in the viscous boundary layer of thin
thickness 8 ~ \/B/k. The first term in the last line of (49)

viscous stress on Stokes velocity

represents the work of wind stress on the TWM velocity
at surface. The second term represents the dissipation
of mean kinetic energy (i.e., production of turbulent ki-
netic energy) based on the vertical shear of the EM
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(b)
TV

) -
-1 0 1
u

F1G. 3. Hodograph of the Eulerian mean velocity for the case of (a) no surface pressure
disturbances and (b) no variations in tangential stress. The blue line is the case with di-
mensional wave amplitude aa = 1.0 m and for the red line wa = 2.0 m. The black line is the
classical Ekman spiral velocity: [o?T,/(pve)]e = [a?T,/(p Vivf)le?. The wind stress is
az?z =0.1N m 2 The values of the other parameters are listed in Table 2. Both axes are scaled
by the magnitude of the x component of the classical Ekman spiral velocity at the sea surface,
&’7,/(p/2vf) =0.22m s~ . The Ekman layer depth is \/»/f = 3.2 m. Note that the velocity at
the surface is different in each case, with the velocity spiraling to zero at depth.

velocity. The third term is given by the vertical shear of the
inviscid Stokes velocity 20k’a’e® = (oka’e®*?), and
might be related to the Stokes production of turbulent
kinetic energy that has been considered in Teixeira and
Belcher (2002) and Kantha and Clayson (2004). However,
when wave amplitude is large, the x component of the EM
velocity %5 tends to be against the direction of the wave
propagation and the wind (Fig. 3a), with the result that the
Stokes shear term of (49) is actually sign indefinite (and
therefore not necessarily a production term). It should be
noted that, although the EM velocity is against the wind
stress, for the red curve in Fig. 3a, the wind stress never-
theless inputs energy through the work that is done by the
wind stress on the quasi-Stokes (i.e., Stokes drift) com-
ponent of the TWM velocity.

e. Case of no variation in tangential stress arising
from the presence of the waves

Another way to determine b and b~ in (40a)—(40e) is
to assume that (i) there is no variation in the tangential
component of surface stress arising from the presence of
the waves (uy”, +wi")|._ =0 (Longuet-Higgins 1953,
1960) and (ii) there is no surface stress in the direction of
wave crests v”'|__, =0 (this is as in the previous sub-
section). With a straightforward manipulation (appen-
dix B), the general solution (40a)—(40e) is reduced to

P = Re{e®[e*(1 + 28i) — 1]}apg, (502)

27 = Re{e[e"(1 + 2Bi) + ¢"™(—2i + pmz)B]}a,
(50b)

uy = Re{e[eF(1 + 2Bi)

+ "(=2i + B + Bmz)\/—iB]}ao, (50¢)

vy = Im{eie[ekz(l + 2Bi)
+ emZ(—zi + %B + imz + %BmZ)\/—viB]}“f’
(50d)

wi'= Im{e"[¢"(1 + 2Bi) + ¢"*(~2i + pmz)pB]}ac.
(50e)

Substitution of (50a)—(50e) to (32a) and (32b) yields the
TWM momentum balance at O(a?),

—pfv, = | pvak?a®Re{ek M=y I,

21, (ogni'+ p7)

+ prliiy, — ok?a? (22 — 3Ref{e® MY |

o
2w 27z

(51a)

N N _ 2 2 lmz - 31 (k+ )
pfit, = pv[v22 fk-a Re{Te mz ;

//////

(51b)

Equation (51a) is the cornerstone for explaining the so-
called VWS of Longuet-Higgins (1953) concerning the
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vertical transfer of the x component of momentum. Our
explanation follows the following steps (as explained in
the text that follows):

(i) @, =7,/(pv) at the sea surface (where the wind stress
7, is introduced at second order in «, as before);

(ii) the momentum flux through the sea surface is
7, + 2pvok*a®, of which the wave-induced flux
2pvok’a® is attributed in equal measure to form
stress and viscous stress;

(iii) the momentum flux through the base of the thin
viscous boundary layer is 7, +2pvok’a?®, all of
which is maintained by viscous stress; and

(iv) ity, = 7,/(pv) + 4ok*a* at the base of the thin viscous
boundary layer.

The condition of no variation in the tangential stress gives
a constraint for the vertical gradient of the TWM velocity.
This constraint is written by (B10) to which we substitute
anidentity (o/k)z, = u{, = —w{, = —(ok)nY, which has
been derived from (33a) and (uy, +wi})|,_, = 0. It fol-

lows that

— 7_2 /(PV) + Z/// /// + 2Z/// "

"n n
1274 12412 + 377

iy |,—g xtix

[ 2 n n ”n, nr ,// n
= T,/(pv) — k] u]” — 2k“u’ny + 3k‘niu]

= 7,/(pv). (52)

This is (i). The rhs of (51a) has been written as the vertical
divergence of a pressure-induced momentum flux (i.e.,

0=

-5
= lgli—o(Ty F 2pvok’a’) — PV[ [a, (4, — 20k*a
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form stress) and a viscosity-induced momentum flux (i.e.,
viscous stress). At the sea surface where z = 0, the form
stress becomes 77{; pi= pvok?a® and the viscous stress be-
comes T, — pr(z{, uy + 2z u. + z{wul) =7, + prok’a®,
yielding a total momentum flux of 7, +2pvok?a?, where
the last term represents the effect of waves. This is
(ii). The viscous boundary layer is so thin (thickness
is scaled by v/v/o = \/B/k) that the Coriolis term on the
lhs of (51a) would have little contribution to the mo-
mentum balance within the layer. Thus, the vertical
profile of the total momentum flux is nearly constant,
7, + 2pvok?a®, within the boundary layer. This is (iii).
The 2pvok?a® part is what has been called the VWS in
previous studies. Below the viscous boundary layer,
terms proportional to "% = eV -ilBkz i (51a) vanish so
that the vertical transfer of momentum is done by only
the viscous stress, pv(il,, —20k*a®). This stress should
match 7, + 2pvok®a?, which comes from (iii). The re-
sult is that, at the base of the viscous boundary layer,
it,, =7,/(pv) + 4ok*a*, whose last term is twice the ver-
tical gradient of the inviscid Stokes velocity (Longuet-
Higgins 1953). This is (iv). It should be noted that in
the above analysis, the TWM momentum equation has
been written in a flux-divergence form, which is suitable
for identifying the route of the momentum transfer.

To understand the budget of mean kinetic energy,
(p/2)(i5 + 93), in each vertical column, we take the
depth integral of the inner product of (ii,,7,) and (51a)
and (51b),

0
lhy|,_o(75 + 2pvok’a®) — pVJ_ i, [i,, — ok*a*(2e*** — 3Re{e* "™ })] dz

0 . .
-3
_ pVJ_wﬁZZ (f)zz — kaaZRe{lmzz le(k+m)z }) dz

2ezkz) + ﬁzzﬂzz] dz

78 —
S — 2.2 - 22 —c — —c 2 2k
= |7, + pvoksa™) + i,|,_,pvokta® — pv[ (@5, m5, + v5,05,)dz — pvJ 20k a*e®5, dz, (53)
J —00 —00
surface viscous stress surface form stress viscous stress on EM velocity viscous stress on Stokes velocity
where integration by parts has been used. In addition to o (2kle)e @O+ (4ikPylf)ek(ztO) e
wind stress 7,, wave viscous stress pvok’a and form ty T, = 1 + 4ik?vlf 7ra
stress pvakza at the surface feed the mean kinetic en- o 2 9
" - T, T 2pvka (2+8)
ergy, as illustrated in Fig. 4. + 2 T eeEto) (54)

Below the viscous boundary layer, (51a) and (51b) are
reduced to (46a) and (46b), which can be solved using an
adjusted boundary condition pv(it,_, v, )| = (T,/(pv) +

z=-98
4ok*a?,0) to yield

pre

which corresponds to Eq. (16) of Madsen (1978), who
considered the same problem using the three-dimensional
Lagrangian mean equations of Pierson (1962). Indeed,
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| stress
mean kinetic energy Reynolds
<<£‘\7|2>> stress

viscous stre |scous stress scous stres
(surface) (Eulerain mean (Stokes)

FIG. 4. Illustration of the budget of the mean kinetic energy in
the case of no variation in the tangential component of surface
stress (section 3e).

(46a) and (46b) are identical to (5) and (6) of Madsen
(1978) with our TWM velocity corresponding to their
Lagrangian mean velocity. Substitution of (50b)—(50d)
to (16) yields the expression of the quasi-Stokes ve-
locity

— (Z/// i — (TkaZ(eZkZ + Re{e(k"'m)z})’ (553)

Z

2
(Zm m— fk[l Re{(z _ imz)e(ker)Z}’

5 (55b)

which is slightly different from (43a) and (43b), but both
reduce to (uf°,v]") = (cka’e**,0) —the inviscid Stokes
velocity—below the thin viscous boundary layer. By
subtracting u3’ + v}’ ~ oka’e*** from (54), we obtain
the EM velocity

(2k/e)es — e?kz
1 + 4ik?vif

7 + 2ovk’a®
oka? + 2T P e“,
pre

—C

—C —
u; + vy =

(56)

which corresponds to the solution of Xu and Bowen
[1994, their Eq. (87)]. The first term of (56) is almost
identical to that of (48). The characteristics of this term
have already been explained in the previous subsection
concerning Fig. 3. The second term of (56) can be re-
garded as the classical Ekman velocity caused by the
combined wind stress and VWS, 7, + 2pvok?a®. We es-
timate the strength of the VWS, 2pu(rk2(aa)2, based on
the values of physical parameters used to plot in Fig. 3.
When wave amplitude is small (ea = 1.0 m), the VWS
becomes 0.02 N m 2. When wave amplitude is large
(aa = 2.0 m), the VWS becomes 0.08 N m ™2, which is
close to the strength of wind stress 0[2’1'_2 =0.1 Nm 2
See, for example, Weber et al. (2006) for detailed com-
parisons of the strengths of wind stress and VWS from
a model simulation.
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f- Discussion of non-Lagrangian approaches

Below the thin surface viscous layer associated with
the waves, the TWM velocity satisfies the equation sys-
tem (46a) and (46b) in both cases considered above (i.e.,
surface boundary conditions of both no pressure distur-
bance and no variation of the tangential stress). Trans-
forming to the EM system, the resulting equation system
is identical to the EM momentum equations that have
been used by Huang (1979), Xu and Bowen (1994), and
Polton et al. (2005):

—fv5 = Vﬁ%zz, (57a)
fis = —foka*e®™ + v, (57b)

—(w'),

The term looking like the Coriolis force induced by the
inviscid Stokes velocity is the Coriolis—Stokes force and
can be derived by substituting an inviscid wave solution
for w’' and v’ to the Reynolds stress term (Hasselmann
1970), where A’ indicates deviation from the Eulerian
time mean A for an arbitrary quantity A. The boundary
condition of Huang (1979) and Polton et al. (2005) is
U5, B3 )|,— = (7,/(pv),0), which corresponds to our
boundary condition for the TWM velocity, (,,, v, )[,_, =
(7,/(pv) + 20k?a?,0), in the case of no air pressure dis-
turbance. The boundary condition of Xu and Bowen
(1994) is (u3,, v5,)|,- 5= (F/(pv) + 20k*a?,0), which
corresponds to our boundary condition for the TWM ve-
locity, (il,,, D,,)|,__s = (7/(pv) + 4ok?a?,0), in the case
of no variation in the tangential stress. Interestingly,
although the surface boundary condition used by Xu and
Bowen (1994) corresponds to our case of no variation of
the tangential stress, corresponding to step (iv) in our
derivation (see the previous subsection), these authors
appear to have arrived at (iv) without apparently using
steps (i)—(iii) (they do not take explicit account of the
thin viscous boundary layer). The large difference be-
tween the different solutions is apparent from Fig. 3,
where the left panel shows the solution of Huang (1979)
and Polton et al. (2005) for two different wave ampli-
tudes and the right panel shows the corresponding so-
lution of Xu and Bowen (1994) for the same two wave
amplitudes. Clearly, the different surface boundary con-
ditions applied to the waves can have a big effect on the
resulting EM velocity, not only at the surface but also
throughout the water column.

To summarize the difference between the different
solutions, it is of interest to understand the budget of
momentum in each vertical column, starting with the
horizontal momentum equations in Cartesian coordi-
nates. For the problem being considered here, the in-
stantaneous momentum equation in the x direction is
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p[utC + (uu)xc + (wu)zc - fv]
= —(pgn + P T pV(Uyepe + Uye,).  (S8)

Vertically integrating over the depth of the ocean, we
obtain equations for the volume transport given by

o ("
(el

n
= 7J (—pgn — p + vu,)dz® + [(pgn + p)n.

uudz® — fJ vdz‘)

+ pv(—u,.m.+ uz(.)]|zt.:n. (59)
Time averaging the above equation, as the problem is
horizontally homogeneous, then gives

n
“of | vz = [p + oot~ iy (60)

where there is no Reynolds stress term, consistent with the
absence of Reynolds stress terms in (31a) and (32b). These
terms drop out because there is no net convergence/
divergence of momentum into the water column by the
waves. The pressure term of (60) corresponds to the
form stress at the surface and vanishes in the case of no
pressure perturbations at the sea surface but is none-
theless nonzero in the case of no variations of the tan-
gential stress, as we saw in the previous subsection. Next
we note that the viscosity term of (60) can be written as

"

Pyt = Melt N pemy = pr(i; = 27U, = Mt ey

" PV
- u
z z z z

"

= pv(id, — (z]u AT -

m

7z

=pv(a, —z7u"” —2z7u? — n;’cu;’c)|25:n, (61)
whereu =u /z;=u /(1+27) ~ u (1 —z7)has been
used. In the case of no pressure disturbance at the
surface, the total momentum input at the surface is
given by the rhs of (61) and was set equal to the surface
wind stress [Eq. (45a)]. In the case of no variation of the
tangential stress, i_is set by the surface wind stress and
the remaining terms on the rhs correspond to the vis-
cous wave stress input noted in step (ii) of the previous

subsection.

4. Summary and discussion

A theory is presented to investigate the effect of sur-
face gravity waves on ocean currents in the presence of
a uniform turbulent viscosity. Depth-dependent equa-
tions for the conservation of volume, momentum, and
energy are derived using a thickness-weighted mean
(TWM) approach in a vertically Lagrangian (VL) and
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horizontally Eulerian coordinate system, analogous to
the TWM approach in isopycnal coordinates in theories
describing the impact of mesoscale eddies on the large-
scale ocean circulation. Some advantages of the TWM
approach are (i) the theory allows for both finite am-
plitude fluid motions and the background vertical flows
associated with the horizontal divergence/convergence
of currents, without resorting to Taylor or perturbation
expansions, and (ii) a concise treatment of the surface
kinematic condition as well as the boundary condition for
the viscosity term, avoiding complexity in the boundary
conditions of Eulerian-mean (EM) approaches.

To illustrate the advantage of the TWM approach, we
have revisited the classical Ekman spiral problem, in-
cluding surface wave effects, using an analytical treatment.
The TWM approach can reproduce both the Lagrangian-
mean equation system of Madsen (1978) and the EM
equations of Xu and Bowen (1994) and Polton et al.
(2005). We have also explored the different surface
boundary conditions implicit in these studies. The case
studied by Polton et al. and also Huang (1979) corresponds
to applying a boundary condition of no pressure dis-
turbance at the free surface to the waves (implying no
form stress), whereas the solutions of Madsen, and Xu
and Bowen, correspond to applying a condition of no
variations in the tangential component of surface stress
to the waves. In this second case, both the form stress
and the viscous stress provide a net momentum flux
through the surface to the vertically integrated mo-
mentum budget that, in turn, leads to a momentum
input, corresponding to the virtual wave stress of
Longuet-Higgins (1953, 1960), at the base of the thin
viscous boundary layer associated with the waves.
By writing the TWM momentum equation in a flux-
divergence form, we were able to easily identify the
route of momentum transfer, an advantage over using
the three-dimensional Lagrangian equations of Pierson
(1962).

There are many examples of attempts to couple large-
scale circulation models with surface wave models, such
as the Wave Ocean Model (WAM) (e.g., Komen et al.
1994; Jenkins 1989), WAVEWATCH (e.g., Tolman
1991; Moon 2005; Tang et al. 2007; Tamura et al. 2010;
Waseda et al. 2011), and Simulating Waves Nearshore
(SWAN) (e.g., Booij et al. 1999) models. Nevertheless,
a motivation for using the VL coordinate system and the
TWM approach is the ease with which this framework
allows surface wave effects to be incorporated into large-
scale circulation models, with a concise treatment of sur-
face boundary conditions as well as a clear view of energy
interactions. Indeed, there is a direct analogy between the
VL coordinate system and the isopycnal coordinate sys-
tem that has been advocated for use when incorporating
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the effects of mesoscale eddies in ocean circulation models
(e.g., Gent et al. 1995; Greatbatch 1998; Greatbatch and
McDougall 2003; Griffies 2004). However, because the
viscosity acts only on the EM velocity (at least below
the thin viscous boundary layer associated with the
waves and which, in any case, will not be resolved by
a large-scale circulation model), this means that for
models that step forward the TWM velocity, such as
Mellor et al. (2008), an additional term should be in-
cluded to offset the effect of viscosity on the Stokes-
drift velocity.

Concerning the forcing of the momentum equations in
large-scale models, we speculate that a realistic model
for the waves might be a linear combination of the two
solutions that we have presented (the case of no air pres-
sure disturbance leads to no VWS, whereas the case of no
variations in the tangential stress leads to a significant
VWS). The ratio of the linear combination is highly rel-
evant to the maintenance mechanism of waves and is an
important issue for the parameterization of wave forcing
for use in large-scale models [cf. Weber et al. (2006) and
also the papers by Jenkins (1986, 1989)], an issue to be
addressed using the TWM framework in future work.

[z{(pgn + )], + V- [2:V(pgn + p)] + [z5w*(pgn +p)], = V- [z:V(pgn + p)] + (zf + zsw¥)p_,
N —r
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Finally, we note that the VL-mean equations of
Mellor (2003,2008) have sometimes been compared to the
quasi-EM equations, including the generalized Lagrangian-
mean equations that are expressed in terms of the quasi-
EM velocity (cf. McWilliams et al. 2004; Ardhuin et al.
2008). The Craik and Leibovich (1976) vortex force,
which enables simulations of Langmuir circulations, has
been derived only for the quasi-EM equations, a topic we
shall discuss in the context of the TWM equations in a
later paper.
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APPENDIX A

Derivation of TWM Energy Equations

Using (9a)—(9d), one can derive pressure and kinetic
energy (KE) equations,

(Ala)

w—=V.Vz¢

[22AVP + WD) + V- [ZVEVP + )] + (2w VP 4 wh)| = V- [2V(egn + p) + p V2]
t z 4

—wp, + 2V -FY + wF"), (Alb)

where the last term of (Ala) can be rewritten as (w — V - Vz%)p, using (9b).

a. Depth-dependent equations

Equations for pressure and KE in the total (mean plus wave) field can be derived by low-pass temporal filtering

(Ala) and (A1b),

[z7(pgn" + p") ], + V- [25V(pgn + p)] + [z5w*(pgn + p)], = =25V - G + wp_,

(A2a)

zgg(|V|2 + wz)L + V. [zgvg(Mz + wz)} + {zgw*g(|V|z +w)| = VG —wp + (V- FY  wEY),

"

where z{ =z, +z/=2z} has been used for the first
term on the lhs of (A2a) and G = —V(pgn + p) =
—V(pgn +p) +p_Vz° is the negative of the horizontal
gradient of the combined hydrostatic and non-
hydrostatic pressure for simplicity. Total KE is a third
moment quantity and can be decomposed into mean KE
and wave KE using the Favre filtering,

(A2b)

gZE(W\Z +w?) = g(|v|2 + Wz) + gzg(|V"\2 + w”z) ,

mean KE wave KE

(A3)

where each of mean KE and wave KE is clearly
a positive-definite quantity. On the other hand, terms
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on the rhs side of (A2a) and (A2b) can be expanded
as

ZV-G=V. .G+ zV .G
= V:[~Vipgn +p) + FS*] + V-G,
(Ada)
wp, = (W + w'p_=Wwp, + wp,, (Ad4b)

V- [V(pgn +p)] +

wz)} + [v?

LQVP +a?)] + v [VEQV?

Equations for pressure and KE in the wave field can be derived from the difference of (A5a) —

(A2b),

7 Gogn "+ p7)], + NOS140") = V. 7SV — EVT G + wip, + (i — wh)p,
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(V- FV+wF") =V FY + Wf”

" UV uanl
+z8(V"-F"Y + w'F™), (Adc)

where FSV is defined at (14).

Equations for pressure and KE in the mean field (i.e.,

currents) can be derived from (11a)—(11c),

P "2 " "2 2 e VA VAR ¥ B m\J" "oon
[zgi(w >+ w Z)L + NERWVEWD 1 oV ZEVV7 -V + 2EVWW) + p(ziws V7 -V + 28w W),

- TV@
Z

—wWp, + (V-RSY + WRS") + (z5V" - F'Y + Zw'F™),

=V-V(pgn +p) + wp,, (ASa)
=V [~V(pgn + p) + FS¥ — RSY + FY]

+W(—p, — RS" + F"). (A5b)

(A5b) and (A2a) —

(A6a)

(A6b)

where (Ada)—(A4c) have been used and N4 = V- (z¢VA) + (z¢w*A), is the divergence of the total advective flux of

an arbitrary quantity A.

b. Depth-integrated equations

The depth integral of (A2a) and (A2b) yields explicit equations for total PE*! and total KE,*? respectively,

5@ + D)+ V- (& Vogn + p)) =

((=25V-G +wp)) — W,p|,_5

o |

- n/p (ATa)

((z5avP )+ v ((z5VEIVE + ) = (GEV G = iy + (GEVFY + ). (A7h)

where ((---)) = ﬁ_w -+dz and p|__; is air pressure at
the sea surface. The depth integral of (ASa) and (ASb)

Al Equation (A7a) is derived using (19a), (19b), and (21). First,

] WZVAT + ZwrA] dz = [z7A” + Z5wrA] [(T'; zim,)
A"+ i@, + V- Vn)A] 5= =[ny/A" + z ‘r;[A+ V. V‘r)]Z o
where A = pgn + p. Second [ yV (z‘VA)dz— ] 2 VAdz —

(z:VA - V)|, _» based on the Leibniz rule.

w2 Equatlon (A7b) is derived using (21). First, ]"W[W*A] dz =
[wrA],_- =[(7,+V - V9)A], _o» Where A = z7 (p/2)(\V| +w2) Sec-
ond, [T A +V-(VA)dz = (", Adz), + V- [ VAdz—[(, +
V- Vn)A] based on the Leibniz rule.

=7

yields explicit equations for mean PE”® and mean
KE,* respectively,

A3 Equation (A8a) is derived using (22a). First, f" [w*A] dz =
[w*A], f—[(n[+V V'q)A]z:, where A =pgm + p. Second
V- (VAYdz=V-[" VAdz —(VA-V7)|, _» based on the
Leibniz rule.

A4 Equation (A8D) is derived using (22a). First, ] [w*A] dz =
[W¥A],—5 = =[(m, + V. V9)A],_5, where A = (p/2)(\V\ + wz) Sec-
ond, [T A, + V-(VA)dz = (|7 LAdz), +V - [T VAdz— (7, +
V- V9)A] based on the Leibniz rule.

Zz=7°
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(Bem) + V- ((V(pgn + P = (V- Vipgn + P) + w'P,)) — 17, .

(v ), 5 (35097 + ) -

Explicit equations for wave PE and wave KE can be derived from the difference of (A7a) —

(Gen2) + V- (G5 VGogn™ + p7) =
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—((V-FSY + (w*
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(A8a)

(V-FSY + (w* — w)p,))

— ((V-RSY + WRS")) + (V- FY + WwF")). (A8b)
(A7b) and (A8a) — (A8b),
= wp,)) + ((=zEV"- G+ w'p,)) — P 5,
(A9a)
<<W + ZZW'F™)). (A9b)

= (EV G - W)

The set of (A8a)-(A9Db) yields an energy diagram as in
Fig. 2.

APPENDIX B

First-Order Waves

The general solution (40a)-(40e) has a component
whose vertical profile is characterized by e” 2. This
function can be approximated as follows:

VI = MVITIBFY o emz(lﬂ'g:%)
B
= emzemz(zz—»—%) ~ mz[l + (g %/)mz]’

(B1)

+ <(V-RSV + WRSY)) +

where B <« 1 and y <« 1 have been used. Using (B1), we
derive utility equations,

12
3

[1 + <l§ = %)(1 + mz)] e,
e %m{l + (zg T %)mz} "

m{l + (g %)(71 + mz)}emz

Substitution of (B1)-(B2b) to (40a)—-(40e) yields

1

| Z

(B2b)

. Re{ &a+ bt b) 4 em[(zﬁ - b’)(l + ig(—l 4 mz)) - ) 1 mz)}y% - a}}pg,

_ (B3a)

2= Re{ei" :ekz(a + bt + b)) — ™ (b+ + b )<1 + 2 mz> N b_)%mz” } (B3b)

ul = Re{ei" :ekz(a +bt +b7) =™ (b+ + b~ )(1 + z’g + mz)) - (" - b‘)%(l + mz)}%} }0’, (B3c)
v = Im{eie _ekz(a + bt +b7) =" - b )(1 + z—(1 + mz)) - (" + b_)%(l + mz)}%} }f, and

_ (B3d)

wi = Im{e”’ :ekz(a + bt +b7)— " (b+ + b )(1 + i mz) - (b" - b*)%mz” }0’. (B3e)
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The approximated solution (B3a)—(B3e) still has
four free parameters: the real and imaginary parts of
each of b* and b~. These parameters can be deter-
mined by assuming either (i) no air pressure disturbance

p— n
0= pwi|._

= Im{eio [(a + b+ b)Yk — [(bT
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or (ii) no variation in the tangential stress at the sea
surface. In both (i) and (ii), we also assume no surface
stress in the direction of wave crests, which may be
written as

- 571+ i) =~ 7+ by Jover

= Im{e“[(a + b* + b7 )yB + [(b" — b7 )1 + iB) — (b + b )yli]}pvokiB

= Im{c’[ayB + (b" + b )y(B — i) + (b" = b7)(i = B)]}prokiB.

(B4)

The result is (bt —b~)=[b" +b~ +aB(i+ B)]y=[b+ aB(i+ B)]y, where b = b + b~. Substitution of this to

(B3a)-(B3e) yields

py = Re{e”[¢(a + b) — al}ps,

2y = Re{eia ekZ(a + b) — emzb(l + igmzﬂ },

where terms proportional to y* have been omitted. The
number of free parameters has reduced to two: the real
and imaginary parts of b.

a. Case of no air pressure disturbance

One way to determine b is to assume no air pressure
disturbance at the sea surface. Equation (B5a) yields
0=p/],_, = Re{e’b}pg so that b = 0. Substitution of
this to (B5a)—(B5e) yields (41a)—(41e).

b. Case with no variation in tangential stress

Another way to determine b is to assume no tan-
gential component of surface stress except for a con-
stant wind stress o 7,. Namely, there is no variability in
the tangential component of surface stress (Longuet-
Higgins 1953, 1960). Let (s, n) denote the tangential
and outward normal directions at a horizontally fixed
point on the free surface, z© = 7 (Fig. B1). Following

{e’” a + b) — emzb[l + zg(l + mz)]%} }a,
vy = Im{ef" _ekz(a +b) — ™ [(b + aBi + a,Bz)(l + i§(1 + mz)> - b%(l + mz)}%} }f, and (B5d)
{

¢ (a + b) — &b (1 + igmzﬂ }0',

(B5a)

(BSb)

(B5¢)

(B5e)

Longuet-Higgins (1969),®! we transform the stress
tensor in Cartesian coordinates to P* and P*" acting on

B! In previous literature concerning the VWS, the stress tensor
has been transformed into the tangential and normal components
using two different formulas, one based on Longuet-Higgins (1969,
hereafter LH69) and one based on Chang (1969, hereafter C69).
The formula of LH69 has been adopted in Xu and Bowen (1994),
Piedra-Cueva (1995), Ng (2004), and the present study [see our Eq.
(B6)]. The formula of C69 has been adopted in Unliiata and Mei
(1970), Weber (1983), and Jenkins (1986). Obviously, Eq. (5.4a) of
Piedra-Cueva (1995) is different from Eq. (99b) of C69, despite the
fact that both equations are presented as expressions for the tan-
gential stress at second order using the framework of Pierson
(1962). The two equations become identical if the normal stress at
the sea surface is zero, an assumption that allowed C69 and
Unliiata and Mei (1970) to derive the VWS (this is for waves in
a water tank). Weber (1983) made one of the first attempts to
relax the condition of no normal stress while retaining the con-
dition of no variations in the tangential stress, in order to consider
steady and horizontally homogeneous waves in an open ocean.
However, Weber (1983) used Eq. (99b) of C69, which is why he
could not obtain the VWS.
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the s component of velocity and P™ and P acting on
the n component of velocity,

AIKI AND GREATBATCH

PSS
( PnS

where P = P is the instantaneous tangential stress and
|ny < 1is assumed. The condition of P = a*7, becomes

2— _
@’y = pr(u, +w.) + 2pvn, (W, —

=prf(u,e +w, —mw.) + 2 (w,

P 1 n, —p + 2pvu,
pm -n, 1 J\pv(u,. +w,)
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pv(u,. +w.) 1 -7
-p —Z’_ zpwazc ) (,nx 1 x b (B6)
I/lx,») - PV(WX)Z(UZc + ch)
—ug + ) — () (. + w, — now )] (B7)

Multiplying the above equation with z¢/(pv) = (1 + z!")/(pv) and application of the perturbation expansion yields

aZ?z(l +2)pv) = (u, + w, + 27w, —mw )+ 20w, —u, —z7u

m m

a(uf,

" m

= a(uf,

m m

where uy’, +w/’ =0 has been used. We substitute the
approx1mated solution of the first-order waves, (B5c)
and (B5e), to the O(«) component of (B8),

0= (u”’ + wi’;)|Z:O
= Re{e‘“’ [(a +b) — b(1 + iﬁ)% +(a+b)— b}}ak

= Re{e[2a + ib/B]}ok. (B9)

The result is b = 2api. Substitution of this to (B5a)-
(B5e) yields (50a)—(50e).
Time average of (B8) yields a boundary condition for

o

the unweighted mean velocity u,, =7,/(pv) — z{.w{, +

nm "

3n]x uy, which can be rewritten for the TWM velocity,

- —_ n /H " " " "
U, = 7/(pv) + (z —z{wi, T 3n{u,
—_— = nr " ”n " n n
=Tllpv) + 2 ut + 2Z1zulz + 3ngus
(B10)
7 L X
7 —

F1G. B1. Illustration of tangential vector s and normal vector # at
the free surface 7. The dashed line shows the base of the viscous
boundary layer of thickness 6.

+ wih) ta [uZZ + Wy,

2
+ Wlx) + (u2Z + w,,

) = (o)

" m m m

" " n 3
+ziwl, — n]xwlz + 27 (w —uf’)] + O(a”)

n n n " 3
+ lewlx 1xulx) + O(a )

(B8)

— m m

where u, =u, +z{ u} and u], +w{ =0 have been
used. Equation (B10) corresponds to Eq. (36) of
Unliiata and Mei (1970) for the three-dimensionally
Lagrangian-mean velocity. We substitute (B10) to the
combined form and viscous stress on the rhs of the
momentum equation (51a) in the x direction,

O

o

Py + o pvliy, —
+ T]i’;‘ /H + zpvuu/)

n " n n "
+ 2z{u, + njui)]

— 5~ WPy T 200w i), (B11)

where u, +w/’ =0 has been used. The factor of —n7
on the last line looks like the projection of a vector in the
n direction to the x direction. Indeed, —p ’]” + 2pvw{’ is
identical to the O(«) component of P™ in (B6). This
interpretation of the wave stress—the projection in the
direction of wave propagation of the normal component
of the stress—has been developed by Weber et al. (2006)
based on a different approach.®?

In the main text, we have estimated the rate of mo-
mentum input at the sea surface to be 7, + 2pvok*a?, by
substituting the analytical solution of viscid waves to
the lhs of (B11). Interestingly the wave-induced part,
2pvok?a®, is available more easily by considering the
budget of wave energy (Phillips 1977; Xu and Bowen 1994;
Weber et al. 2006). Equations for the depth-integrated

B2 The interpretation can be traced back to Weber (2003) and
Phillips (1977).
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budget of wave energy have been given by (A9a)-(A9b).
We specialize to the energy budget of horizontally
homogeneous waves, and for simplicity v} = 0 and 9,

0. To leading order of a, the sum of (A9a) and (A9b)

becomes
7/12 p n 2 " 2
(3en12), + (GUP +1wiP))),
TF))

U
I’ FU )1 +
", " n ", "
—n7py e=0 T opvuf (i, + wih) + 2wiwl |

o
Il

= —PTlm + (0

_ pv<<2(u”’) + Z(WW) —+ (WW + u///) >>

"m

nlt( p///_,’_ 2py‘/‘}///)|Z 0

— ol + 2w + v+ ),
(B12)

"

where u] =uj " are understood and

and w|=w/

(i, +wi)l,_o=0 and 77, =w/| _, have been used.
Accordlng to Phillips (1977), the d1ssipation rate can be
estimated using the analytical solution of inviscid waves,
because the viscous boundary layer associated with the
waves is so thin that the detailed profile of viscid waves in
the boundary layer does not affect the depth-integrated
rate of dissipation. Substitution of u} = ace”** and
w?'= —iage K to the dissipation term of (B12) yields
2pvo’ka®. Thus, the rate of wave energy input through the
sea surface is n7,(—p7 + 2pvw]’)|,_, = 2pvo’ka®. Use
of nf} = —(olk)ny, yields —n;" (—p7 + 2p0wi)|, =
2pvak2 2 for the rate of wave- 1nduced momentum input
on the rhs of (B11).
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